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Estimates for generalized Bohr radii in one
and higher dimensions
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Abstract. In this article, we study a generalized Bohr radius R, 4(X), p, q € [1,00) defined for a
complex Banach space X. In particular, we determine the exact value of R, 4(C) for the cases (i)
p-q €[1,2], (ii) p € (2,00),q € [1,2], and (iii) p, q € [2, 00). Moreover, we consider an n-variable
version R} (X) of the quantity Ry,q(X) and determine (i) R} ,(3() for an infinite-dimensional
complex Hilbert space 3{ and (ii) the precise asymptotic value of R} ,(X) as n — oo for finite-
dimensional X. We also study the multidimensional analog of a related concept called the p-Bohr
radius. To be specific, we obtain the asymptotic value of the n-dimensional p-Bohr radius for bounded
complex-valued functions, and in the vector-valued case, we provide a lower estimate for the same,
which is independent of n.

1 Introduction and the main results

The celebrated theorem of Harald Bohr [13] states (in sharp form) that for any
holomorphic self-mapping f(z) = Yo 42" of the open unit disk D,

o)

> laalr" <1

n=0
for |z| = r <1/3, and this quantity 1/3 is the best possible. Inequalities of the above
type are commonly known as Bohr inequalities nowadays, and appearance of any such
inequality in a result is generally termed as the occurrence of the Bohr phenomenon.
This theorem was an outcome of Bohr’s investigation on the “absolute convergence
problem” of ordinary Dirichlet series of the form Y a,n~*, and did not receive much
attention until it was applied to answer a long-standing question in the realm of
operator algebras in 1995 (cf. [19]). Starting there, the Bohr phenomenon continues
to be studied from several different aspects for the last two decades, for example,
in certain abstract settings (cf. [1]), for ordinary and vector-valued Dirichlet series
(see, fi., [3, 15]), for uniform algebras (see [28]), for free holomorphic functions (cf.
[30]), for a Faber-Green condenser (see [26]), for vector-valued functions (cf. [17,
23, 24]), for Hardy space functions (see [5]), and for functions in several variables
(see, for example, [2, 8, 12, 21, 29]). We also urge the reader to glance through the
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references of these abovementioned articles to get a more complete picture of the
recent developments in this area.

We will now concentrate on a variant of the Bohr inequality, introduced for the
first time in [9] in order to investigate the Bohr phenomenon on Banach spaces. Let
us start by defining an n-variable analog of this modified inequality. For this pur-
pose, we need to introduce some concepts. Let D" = {(z1,23,...,2,) € C" : ||z o0 :=
maX<k<y |2k| < 1} be the open unit polydisk in the n-dimensional complex plane C*,
and let X be a complex Banach space. Any holomorphic function f : D" — X can be
expanded in the power series

(1.1) f(2)=x0+ > xaz% x4 € X,
|a|eN

for z € D". Here and hereafter, we will use the standard multi-index notation: «
denotes an n-tuple (a;, ay, ..., a,) of nonnegative integers, |a| := a7 + ay + - + ay,
a! == aylay!-a,!, z denotes an n-tuple (z1,25,...,2,) of complex numbers, and
z* is the product z;"z3*---z4". For 1< p,q < oo and for any f as in (11) with
If | = (pn,x) < 1, we denote

- q
Ry (f,X) = sup{r >0: x| + (Z > |xaz“||) <1lforallz e r]D)"},
k=1|a|=k
where H*® (D", X) is the space of bounded holomorphic functions f from D" to X
and || f || g (p#,x) = Sup,epn [ f(2) . We further define

Ry o(X) =inf {R} ; (f,X) + | flu= (oo, x) <1}

Following the notations of [9], throughout this article, we will use R, 4(f,X) for
R}, ,(f,X)and R ,(X) for R, ,(X). Clearly, Ry ;(C) = 1/3. The reason for reshaping
the original Bohr inequality in the above fashion becomes clear from [9, Theorem
1.2], which shows that the notion of the classical Bohr phenomenon is not very useful
for dim(X) > 2. For a given pair of p and g in [1, c0), it is known from the results
of [9] that depending on X, R, 4(X) may or may not be zero. A characterization
theorem in this regard has further been established in [6]. However, the question of
determination of the exact value of R, ;(X) is challenging, and to the best of our
knowledge, there is lack of progress on this problem—even for X = C. In fact, only
known optimal result in this direction is the following:

12) R,(C) = ﬁ

for1< p <2 (cf. [9, Proposition 1.4]), along with rather recent generalizations of (1.2)
(see, for example, [27]). This motivates us to address this problem in the first theorem
of this article.

Theorem 1.1 ~ Given p, q € [1, 00), let us denote
(1-ab)s

AP, (a): 1
! 1-a?2+a(l-af)a

,a€[0,1)
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and

)Z, a€[0,1).

(1-ar)i

1—a2+(1—a1’)§

Spq(a) = (

Furthermore, let @ be the unique root in (0,1) of the equation
(1.3) xP+xT=1
Then
Jnf Apg(@)if paqe[1.2]
Rp4(C) = min{(l/\/i),aei[ngl) Ap,q(a)} if p e (2,00)andq € [1,2],
1/V2if p,qe[2,00).

For pe[1,2] and q € (2,00), Ry 4(C) =1/3/2, Ry 4(C) = infepa) Apq(a) if p<2
and in addition the inequality

(1.4) qa’ + pat*? < pa? + qat*?

is satisfied. In all other scenarios, we have, in general,

1

(1.5) 0< aei{(lfl) Sp.q(a) <R, 4(C) < Nk
Remarks 1.2 (a) A closer look at the proof of Theorem 1.1 reveals that the
conclusions of this theorem remain unchanged if the interval [1,2] is replaced
by (0,2] everywhere in its statement. However, doing so includes cases where
positive Bohr radius is nonexistent; for example, R, 4(C) =inf,z1) A, 4(a) <
limg;- A, 4(a) = 0if 0 < g < 1. Therefore, throughout this paper, we stick to the
assumption p,q > 1.

(b) Following methods similar to the proof of Theorem L1, it is easy to see that for
any given complex Hilbert space J{ with dimension at least 2, the following statements
are true:

(i) For p,qe[2,00), R, (H) =1/V2.
(ii) For pe[l,2) and qe€[2,00), inequalities (1.5) are satisfied with R, ,(C)
replaced by R, 4 ().
Note that the assumption g > 2 is justified by [6, Corollary 4]. Later, in Theorem
1.4, we obtain a more complete result for dim(%H) = co.

We now turn our attention to the Bohr radius R ,(X), where X is a complex
Banach space. The first question we encounter is the identification of the Banach
spaces X with R} | (X) > 0, which is in fact equivalent to the one-dimensional version
of the same problem.

Proposition 1.3 For any givenn € Nand p, q € [1, 00), R} (X) > 0 for some complex
Banach space X if and only if R, 4(X) > 0 for the same Banach space X.
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Note that from [6, Theorem 1], it is known that R, ;(X) > 0 if and only if there
exists a constant C such that

(16) Qx(8) < C((1+8)1 - (1+8)12)

forall § > 0. We mention here that forany § > 0, Qx (&) is defined to be the supremum
of | y| taken over all x, y € X such that x| =1and |x + zy|| <1+ J for all z € D (see
[22]). Now, in view of the above discussion, it looks appropriate to consider the Bohr
phenomenon, i.e., studying R}, , (X) for particular Banach spaces X. We resolve this
problem completely for X = H{—a complex Hilbert space of infinite dimension. While
this question remains open for dim(J) < oo, we succeed in determining the correct
asymptotic behavior of R} , (X)) as n — oo for any finite-dimensional complex Banach
space X with R, ,(X) > 0.

Theorem 1.4 For any given neN, pe[l,00), q€[2,00) and for any infinite-
dimensional complex Hilbert space H,

Reg(00) = inf (1= (1= (Spa@))?)

Sp.q(a) as defined in the statement of Theorem 1.1. For any complex Banach space X
with dim(X) < co and with R, 4(X) > 0, we have

n

. n _
nh—>n; Rp’q(X) logn o

At this point, we like to discuss another interesting related concept called the p-
Bohr radius. First, we pose an n-variable version of the definition of p-Bohr radius
given in [10]. For any p € [1, 00) and for any complex Banach space X, we denote

rp(f,X) = sup{r >0: xo)f+)) > [xaz®|P <1forallze r]D)"},
k=1|a=k

where f is as given in (1.1) with | f|| g p» x) <1, and then define the #-dimensional
p-Bohr radius of X by

P(X) = inf {F2(f, X) ¢ [flmony <1)-

Again, following the notations of [10], we will write r,(f, X) for r}, (f,X)and r,(X)
for r}, (X). Clearly, for X = C, one only needs to consider p € [1,2),as r;(C) = 1forall
p > 2and forany n € N. The quantities ,(C) and r;, (C) were first considered in [20].
Unlike R, 4(C), a precise value of r, (C) has already been obtained in [25]. We make
further progress by determining the asymptotic behavior of r;(C) for all p € (1,2)
(the case p = 1is already resolved) in the first half of Theorem L.5.

On the other hand, to get a nonzero value of r;(X) where dim(X) > 2, one
necessarily has to consider p >2 and work with p-uniformly PL-convex complex
Banach spaces X. A complex Banach space X is said to be p-uniformly PL-convex
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(2 < p < o0) if there exists a constant A > 0 such that

2
1) 1+ A1 < = [ s ey pdo
2 Jo

for all x,y € X. Denote by I,(X) the supremum of all A satisfying (1.7). Now, if
we assume 17, (X) > 0 for some n € N, then evidently r,(X) > 0 (as any member of
H> (D, X) can be considered as a member of H* (D", X) as well), and therefore
[10, Theorem 1.10] asserts that X is p-uniformly C-convex, which is equivalent to
saying that X is p-uniformly PL-convex. The second half of our upcoming theorem
shows that for any p-uniformly PL-convex complex Banach space X (p > 2) with
dim(X) > 2, the Bohr radius r;(X) > 0 for all n € N and unlike r}(C) or R} (X)),
r;(X) does not converge to 0 as n — oo.

Theorem 1.5  Forany p € (1,2) and n > 1, we have

2-p
" logn\ 2
rp(C)~( 8 ) .

n

For any p-uniformly PL-convex (p > 2) complex Banach space X with dim(X) > 2, we
have

( I,(X)

;
——C <r’(X)<1
5oncn) B0

forallneN.

We clarify that for any two sequences {p, } and {g, } of positive real numbers, we
write p,, ~ q, if there exist constants C, D > 0 such that Cq, < p, < Dg, foralln > L
In Section 2, we will give the proofs of all the results stated so far.

2 Proofs of the main results

We start by recalling the following result of Bombieri (cf. [14]), which is at the heart
of the proof of our Theorem 1.1.

Theorem A For any holomorphic self-mapping f(z) = Y a,2" of the open unit
disk D,

M8

n=1

1- 2
; r(k:r) forr<a,
lan|r" <

%11—_;2 for r € [0,1) in general,

where |z| = r and |ag| = a.
It should be mentioned that the above result is not recorded in the present form
in [14]. For a direct derivation of the first inequality in Theorem A, see the proof

of Theorem 9 of [7]. The second inequality is an easy consequence of the Cauchy-
Schwarz inequality combined with the fact that 357, |a,|* <1 |ao|*.
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Proof of Theorem 1.1  Given a holomorphic function f(z) = > ,-, a,2" mapping
D inside D, a straightforward application of Theorem A yields

af + (1-a*)1 (1_—’m)q for r<a,

oo q
(2.1 |a0|p+( |a |r”) < 4 q
; " aP+(1—a2)g(\/1’_7) for r € [0,1).

Now,

af + (1-a*)1 (L)q <1

1-ar

whenever r < A, ;(a). A little calculation reveals that A, ,(a) < a whenever a’ +
af > 1, i.e., whenever a > @, @ being the root of equation (1.3). Thus, from (2.1), it is
clear that

0o q
(2.2) |a0|p+(2|an|r") <1
n=1

for r < inf ,¢[a1) Ay q(a), provided that a > @. On the other hand,

q
ap+(1—a2)g( 4 )Sl

1-1r2

for r < S, 4(a), i.e., inequality (2.2) remains valid for r < inf ;c[0 3] Sp.4(a), provided
that a < @. Therefore, we conclude that for any given p, q € [1, ),

(2.3) R, 4(C) > min{ inf S, ,(a), inf Ap,q(a)}.
ae[0,a] ae[a,l)
We also record some other facts which we will need to use later. Observe that for all
prq €[l 00),
2
T(a) (1—aP)s
$ral®) =\ Top(a) Mo 1O = o

and therefore
T'(a)

S" (a) =
pa(®) 2\/T(a)(1+ T(a))?

for a € (0,1), where

e

Setting y = 1/a for convenience, we write

a?(1-a?) yP -1
a?(1-a2) y2-1

P(y)
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defined on (1, o). Note that

d oy spy? —pyPt-2yP 42
(2.5) dap(y)_P(y)da ==y (y2-1)? >
and that
(2.6) Q') =y -Dp(p-2),

where Q(y) = py? — pyP™2 - 2yF + 2.

Furthermore, observe that for the disk automorphisms ¢,(z) = (a - z)/(1 - az),
zeD,ac[a,1), Ryq(¢ssC)=A,,(a), and hence R, 4(C) <infuezi) Apq(a).
Moreover, for &(z) = Z¢1/\/5(z)’ z € D, we have R, 4 (£, C) = 1/1/2. Combining these
two facts, we write

2.7) Ry,4(C) < min {(1/\/5), i[rlfl)Ap,q(a)}.

We now deal with the problem case by case.

Case p, q € [1,2]: Let us start with p < 2. From (2.6), it is evident that Q’(y) < 0 for
p <2,and hence Q(y) < Q(1) = 0 for all y € (1, c0). Thus, from (2.5), it is clear that
P(y) is strictly increasing in (0, 1) with respect to a. Consequently, for all y € (1, o),

(2.8) P(y) < lim P(y) = g,

and using the above estimate in (2.4) gives, for all a € (0,1),

()< 22 T@ (PP}
1-af 2 q) 7

as q < 2. Therefore, S, 4(a) is strictly decreasing in (0,1), and after some calculations,
we have, as a consequence,

JnE$.0(a) = Spq(@) = Apg (@) 2 inf Apy(a)

Hence, from (2.3), we have R, ;(C) > inf,z1) Ap 4(a). For p =2, if g <2, then
T'(a) <0 for all a€(0,1), which (as in the case p <2) again gives R, 4(C) >
inf,e[a1) Az,q(a). Otherwise, if p = g = 2, then @ = 1/7/2, and for all a € [0,1), we
get

Sz’z(a) = 1/\/_ = lf’l"fl) Az,z(a).
ae[a,

Therefore, for all p, g € [1,2], we have R;, ;(C) > inf ,[a1) A 4(a), and from (2.7), it
is known that R, ;(C) <infz,1) Ap,q(a). This completes the proof for this case.
Case p € (2,00),q € [1,2]: From (2.6), it is clear that Q'(y) > 0 for p > 2, and
therefore Q(y) > Q(1) = 0 forall y € (1, 00). It follows from (2.5) that P(y) is strictly
decreasing in (0,1) with respect to a. Thus, for g < 2, the value of the quantity
p_al(l-a’) p

(e
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decreases from
lim (P(y) = (p/q)) = +oo to lim (P(y) = (p/q)) = p((1/2) = (1/9)) <0,

ie, P(y) - (p/q) >0in (0,b;) and P(y) - (p/q) <0 in (by,1) for some b; € (0,1),
where P(b;) = (p/q). As a consequence, T'(a) = 0 only for a = 0, b;, and T'(a) > 0
in (0,b,), T'(a) < 0 in (by,1). Hence, S;, 4(a) strictly increases in (0, b; ), and then
strictly decreases in (b;,1), which implies that

ir(l),fa] Sp.q(a) =min{S,,4(0),S,4(@)} = min {(l/ﬁ),Ap,q(E)}.

ae[

Moreover, from the proof of the case p, q € [2, o), we have R, ,(C) =1/1/2. These
two facts combined with (2.3) readily yield

Rp4(C) 2 mm{a/ﬁ), aei[ngl)Ap,q(a)},

and making use of (2.7), we arrive at our desired conclusion.
Case p,q € [2,00): Applying (2.7) of this paper, (1.9) of [9], and [10, Remark 1.2]
together, the proof follows immediately from the observation:

(1/V2) 2 Ry (C) 2 Rya(C) > (1V2D)ra(€) = V2.

Case p € [1,2],q € (2,00): The fact that R, ,(C) =1/v/2 is evident from the
proof of the case p, q € [2,00). Furthermore, as we have already seen, from (2.1)
it is clear that inequality (2.2) holds for r < S, ;(a),a €[0,1), and therefore for
r < infuefo,1) Sp,q(a). From thisand (2.7), we have (1.5) as an immediate consequence.
The assertion inf o1y Sp,q(a) > 0 is validated from the fact that S, ;(a) # 0 for all
a € [0,1) and that lim,_,,_ S, 4(a) = 1. Now, we will show that the imposition of the
additional condition (1.4) gives an optimal value for R, ;(C). We know that for p < 2,
P(y) is strictly increasing in (0,1) with respect to a, and as a result, P(y) — (p/q)
increases from

lim (P(y) = (p/q)) = —p/q to lim (P(y) - (p/q)) = p((1/2) - (1/9)) > 0,

ie, P(y)—(p/q) <0in (0,b,) and P(y) — (p/q) > 0in (b,,1) for some b, € (0,1),
where P(b,) = (p/q). As a consequence, T'(a) = 0 only for a = 0, b, and T'(a) < 0
in (0,b,), T'(a) > 0in (b,,1). Hence, S, 4(a) strictly decreases in (0, b;), and then
strictly increases in (b,,1). Now, if we assume the condition (1.4) in addition, it is
equivalent to saying that T'(@) < 0, i.e., @ < by. Thus, inf,c[9.37 Sp.q(a) = Sy,4(@) =
Ap 4(@). Consequently, from (2.3), we get Ry, 4(C) > inf,¢[a1) A, 4(a), which com-
pletes our proof for this case. ]

Proof of Proposition 1.3  As any holomorphic function f:ID - X can also be
considered as a holomorphic function from D" to X, it immediately follows that
R} ,(X) > 0 for any n € N implies that R, ,(X) > 0. Thus, we only need to establish
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the converse. Any holomorphic f : D" — X with an expansion (1.1) can be written as

(2.9) f(z) =xo+ Y, Pi(z),zeD",
k=1
where Pi(2) = ¥jqj—k Xo2®. Thus, for any fixed zo € T" (the n-dimensional torus), we
have
(2.10) g(u) = f(uzy) :x0+ZPk(z0)uk :D->X
k=1

is holomorphic, and if | f || g (p#,x) < 1, then || g| g (p, x) < 1. Hence, starting with the
assumption R, ;(X) = R > 0, we have | P¢(z0)| < (1/R¥)(1 - |xo]?)"4, and since z,
is arbitrary, we conclude that sup .. | Pi(2)| < (1/R¥) (1~ |x0[?)"/4 for any k € N.
Therefore, for a given k € N and for any «a with |«| = k, we have

1 P(z)
= dz.dz, _i---d
Hxvt H H (27‘[i n f\z,|—1 f\ZZ\:l flzn\:l FASS ndEnran

< sup [ Pi(2)| < *(1— EAOE

zeTn

As a result, we have, for all r < R,
[es] x 4 R n q
ol + (5 5 Bl ) <l + - Bt ((225) 1)
k=1 |al=k -r

which is less than or equal to 1 whenever r < R (1 -(1/ 2)1/ "), thereby asserting that
Ry ,(X)>0. |

Proof of Theorem 1.4 (i) Before we start proving the first part of this theorem, note
that the choice of g € [2, 00) is again justified due to Proposition 1.3 and [6, Corollary
4]. Now, given a holomorphic f : D" — H with an expansion (1.1) and with | f(z)[ < 1
for all z € D", we have, for any fixed R € (0,1),

27-[) [ /271 f ||f 101 Reiez Reien)
6y=0 s seees

which is the same as saying that

I d6,d0, -d6, <1,

|x0H2 Z EM 2R2lel (2n)™" MRI¥HAl < 1
|a|eN

with M := ¥,.4(xa, Xp) 02110 02210.../92::0ei(el(al—ﬁ1>+~-+en<an—ﬁn>)d9ndgn_1...dgl'
Here, (., .) is the inner product of H,  and 8 denote as usual n-tuples (e, a2, . . ., &)
and (B, B2, - - ., Bu) of nonnegative integers, respectively. As we know fOZ” e 9d6 =0
for any k € Z\{0}, M = 0. Letting R — 1- in the above inequality, we therefore get
I%0]* + ¥721 Xjaj=k [%]* < 1. Taking z € rD" and using this inequality, we obtain
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k=1|al=k k=1|al=k k=1|a|=k

q
S+ k-1 ’
S,CO||1I’+(1—|xo|2)2(Z( k )er)

k=1
%
1
= [xo]? + (1= [xo|?)? | ——— —1] ,
balf + (1= Ixl)? (=
which is less than or equal to 1 if

G r< (1= (= Sl )

and therefore

212) Ry (302 inf (1 (1= (Spq(0)))7)"

As the quantity on the right-hand side of inequality (2.11) becomes /1 - (1/2)/" at
X0 = 0 and converges to 1 as ||xq| — 1-, we conclude that the infimum in inequality
(2.12) is attained at some b3 € [0,1). Since every Hilbert space H has an orthonor-
mal basis and, in our case, dim(JH) = oo, we can choose a countably infinite set
{ea }ajenuo} of orthonormal vectors in . Setting 3 = (1 - (1 - (Sp,4(b3))?) w2, we
construct

1-
x(z) = bseg + I;

2 oo
T3 NNk z%, | : D" - K,
b A
which satisfies | y(z)[ <1forall ze D", and r3 = R} ,(x, H) > R} , (H(). This com-
pletes the proof for the first part of this theorem.

(ii) The proof for this part is rather lengthy, so we break it into a couple of steps.
Prior to each step, we will provide some auxiliary information whenever needed.

Background for Step 1: If R, ;(X) > 0, we have

Qx(8) <C(1+8)1-(1+8)1")1 550

for some constant C (see (1.6) in the introduction). Given any such X, and given any
holomorphic function G(u) = 372 you" : D — X with |G(u)| < 1in D, it is known
from the proof of [6, Theorem 1] that

(2.13) Iyl < 20x(1=1y0])) < 2C (2= 30 = 2= o))"

forall k > L

Step 1 : In our context, for any given holomorphic f : D" - X with an expansion
(1.1) and with | f]|ge(pn,x) <1, we define the holomorphic function g(u) = xo +
Y521 Pe(zo)u* : D — X as in (2.10), which satisfies |g(u)| <1 for all u € D, z, being
any chosen point on T". Since R, ,(X) > 0, making use of inequality (2.13), we
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conclude that for any k > 1,

1Pe(20) ] <2C (2= [x0])? = (2= [x0])27) "

for any z, € T". Therefore,

e sup |4 ()] £ 20 (2= o) = 2= Jsa )1 7)™
zeTn
for any k € N, C being the constant for which (1.6) is satisfied.

Background for Step2: For 1< p < oo and for a linear operator U: X, - Y
between the complex Banach spaces Xy and Yy, we say that U is p-summing if there
exists a constant ¢ > 0 such that regardless of the natural number m and regardless of
the choice of fi, fa, ..., fn in X, we have

m 1/p m 1/p
(zlwoe)f’) <c sup (leb(fz-)l") ,

gbeBxg i=1

where By: is the open unit ball in the dual space X;. The least ¢ for which the above
inequality always holds is denoted by 7, (U), and the set of all p-summing operators
from X, into Y} is denoted by IT, (X, Yy ). Now, from [18, Proposition 2.3], we know
that:

FactL.If U : Xy — Y is a bounded linear operator and dim(U(X,)) < oo, then U
is p-summing for every p € [1, 00).

Moreover, [18, Theorem 2.8] states that:

Fact I If 1< p < g < oo, then II,(Xo,Yy) c IT4(Xp, Yo). Moreover, for U e
I1,(Xo, Yo), we have 7y (U) < 71, (U).

Step 2 : Coming back to our proof now, we set Xy = Yy = X and U = [—the identity
operator on X. As X is finite-dimensional, dim(I(X)) < oo in this case and thus using
Fact I, we have I € I, (X, X) for all p > 1. Therefore,

53 5
O el #) < (1) sup | 3 [l
|al=k o $eByx \|a|=k
for all k € N. Since 2k/(k +1) > 1 for all k > 2, Fact II asserts that 72k (1) < m(I).
+1

Hence, there exists a constant D = 71;(I) (depending only on X) such that

kil k+1

2k 2k

2k 2k
(215) 2 xal® ) <D osup | 37 ¢(xa)l
|a|=k beBxx \|a|=k

forall k e N.
Background for Step 3 : From [4, Theorem 1.1], we know that for any ¢ > 0, there

exists g > 0 such that, for any complex k-homogeneous polynomial (k > 1) P(z) =
Ylal=k €aZ” (cq € C), we have

k+1

( 2 ICaI"Zf‘) < pu(1+¢)" sup [P(2)].

la|=k zeDn
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Step 3: Recall from (2.9) now that Py(z) = Ylajk XaZ", X« € X, and hence
¢(Pr(2)) = Xjgj=k $(x4)2z" for any ¢ e Bys. Consequently, using the above
inequality, we get that for any € > 0, there exists 4 > 0 such that

k+1

sup (Z ¢(xa)|kz+kl) <p(1+e)* sup sup|¢(Pk(Z))|=#(1+£)"s%g |Pc(2)]

PeBxx \ |a|=k ¢eBy+ zeD"

for all k > 1. Combining this inequality with inequalities (2.14) and (2.15) appropri-
ately, we get

k+1

(Z|x|“) <2uCD(1+ )" ((2 - xo)? = (2 - |xo)7#)"1.

|l =k

It follows that

k+1 q
sl ad 2k g +k-1 %
(zrkznxu (2: Z|x|w) (")
k=1 |a|=k = |a|=k

‘X(kz_:l k(1+€)k(l1 +II§—1)’;‘,J)q,

where X = p1CH((2 - ||xo])9 = (2 - |x0])97?), C; = 2CD. Hence, for z € rD", the
inequality

I q
lxoll”+{ 20 2 Ixaz®[ ] <1
k=1|a|=k

is satisfied if

(2.16) (1_”)201)) (Zrk(1+€) (n+k )k)gl'

Now, analyzing the function fi(t) = ((2-1t)? -1)/(1-¢?),t€[0,1), we see that
fi(t) < f1(0) =27 —1forall t € [0,1), and hence

piCl297P(2P -1) if ¢ > p,

= 41Cci(2 - q-p
WICH2 = | ﬁumns{mcﬂy_nﬁqu

1— | xo]|?

Thus, inequality (2.16) is satisfied if

oo S\
C, Zrk(1+s)k(n+k 1) <1,
k=1 k

where C, is a new constant depending on y, p, g and the Banach space X. Using the

estimate
n+k-1y (n+k-1)* P n\k
( K ) TR ( )<”+k D<e (10 )
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k=1
2

694

we get, by setting r = (1 - 2¢)+/(logn)/n,
B logn e(1-2e €

) gkzl( B2 Je1-2e)1+ )) (1+k)

> k-1
Z rk (1 (n +

k=1 k
Hence, inequality (2.16) is satisfied if

Czi( 1O’gln\/é(l—zs)(u‘s)) ( )k2<1

(2.17)
k=1
Starting here, we will follow the similar lines of argument as in [4, pp. 743-744]. For

n large enough,
\/l
- VOB e(1-26)(1+¢) <1,

nl/4

and for k > \/n, observe that
k=1
(1+ E) <(2v/n)t.

Using both the above facts,
k=1
2

( lorgl”ﬁu-zs)(us))( )

k>/n
<y (V s \/_(1—25)(1+e)) -
k>/n n
which goes to 0 as n — oo. For k < \/n, we start by making n sufficiently large such
that 2 < ko <logn can be chosen for which the inequalities
ko2
—— and (l)ukrl) <
n 2

S o((1-2e)(1+¢)*)k <

1

kit < 1+
2 ko<k</n
are satisfied. Observing that x/*~1) is decreasing and (x — 2)/2(x — 1) is increasing

in (1, c0), we obtain, for k > ko,

k=1 k=2 %
1 1)) i ((1)2<kl) 1)
<= + kF

k-1

n
k
k=1
<(I+¢)F <l+eg,

kg2
(=)

k
=1
(k (n+k
n

k
k 2
2

which, after a little simplification, gives
o .
ks

(1+%) ’ <(1+¢) "
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Since x > n'/*x is decreasing up to x =logn and increasing thereafter, we have
n'/*k > elog n. Therefore,

k k-1
logn n\z
—_e(1-2¢)(1+¢ 1+ —
ko<%<:\/ﬁ( n ( a )) ( +k)

k
¢ 3 (vama-200en )
koﬁkﬁf

< Y ((1-20)a+e)¥)k <

koﬁkﬁﬁ 2C2
It remains to analyze the case 1< k < ky. In this case, we observe that for » large
enough,
k ko
—+1<—+1<e+1,
n n
and hence

k=1 k=1

n 2 k(n 2

1+ — 1 2| — .
(+k) <(+e) (k)

Making use of the above inequality and the fact that x + n'/*x is decreasing in [1, ko
(Le., n'/*k > n'*o k), it is easily seen that

ko

Z( 101‘:’"\/2(1—2:»:)(1+e))k (1+ Z)kzl

121/ (2ko)

k
ko 1/(2k)
SZ(\/elogn(l—Zs)(l+s)3/2 k ),
k=

which tends to 0 as n — co. Combining all the above three estimates, we have

log n R
kzl( \/_(1—25)(1+£))( E) < 5o+

for n large enough. Therefore, inequality (2.17) is satisfied for large enough ». Hence,
for any given e > 0, R} . (X) > (1~ 2¢)y/logn/\/n for sufficiently large n. This yields
the following:

hmlnfR" q(X)\/_/\/logn >1.

Step 4 : In view of the above, it is only left to show that
(2.18) liirl sup Ry ,(X)V/n/\/logn <1.

As Ry (X) <Rp (C), it is sufficient to establish this part for X = C. The proof
is exactly the same as the proof for the case p = g =1 given in [12, p. 2977], but
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for the sake of completeness, we reproduce the argument here. From the Kahane-
Salem-Zygmund inequality, it is known that there is a constant B such that for every
collection of complex numbers ¢, and every integer k > 1, there is a choice of plus and
minus signs for which the supremum of the modulus of ¥ 4-x +¢caz" in D" does not

exceed B (n Y jaf=k lcal* log k)l/z. We choose ¢, = k!/al. Then ¥4k |cal” < k!nk. By
the definition of the generalized Bohr inequality in our context, we get

(CHOIENE ( > el (R;,q(C))k)q

laf=k

a/2
< B1 (n > c“|210gk) < B! (n%(k!logk)l/z)q,
|a|=k

or, equivalently,
RY (C) < BV*n'S (Kllogk) *.

We use Stirling’s formula limy ., k!(v/27k(k/e)*)™ =1to conclude that

k Bl/knﬁkﬁ(logk)ﬁ
R" o~ 1
P’q((c) < \/;( \/E

for a new constant By. Setting k = [logn| (| .| is the floor function), we observe

1

B8 3 | 1og 1 | s (logl 1 o]
limsupR"  (C) l " im D 11 2[iog lognf/_g (log|log n|)me .
n—o0 V logn =~ n—eo e

which implies our desired inequality (2.18). This completes the proof. ]

Proof of Theorem 1.5 (i) Given a complex-valued holomorphic function f with

an expansion (L1) in D" (“x,’s” are complex numbers in this case) and satisfying
|| o= (pn,cy < 1, an application of Holder’s inequality yields

ol + 37 T [ral? = 30T fraP P2

k=1 lae|=k k=0 |a|=k
o 4 2-p oo , p-1
< ZrZ-P Z | %] Z Z |4 ]
k=0 lal=k k=0 |a|=k

Therefore, rj(C) > (r*(C))=P)I?_Since lim,_,o0 r!'(C) (\/ﬁ/\ /log n) =1(cf. [4]),

we have

liminf 7} (C) >liminf | /' (C) =1,
nooo P logn n—oo lOgl’l
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and thus 73 (C) > C((logn)/n)=P)2P for some constant C > 0 and for all n > 1.

The upper bound r;(C) < D ((logn)/n)(z_P)/ZP for some D > 0 has already been
established in [20, p. 76]. This completes the proof.

(ii) To handle the second part of this theorem, we first construct g(u) as in
(2.10) from a given holomorphic f : D" — X with an expansion (1.1) and satisfying
|| 1= (pn,x) < 1. Now, since X is p-uniformly PL-convex, from the proof of [II,
Proposition 2.1(ii)], we obtain

2
|P1(z0)]| € ——— (1~ |xo|P)"
\ | < L0 %ol

for any arbitrary z, € T". Using a standard averaging trick (see, f.i., [10, p. 94]), it can
be shown that the P;(zy) in the above inequality could be replaced by Py (z,) for any
k > 2. Thus, we conclude that

2 1
(2.19) sup |P(2) || € ——— (1= [x0[?)7.
L)

Now, from [16, Lemma 25.18], it is known that there exists R > 0 such that

(Z I |P)R’<P< [ 1Py P

|a|=k

Using inequality (2.19) gives

> Ixal” < e (0~ bl

| =k

Assuming r < R, it is easy to see that

lrol? + 57 5 fxll < ol + s (- 1ol 5 (5
I,(X)

k=1 |af=k k=1
r'P

(1= lxol”) 2y

<xollf + — = pr

2
I,(X)

which is less than or equal to 1 if

R BVICO N L R VIC.O N B
2 +1,(X) 2 +1,(X)
as from the arguments in [16, p. 627], it is clear that we can take R = I,,(X)/(I,(X) +

27). This proves the lower estimate for r}, (X)), and the upper estimate is trivial due to
the fact that rj (X) < r;(C) =1for p > 2 |
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