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ABSTRACT. A latti ce Boltzmann techniqu e for mod eling l'\avier Stokes fluid 
flow is ex tend ed to allow stead y-sta te simulations of glaciers a nd other slow-flowing 
so lids. Th e technique is based on a stat istica l m cchan ica l rcpresentation of flowing ice 
as a set of particles (popula tion s) which translate and collide o n a face-centered cubic 
la ttice. Th e average trajecto ri es of the popu lations give the ve lociti es of the ice a t any 
point in the glacier. The m e thod has considerabl e adva ntages over other techniques, 
including its ability to h a ndle complex realistic geome tries wi thou t addi tion a l 
complica tions to the code. E xamples are prcsented for two-dimensiona l simula tions. 

INTRODUCTION 

A common, if unstated , goa l of many glaciological fi eld 
programs is to coll ect surface-velocity and geom e try info r­
mation suitable for num eri ca l in versions fo r conditions at 
the unobsc rved bed. Two classic examples from th e recent 
past (among man y) are Co lu mbia a nd V ariega ted 
G laciers with vo lumes of published inform a tion and 
num erous papcrs dC\'o ted to num eri ca l in ve rsions (e.g. 
Balise and R a ymond, 1985; M eier and others, 1985; 
R aymo nd and others, 1987 ; V a n der Veen a nd vVhill ans, 
1993 ). In fact , during the las t century, dozens of other 
g lac iers a nd ice streams h ave a lso been re pea tedl y 
surveyed to gather information suitab le fo r in versions 
aimed at elucidating sliding laws and mechanical controls 
a t or nea r the bed. T ypi cal num eri ca l procedures have 
focused on finite-element a nd fini te-difference formu l­
a tions of the inversion problem, and with the advent of 
work stations, these meth od s have become increasingly 
acc urate, especially in their d escriptions of the deform­
a ti onal co mpo nents of fl ow. H oweve r, th e model's 
effi ciency and accuracy in d escri bing com plex geometries 
have lagged far behind the more impressive d evelopments 
in continuum flow. Fini te-element techniques can take 
advantage of new methods for a utomatic gen era ti on of 
a ppropria te mod eling meshes a nd finit e-difIe rence techni­
ques can utili ze specia li zed curvilinea r coord inate sys tems. 
In both cases, however, the increased ability to d eal with 
reali sti c geom etries has forced a corres ponding increase in 
computationa l and coding complexity . 

W ithin the las t few years a number of exciting 
ad va nces in statistical mech a nics have open ed up new 
a pproach es to modeling low-viscosity fluid flows around 
com plex geo me tri c structu res . On e of th e most recen t a nd 
successful of these new techniques is th e lattice gas 
autom aton (LGA) which excels in its ability to handle 
complex bound ary condition s with a surprisingly simple 
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cod e (Fri sch a nd others, 1986). LGA models represent a 
fluid as a set of co lliding gas pa rticl es whi ch on avc rage 
reproduce in co mpress ible Navier- Stokes nuid fl ow. 
Boundary conditions are handlcd by simple particle­
co lli sion rul es vvhich reproduce th e dcsired fluid velociti es 
a t any point. Using LGA, for example, flows through 
complex, even fractal, porous m edia geometries h ave 
been successfull y modeled a t a level of deta il not 
previously possi ble (e.g. Chen and others, 1991 ) . Like­
wise, simulations of fl ow aro und dissolving misc ibl e so lids 
a nd sim ulat ions of turbu lent flow around arbitrary 
obstacles has become rou tine (e .g . d 'H umier es a nd 
L a ll amand , 1987; L aw niczak and others, 199 1) . 

These autom aton techniques h ave been slow to exc ite 
in leres t in disci plin es which focus on th e slow-creeping flow 
of solids, like glaciers, primaril y because the bulk of LGA 
resea rch has developed models suita ble for low viscosities 
and high R eynolds number simula tions. These constraints, 
h owever, can be removed, and using LGA to simul ate 
glaciers req uires o nly a shift in mod eling philosoph y. 
R a ther than focusing on finite-difference or finite-element 
m od els of the macroscopic eq ua tions of state, LGAs fo cus 
o n building mu ch simpl er mod e ls formulat ed at a 
microscopic level. The microscopic models are constructed 
to conse rve mass, momentum and energy bu l do not 
attempt comple lely fa ithful reprodu cti ons of th e mi cro­
scopic world. This is a signific a nt departure from 
traditional modeling philosophy but, although inexac t, 
thi s type of simul a tion is successfu l because hydrod ynamics 
a nd thermodynamics describe la rge-sca le systems which 
behave independ entl y of their precise microscopic formu­
lation (Sa lem and Wolfram , 1986 ) . So, wh ile the 
m acroscopic mod els are typicall y limited to a sma ll 
number of spatia l "cells" where information on the flow 
s ta te is upd a ted based on th e complex continuum 
eq uations, these microsco pic mod els instead use tens of 
thousands of ce ll s which are updated by simple rules 
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chosen for the i I' com pu ta tiona l effi ciency . Pro per con­
tinuum beh av io ur is reco ns tru c ted fro m large-scal e 

a \'erages of th e ma ny mi crosco pic ce lls. I n o th er word s, 
ve ry complex sys tems a re studi ed by looking a t simplifi ed 
microscopic m od els which reproduce th e co rrec t ma th e­
ma tica l beha v io u I' a t macrosco pic scales . 

Th e shift fr o m a m ac rosco pi c to a s implifi ed 
microscopic pa ra di gm will a ll ow signifi cant advances in 
o ur a bility to mod el th e flo w of g laciers, ice shee ts a nd 
o th er solids a rou nd com pl ex rea listi c obs tacles. I n th e 
follow ing sec ti ons, th erefore. we describe a \'ariant of 
LGA, call ed th e lallice Boltz mann method , a nd demon­
stra te a new tec hniqu e fo r implementin g co nstituti\'e 
relat ionships a pprop ri a te [or ice a nd o th e r non-Ne\\'­
ton ian slo\ \'-flowing so lids. Th e la lli ce Boltzm a nn me th od 
d esc ribed he re is a ppropri a te [or iso th ermal steady-state 
problems or fo r time-varying \'e loc iti es with fixed g lacier 
geo metries. The techn iqu e can be used to in ve rt surface 
ve loc iti es fo r info rma ti on at th e bed o r to ex tra ct veloc it y 
a nd stress p ro fil es fi'om compli ca ted, rea li s ti c g lac ier 
cha nn els. This a pproach represe nts th e first ste p to wards 
a more gen era l la lli ce Bo ltz m an n mode l o[ tim e­
d epend en t a nd th e rmall y ill homogelleous g lac ier fl ow . 

THE LATTICE BOL TZMAN N METHOD 

Histor icall y, th e la lli ce Bol tzm a nn method evo lved from 
LeA and is most eas il y und erstood in th e contex t of its 
a utom a ton predecesso rs. Automatons co rrespond closely 
with \'on :\e um a nn 's origina l co ncept of a com puter a nd 
a rc a ny machine \\'ith a finite se t of input and output 
sta tes a nd a fix ed finite se t or rules \\'h ich map each input 
to a n output (L ewis and Pa padimitriou, 198 1, p.222 ). i\. 
simple example uses finite-l eng th binary strings as input 
a nd output sta tes; a look-up tahl e cO I1\'en s a binary input 
string to a b in a ry output string . The se t of rules, o r th e 
look-up ta bl e , is th e automaton 's program . 

Lat ti ce gas automatons ha ve input a nd o utput sta tes 
w hi ch correspond to pa rticle posi ti ons a nd \'e1oc i ti es on a 
tri ang ul a r la tti ce . At eae h site o n th e la tti ce, up to six 
pa nicl es of uni t m ass are ass ig ned uni t \ 'e loc i ti cs e ; in one 
of th e six la tti ce di rec tions ('i = 1 , .. . . 6) (Fig. I ) . A t each 
point on th e la ttire th ere is a t mos t onc pa rticl e w ith a 
g i\'en \'e loc ity (in o th er words, no t\l'O pa rticl es arc 
a ll owed to have th e same mom entum at th e sam e la tti ce 
site ) . If n i = I an d n ; = 0 re present occ upi ed a nd 
un occ upi ed mom entum sta tes, th en th e pa rti c le positions 
a nd ve locities at lat ti ce site x a nd time t a rc g ive n b y th e 

bin a ry string n( x , t) = (njn2n3n4n5n6) . Fig ure I illus­
trates n( x , t ) = ( 100001 ) . 

At eac h tim e step in th e model 's e\'o luti on, particles in 
th e LeA a rc trans lated onc latt ice unit in th e direc tion of 
th eir ve locity. P a rticl es whi ch a rri ve a t th e same site a re 
sa id to collid e a nd a re redi stributed according to a fi xed 
set or rul es whi c h consen 'C mass a nd momentum (th ese 
a rc th e a utom aton rul es whi ch cO Il\'ert th e bin a ry input 
to th e bina ry o utput states ) . Aft er colliding, th e particles 
arc tra nslated aga ill , and th e process repea ts. Fig ure 2 
illustra tes th e tra nsla tion a nd co llision ru les fo r two a nd 
th ree particles. 

Th is basic la lli ce gas a utom ato n \l'as first proposed by 
Frisc h a nd o th e rs ( 1986 ) in a pape r in w hi ch th ey 

• • 

• 
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Fig. 1. J/ol77f11lul17 slate n(x. t ) = ( 100001) all a tri­
angular tallice. 

d emonstrated that th e i'\ a \'ier Stokes eq ua ti on is rep rod­
uced in th e con tinuum limit by the mO\'ement o f th e 

particles on the tri a ng ul a r latti ce. I f the local density p a nd 
local velocit y v of'th e flui d at a ny point in tim e arc given b y 

6 

p(x . t) = L ni( x. t ) (1) 
;= 1 

a nd 
G 

p(x. t )v(x , t) = L n;(x , t )e;, (2) 
;= 1 

then th ey showed that macroscop ic qu a ntiti es like th e 
fluid H loc it y a rc ob tain ed by spati a l ave rages o r v. 
Bo und ary condit io ns a rc impl emented by adj usting th e 
directions of'any particles wh ich co llide with a bound a ry; 
and at each tim e ste p , boch' fo rces , like g ra\·ity. ca n be 
sp ec ifi ed by a lte rin g th e direction (momentum ) o f 
ra nd o m part icles to a li g n with th e fo rce (Kad a nofT and 
o th e rs, 1987 ). A number of' rev iew pa pers have g ive n 
d e tails of th e d e ri\ 'a tions whi ch lead rrom th e co lli sio n 
rules to the filII :\ (lv ie r - Stokes equ a ti o ns of fluid fl ow (e .g . 
\\'o lfi'a m, 1986; Fri sch a nd o th ers, 1987) . 

LeA models o f fluid fl ow a re sta bl e because the look­
up tables a rc exac t Boolean operato rs (round-off e rro rs 
a rc el imina ted ) . The tra nslat ion and colli sion process is 
also loca l in na lUre, so th a t the upd a tes ca n be perform ed 
simulta neous ly a t a ll the nodes, ma king Le}\ well suit ed 
for fa st pa ra ll el process ing. The di sc re te na ture o f th e 
pa rti cle ll1 omenta , howeve r, add s noi se to th e sys te m , 
req u i ring la rge spa ti a l a\'e rages of the particle trajectories 
to ge t reasonable fluid approx im a tions. This noise c lea rl y 
o ut weig hed th e advantages of a n LeA implementati o n o f 
th e g lac ier-flow pro bl em constru c ted b y th e aut ho rs, a nd 
a lo n g wit h a pro blem in adju s tin g th e \' iscos i t y 
(con troll ed by th e se lect ion o f' spec i fi e co lli sion rules) 
m o ti\'ated o th ers to d e\'e1op th e o ri g inal la tti ce Bo l tz­
mann technique (Hig uera a nd J imc nez , 1989 ). 

The la Lli ce Boltz m a nn method consid ers populatio ns or 
pa rticles (0 S n(x , t ) :S 1) rather th a n indi vidua l pa rticl es 
o n th e la tti ce. [n essence, th is is th e sam e as simulta neo usly 
running a large ensemble of' LeA simul a tions a nd th en 
determining th e probabilit y of a particle ha \'ing a 
pa rti cul a r mom entum sta te (i.e. pro ba bilit y of occupying 
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1. initial state before translation 
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2. after translation and before collision 
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3. after collision 

Fig . 2. An example of the translatioll and coLLision process Jor LCA jJarticLes. T he three-i.va} collision at site x re-arranges 
velocities in tlte on0' manner which wiLL conserve momentum and mass . The two particLes coLLiding coLLinearly at site y have 
zero total mometul1l and can be redistributed in airy other coLLineat directions ( the choice can be made random0') . ALL other 
possible coLLision configurations are ignored and the velocities are lift unchanged (Jar exam/Jle, grid site z ) . 

a particu lar lattice site with a particular veloc ity). (In 
sta ti sti ca l m echanics, this co ll ec ti on of LGA simula ti ons 
wou ld be referred to as th e cano ni cal ense mbl e wh ich has a 
Boltzmann distribution of poss ible states, hence th e name.) 
Prac ti ca ll y sp eakin g, the la tti ce Boltzmann technique 
ave rages o ut the noise in th e system while maintaining 
the fa st pa ra llel a rchitec ture. H owever, th e a rithmetic is 
now rea l, rather than Boolean , a nd the ultima te sta bili ty or 
the LGA is compromised , though stable behavior is still 
possible for a lmost all Oow scena ri os of interes t. (Benzi and 
others ( 1992) discussed deta ils of stability to numeri ca l 
dispersion, di sc re tiza ti on and o th er types of error. ) 

The la tti ce Boltzmann colli sion rules can be imple­
mented in th e same ma nner as the LGA rules, a lthough a 
mo re effi cient m ethod is di scussed here. In the original 
LGA , th ere were six uni t ve loci ti es e, (i = 1, . . . , 6) on a 
tri a ng ul a r la tti ce, but more r ecent a nalyses (Skordos, 
1993) have shown that the Navier- Stokes equa tions can 
be reprod uced with two veloc iti es on a more easil y coded 
squa re la tti ce (velociti es a lo ng edges and diagon a ls). In 
pa rti cular, for i = 1, ... ,8 

( 
i- I i- I) 

e.; = cos - 4- 7T, sin -4 - 7T 

rr:. ( i- I i- I) = V 2 cos -4- 7T , sin -4- 7T 

for 'i mod 2 = 1 

for i mod 2 = O. (3) 

In additi on , eo = (0, 0) co rres ponds to a " res t" particle 
with zero velocity. Also, rather tha n using look-up tab les, 
the co llisio n step can be mo re compactl y represented as a 
re laxa ti on from a n equilibrium sta te. Let 0 :S Ni(x , t) :S 1 
be the proba bility of findin g a particle a t nod e x a nd time t 
with unit velocity ei, and le t N ,c<i(x, t) be the equilibrium 
distributions. Then, for a unit t ime step (ilt = 1), 

N;( x + eiilt , t + l )-Ni(x , t) = 

- ~ (Ni(X, t) - N,e'l( x , t)). (4) 
T 
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The lefth and sid e of Equat ion (4 ) is just th e rate or ch ange 
of the particle di stributions due to collisions. T is a unitlcss 
rel axa ti on parameter wh ich control s thi s cha nge a nd 
adjusts the ra te a t which the equilibrium is approached. 

Th e eq uilibrium sta tes N ie<i a re d eri ved fr o m a 
Chapman- Enskog ex pa nsion of Eq ua tions (1), (2) a nd 
(4 ) (Skord os, 1993) a nd for a sq ua re la tti ce are given by 

eq 4( 3 ) No = "9 p 1 - "2 v . v 

Ni cq = ~ p ( 1 + 3 (ei . v) + ~ ( e i . v) 2 - ~ V . v) 

for i mod 2 = 1 

Ni eq = 3
1
6 P ( 1 + 3 (ei . v) + ~ (ei . v) 

2 
- ~ V . v) 

for i m od 2 = O. (5) 

The density p and m acroscopic velocity v a re given by 
Equations ( I ) and (2) without ave raging. 

The relaxati o n time parameter is a lso deri ved from th e 
Chapman- Ensko g ex pa nsio n a nd is re la ted to th e 
ki nematic viscosity 1/ (measured in la tti ce units sq ua red 
pe r time step ) b y 

(2T - 1) 
1/ = -'-----,------'--

6 
(6) 

T has a lower bound of 1to pre\ 'ent unph ysical negative 
viscosities. Intuitively, the rela ti onship between T a nd 1/ is a 
conseq uence of th e relaxation parameter 's influence on th e 
rate of change of particle distributio ns a t each collision step. 
Thinking of the Bo ltzman ll method as an ensemble of 
LGAs, a la rger T d ecreases the cha nge in N with time 
(Equa tion (4)) or, in o ther wo rds, d cc reases the probability 
of a co llision in the ensemble of LGAs. When collisions a re 
less probab le, the m ean free path of a particle is increased 
a nd Maxwell (1859) d emonstrated th at the mean free pa th 
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of pa rticl es in a gas is proporti o n a l to the viscos ity (Hua ng, 

1987 ) . There fore, increasing T inc reases th e m ea n free pa th 

a nd increases th e \'iscosity. 

NON-NEWTONIAN FLOW 

The a bility to adju st the viscos ity with th e re laxation 

pa ra m e ter is o ur basis fo r constructing non-Ne\\'tonian 

co nstiLUti\'e re la ti onships suitab le [or mod e lin g g lacier 

0 011' . When T h as a constant \' a lu e, th e \'i scos it y is fixed 

a nd stress is linea rl y rela ted to strain. In o th e r words 

Cl: j = 2pi .ij where Cl;j and Eij a re compo ne nts of th e 

d e\'ia tori c s tress a nd strain-rate te nsors an d !-l = Pl/ is th e 

d yna mi c vi scosit y (e .g . ~I ase, 1970 ) . W ate r is th e cl ass ic 

exa mple o[su c h a linea r or l\ e\\'tonian Ouid. Ice, m agma. 

m e ta ls a nd man y o th er solid s a re cha ra cterized , howe\'C r. 

b y a n effec tive v iscosity, !-lefT, which is a functi o n of th e 

stra in ra te ( i n addi ti on to oth e r d epend enc ies such as 

chemi cal impurities a nd tempe rature) . In fact, fo r ice. 

m agm a a nd m os t m eta ls, th e cffec ti\ 'e \'iscosit y i · a powe r 

of th e second stra in-ra re in vari a nt, 

e = L Eiiij 
i.j 

(Turco tte a nd Schuberl, 198 2; P ateJ"son , 1994) , I. e. 

Cl: j = /-."jjEij (7) 
w here 

/lerr <X e~- I (8) 

(or some pos iti ve n. 
T o ha nd le th ese ge nera li zed vi scositi es, T is simplY 

ex pressed as a f'u nc ti on of the dTeCli\ 'e \ 'iscos i t y, 

6 (pcrr/ p) + 1 
T = --'---'---'----

2 
(9) 

:\ow th e stra in ra tes at eac h latt ice sit e ca n he es tim a ted 

b y finit e diffe re nces of the ve loc iti es a t th eir neighbors. 

This d e termines th e effec ti\ 'C d yna mi c \'iscos it ), j1cf'f and 

a n a ppropri a te T a t eac h nod e o n th e la ui ce. Ah aro no\ ' 

a nd R othm a n ( 1993 ) ha \ 'e d eve lo ped a simil a r but m o re 

compli ca ted sc he me [o r n on-~ewtonian now based on an 

ea rli e r imple m e nta ti o n of the la tti ce Boltzma nn method. 

Our res ults compare [avorab ly with th eir w o rk and 

require less compli ca ted codin g . 

ELIMINATING COMPRESSIBILITY AND 
INER TIAL EFFECTS 

Solids typ ica ll y ha\ 'e kin e mati c \ ' iscosit ies o n th e order o f 
I X 10 l.'i m 2s I, a bo ut 2 1 o rd e rs of mag nitude hi g her 

th a n the typica l viseos iti es fo r a Ouid ( I x 10 (i m 2
S I) . 

Fo r a lattice Bo ltzmann m odel, this has two impo rtant 

co nsequences fo r 0 0\\' simul a ti o ns o f a solid . firs t , th e 

m ea n [ree p a th o f a pa ni c le is so lo ng th a t in(cas ibl y 

la rge mod e l g rid s are necessa ry fo r rea li sti c s imulations. 

This can o n ly b e co unte red b y ta king ach 'a ntage of 

d yna mi c similarity and using d ynamica ll y equi\'a le nt 

Oow sce na ri os with muc h sm a ll e r \·iscos iti es. Second I)', 
la rge viscos iti es impl y neglig ibl y sm a ll in erti a l te rms (i.e . 

fo r ;\e \\·tonian Oow, th e v· \7v term in th e i'\ a\' ie r Stokes 

equation sho uld b e se t to zero ) . HO\\'C \'C r , these two 

consequences tend to work aga ins t eac h o th er ; d ec reas­

ing th e \ 'iscos it y causes inc reas ing ly dominant in e ni a l 

e ffects in th e m od e l, le ading to hi g h R ey nold s numbe rs 

a nd turbul ent Oo w. T o pIT\'Cnt thi s b e ha\ 'ior, it is bes t to 

e limin ate th e intenial te rm s fi-o m th e g lac ie r-m o cl e l 

fo rmul a ti o n. 

T o d o thi s, co nsid e r th e ma crosco pi c Oow be ha\"io r 0 (' 

t h e la tti ce Bo ltzma nn m odel as d e ri \ 'ed using th e 

C h a pm a n Enskog procedure, \\ 'hi c h is essen ti a ll y a 

T ay lor ex pansio n o f Equatio n (4 ) . The ex pand ed N i 
a re rewritt cn in term s of' p a nd pv using the ma ss and 

m omentum rela ti o nships g i\ 'C n in Equ a ti ons ( I ) a nd (2 ). 

The equilibrium di s tributi o n is trea ted as an ('xpanS lOll 

a bout sm a ll \'(' Ioc i ti es ( H ou. 1995 ), 

N iPq = Ai + B ;(e; . v) + Gi(ei . v)2 - Di ,' . V (10) 

with hig her-o rd e r terms neglec ted . Th e gene ra l para­

m e te rs Ai, Bi . Ci a ncl Di arc th e n seleCled to ensure that 

to firs t order th e ex pansion g i\ 'es th e :\ a\'ier- Stokes 

equ a tions (sce Equ a tion (5 )) . [n our case, wc choose a 

different se t of pa rame ters which g ives th e sa m e so lu tion 

but elimin a tes the in e rtial te rm s. A i a nd Bi remain th e 

sa m e as before. but Ci = Di = O. Int u it ively. th e term s in 

Equation ( 10) which arc non-linear in v ha\'(' been se t to 

ze ro becausc th e :\' a \ 'ier Stokes pdes arc linea r in v exce pt 

for th e inr'rti a l term , v· \7v. 
In our mod e l, onc add iti o nal cor rection is m a d e to 

e nsure incompress ibilit y. \\' ith o ut so m e furt he r manip­

ul a li on, Ihe eq uilibrium di stributions g i\ 'Cn in Equations 

(5 ) a ncl ( 10 ) pred iClthat \7 ·(pu) = O (clI's teady-statc 

fl ows with \'elocit y u. Trul y in compress ihle fl ows require 

\7 . u = O. Th ere fore , H o u I 1995 ) h as sugges ted reclefi n­

lll g th e \·eloe it\· to be 

~ 

v = (iu = L Ni( x . t )ei . 
i - I 

(11) 

Using th e same Chaplllan F,nskog ex pa ll sion as o utlin ed 

abo\ 'C , this leads to it co rrec tion in th e equilibrium 

di s tributi ons give n b y 

N 
(''1 Ll 

o =- (1 
9 
1 

N;"q = - (p + 3(ei . v)) 
9 
1 

N ;"'l = 36 (p + 3(ei . v)) 

for i m od 2 = 1 

for i t!lod 2 = O. (12 ) 

i\ m o re co mp le te mot inl ti o n of th e inco ll1press ibilit y 

correct ions has bee n ex plained in I-Iou ( 1995 ' . 

GENERALIZA TION TO THREE DIMENSIONS 

A three-dim ensio n a l ge nerali za ti o n o f th e la tti ce Bo lt l:­

m a nn model is s tra ig hlforwa rd . Ins teacl o r a square 

la ui ce, the pa rti c le pop ul a ti o ns mO\ 'e Oil a fact' -cc lltl'l'cci 

c ubi c lauice w ith six ncarest Il e ig hbo rs a t a cii sta n ce 0(' 

leiLlt l = 1 lattic e unit a nd eig ht nex t-nea rest a l a di s tancc 

of leiLlt l = v'3. A ll o th er equ a ti o ns a rc un changed except 
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for the equilibrium distributions wh ich becom e 

Nocq = ~p 
9 

N/q = ~ (p + 3( ei . v)) 
9 

for le;L1tl = 1 

N;"q = 7
1
2 (p + 3(e; . v)) for leiL1t l = J3 (13) 

for i= O to 14. 

SCALING ANALYSIS AND NON-DIMENSIONAL­
IZATION 

In ord er to run the latti ce Boltzma nn model a t low vi scosities 
and have d yna mica ll y simila r behavior to a hig hl y viscous 
glac ier, a se t of non-dimensional num bel'S needs to be deri ved 
from the macrosco pic equa ti ons of glacier fl ow. To g ua ran tee 
similar d yna mi cs, th ese non-dimensional numbers must be 
the same for both the high- a nd low-\'iscosity scena rios. For 
]\'e\\"lOnian fl ows, the appropriate non-dimensio na l numbers 
a re deri ved by di\ 'iding each term of the Navier- SlOkes 
eq uati on by one of the other terms ("\' elty and others, 1984). 
R eynolds number, for insta nce, is th e ra ti o of th e inertial 
term to th e \'iscous term. HO\\T \"er, th e equations of glacier 
flo\\' are complicated by a non-linea r rh eology (Equation 
(7)) and cannot be written as a single pa rtial differenti al 
equat ion. In tha t case, ra ti os of terms are impossibl e and a 
more sophisti cated scaling ana lysis is necessary to d eri ve th e 
non-dimensiona l parameters (Logan, 1987). 

Sca li ng a nalyses sta rt with a se t of rele\"ant va ri a bles 
{Vi , 1/2, ... Vi} a nd replace each by a resca led quantity 
{A7nI 1/i , >-"" 172 , ... >-1flIV; }. Th e resca led va riabl es a re 
substituted into the relevant cqua ti ons (desc ribing glacier 
flow in o ur case ) and the sca ling pa ra meter A is fa ctared 
out. This fac toring ensures th a t the equations a rc un ­
changed by the rescaling a nd is used 1O d eri ve a se t of 

constraints on {m l,m2 , '" rnd . These constraints deter­
mine how each variable must be rela ted to its resca led 
quantity a nd th erefo re d e termine how diITerent sca le 
simulat ions must be related to each other in order for th e 
relevant equ a tions 1O describe th e same ph ysical process. In 
other words, the constra ints provide the re lationships 
necessa ry to construct non-dim ensional quantities. 

Consid er the eq uations d esc ribing iso th erma l stead y­
state glacier flow in two dim ensions. From the d efiniti on 
of strain ra tes, 

ou . ov d' 1 (OU ov ) 
(1''/' ox ' Ezz = OZ an Exz =:2 OZ + 8.'E 

where x a nd Z are a long coordina te direc tions perpen­
di cul a r a nd para ll el to gravity, a nd u and v a re 
deformationa l veloc ity co mpon ents in the x and z 
directions. From these definitions, 

(14) 

which is a compa tibility requirement ensuring th a t the 
velociti es a re unique (e.g. M ase, 1970, p.92 ) . The strain 
rates a re related to devia tori c stresses by G len 's flow la w 
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fo r ice (Equation (7)) , which can be written ex pli c itl y as 

. A( I 2 I 2)¥ I 
En' = a

"
:r + a./·z a.1::r (15) 

a nd 

. A( I 2 I 2)¥ I Exz = a.L'.l' + a.t'z a.rz (16) 

w ith a~L' Z = a, Z a nd a~3' = (~)(a:rJ - O'zz ). (aij is a stress­
tenso r component. ) Conservation o f m omentum requires 

and 

00' J'J' oa.rz . 
ox + 8z = -pgSll1 a 

80'n aa zz --+-- = - pgeosa 
ox az 

(17) 

(18) 

where 9 is gravi ty a nd a is the angle of the ice surface 
relati ve to th e hori zo nta l. 

The va riables in th ese eq ua ti o ns can be resea led b y th e 

followin g substitutions: x = >-°x, Z = A"z, iJ.J:1' = >-cO'1'.1" 
iJ.r:z = Acia.l'z, O'zz = N azz , A = Ai A, 15 = A.i p, 9 = A"g, 
U = AiJU and v = A'iV, where th e overbar represents a 
scaled qu a ntity a nd A is an arbitra r y scaling factor. After 
subs tituti on, the resca led equa tions a re consistent with 
th e o ri ginal eq ua tions o nl y if the AS can be factored ou l. 
This places a se t of constra ints on th e sca ling expone nts. 
For exa mpl e, using th e chain rul e, (oai"T·)/(8x) = 
,AC·-O(oar.r )/(8x) and (8iJiZ )/(az) = Ad- b(oa:l:z)/(oz), so 

\ c- o aO'D' + \ cl- b aa.rz \ j + k . /\ -- /\ -- = - /\ pg sm a . 
ox OZ 

(19) 

This g iws hac k th e o ri ginal Equatio n (17) if a nd o nl y if 
X-- (I = Ni - b = >- j + k o r c - a = d - b = j + k. 

Simi la r constra ints d eri ved fi'om each of the o th e r flow 
equ a ti ons leads to a se t or rela ti o nships which can be 
solved to gi\"e a = b, c = d = e = a + j + k and p = q = 
a + i + n(a + j + k ). Using Aa = x/x, e tc., these so lutions 
impl y th a t 

(~) G) (20) 

(~::) (~:.:) (~::) (~) G) (~) (21 ) 

a nd 

(~) (~) G),,+! (~) (~r (~r (22) 

Eq uations (20) thro ug h (22 ) give constra ints th at wi ll be 
sa ti sfi ed when two simula tions arc dyn a micall y simil ar. 

By so lving for th e origin a l unsca led va ri a bl es, 
Equ a ti ons (20) throug h (22 ) can be rewritten as non­
dim ensiona l numbers, 

a nd 

x pg 
7r2 = ­

axz 

X 
7r3 = - . 

Z 

(23) 

(24) 

(25) 

E ach of th e va ri a bles now represenLs cha rac teristic 
value (e.g. th e g lacier thickness for x ). Note that the 
charac teri stic sh ear stress is give n by the basal shea r, or 
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pgx sin a, so th e no n-dim ensional pa ra m e ter 7r2 jus t 

requires th e slopes to be th e same in d yna mi ca ll y similar 

simulat io ns. 7r3 requires geometric similarity a nd 7rj is a 
generaliza ti on o f" R ey nolds number divid ed by Froud e's 

from N ew ton ian now (n = 1). :\Tote th a t the inclusion of a 

third dimension in th e g lacie r-now equations does not a lte r 

7rj or 7f2 a nd lead s to th e obvious gene raliza tions of 

geo m e tri c simil a rit y. Th e axes o ri entations are a lso 
irreleva n t to th e deri va tion. 

As a typical example , fix n = 3 and le t th e glacie r 

th ickn ess be x = 100 m , le t th e cha rac te ri s ti c velocity be 
1 2 3 u= l j lOOOOOm s , g =9 .8m s- , p=900kg m and 

A = I x 10 24 m3 S5 kg 3 Then 7rl = 6.86. A d ynamica ll y 

simil ar m odel co uld have th e values .x = 30 , U = 0.1 , 9 = 
4.73 x 10 4, P = 2 a nd A = 1000 where each va ri able is 

measured in model units. These values a re typi ca l for th e 
la lli ce Bo ltzm ann model and note that th e \'iscosity is 

kept re la tive ly sma ll, a s r eq u ired . 

TWO-DIMENSIONAL GLACIER-FLOW 
SIMULA TIONS 

A glacie r-OO\v simulation sta rts by occ up ying each lattice 
site a nd la tt ice direc tion with some initia l population o f 

pa rticl es. These pop ulatio ns a re th en transla ted in th e 

direction o f their \·elociti es. Popul a ti o ns a rri\'ing a t th e 

sa me la tti ce site a re redi stributed b y th e rul es wh ich 

co nse rve m ass a nd mom e ntum (Equ a ti o ns (4 ) an d (12)) . 
As in th e la tti ce gas m odels, gra\' ity is impl emented b y 

cha ng ing th e momentum of panicle po pula ti ons by so m e 

small in cremell( at eac h la lli ce site a t each tim e step. Th e 
tra nsla ti ons , red istri bu tions a nd bod y-force momentu m 

adjustm ents itera te unti l th e sys tem reac hes a steady state. 

[ n our simu la ti ons, a change in velocity (in a leas t-squ a res 

sense) of less th an I x 10 5 be tween itera tions is required ro r 

stead y stale. \' elociti es a re caleulat ed from Eq ua ti on (11 ) . 
Equation (12) gives th e basis ror specify ing velocity­

bound ary co nd iti ons (Skordos, 1993 ) . R a th er th a n 

ca lcul a ting th e \'clocity from Equation ( 11 ) , th e \'elocity 

at any boundary site is fix ed to th e d es ired value (fo r 
exa mple, to th a t of a surveyed ve locity) . At eac h 

it era ti o n , th e spec ifi ed veloc ity is used to calcu la te a n 

equilibrium distribution yia Equation ( 12 ) . Th e specifi ed 

equilibrium di stribut io n is th en used to adjust th e 

populations in th e collision step (Equation ( '~ )) . Spccify­
ing ze ro ve locity, for exa mple, leads to a no-slip conditi on. 
A free-slip (o r fi 'ictionless ) condit ion is a lso possible b y 
adjustin g Equation (4 ) so that th e a ng le of incidencc 

equ a ls the a ngle o f re Oec ta nce fo r a ny populations 
a pproac hing th e free-slip boundary. :\Tote Lh a L bo th 

specifi ed velociti es a nd free- sli p condit ions can be used 

at diffe re nt sites in th e same simulation. 
T wo exampl es of thi s simul a tion process a re presented 

below. An implementa tion of th e three-dim ensional mod el 

IS in prog ress a ne! examples wi ll be presented in future 

pu bl ica Li o ns. 

Lall1inar flow 

The simpl es t possible g lacie r is a unifo rm thi ckn ess of ice 

sitt ing on a n inclined p la ne. Ass umin g a no-slip co nditi on 
at th e bed and a free-slip co nditi on a t th e surface, th e 

ve loc ity profil e is g ive n by the lam in a r-Oow so lution , v = 0 
and u(z) = U s - 2A(pgsin a)"zn+t j (n + 1) wh ere Us is th e 

surface \'e locity a nd is z meas ured perpendi c ular to th e 
surface, positi ve downward s (P a Le rso n, 1 99 '~ , p. 251 ). For 

n = 1, A = 3 , p = l.0 , 9 = 2.8 X 10- 5 , a = 0.46 rad and a 

bed a t z = 30 this gi\'es u(z) = 0.034 - 3 .7 x 1O- 5z2 For 

th is case, 7fl = 2.22 , so on e c ho ice of co rresponding 
ph ysical va lues is A = 1 X 1O- J9 m s kg 1, P = 900 kg m 3, 

9 = 9.8 m s 2, a d epth of 1000 m a nd a slow surface velocit y 
of 0.0 125 m al. Figure 3 co m p a res th e res ul ts of th e 

BolLzma nn m od el to th e a na ly ti cal cxpress io n. A simil ar 

simulat ion w iLh n = 3, 9 = 1.2 X 10- 3 a nd A = 1000 

illustrates th e cha rac teristi c Oattening of th e \ 'e locity pro­
file ca used b y a strain-Lh inning so lid (Fig. 3) . I n thi s case, 

7fl = 22 .86, so o ne choice of corresponding physica l va lues 
is A = 1 X 10- 2<1 m3 s5 kg 3 p = 900kgm :\ 9 = 9.8m s 2. 

a depLh of 100 m a nd a surface veloci ty of 94.66 m a 1. 

velocity 

0 . 03 

0 . 025 

0 . 02 

0 . 01 5 

0 . 01 

0 . 005 

-+-----,,---,"'0--~,""""5 ----=2""""0 ---,2"'5----'3~O aepth 

ve l oc i t y 

0 . 0 4 

0 . 03 

0 . 02 

0 . 01 

+--~---""10:------:,"';c5-----:2~0----=2::-5 ---\l~o depth 

Fig. 3. Lamina!' J7ou' wiLh n = I ( lojJ ) and n = 3 
( bollom ) . Poilll dala are from Ihe lal/ice BoLIZ17lClnl! 
simulaliolls and solid lines are the analyLical soLu liolls. 

Valley-glacier flow 

Figure 4 sho ws non-\Tewton ia n (n = 3) now through a 

m ore typi cal two-dimensio na l noss-sec ti on o f a va ll ey 

g lac ier . A no-slip condition is spec ifi ed at th e bed and 
surface ve loc iti es a re fix ed a t th e surhlce (roug h ly down­

\\'a rd s in an acc umulat ion zo ne a nd roughl y upwa rd s in an 

ab la tion zo ne ) . OLher pa rame te rs (a nd pOLen ti a l choices 

for cha rac te ri s ti c ph ysica l va lues) a re th e sam e as above . 

Noti ce th a t th e bed is undul a tin g a nd ove rd ee pened nea r 
th e terminus a nd th a t th e cross-sec tion has a n ice fa ll and a 

stee p bedrock cliff nea r th e eq ui librium li n e. These 
geometri es can ca use significa nt meshing difliculti es for 
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non-Newton ia n finite-diffe rence a nd finite-element tec hni­
qu es but posc no diffi culty for the lattice Boltzman n model. 

head suriace 

... .... . .. . .. ... ........ . .. '"~''''''''''''''''''''''''fI'###'' ' 

: : : : : : :: : : : : : :::: : : : : : : :j/' : : : : . :":": ::~~~ ~ : : : ~ ~ ~ ~ ~ ~ : : 
: : ::::: : ::::::: :::::::: :::: .. :: : : ::: ::::: :: :: /.:.:: ................................ . ............... 

bed toe 

Fig . 4. l'elocil)l veclors calculaled by the laUice Bolt<.mal1fl 
model jor ([ Iwo-dimensional verlical (Toss-seclion through 
all irregllLaru' shaped vaLLey glacier . G'ravi£jl is acting 
verlicaLu, downwards. The smaLL dots are lattice siles which 
are flol a j)arl oj Ihe glacier and have zero velocily. The 
veclors are magnified JOO limes and are measured in Lallice 
unils /Je1' lime sle/) . The grid is 50 by 30 LaUice lInils. 

CONCLUSIONS 

Th e code fo r a la tti ce Boltzma nn model is simple a nd 
short, with a n intuiti ve moti vation - the tra nslation a nd 
co lli sio n of partieles. Glacier-n ow geo metries can be as 
compli ca ted as necessa ry with no additio nal complexity 
imposed on the model code. Th e sam e technique can be 
used to mode l the slow creeping now of a ny solid , such as 
gla 's, cold ta r, sa lt di a pers or lava . Th e onl y restri c tions 
are a qua ntifi a ble constituti\'e relationship (substituted in 
place of Equation (8)) , [lows which have neglig ible 
ine rtia, stead y-state behavior a nd iso th erm al conditi ons. 

Th e prelimin a ry success of' th e latt ice Boltz m an n 
meth od for steady-state iso therm a l g lacier nO\\'s suggests 
th a t it wou ld be profit a ble to focus additi onal research on 
full y ti me-depcnden t th ree-dim ensional th erm omccha ni cal 
Boltzmann techniques . The current model can a lready 
ha ndle time-va rying boundary conditions, so the prim a ry 
diffi cult y is a llowing free-surface geom etri es whi ch can 
e\'o l ve wi th time. The a u thors a re cu rren tl y developi ng this 
free-surface conditi on as well as techniques for inco rporat­
ing the therm od yna mic equ ations of state. 
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