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We generalize the one-dimensional population model of Anguige & Schmeiser [1]
reflecting the cell-to-cell adhesion and volume filling and classify the resulting
equation into the six types. Among these types, we fix one that yields a class of
advection-diffusion equations of forward-backward-forward type and prove the
existence of infinitely many global-in-time weak solutions to the initial-Dirichlet
boundary value problem when the maximum value of an initial population density
exceeds a certain threshold. Such solutions are extracted from the method of convex
integration by Miiller & Sverak [12]; they exhibit fine-scale density mixtures over a
finite time interval, then become smooth and identical, and decay exponentially and
uniformly to zero as time approaches infinity. TE check: Please check the reference
citation in abstract.
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1. Introduction

The evolution process for spatial distribution of cells or animals in one-dimensional
homogeneous habitat can be modelled by quasilinear advection-diffusion equations
of the form,

ur = (p())aa, (L.1)

(© The Author(s), 2024. Published by Cambridge University Press on behalf
of The Royal Society of Edinburgh
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where u = u(x, t) denotes the population density of a single species at position x
and time ¢, and the derivative o(s) = p/(s) of a given flux function p(s) represents
the diffusivity of equation (1.1).

In zoological studies, as an improvement to the A-model by Taylor & Taylor [15]
for adhesive movement, Turchin [16] proposed equation (1.1), based on a random
walk approach [13], as a model of individual movement, which is not only reflecting
adhesion or repulsion between conspecific organisms but also avoiding some defects
in their model. In his model, the flux function p is given by

2
= ﬁsg — kos® + Bs, (1.2)

p(s) 30 5

where kg > 0 is the maximum degree of gregariousness, w > 0 is the critical den-
sity at which movement switches from adhesive to repulsive, and u € (0, 1] is the
motility rate. With this flux function p, he considered the initial-Dirichlet boundary
value problem

up = (p(u))ea in © x (0, 00),
u = U on Q x {t =0}, (1.3)
w(0,t) =wu(L,t) =06y fort >0,

where Q@ = (0, L) C R is a favourable habitat of size L > 0, ug = ug(z) is the initial
density of a single species, and dp > 0 is a constant for the Dirichlet (or absorbing)
boundary condition. Here, the constant Jy reflects the intensity of hostility of the
surrounding habitat and/or the migration rate towards there. For example, when
dp = 0, animals touching the border 90 = {0, L} are permanently lost to the pop-
ulation, either because they move away from the habitat 2 or because they are
killed by predators residing in the very hostile surrounding area. In this case, it is
expected that the total population eventually vanishes as time approaches infinity.

In mathematical biology, Anguige & Schmeiser [1] obtained equation (1.1), based
also on the random walk approach, as a model of cell motility which incorporates the
effects of cell-to-cell adhesion and volume filling. In their model, the flux function
p is given by

p(s) = as® — 2as® + s, (1.4)

where « € [0, 1] is the adhesion constant. With this flux function p, they studied
the initial-Neumann boundary value problem

ur = (p(u))aa in Q2 x (0, 00),
U = Uup on Q x {t =0}, (1.5)
uz(0,t) = uy(L,t) =0 fort >0,

where = (0, 1) C R is a habitat of unit size. Here, the Neumann (or reflecting)
boundary condition should imply that the total population remains the same for
all time.

In both models of [1, 16], when the species in question are highly adhesive (that
is, kow > pin (1.2) and o > 2 in (1.4), resp.), the diffusivity o(s) = p/(s) admits a
nonempty open interval in which it is negative so that the equation u; = (p(u))za
becomes backward parabolic for the population density values s = u lying in that
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interval. So when the range of the initial population density uy overlaps with the
interval of backward regime, problems (1.3) and (1.5) may be ill-posed. This awk-
ward situation was regarded as a clue for the authors of [1, 16] to expect a certain
pattern formation in the population density u as time goes by. However, there have
not been any existence results on the highly adhesive random walk models since
the usual methods of parabolic theory are no longer applicable to this case.

Regardless of the expectation stated above, there has been scepticism on the ran-
dom walk models of adhesive population dynamics due to their limited practicality
and inability of displaying complicated behaviour such as sorting [5, 8]. Meanwhile,
many nonlocal adhesion models have been suggested and studied actively to reflect
various phenomena in population dynamics. For an overview, one may refer to the
review article [5].

Nonetheless, in this paper, we generalize the adhesion population model of
Anguige & Schmeiser [1] and classify the resulting equation into the six types.
Among such types, we fix one that yields a class of advection-diffusion equations of
forward-backward-forward type and prove the existence of infinitely many global-
in-time weak solutions to the initial-Dirichlet boundary value problem when the
maximum value of the initial population density uy exceeds a certain threshold.
Although our solutions may not exhibit expected behaviour of adhesion such as
clustering and sorting, they capture some interesting phenomena: fine-scale density
mixtures between the high and low density regimes, smoothing after a finite time,
and smooth extinction of the species at an exponential rate due to the absorbing
boundary condition. On the other hand, in the same initial value problem under
the Neumann boundary condition, we expect to obtain global weak solutions show-
ing quite different behaviours from the Dirichlet case. This will be explored in the
subsequent paper as a sequel.

Plan of the paper: In the rest of this section, we derive a continuum model of
adhesion, which is a generalization of [1], and then justify the definition of a global
weak solution to the corresponding initial-Dirichlet boundary value problem. In § 2,
depending on the choice of a pair of adhesion and volume filling constants, we clas-
sify the resulting equation from continuum modelling into the six types. Then the
main result of the paper, theorem 3.2, is sophisticated in § 3 along with a strategy
to obtain solutions. As an independent section, in § 4, we formulate a differential
inclusion problem and present its special solvability result as theorem 4.2, which
serves as an essential ingredient for a proof of theorem 3.2 in § 5. Sections 6 and 7
carry out a long proof of theorem 4.2, which can be regarded as the core analysis
of the paper.

Notations: Hereafter, let L > 0 denote the size of a favourable habitat
Q= (0, L) C R. For 7 € (0, 00|, we write

Q. :=Qx(0,7) C R%

Let k, m, and n be positive integers, let 0 < a < 1, and let U C R™ be an open
set.

(i) We denote by C*(U) the space of functions u:U — R whose partial
derivatives of order up to k exist and are continuous in U.
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(ii) Let C*(U) be the space of functions u € C*(U) whose partial derivatives of
order up to k are uniformly continuous in every bounded subset of U.

(iii) Let n =2; s0o U C R? = R, x R;. We define C*!(U) to be the space of func-
tions u : U — R such that u,, u,,, and u; exist and are continuous in U. Also,
let C%1(U) denote the space of functions u € C%'(U) such that u,, t,,, and
u; are uniformly continuous in every bounded subset of U.

(iv) We denote by C27¢(Q)) the space of functions u € C?(Q) with

< Q.

sup |uw$ (Q?) — Uz (y)|
z,yEeQ, xH£Yy |'T - y‘a

(v) Let 0 <T <oo. We define C***1%2(Qr) to be the space of functions
u € C%1(Qr) whose quantities

|uzfc(xa t) - umr(ya t)|

sup y
z,y€Q, x#y, 0<t<T |.1? - y|a

sup Uz (T, 8) fu;r(:c,t”’
2€Q, 0<s,t<T, s#t |5 - t| 2

sup |Ut(£ﬂ,t) 7ut(yat)|’ sup |ut(x,s) *U;(I,t”
2,y€Q, aty, 0<t<T |z — y|@ 2EQ, 0<s,t<T, s#t |s —t]2

are all finite.
(vi) We denote by M™*™ the space of m x n real matrices.

(vii) For a Lebesgue measurable set E C R™, its n-dimensional measure is denoted
by |E| = |E|, with subscript n omitted if it is clear from the context.

(viii) We use W*P(U) to denote the space of functions u € LP(U) whose weak
partial derivatives of order up to k exist in U and belong to LP(U).

(ix) A sequence {Uy}een of disjoint open subsets of U is called a Vitali cover of
U if |U \ UpenUy| = 0; in this case, {Up}en is said to cover U in the sense of
Vitali.

1.1. Continuum model

For any fixed n € N with n > 2, let us consider a discrete distribution of
homogeneous cells residing on the endpoints of the 2" uniform subintervals

[0, 2on], [P 2han], [2hins 3R], -, [(27 = Dk, L]

of the spatial domain Q = [0, L], where h, := L/2". Assume that N.,, € N is
the maximum number of cells that can stay at each position w,; :=ih, (i =
0,1,...,2").Fort=0,1, ..., 2" let Gy,;(t) € {0, 1, ..., Negp} denote the number
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of cells at position x,; and time ¢ > 0, and write

Uni(t)

€ (0,1},
Nowy [0,1]

called the discrete cell density at position x,; and time ¢ > 0. We assume that the
dynamics of such cells is governed by the system of ordinary differential equations,

duni
dt

= IZVnJEifl)u"(i—l) + 7;?¢+1)“n(i+1) - (7;:; + T ) Ui, (1.6)

where ¢ =2, 3, ..., 2" — 2. Here, for i =1, 2, ..., 2" — 1, we denote by ’];fl the

transitional probabilities per unit time of a one-step jump from ih, to (i £1)h,
that are given by

(1 = Bun(ir1)) (1 — (1))

+ _
Zli - h% )
_ (1 - au, it+1 )(1 = Bupi—1y)

where «, § € [0, 1] are the adhesion and volume filling constants, respectively. Note
here that only the maximal volume filling constant 3 = 1 is considered by Anguige &

Schmeiser [1]. We also write I, := {ih, |i =0, 1, ..., 2"}, the nth discrete habitat;
then I clyclyC---.
Inserting (1.7) into (1.6), we obtain that for i =2, 3, ..., 2" — 2,

dun; _ 1 (Bngg1) = Bui Rni — Rngioy n Qn(iv1) — Qni
a I, I I,
Qni — Qn(i-1) N Qni = Qn(i-1)  @n(i-1) =~ @nii-2)
ho, ho, hn, ’

where

Bpj = unj(1 = af + af(1 = ung-1))(1 = tn(j41)))
forj=1,2,...,2" — 1, and
Qnk = (B — 1) UnkUp (k41
fork=0,1,...,2" —1.
To derive the continuum equation, assume that there exists a function
u=u(z, t) € C*(Qx; [0, 1]) N C(Qeo; [0, 1]) such that

w(ihy, t) = wp;(t)

forallneN,i=0,1,...,2" and t > 0.
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Now, fix any n € N with n > 2. Then for j=1,2,...,2" =1, k=0,1, ...,
2" — 1, and t > 0, we have
Ryj(t) = u(ihn, t)(1 = af + af(1 = u((j = 1)hn, 1))(1 — u((j + 1)hn, 1)),
Qnk(t) = (B — Du(khy, )u((k + 1)h,,t).

In this regard, for ¢ > 0, define
Ry (z,t) = u(z,t)(1 — af + af(l — u(z — hp, t))(1 — u(x + hy, t)))
for h, <z <L —h, and
Qn(z,t) = a(B — Du(z, t)u(x + hy, t)
for 0 <z < L — hy; then

R, € C*Y((hy, L — hy,) x (0,00)) N C([hn, L — hy] x [0,00)),
Qn € C*Y((0,L — hy) x (0,00)) N C([0, L — hy] x [0,00)),
(Rn) gz (2, t) = ugg(x,t)(1 — af + af(l —u(z — hy, t))(1 — u(x + hy, t)))
— 20 (2, t)uy(z — hp, t) (1 — w(x + hp,t))
— 2aBug (z, ) g (2 + hy, ) (1 — w(x — by, t))
— afu(z, t)uyy (T — hp, £) (1 — u(z + hy, t))
+ 2aBu(x, )ug (T — oy, t)ug (T + Ay, t)
— afu(z, )y (x + hy, t)(1 — u(x — hy,t)),
(Qn)zz(x,t) = (B — Duga(x, t)u(x + hp, t) + 2a(8 — Dug(z, t)ug (x + by, t)
+ a(f — Du(x, t)uge (x + by, t).

Next, fix any xo € (Up>2l,) \ {0, L} C Q and ty > 0. Let ng denote the smallest
positive integer with z¢ € I,,,; then

2o = i0hn,

for some odd integer ig € {1, 3, ..., 2" — 1}. Choose any integer n > ng. Then
zo = tonhn,

where ig,, 1= 2" "% € {2, 4, ..., 2" — 2}. From (1.8) and the mean value theorem,

we have

. dunz n
u(zo,to) = ut(ionhn, to) = dto (to)

- (Rn)x:v(xlnvtO) + (Qn)xm(x?natO) + (Qn)zz(xBn,tO)
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for some w1, xa, € ((ion — 1)hn, (ion + 1)hy) = (2o — hp, 20 + hy) and 3, €
((ion — Q)hn, ’Lonhn) = (.TO — 2hn, .’1?0). ThU.S,

u (20, t0) = Upa(T1n,t0)(1 — af + aB(l — u(x1y — hp,yto)) (1 — w(1y + hp,to)))
= 2afug(x1n, to) Uz (T1n — P, to) (1 — w(@1y + hn, to))
— 208Uy (T1n, to) e (T1n + hn, to)(1 — w(z1n — hn, to))
— afu(z1n, to) sz (X1n — An,to)(1 — w(z1n + hn, to))
+ 20Bu(T1n, to)us (T1n — hn, to)us (T1n + hn, to)

— afu(Tin, to) e (T1n + b, to) (1 — w(x1, — ha, o))
+ (B — Duge (w20, to)u(z2n + hn, to)
+2a(f — Dug(xon, to)us(x2n + han, to)
+ a(f8 — Du(zan, to)uee (T2n + hn, to)
+ a8 — Dugy (z3n, to)u(zsy + hn, to)
+ 2a(8 — Dug (T30, to) s (T30 + hn, to)
+ a8 — Du(zsn, to) e (T3n + hns to)
— Uy (0, t0) (Bafu’(wo, to) — 4au(xo,to) + 1)
+u? (o, to) (6afu(zo, to) — 4ar)

as n — o0; that is,
ur = (o(u)ug), at (x,t) = (zg, to),

where 0(s) = 0,5(s) := 3afs? — 4as + 1 (s € R). By continuity, we conclude that
ur = (0(Wtz)e = (p(t))zz In Qoo (1.9)

where p(s) = pas(s) = afs® — 2as® + s (s € R). For later use, let us denote

Zy = Zyop i ={s€10,1]]|o(s)
Zp = Zp.ap :=A{s € (0,1} p(s)

0},
0}.

In this paper, we study equation (1.9), coupled with the initial condition,

u=wuy onQx{t=0} (1.10)
and the Dirichlet boundary condition,

u=0 on dN x (0,00), (1.11)

where ug € L°(; [0, 1]) is a given initial population density.
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1.2. Global weak solutions

To derive a natural definition of a weak solution to problem (1.9)—(1.11), let
ug € C%(Q; [0, 1]) be such that

uo(0) = uo(L) =0, 4a(uy(0))* = ug(0), and da(ug(L))® = ug(L).

Assume that u e C*'(Q;[0, 1]) is a global classical solution to problem
(1.9)—(1.11). Fix any T > 0, and choose a test function ¢ € C>°(§2 x [0, T]) such
that

p=0o0n (02 x[0,T) U Q2 x {t=T1}).

Then from the integration by parts,

O—/ / ur — (p(u)) gz )pdadt

=—/0 wo(z) <x0dx—// (upe + p(w)pas) dz dt.

Conversely, assume that u € C%1(Qu; [0, 1]) is a function satisfying that

T /L L
/ / (upr + p(u)prr) daedt + / uo(x)p(x,0)dz =0
o Jo 0

for each T > 0 and each p € C>°(Q2 x [0, T) with
p=0o0n (02 x[0,THU Q2 x {t=T1}).

We will check below that u is a global classical solution to problem (1.9)-(1.11)
provided that

u ¢ Z, on 00 x (0,00). (1.12)

To show that (1.9) holds, fix any ¢ € C2°(Q). Choose a T'=T,, > 0 so large
that spt(¢) CC Q@ x (0, T). Then from the integration by parts,

0—/ / (ups + p(u )apm)dxdt—i—/Luo( Yo(z,0)dx

:/0/0(—ut+(p( Joo)dadt = // g+ (o)) ) d .

Thus, (1.9) is satisfied.
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Next, to check that (1.10) holds, fix any ¢ € C2°(£2). Choose a function w €
C*°(R) such that

w=1on (—00,0] and w =0 on [2,00),

and define op(z, t) = ¢ (x)w(t) for (z, t) € Q. Then with T =2, it follows from
(1.9) that

of// (upe + plu )¢zm)d$dt+/Luo()( 0)da

:/OL( (z,2)p(z,2) — u(x,0)p(x,0) dx—//utgodxdt

+ / (Pl L 1)) (L) — pl(u(0,£))0s (0, £))

2
—/ ((p(w)2(L; ) (L, ) = (p(u))x (0, 1) (0, 1)) di

/ / mcpdxdtJr/OLuo(x)cp(x,O)dx

- / (uo(2) — u(z, 0)(x) d .

0

Thus, (1.10) is true.
Finally, to see that (1.11) holds, fix any w € C°((0, o0)). Let T =T, > 0 be
chosen so large that spt(w) CC (0, T'). Choose two functions v, 11 € C*°(R) such

that
1 1
T for:EgZL 0 forxiZL
Yo(x) = 3 and ) (z) = 3
0 form}ZL —x+ L form}i .

For i = 0, 1, define ¢;(z, t) = ;(x)w(t) for (z, t) € Qs. Then we have from (1.9)
that for i =0, 1,

L T L
0:/0 (u(x7T)<pi(x,T)—u(x,O)goi(ac,O))dac—/O /0 upp; da dt
T
+ [ oL 0) 226 = (0. 0) 20)2(0.0)
T
—/ ((p(w)a (L t)pi (L t) = (p(u))2(0, )i (0, 1)) d

/ / mgpzdzdt+/()Luo(x)gpi(x,O)d:r
" pla
0

:7/0 p(u(iL, t))w(t) dt = — u(iL, t))w(t) dt;
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that is, p(u(z, t)) = 0 for all (x, t) € 9Q x (0, o0). Thus, (1.11) follows from (1.12)
and the definition of p(s).
Summarizing the previous discussion, we have the following.

PROPOSITION 1.1. Let ug € C2(€;[0, 1]) satisfy the compatibility conditions,
up(0) = ug(L) =0, 4a(up(0))? =uf(0), and 4a(uy(L))? =uy(L).
Assume that u € C*(Qu; [0, 1)) is such that
u & Z, on 02 x (0,00).

Then u is a global classical solution to problem (1.9)—(1.11) if and only if

T L L
/ / (upt + p(u)pqs) dadt + / uo(x)(x,0)dz =0
o Jo 0

for each T > 0 and each ¢ € C*°(Q x [0, T]) with
w=0o0n (00 x[0,T))UQx{t=T1}).

Motivated by this observation, we fix the definition of a global weak solution to
problem (1.9)—(1.11) as follows.

DEFINITION 1.2. Let ug € L>(€;10, 1]) and u € L*>®(Qx; [0, 1]).

(i) Assume Z, =10. Then we say that u is a global weak solution to problem
(1.9)—~(1.11) provided that for each T > 0 and each ¢ € C*>(Q x [0, T]) with

o =0o0n (A2 x [0,T)) U(Qx {t =T}),

one has

T L I

(ii) Assume Z, # 0 so that |Z,| € {1, 2}. Then we say that u is a global weak
solution to (1.9)—(1.11) provided that for each T > 0 and each v € C*° () x
[0, T) with

w=0o0n (00 x[0,T))U(Qx {t=T}),

(1.13) holds and that there ezists a number 0 < & < £ with min Z, — § > 0
such that for each s, € Z,,

ué s, — 0,8, + 98] ae in ((0,0) U(L—0,L)) x (0,00).
Although
{(a,8) € (0,1 | Z, = Z,,, # 0} #1,

the adhesion-volume filling pairs («, ) € [0, 1]? that we mainly consider in this
paper satisfy that Z, = Z, , =0 (see § 3). Thus, we only have to keep in mind
definition 1.2(i) even if definition 1.2(ii) is included for the sake of completeness.
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2. Classification of equation

In this section, we classify the types of equation (1.9) as follows. To do so, for any
fixed adhesion-volume filling pair (o, 8) € [0, 1]%, let us write

Il ={s€[0,1]]a(s) >0} and I_;:={s€[0,1]]a(s) <O0}.

Case 3 = 1: In this case,

2\ 2 4
0(5):30432_4O(S+1:3a<5_§> +1_§Oé

(a) If0 << 2, then o(s) > 1— %a > 0 for all s € [0, 1]; hence, equation (1.9)
is forward parabolic on [0, 1]. We may call this case as (F).

(b) If a =3, then o(s) >1—4a =0 for all s€[0, 1]\ {2} and o(3)=1-3
o =0; that is, equation (1.9) is forward parabolic on [0, 1]\ {2} and
degenerate at s = 2. We refer to this case as (FDF).

(c) If 2 << 1, then

7t
_Iozl’

200 — V4o? — 3a 200 + Vo2 — 3a
>0 forse |0, U , 1

3a 3a

_ 7 _ 7 _
o(s) <0 forse <2a \/;a 3oz7 2a+\/;la 3a> — 1,
« «

=0 fors

_ 2a£V4a? - 3o
N 3 k

that is, equation (1.9) is forward parabolic on I(jl, backward parabolic on 1,
and degenerate at s = 2aEviaZ=3a W. We refer to this case as (FDBDF).

(d) If @ =1, then

1
>0 forse [0,3>:Ifr1,

1
o(s)4 <0 forse (3,1) =1,

=0 forse {é,l};

that is, equation (1.9) is forward parabolic on I}, backward parabolic on I,
and degenerate at s = £, 1. We refer to this case as (FDBD).

Case % < 3 < 1: In this case,

o(s) = 3afs* —das+1= Baﬂ(s — %)2 +1
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(a) fO0< a< 38, theno(s) >1— g—g > 0 for all s € [0, 1]; hence, equation (1.9)
is forward parabolic on [0, 1]. We refer to this case as (F).

(b) Ifa: 33, then o(s) > ———0 for all s € [0, 1]\{3ﬂ} and o (35 ) 1-
35 = 0; that is, equatlon (1 9) is forward parabolic on [0, 1] \{ 51 and
degenerate at s = %. We refer to this case as (FDF).

(c) 28 <a< ﬁ, then

2 — \/daZ? — 20 + \/4aZ —
>0 forsel0, — 30‘3‘5 30‘6)u< ot 3;6 30@1] S

3a ’ 3o

— JAn? — [Ae —
a(s)$ <0 fors€<2a da® —3af 20+ Vda 3aﬂ>_1‘;ﬁ,

200+ \/4a? —3af3

or s 300 ;

that is, equation (1.9) is forward parabolic on I +@, backward parabolic on

I 5. and degenerate at s = 2ot V;:; —3%% We refer to this case as (FDBDF).

(d) If a= then

1
133>
>0 forse |0 b It
T =
y 4o —1 af’

1
o(s =]
(s)4 <0 fors€(4a_171) 1.5

=0 forse {40417_1,1};

that is, equation (1.9) is forward parabolic on [ +5, backward parabolic on

I, 5, and degenerate at s = 1. We refer to this case as (FDBD).

« 4a 1’
(e) 3ﬂ < a <1, then
200 — y/4a? —
>0 forse |0, o — 3af — 1},
3ap &
200 — \/4a? — 3
o(s)q<0 forse a a aﬁ,l =1,5,
3af «
200 — y/4a? —
—0 fors=2 @ 30¢ﬁ;
3ap
that is, equation (1.9) is forward parabolic on I;LB, backward parabolic on
I3, and degenerate at s = —— 345; —3%% We refer to this case as (FDB).
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Case § = %7 In this case,

o(s) =2as® —4das +1=2a(s—1)* +1 - 2a.

(a) If 0 < a < 3, then o(s) > 1—2a > 0 for all s € [0, 1]; hence, equation (1.9)
is forward parabolic on [0, 1]. We refer to this case as (F).

(b) If a =1, then o(s) >1—2a=0 for all s€[0,1) and o(1) =0; that is,
equation (1.9) is forward parabolic on [0, 1) and degenerate at s =1. We
refer to this case as (FD).

(c) If 3 <a <1, then

200 — V4a? — 2
>0 forselo,m>zl+2,
2c0 W
3
200 — V42 — 2
o(s) <0 forsE(a e a,l]:IT
2« W
3
200 — Vo2 — 2
=0 fors=——"——;

20 ’
that is, equation (1.9) is forward parabolic on I(jg , backward parabolic on
3

I7,, and degenerate at s = 2a—yilo 2o V24;‘L2a. We refer to this case as (FDB).
3
Case 0 < < %3 In this case,

2
o(s) = 3a8s* —4das +1 = 3045(37 —) +1-——.

(a) If 0<a< ﬁ, then o(s) > 3af —4a+1>0 for all se€ |0, 1]; hence,
equation (1.9) is forward parabolic on [0, 1]. We refer to this case as (F).

(b) If a = ﬁ, then o(s) > 3af —4a+1=0 for all s€ 0, 1) and o(1) = 0;
that is, equation (1.9) is forward parabolic on [0, 1) and degenerate at s = 1.
We refer to this case as (FD).

(c) Ifﬁ < a <1, then

0 200 — /4a? — 3a3 _

>0 forsel, 300 B
2 — /4a% —

o(s){ <0 forse ( < 3;5 30[5&] =105

200 — \/4a? — 3af3

3a3 ’

=0 fors=
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14 Hyung Jun Chot et al.
that is, equation (1.9) is forward parabolic on I:{ﬁ, backward parabolic on
I 5. and degenerate at s = 2oy io —Sap w. We refer to this case as (FDB).

Case 3 = 0: In this case,

o(s) = —4das + 1.

(a) If0 < a < %, then o(s) > —4a+1 > 0 for all s € [0, 1]; hence, equation (1.9)
is forward parabolic on [0, 1]. We refer to this case as (F).

(b) If =1, then o(s) > —4a+1=0 for all s€ [0, 1) and o(1) = 0; that is,
equation (1.9) is forward parabolic on [0, 1) and degenerate at s =1. We
refer to this case as (FD).

(C) If le < a <1, then
>0 forse 0—1 =1
71 a0

1 _
o(s)q <0 forse (4@,1] =10

1
:O f = —
R

that is, equation (1.9) is forward parabolic on I;rﬁ, backward parabolic on
I 5, and degenerate at s = . We refer to this case as (FDB).

o da”

In short, we can summarize the classification of equation (1.9) as in Fig. 1.

B (FISF) B=4%a f=—L 44
1 ——=1. (FDBDF)
N .. (FDBD)
3
3 41
(F) ,/ | (¥DB)

T 1

4 - 2

(FD)

Figure 1. Classification of equation (1.9).
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3. Main result

From this section, we mainly study problem (1.9)—(1.11) of type (FDBDF); that is,
the initial-Dirichlet boundary value problem in one space dimension,

up = (0(uuz)e = (p(u)zz i Qo,
u = g on Q x {t = 0}, (3.1)
u=0 on 99 x (0, 0),

where ug : 2 — [0, 1] is a given initial population density, u(z, t) € [0, 1] represents
the population density at a space-time point (x, t) € Q, the diffusivity o : R — R
is given by

o(s) = 3a8s* —4as +1 (s €R)

1

i—33° and

for some constants % <pB<1and %/6’ <a<
p(s) = afs® — 2as* + 5 (s € R).

Letting

+_ 20+ VA4a? = 3ap

% 3ap

we observe that 0 < sy < s§ < 1 and that

>0 forsell,=[0,s5)U(sq,1],
o(s)q<0 forsel ;= (50,50¢), (3.2)
=0 fors€ Z,={sf,s;}
We check below that
p(s) >0 Vse(0,1]; (3.3)

hence, our global weak solutions to problem (3.1) should be as in definition 1.2(i).
Note from % < B <1 that

3 —4B+1= (33 -1)(B-1) <0
so that

o <

4_3ﬁ<ﬂ;

thus, o? —af = a(a — ) < 0. This implies that the equation p(s) = s(aBs? —
2as + 1) = 0 has precisely one zero s = 0 in R; hence, inequality (3.3) holds.
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r r
r=p(s)
p1) =% oo dee oo e - |
ARl e D) /A A 7
08;85 So sg s Osf So sar 35“1 5
(=s7)(=s3) (=s3) (=)

Figure 2. Two possible graphs of r = p(s) (0 < s < 1).

Let

r* =min{p(sy ), p(1)};
then from (3.2) and (3.3), we have

™ > p(sg) > 0.

For each r € [p(sg), 7*], let st (r) € [sg, 1] and s~ (r) € (0, s5] denote the unique
numbers with

Let us write

then
0<s; <s, <85 <sg =8 <s5<1,
and
sy =s; or si=1
(see Fig. 2).

Initial population density: We assume that the initial population density wug
to problem (3.1) fulfils the regularity condition,

ug € C*T*(Q;[0,1]) for some 0 < a < 1
and the compatibility conditions,
uo(0) = uo(L) =0, 4a(uy(0))* = ug(0), and da(ug(L))® = ug(L).
We write

My := maxug € [0, 1].
Q
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From the classical parabolic theory, we can handle the following case that the
maximum value M, of the initial population density wug is strictly less than the
infimum s; of the backward regime (s; , sg ).

THEOREM 3.1 Case My < s;: smooth extinction. Assume My < sq . Then there
exists a unique global classical solution u € C*'(Qu; [0, 1]) to problem (3.1) such
that

u € C*relE Qs [0,1])
for all T > 0 and that 0 < u < My in Q. Moreover, it follows that
0 <ulz,t) < mgxu(-,s)
for all € Q and 0 < s <t and that there exist two constants C >0 and v > 0,
depending only on My, L, «, and 3, such that
[u(-, )| Loe () < Ce™*
for allt > 0.

Proof. Let My = % By elementary calculus, we can choose a function p* €
C3(R) such that

p*=pon (—oo,M;] and (p*) > cpin R,
for some constant ¢y > 0. Then from [11, Theorem 12.14], the modified problem,
up = (P (u))ez i Qoo
u*=ug on 2 x {t =0},
u*=0 on 99 x (0,00),
admits a unique global classical solution u* € C*1(Q4;[0, 1]) with
u*eC? Tt E (Qr[0,1]) VT > 0.
Also, it follows from [10, Theorem 1.1] that
0 < u(z,t) < |Ju* (-, 8)||pooqo) forallz € Q and t>s5>0
and that
[u (-, 8)|| Lo () < Ce™ " for all t > 0,

for some constants C' > 0 and v > 0, depending only on My, L, «, and 3. In par-
ticular, 0 < u* < My < Mj in Q4; thus, from the choice of p*, we see that u := u*
is a global classical solution to problem (3.1).

Suppose @t € C?1(Qu0; [0, 1]) is a unique global classical solution to problem (3.1)
such that

@€ O 1T e (Qr;[0,1])

for all 7> 0 and that 0 < u < My in Q4. Then from the choice of p*, u is also
a global classical solution to the modified problem above. By uniqueness of the
modified problem, we have 4 = u* = u in Q. O
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As the main result of the paper, we present the following theorem on the case that
the maximum value M of the initial population density u exceeds the threshold
s1 . A proof of this theorem is given in § 5.

THEOREM 3.2 Case My > s; : density mixtures and smooth extinction. Assume
My > s7. Let vy € [p(sg), 7°) be any number such that

s~ (r1) < Mo,
and let vy € (r1, r*]. Then there exist a function u* € C*(Quo; [0, 1]) with
wreCt T (Qr:0,1]) VT >0,
a nonempty bounded open set QQ C Qo with
QCQx[0,00) and QN (2 x{0}) #0,

and infinitely many global weak solutions u € L™(Qu; [0, 1]) to problem (3.1)
satisfying the following:

(a) Smoothing in finite time:

u=u"in Qs \ Q;

(b) Density miztures:

u € [s7(r1),s (ra)]U[sT(r1),sT(r2)] a.e. in Q;

(¢) Fine-scale oscillations: for any nonempty open set O C @,

ess s = esssupu — ess infu > sT(r1) — s (r2) > 0;
o)

(d) Nonincreasing total population:

/ u(z,t)dx = / u (z,t)de Vt>0,
Q Q
and the function t — [, u*(x, t)da is nonincreasing on [0, co);

(e) Mazimum principle:

0 <u(z,t) < [Ju*(-,8)|[pe(o) <1 VeeQ, Vt=s>0;

(f) Ezponential and smooth extinction: there exists two constants C > 0 and v >
0 such that

[w* (-, )| Loy < Ce™ ™ Y it=0.

Since @ # () is a bounded subset of Q, it follows from (a) that the solutions u
are smooth and identical on € x [t*, o0), where

0<t":= sup t<oo.
(z,t)eQ

So properties (e) and (f) are valid for the solutions u when t > t*. Since Q C
Q2 x [0, 00), observe from (a) that the solutions u are smooth and identical near the
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cylindrical boundary 99 x [0, 00); thus, u = 0 pointwise on 9 x [0, co). From (b),
(c), and Q N (2 x {0}) # 0, the solutions u experience immediate fine-scale density
mixtures in @ between low density regime [s~(r1), s (r2)] and high density regime
[sT(r1), sT(r2)]. Observe also from (d), (e), and (f) that the total population in
decreases exponentially in time:

0</u(x,t)dq;:/u*(a;,t)dxgcm—“ Vit>0.
Q Q

Instead of the initial-Dirichlet boundary value problem (3.1), one may consider the
Cauchy problem with the diffusivity o : R — R as in (3.1) and initial population
density ug € C2T2(R; [0, 1]). In this case, it is essential to study first the existence
and properties of a global classical solution to the modified Cauchy problem as
in (5.3) with Q replaced by R. On the other hand, in a biological viewpoint, it is
also interesting to consider in problem (3.1) a Dirac delta distribution as the initial
population density ug. This may be regarded as the case of describing population
dynamics of a species, concentrated initially at a single point. Likewise, one then
needs to establish first the existence and properties of a global classical solution
to the modified (initial-boundary value or Cauchy) problem under the initial Dirac
delta distribution wug.

Approach by differential inclusion: Let us take a moment here to explain
our approach to prove theorem 3.2. To solve the equation in (3.1), we formally put
vy = u in Qs for some function v : Qo — R; so we consider the equation,

v = (p(vz))a in Qoo

To solve the previous equation in the sense of distributions in Q.,, we may try
to find a vector function z = (v, w) € W (Que; R with v, € L>®(Q0; [0, 1])
such that

wy =v and wy = p(v;) a.e. in Q. (3.4)

If there is such a function z = (v, w), we take u = v, € L=(Qu; [0, 1]); then from
the integration by parts, for each ¢ € C2°(Qs),

o L T, /L
| et otweawac= [ [ ot oo dwa
T, L
:/ / (_vsotm'i_wt(p:rx)dxdt
0 0
T, L
:/ / (_thw+w$<pwt)dxdt:0a
0 0

where Ty, := Sup(, 4yespi(e) t + 1. Hence, u is a global weak solution of the equation
in (3.1) in the sense of distributions in s.
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On the other hand, for each b € R, define

E(b)—Zp(b)—{(Z p(cs)) €M2X2’0<5§1,06R};

then system (3.4) is equivalent to the inhomogeneous partial differential inclusion,

Vz= (vz vt> € X(v) a.e. inQuo,

Wy Wy

where V = (9, 0;) is the space-time gradient operator. In this regard, utilizing
the method of convex integration by Miiller & Sverdk [12], we aim at solving this
inclusion for certain sets K(b) C £(b) (b € R) in a generic setup (section 4) while
reflecting the initial and Dirichlet boundary conditions in (3.1).

After the successful understanding of homogeneous partial differential inclusions
in the study of crystal microstructures by Ball & James [2] and Chipot & Kinder-
lehrer [6], the methods of convex integration in differential inclusions have been
extensively applied to many important problems; see, e.g., elliptic systems [12], the
Euler equations and Onsager’s conjecture [7, 9], the porous media equation [3],
active scalar equations [14], and the Muskat problem [4].

4. Generic problem

In this section that is independent of the previous sections, we develop a generic
inclusion problem that can be applied to the main problem (3.1) as a special case.
Since the core analysis part is essentially the same for both the Dirichlet problem
and Neumann problem, we take the generic approach instead of studying the convex
integration in a special setup to avoid repetition when we deal with the Neumann
problem in a subsequent paper.

4.1. Two-wall inclusions

As a setup, we fix some generic notations and introduce a two-wall partial
differential inclusion of inhomogeneous type.

4.1.1. Related sets. Let r1 < 1o, and let wy, we € C([r1, m2]) be any two functions
such that

max wp < min ws.
[r1,r2] [r1,r2]

For each b € R, define the matrix sets
+ o+ _ W2(T) c 2x2
k== (40 9 en
wi(r) ¢ c M2%2
b r

U(b) = Uiy (b) = { (z 7‘f> € M2 |1 € (r1,m2), wi(r) < s <walr), c € R},

r € [r,re], c € R},

=
~
=

|
5
—
=

Il

—N

r€r,ml, ce R},
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and K(b) = Ko, o, (b) = K+(b) UK~ (b). Let

Kt =K} ={(wa(r),r)|r € [r1,72]},
K™ =K, ={(wi(r),r)|r e [r,r]},

and K = K, ,, = KT UK. Also, let
U=A{(s,r)|r € (r1,r2), w1(r) < s <ws(r)}.
4.1.2. Two-wall inclusions. Let
QO = Q x (t1,t2) = (0,L) x (t1,t2) C R?,

where t; < ty are any two fixed real numbers, and let @@ C Q;f be a nonempty open
set. Consider the inhomogeneous partial differential inclusion,

Vze K(v) in Q, (4.1)
where z = (v, w) : Q — R?. Regarding this, we fix some terminologies.

DEFINITION 4.1. Let z = (v, w) € WH>°(Q;R?). Then the function z is called a
solution of inclusion (4.1) if

Vze K(v) a.e.in Q,
a subsolution of (4.1) if
Vze Kw)UU() a.e. in Q,
and a strict subsolution of (4.1) if
VzeU() ae. inQ,
respectively.
Observe that if z = (v, w) € W1H*°(Q;R?) is a solution of (4.1), then
(g, w) € K = KTUK ™ a.e. in Q;

that is, (v, wy) lies either in the ‘right wall’ K+ or in the ‘left wall’ K~ almost
everywhere in Q(see Fig. 3).

4.2. Special solutions to generic problem

Continuing the previous setup, we present an important existence result on
inclusion (4.1) that will serve as the main ingredient for proving theorem 3.2.
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Figure 3. The right wall K+ and left wall K.

Assume that z* = (v*, w*) € C*(€*;R?) is a function such that in Q,

* *

wr =0, r <w; <rq, and wi(wy) < vl < wa(wy). (4.2)

From the definition of U(b) (b € R),

V= (U
w

that is, z* is a strict subsolution of inclusion (4.1). In particular, we have

] ¥ 8%

Z}) e U(v*) in Q;

(vr,w;) €U in Q. (4.3)
Assume further that
(vz, w)(Q) N {(s,r) € U| dist((s,t),0U) < &} # 0 (4.4)

for all sufficiently small § > 0.

We are now ready to state the main result of this section whose proof is given in
§ 6.

THEOREM 4.2. Let € > 0. Then there ezists a function z = (v, w) € WL (Q)*; R?)
satisfying the following:

(i) z is a solution of inclusion (4.1),

(il) z= 2" on O\ Q,

(ili) V2= Vz* a.e. on Q? NOQ,
)

(iv) ||z — Z*”Loo(gif;R?) <€,

() e = 0l e iz < €
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(vi) for any nonempty open set O C Q,

essoosc Vv, = do,

where do := ming., ,,) we — Maxp., ,,jwi > 0.

5. Application of theorem 4.2: proof of main result

In this section, we turn back to § 3 and prove the main result of the paper,
theorem 3.2, by applying theorem 4.2. For the reader’s convenience, we underline
the arguments in theorem 3.2 that are proved along the way.

To start the proof, assume

My > s7,
and fix any two numbers 71 < o in [p(sg), 7*] such that
s7(r1) < M. (5.1)
In order to fit into the setup in § 4, for r; < r < ro, define
wi(r)=s"(r) and wy(r)=s"(r);
then wq, we € C([r1, r2]), and

max w; = s (rz) < s (r1) = min wy.
[Tl 17.2] [Tl 17.2]

Next, using elementary calculus, we can choose a function p* € C3(R) such that

p*=p on (—o00,s™(r1)] U [sT(rz),00),
(p*) >0on [s(r1),s"(r2)], (5.2)
pr<pon (s(r1),s"(rs)], and p*>pon [sT(r1),s"(r2)).

Define o* = (p*)’ € C?(R); then Jcp >0 such that o* > ¢o in R. Now, from
[11, Theorem 12.14] and [10, Theorem 1.1], the modified problem,

ur = (0" (u*)ur)e = (p*(u*))pe 0 Qoo
wr=ug on Q x {t =0}, (5.3)
u*=0 on 09 x (0, 00),

possesses a unique global solution u* € C%1(Qu; [0, 1]) with u* € C?T41+3 (Qp;
[0, 1]) for each T > 0 such that

0 < u(z,t) < |Jur(,8)||poe(o) forallz € Q and t>s5>0 (5.4)
and that
[u (-, 8)]| Lo () < Ce™ " for all t > 0, (5.5)

for some constants C' > 0 and v > 0, depending only on My, L, o*, and (¢*)’. Thus,
(e) and (f) in theorem 3.2 are satisfied. Note also from (5.2) and (5.3) that for each
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t>0,

d * = [ ui(z x=o0"(u* uy —o*(u* u
G [r@nde = [ wde = o @ @O - @ 0.0

= u(L,t) — us(0,8) <0

as u*(z, t) > 0 for 0 <z < L. So the second of (d) in theorem 3.2 holds.
We define

T t
v*(z,t) = / u*(y,t)dy —I—/ ur(0,8)ds V (2,t) € Qoo (5.6)
0 0

then from (5.3) and the choice of p*, v* € C%1(,,) satisfies that for all (z, t) € Q,

@mwa[@@w@+@mw=A%ﬂwmwmw@+@mw
— o (u* () (2, £) — 0 (u* (0, ) (0, ) + A (0, 1)
— o (. ) (2. 8) = (9" (2))a 1),

Hence, v* is a global solution to the problem,

vf = (p*(v}))z in Qoo
v*=1yg on Q x {t = 0}, (5.7)
vi=0 on 99 x (0, 00),

x

where
vo() ::/ up(y)dy Vz e
0

In turn, we define

w*(z, 1) :/O p*(vi(z,s))ds + /0z vo(y)dy V¥ (z,t) € Qoo;

then from (5.6) and (5.7),

w* — v*
@ in O, 5.8
{wzmm>ln 58)

vE=u* € C?1 (03[0, 1]), and 2* := (v*, w*) € (C3! x C*?) (o).
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Define
Q= {(x,t) € Qoo |57 (r1) < vi(w,t) < sT(ra)}.
Fix a number Ty > 0 so large that Ce=T < s~ (ry). Then from (5.4) and (5.5),
vi(z,t) =u*(z,t) < s (r1) ¥V (x,t) € Qx[Tp,00);
thus,
QC QP =Qx(0,Tp).
Since up(0) = uo(L) =0 and My > s~ (r1), we can take a point xg € Q such that
s7(r1) < vi(w0,0) = ug(wg) < s (ra).

Then by continuity, we can take an ro € (0, Tp) with ro < min{zg, L — z¢} so small
that

s7(r) <vi(z,t) < st(ra) V (x,t) € (Qx[0,00)) N By, (70,0);
thus, Qe N By, (z0, 0) C Q # 0 so that

(o — 0,0 + 10) X {0} € QN (2 x {0}) #90.

Note here that @ is a nonempty bounded open subset of 2,,. Observe also that
Q C 2 x[0,00)
as @ is compact and v%(0, t) = v5(L, t) = 0 for all ¢ > 0.
Following the notations in § 4, note from the choice of p*, the definition of @,
(5.1), (5.7), and (5.8) that (4.2) holds in @ and (4.4) holds for all sufficiently small
6 > 0. Thus, for any fixed € > 0, we can apply theorem 4.2 (with t; = 0 and to = T

in the current case) to obtain a function z = z. € Wh*°(Q1°;R?) satisfying the
following, where z = (v, w):

(i) z is a solution of inclusion (4.1);
(i) z=2* on Q0 \ Q;
(iii) Vz = Vz* a.e. on QF° N0Q;
(iv) |lz—= HLOC(QTO g2y <6
) lve = 07 | g < €
(vi) for any nonempty open set O C @,

essoosc vy = do,

where do = min,, ,,] w2 — maxy, ,,jwi = s (r1) — s (r2) > 0.
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For each (z, t) € Q x [Ty, oc), define

z(x,t) = 2*(a,t); (5.9)

then from (ii), 2 = (v, w) € Wh*°(Qp; R?) for all T > 0.
For each ¢t > 0, define

u(+yt) = vy (-, t) ace. in € (5.10)

then u € L*>(Qq) for all T > 0. First, from (vi), (¢) in theorem 3.2 is fulfilled. Also,
note from (ii) and (5.6) that for every ¢ > 0,

/Qu(x,t)dm:/va(m,t)dx:v(L,t)—v(O,t)
:v*(L,t)—v*(O,t):/

vy(z,t)da = / w*(z,t) dw;
Q Q

hence, the first of (d) in theorem 3.2 holds. From (ii), (5.6), and (5.9), we have

Y= urel0,1] in Qa0 \ Q,

u=v, =0,
and from (iii) and (5.6), we get
u=1v, = v =u€l0,1] a.e. in Qo NIQ.

x

In particular, (a) in theorem 3.2 is satisfied. From (i), we have
Vze K(v) ae. in Q;
that is, a.e. in @,

u=wy € [s7(r1),s (r2)] U[sT(r1),sT(r2)],
wy = p(vy), (5.11)

In particular, we see that u € [0, 1] a.e. in 4, that is, u € L*°(Q; [0, 1]) and that
(b) in theorem 3.2 holds.

Now, we check that u is a global weak solution to problem (3.1). To do so, fix
any T > 0 and any test function ¢ € C°°(Q x [0, T]) with

p=0o0n (02 x[0,T) U Q2 x {t=T1}). (5.12)
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Observe from (ii), (5.7), (5.9)—(5.12), the choice of p*, and the integration by parts
that

/OT /OL(“‘Pt + p(u)pzs) dzdt

T (L
0 0
T

T L
:/O w;(L,t)%(L,t)dt—/o w:(O,t)gow(O,t)dt—i—/O W (2, 0)p (2, 0) d 2
T T L
— [ per Lol - [ 500008 [ w0 ds
0 0 0

L L
. / o (@)p(e,0) da + vo(L)p(L,0) — vy(0)p(0,0) = — / wo(@)p(,0) d .
0 0

Thus, according to definition 1.2(i), u is a global weak solution to (3.1).

Since u* itself is not a global weak solution to problem (3.1), it follows from (iv)
that there are infinitely many global weak solutions to (3.1) that satisfy properties
(a)—(f) in theorem 3.2.

The proof of theorem 3.2 is now complete.

6. Proof of theorem 4.2

Following § 4, this section presents a proof of theorem 4.2 with the help of the key
lemma, lemma 6.1, to be proved in § 7.

6.1. Selection of an in-approximation to K

For each b € R and 0 < A < 3, define the matrix set U(b) = U, , (b) C M**2

by wi,wW2
B s ¢\ lceR, (1=XNr+ Ay <r<Arp+ (1 —X\)rg,
UA0) = { (b r) ’(1 Nt () + () < 5 < Awr (1) + (1 - i)wg(r)}’

and let U = U) C R? be given by

w1 ,wW?2

B (1 =N+ Mg <7 < Arp + (1= Ao,
0 = o) S e b )T (1~ At}

Observe that UY(b) = U(b) for every b € R and that U° = U.
Since |Q] < oo, we can select a sequence {\; }ieny in R with

1 1 1
<N < <= Vi 1
(2Z,+1)2<A<(21)2<2 VieN (6.1)

such that for every ¢ € N,

|{(x,t) € Q| (vi(x,t),wr(x,t)) € UM} = 0.
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Thanks to (4.4), we may assume
Qi = {(z,t) € Q| (Wi(w,t),wy(x,1)) € UM \UN-1} 40 VicN,

where U := {); then from (4.3), {Q;}ien is a sequence of disjoint open subsets of
@ whose union has measure |Q
For each i € N, let X, = % Observe from (6.1) that for all i € N,

Aip1t+Ai
A= N A T 20— i — A
AV - Ai Ai - A W
Ait1 )‘11+1 )‘i—i-l — % Ait1 — Aiy2
2 1 _ 1
< (292 @ErHFD? (2@+2)+1)2

~

1 1
CGEDFD” — 2+2)?
2(644° + 308i* + 480i + 225)(i + 2)*

< 36
i2(2i 4 5)2(4i +7)

and that

) ’ ) Aig1+Nig2
VR VRN W BEE - B

T=2X, 1= Xip1— Aige

20 — Aig1 — Aig2
1= i1 — ANig2

1
)

2 1 _ 1
1 @2 ~ R+ T RG22
1—

IN
N

1 1
CEHD)Z )2

(i + 1)2(i 4 2)2(64i3 + 308> + 480i + 225)
i2(2i + 3)2(2i + 5)2(4i% + 243% + 5042 4 42i 4 11)

From these observations, we deduce that for each i € N,

Ai — Al Aix1 — A
0< = ikl <370t Tl (6.2)
1=2X,, 1=2X 4,
and that
0< &y IZZOZZ'<]..
i=1
Fix a number kg € (1, 1/4y), and define
1
Br=1——;
Ko
then
ly < kolyp <1 and 0<51:1—1/Ii0<1—£0<1.
In turn, for each ¢ € N, define
&%
iv1 =0 + ——; 6.3
Bi+1 = Bi + rolo (6.3)
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then the sequence {;};en fulfils that

0<pr<fPoa<---<1, limg; =1,

and
Ai = Niga Ait1 — Aijq ,
—_— = . — 3.) <L P e N .
T2x,, kolo(Biy1 — Bi) < 36 =2y, VieN

For each i € N, let

(1 — )\i+1)7“1 + )\i+17"2 <r< )\i+1T1 + (1 — )\i+1)r27

U = {(S”) Mt (1) + (1= A)wn(r) < 8 < Apawi () + (1 — )\Hl)wQ(r)}’

U~ =1 (s,7) ‘(1 = Aip)r1 + Aipar2 <7 < Aiparn + (1= Aigpr)ra,
v ’ (]. — )\i+1)wl(7’) + )\Z‘JrlCUQ(T’) <s < (]. — )\i)wl(r) + )\Z‘WQ(T') ’

Next, for each i € N, let
Iivi = [(1 = Xig1)r1 + Aigara, Aigars + (L — Aig1)r2] CR,
nt = min |(Njwi (r) + (1= Awa(r), 7) = (Niwr (7) + (1= Ai)wa (7), 7)),

rreliyq
nt = min [(Nwi(r) + (1 = A)wa(r), 1) = (Niprwi (7) + (1 = Aig1)wa(7), 7)),
Trelitl
nT = . Hin (1= A)wi(r) + Nwa(r),r) = (1 = X)wr (7) + Xiwa (), 7)],
El i+1
= min (1= A)wi(r) + Njwa(r),7) = (1 = Xig1)wi (F) + Nigawa(7), 7)),
el
and

ni = min{n "2 b kT (6 = A (re — )} > 0.
6.2. Main lemma
Define
¢ (s,m) = Oo(dist((s,7), KE))  ((s,7) € R?),

where 0y € C*°(]0, 00)) is a cutoff function such that 0 < 6y < 1 on [0, ), O =1
on [0, do/4], and g = 0 on [dy/2, 00). Then we can choose an integer ig > 2 so large
that for all 7 > g,

Q(;—L(s,r) =1 V(sr)e Uih

respectively.
We present here the key lemma to finish the proof of theorem 4.2. A proof of this
lemma is provided in § 7.

LEMMA 6.1. Let € > 0. Then there exist a sequence {z;}ien = {(vi, w;)}ien in

Wl’oo(ﬂ’éf; R?), three sequences {F; }ien and {ff}ieN as follows, and three positive
constants c1, ca, and cs such that for each i € N, the following are satisfied:
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(a) Fi ={D;j|j € N} is a countable collection of disjoint rhombic domains in

Q1 U---UQy;

(b) Ft ={T;;|j € N} is a countable collection of disjoint triangular domains in

QU UQs;

(¢c) Fi ={Ri;|j € N} is a countable collection of disjoint rhombic domains in

QiU UQy;
(d) (UjenTij) N (UjenRij) =0 and
|Q1U---UQ;i| = | Ujen Dij| = | Ujen (T35 U Rij)l;

(e) for each D € F;, there are four disjoint triangular domains Th, T?, T3, T3 €
]—T and one thombic domain Rp € F,; such that

THUTAUTSUTHURp C D and |D| = |THUT3UTE UTSHURp|;
(f) one has

sup diam D;; <
jeN

g;

(g) one has

for each T € Fi", 2 € C’l(j:;RQ), and ((vi)e, (wi)) € U in T,
for each R € F;,z € CY(R;R?), and ((vi)a, (wi):) € U; in R,
Zi = 20 0nQ§f\(Q1U~~UQi),
Vz; =Vzy a.e. on Qﬁf N oQ,
where zy = (vg, wg) := 2*;
(h) one has

(w;)e = v; a.e. in Q; .
Ivi)e = (Wim1)tll oo (0i2) < 573

Iz — Zi—1HLoc(QE;Rz) < DESE
|Zi(xvt) - Zi(ya 5)| < Cl|(xat) - (y73)| v (xvt)a (y>s) € Qifa

(i) ifi > 2, then
/t |Vzi = Vziq|dadt < c2((8i — Bi—1)|Q] + | Q)3
Q!
() ifi =19 and D € F;_1, then

/D CE((v1)a, (wi)e) dadt > e5(Bi — Bi1)|D| and

/ Cﬁ((vi)zy (wi)e)dadt > (1 —(8; — /31‘—1))/ C(:)t((vi—l)m, (wi—1)) dadt.
D D
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6.3. Completion of proof

Utilizing lemma 6.1, we now complete the proof of theorem 4.2.
From the third of (h) in lemma 6.1, it follows that for all i > j > 1,

1 1 €
2 = 2ill iz < (57 + 7+ 373) < g

thus, {z;}ien is a Cauchy sequence in L>(Q;?;R?) so that from the fourth of (h)
in lemma 6.1,

zi — 2z in L™ (Q2;R?) as i — oo, (6.4)

for some z = (v, w) € W1°°(Q}?;R?) satisfying

2(2.t) = 2(y, 8)| < erl(@,t) = (. 5)| ¥ (2.1), (y,5) € 3.

Convergence (6.4) together with the third of (g) and third of (h) in lemma 6.1
implies that

z=20=2"on Q3\Q
and
N €
2= = otz = 12 = 2ol < § <6

that is, (ii) and (iv) in theorem 4.2 hold.
From (i) in lemma 6.1, we have

V5 = Vol <2 (18- 8100+ Y @il ) =0
k=min{i,j}+1
as i, j — oo; thus, after passing to a subsequence if necessary, for a.e. (x, t) € Qif,
Vzi(x,t) — Vz(x,t) in M**? as i — co. (6.5)
In particular, this pointwise convergence holds for a.e. (z, t) € Qif N 0Q. Thus, (iii)
in theorem 4.2 follows from the fourth of (g) in lemma 6.1.
From (6.4), (6.5), and the first and second of (h) in lemma 6.1, we have
w; = v a.e. in Q (6.6)
and

€
loe = otz = lIve = @0t maiz, < 5 <

that is, (v) in theorem 4.2 is fulfilled.
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For each i € N, observe from (b), (c), (d), and the first and second of (g) in lemma
6.1 and from the definition of U and K = K+ U K~ that

£ 30) [ dist(((wi)e (w)). K) daat

=1 r=i+1’ JQe

/ dist(((vi)a, (wi)e), K) dxdt = (
Q

<SulQNi +di > 1Qd,

l=i+1

where dy := diam U and

Sy = [max](wg —wy) > 0.

Here, letting ¢ — oo, we obtain from (6.5) that
/ dist((vg, wy), K) dxdt = 0;
Q

that is,
(vg,wy) € K ace. in Q (6.7)

as K C R? is compact. This inclusion together with (6.6) and the definition of K (b)
(b € R) implies that

Vze K(v) ae. in Q;

hence, (i) in theorem 4.2 holds.
Finally, to verify (vi) in theorem 4.2, choose an integer i; > ig so large that for
all ¢ 2 il,

lim (1 - (6n - ﬁn—l))(l - (ﬂn—l - 6n—2)) e (1 - (6i+1 - ﬂz)) 2

n—oo

N | =

https://doi.org/10.1017/prm.2023.129 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.129

Adhesion and volume filling in one-dimensional population dynamics 33

Fix any integer i > i1, and let D € F;_;. Then note from (6.5) and (j) in lemma

6.1 that
/ E(vaywr) dzdt = lim / CE (o), (wn)e) d e dt
D n—oo D
> thllp (1 - (/Bn - anl))/ g(it((vnfl)xy (wnfl)t) dzdt
n—oo D
P hm_?up (1 - (ﬁn - ﬂn—l))(l - (ﬁn—l - ﬁn—Q))

x /D CE((vn2)er (wnn)y) d dt

> limsup (1 — (B — Bn-1)) - (1 = (Bit1 — Bi))

n—oo

x /D CE (01, (wi)) At
> %3(/81 — fi-1)|D] > 0.

Next, let O C @ be any nonempty open set. Since {Q; }ien is a Vitali cover of Q,
we have O N Q;, # 0 for some iy € N. Thus, from (a), (d), and (f) in lemma 6.1,
there exist an iz > max{iy, iz} and a D3 € F;, 1 such that

Ds COﬁQiz.

This inclusion and the above positivity estimate imply that

/ ¢ (v, wy) dadt > CE (v, wi) dazdt > 0.
@) D3

So from the definition of Cgﬂ there are two disjoint sets OF C O of positive measure
such that

d
dist((vg, wy), K¥) < ?O in O%;
thus, with (6.7), we conclude that
(vg,wy) € K+ ae. in OF.

Therefore, (vi) in theorem 4.2 follows from the definition of K +
The proof of theorem 4.2 is now complete.

7. Proof of lemma 6.1

This final section is entirely devoted to a proof of lemma 6.1. First, we begin with an
elementary lemma in subsection 7.1 that provides us with a building block for our
constructions. Then we perform inductive surgeries in subsection 7.2 that complete
the proof of lemma 6.1.
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7.1. Piecewise affine maps with boundary trace 0

Although the following theorem is essential in our constructions, its proof is so
elementary that we omit it (see [17] and Fig. 4).

LEMMA 7.1. Let 7% and § be any three positive numbers, and let D = Ds be the
interior of the convex hull of the four points (£4, 0) and (0, £1) in R?; that s,

D = int co{(8,0), (—4,0), (0,1), (0, —1)}.

Let o = v -5 D — R be the piecewise affine map defined as follows: for each
0<t<1, define

+
THE 8 —0t), —0+0t<a< ——(—6+5t),
+ THTT +
T T
p(z,t) = { -7, W(_é—i_ét) <2< W(é — 6t),
+
H(z — 5+ 5t), %(5—5:&) <z <ot
T T

and for each (x, t) € D with t <0, define o(z, t) = p(x, —t). Then ¢ satisfies the
following:

(i) v € Wy (D);
(i) there are five disjoint domains T, T?, T2, T*, R C D which cover D in the
sense of Vitali, and ¢ is affine in each of T*, T? T3, T*, R;
(iii) after a proper ordering of T, T?, T®, T*, R,
(r+,077) inTrUT?,
Vo =2 (rF,=0r%) inT3UT?,
(=77,0) in R;

(iv) for each t € [—1, 1],
5—5t|
/ oz, t)dz =0;

—545t|

-
) llellzepy = F55=6;

i |10 D € Dlente =77 = Tfﬂ_wu
{(@.9) € Dlgsle, t) = =77} = ——IDI.

7.2. Inductive surgeries

In this subsection, we prove lemma 6.1 by utilizing affine maps in lemma 7.1.
Fix any € € (0, 1]. Then we perform the first two surgeries in order that fulfil
(a)—-(h) for i =1 and (a)—(j) for i = 2. We do not proceed with the nth surgery
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t

1

Figure 4. Five disjoint domains Tl, T2, T?’7 T4, R C D in lemma 7.1.

under the assumption that we have performed the surgeries up to the (n — 1)th one
as it is essentially the repetition of the second one under the fulfilment of the first
surgery.

7.2.1. The first surgery. In this first step, we construct a function z; = (vy, wy) €
Wl’m(ﬂif;Rz), three countable collections F; and }"li, and a constant c¢; >0
satisfying (a)—(h) for ¢ = 1, where ¢; is independent of the index i.

Let 4, € (0, 1] be such that

. € 1
1) <m1n{—7—}, 7.1

1 21+1,/1 +LQSM 4 ( )
where the constant Sy; > 0 is as in subsection 6.3. Since V zg is uniformly continuous
in @1, there exists a number v, € (0, 5] such that

($,t), (y,s) € Qla |($vt) - (y,s)l < = |V20(xvt) - Vzo(y,s)| < 01 (7'2)

Consider the diamond Ds,. From the Vitali covering lemma, we can choose a
sequence {(x1;, t1j)}jen in @1 and a sequence {vy;};en in (0, 1] such that the
sequence { D1, }jen forms a Vitali cover of Q1, where Dy; := (z1;, t1,) + v1,;Ds, CC

@1 (j €N).
For each j € N, let

(s15,715) = ((v0)a (15, t15), (wo)e (w1, t15)) € UM, (7.3)
1 = Mwi(r1y) + (1 = Mwa(riy) — s15 >0, (7.4)
;= 515 — (1 = ADwi(r1;) — Njwa(r1;) >0, (7.5)
and
( ! ( t—t;)), (z,t)€D
Vij - — (T — 214,01 — ; €T .

p15(w,t) = 1P b V1 b R - 1 . (7.6)

0, (z,t) € Q2 \ Dyj.
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Also, for each j € N, let T}, T, T}

15
domains in each of which ¢,; is affine and has spatial derivative 7'1+j, and let Ri- C

T14j C Dlj denote the four disjoint triangular

Dlj denote the rhombic domain in which ¢, is affine and has spatial derivative
—Ty,; then

|Dy;| = T, UTE UTE UTY U RY. (7.7)
We write
fl:{D1j|jEN}a ‘7:1+:{T11jaT12]aT13]7T14]|.7GN}7 and ff:{R?]L]GN}v
here, let {Dy,}jen, {T1,}jen, and {R1;}jen be enumerations of Fy, F;", and F;,
respectively.
Since Fi is a Vitali cover of @1, it follows from the definition of ff—L, (7.7), and

2v1; < 271 < 51 (j € N) that (a), (b), (c), (d), (e), and (f) for i = 1 hold.
To check the rest, define

p1 = Z(plj on Qif
j=1
Also, let N € N and

N
N __ 912
Y1 = E p1; on (2.
=1

Then note from the definition of ¢1; (j € N) and (iii) in lemma 7.1 that
ol (2, 8) = 7 (y,9)] < |(2,1) — (3/,8)|1%1XNmaX{|(T1+ja5lej)|anj}
< V2Su|(z,t) = (y, )| (7.8)
for all (z, t), (y, s) € Q> and from Dy; CC Qq (j € N) that
e =0 and Ve =0o0n Q2 \ Q. (7.9)

Observe from (v) in lemma 7.1 that

(oo} oo

=
ler = e1ll iz < j:NZH Dyl sup mél < SMj:%:H 1Dyj] =0 (7.10)
as N — oo; thus, it follows from (7.8) that
lo1(@,t) = e1(y, 8)| < V2Surl(z,t) = (y,8)| ¥ (x,0), (y,) € 2,
that is, o1 € WH(Q?), and from (7.9) that

@1 =0o0n Q2 \ Q. (7.11)
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From (iii) in lemma 7.1,

N>
IVt~ Vol g € Do Dyl max  max{l(r )] 7i)
j=N1+1
Noa
< V28 Z |Dyj| — 0
j=Ni+1

as No > Ny — o0; thus, from (7.10),
Ve — Ver in L'(Q2;R?) as N — oo
so that (7.9) implies that
Vi =0 ae. in Q2 \ Q1. (7.12)

Next, for every (z, t) € Q;2, define

b)) = 1) d
iz, t) /0 o1 (1) dy
and
Wx,t):/ oY (1) dy (N € N).
0
Then ¢ € WH(Q?),

(11)2 = 1 in O, (7.13)

from (iv) and (v) in lemma 7.1,

ot =il = [, | [ 600 - eitv0) i asa

/ 015y, 1) dy‘ dzdt
0

J=N+1
> Rttt >
< Z ‘Dlj‘% < Su Z |Dy;| — 0 (7.14)
j=N+1 Ty T Ty J=N+1
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as N — oo, and from (iii) in lemma 7.1,

V91 = VUi [ e ey = /Q B / (Wf“(m)—wi“(y,t»dy‘dxdt
ty 0

j=Ni1+1

/ Vi;(y,t) dy‘ daxdt
0

N2
< 2018 o), o Z Dy,
\N1+r{12;(<N2 vij 1ma'X{|(7—1]7 1T1j)|77—1]}j_N +1| 151
—4iv1

Ny
<Su Y, Dyl —0
j=N1+1

as Ny > N7 — oo; thus,
Vi — Vi in L'(Q2;R?) as N — oo. (7.15)

Note from the definition of ¥ (N € N) and (iii) and (iv) in lemma 7.1 that for
each N € N,

V=0 and V¥ =0o0nQ?\Qs;
thus, letting N — oo, it follows from (7.14) and (7.15) that
Y1 =00n 02\ Q1 and Vi =0 ae. in Q2 \ Q. (7.16)
In turn, define
z1 = (vi,w1) = 20 + (¥1,%1) on Qif, (7.17)

then z; € Wh*°(Q2;R?) as (1, ¥1) € WH*°(Q2;R?). From (7.11) and (7.16), we
have

5t
21 = 2o on 2\ Q1;

hence, the third of (g) for ¢ = 1 holds. Also, the fourth of (g) for ¢ = 1 follows from
(7.12), (7.16), and Q1 C Q. The first of (h) for i =1 is a consequence of (4.2) and
(7.13).

From (7.2)(7.6), (7.17), the definition of U, A}, m1, and Fi, and lemma 7.1,
the first and second of (g) for i = 1 are fulfilled.

From (7.1), (7.17), and (iii) in lemma 7.1, we have

(7.18)

_ + .
101)e = (o)l poe t2) = 1(01)ell e 2y < 01 SUp T < 0Sm < s

hence, the second of (h) for i = 1 holds.
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From (7.1), (7.6), (7.17), v1; < 11 < 557 (j € N), and (v) in lemma 7.1, we have
21 = 20l oty = 101, 1)t

.
l/lj’lele €

1
<1+ L3268y < CIESE

< (1+L2)%61 sup -
JEN Tij + Ty

thus, the third of (h) for i = 1 is fulfilled.
Finally, to check the fourth of (h) for ¢ = 1, note from the first and third of (h)
for i =1, (7.12), (7.16), (7.17), and (7.18) that

HVZIHLOO Q2. m2x2 < H((Ul)mv (wl)t)”Loo 02.R2 + ”(Ul)tHLoo Ot + H(wl)w”Loo 0t2
(3 ) (0 3;R?) (7)) 3
< (o), (wo)e)ll L= 2\, 2y + I((W1)as (Wi)e)ll Lo (@uime)
+ H(UO)tHLw(QZ?)

+ (1)l o i) + 1011 Lo 022)

2

< 2||VZ0HLoo(Qi?;M2x2) +Cu + HZOHL“‘(QE;R?) + 21T <

where CU = SUP(s,r)eU |(57 T)| and
c1 = 2||VZOHL00(Qt2.M2><2) +Cy + HZOHLOO(QQ']RZ) +1>0.
t1) ty?

Therefore, the fourth of (h) for i = 1 follows.

The first step is now finished.

The second surgery: In the second step, we construct a function zo =
(vg, wo) € Wl’oo(QE;]RQ)7 three countable collections F5 and fzj:7 and two posi-
tive constants c¢o and c3 satisfying (a)—(j) for ¢ = 2, where the constant ¢; > 0 is as

in the first step, and the two constants ¢y and c3 are independent of the index 1.
Let 62 € (0, 1] be such that

. € 2
0o < mm{QQH\/mSM’ : } (7.19)

Since Vz; is uniformly continuous in @2, there exists a number 2 € (0, 22%] such
that

('7;7t)’ (y78) € Q27 ‘(.T,t) - (y75)| <7 = |v21(.73,t) - vzl(yﬁsﬂ < 0. (720)

For each j € N, since Vz; is uniformly continuous in 7', and in R,;, there exists
a number y1; € (0, z27] such that

(xat)v (yvs) € lea |(£E,t) - (y18)| < Y1j - |v21(.’b,t) - VZl(y,S)‘ < 52 (721)
and that
(x,1),(y,s) € Ryj, |(z,t) — (y,5)| <71; = |Vzai(z,t) — Vzi(y,s)] < 0. (7.22)

Consider the diamond Ds,. From the Vitali covering lemma, we can choose a
sequence {(xz;, t2j)}jen in Q2 and a sequence {ra;} en in (0, 72| such that the
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sequence {ng }jen forms a Vitali cover of 2, where ng = (295, taj) +1v2;Ds, CC
Q> (] S N).

Let j € N. Also, from the Vitali covering lemma, we can choose a sequence
{( 355, t§;1) bren in T1; and a sequence {7 bren in (0, 1] such that the sequence
{ijk}keN forms a Vitali cover of T, where ijk : (x;rjk, 1jk) + VU,CD(;2 CC Th;
(k € N). Likewise, we can choose a sequence {(z7, 1gk)}k€N in Ry, and a sequence

Vi bken in (0, min{~y1,, A1Sps} such that the sequence D ren forms a Vitali
15k J jk
cover of Rij, where D1]k = (Tp0 tijp) T V1 Dsy CC R (k e N).
For each 57 € N, let

(s2j,725) = ((v1)a (w25, t25), (w1)e (w25, t25)) € UM\ UM, (7.23)
T3y = Awi(r2;) + (L = Ay)wa(ra;) — 525 > 0, (7.24)
Toj = 82j — (1= Xy)wi(r25) — Aywa(raz) > 0, (7.25)
and
1 -
0o (x,t) = VQJ"Pr;j,r;j,éz(;j(x —x25,t —ta5)), (z,t) € 1_323'7 ) (7.26)
0, (2,t) € Q2 \ Dyj.

Also, for each j € N, let T21J7 T22]7 Tz?’j, T24j C ng denote the four disjoint triangular
domains in each of which ¢»; is affine and has spatial derivative 7'2+j, and let jo C

ng denote the rhombic domain in which ¢ is affine and has spatial derivative

—Ty;; then
|Daj| = |Ty; UTs; UTs; UTY; U RS (7.27)
Let j, k € N, and let
(SEkaTEk) (V1) (Ii_jkvt-{jk)’ (w1)q (Iﬂkatuk)) € U1 ) (7.28)
T = Nwi (7)) + (1= Npwa () — 515, > 0, (7.29)
Tk = st — (L= A)wi(rfy) = Nywa () > 0, (7.30)
and

1 -
+ + + +
<Pf-k(=’f t) = VijkPrbt ity 02 (I/Jr(ff — Tyt — tuk)) , (x,t) € Dy,
J

1jk
0, (z,t) € Q2 \ Dify.
(7.31)
Observe from (7.28) that
Tf;z _ )‘/2w1(r1+jk) + (1 - )‘IZ)WQ(TEIC) - S;rjk
lek —|—le; (1—2>\’2)(w2(rfjk) —wl(rfjk))

- )@ (rije) —wn (i) _ A — X
T 1= 2X) (@) —wilrfp)) 12X

(7.32)
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and that
s A2 =Xy (7.33)
ik e 124
Note also that
RE_shem (-l ~ Mealr)
7.1-152- + 7-1‘; (1— 2)\’2)(w2(rf'jk) — w1 (Tfjk))
(1= = Xp)(walrijy) —wi(rie)) 1= M — X (7.34)
(1= 2X9) (wa(ry,) — wi () 1— 2,
Here, we claim that
1—X = A}
1=h=A _ ] 7.35
VR R R (7.35)

To check this, we start from the inequality A; > A}. Since £y < koly < 1, we have

L _ 1> 0 so that
1 1
— — 1A > — =1\
(Ho@o ) ' <f€0f0 ) »

I{Oeo
- )/
rolo (A1 = A9).

that is,
IT—XA =Xy >1-2)\,—

As 1—2)\, >0, we now have
1A\ — A, DSV

o
- =1—-— =1— (62— B);
1-— 2)\’2 ’{060 1-— 2)\/2 Koéo (52 51)7

hence the claim holds. B
Let T;;;j, T, f;}f, Tﬂ}j, T;;;f C ijk denote the four disjoint triangular domains

in each of which cpfj i is affine and has spatial derivative Tfrjz, and let Rfj,‘:’ - ij &

denote the rhombic domain in which cpfj ;. is affine and has spatial derivative 77';;;;
then
> +,1 +,2 +,3 +.,4 +,5
|D{rjk\ =Ty, UT UTE Y UT U R (7.36)
Let j, k € N, and let
(sl_jk7r1_jk) = ((vl)-’t(xl_jkvtl_jk)v (wl)t(‘rl_j]wtl_jk)) el (7.37)
Ton = Mwi (1) + (1= Ap)wa(ris,) — si, > 0, (7.38)
Tk = Sy, — (1= )\’Q)wl(rfjk) - )\’Qu}g(rfjk) > 0, (7.39)
and
- ! ( et — ) (,t) € Dy,
Vi@ —4 _—— —(x— i, t—t], ,
‘Pfjk(x7t) — ljk(plet,lekﬁQ l/l_jk €T mljk7 15k 5 Z, 1jk> )
0, (z,t) € Q2 \ Dy
(7.40)
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Observe from (7.37) that

Tk _ Sk — (1- )\’Q)wl(rl_jk) - A’ng(rl_jk)
Tk T Tk (1 = 2X5)(wa(ryjp) — wil(ryye)
(A = A)(wa(rpyp) —wilre)) A — A
S LDl —wl,) -2y
and that
Tk e (7.42)

— —_ = — 7
Tk Ty 1T 2%
As above, we also have
—+
Tk S 1— X — /\/2
s T 1-2)
Tk T Tk 2

>1— (82— fr).

Let le;ﬂl, le}f, le}i T, k - Dljk denote the four disjoint triangular domains in
each of which ¢ k18 affine and has spatial derivative 7, jp and let R j,‘: C ijk
denote the rhombic domain in which o7 is affine and has spatial derivative —Tijk

then
1Dl = 1Ty U T U TG U T U R (7.43)
We write
Fo={Daj|j € NyU{DT, |4,k € Nt U{Dy;, |4,k € N},
Fy ={T5;, T3, T3, Ts; | j € Ny U{T 0 T2 182 150 5.k € N}
U{T5i Tk T - Tgie |9,k € N3,
and

Fy = {R 15 € NYU{R{? |4,k € N}U{R;;2 5.k € N}

here, let {Da;}jen, {T2;}jen, and {R2;}jen be enumerations of Fo, F,7, and Fy ,
respectively.

Since F3 is a Vitali cover of Q1 U Q2, it follows from the definition of .7-'2i7 (7.27),
(7.36), (7.43), 2v9; < 272 < 55 (j € N), and 205, <27, < 3¢ (4, k € N) that (a),
(b), (¢), (d), (e), and (f) for ¢ = 2 hold.

To check the rest, define

o0 o0 o o0 B
ZwﬁZZ%mZZm on OF; (7.44)
j=1k=1 j=1k=1

then as in the first step, we can see that

2@, t) = pa(y, 8)| < V2Surl(z,t) = (y.8)| ¥ (x,0), (y,5) € 2,

https://doi.org/10.1017/prm.2023.129 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.129

Adhesion and volume filling in one-dimensional population dynamics 43

that is, o € WH(Qf2),

@2 =0o0n Q2 \ (Q1UQ2), (7.45)
and
Vs =0 ace. in O \ (Q1 UQs). (7.46)

Next, for every (z, t) € Q}2, define

Va(x,t) = / P2(y, 1) dy;
0
then as in the first step, we can check that ¥y € Wl’“(ﬂif),

(2)2 = 2 in Qf, (7.47)
Yo =00n QP \ (Q1UQ2), and Vi =0ae in QP \ (Q1UQs). (7.48)
In turn, define
22 = (v2,ws) = 21 + (2, ba) on (7.49)
then zo € Wh>(Q2;R?) as (2, 12) € WH(Q?;R?). From (7.45), (7.48), and the
third of (g) for i = 1, we have
29 = 2o on 2\ (Q1 U Q2);

hence, the third of (g) for ¢ = 2 holds. Also, the fourth of (g) for i = 2 follows from
(7.46), (7.48), and Q1 U Q2 C Q. The first of (h) for ¢ = 2 is implied by (7.47) and
the first of (h) for i = 1.
From (7.20)-(7.26), (7.28)—(7.31), (7.37)(7.40), (7.49), the definition of U5, X,
72, and in, and lemma 7.1, the first and second of (g) for ¢ = 2 are satisfied.
From (7.19), (7.49), and (iii) in lemma 7.1, we have

02)e = @2l ity = 1220w ety
_ €
< 0y js:epN max{T;j,Tfrj;,leZ < 0SSy < PPRSE (7.50)

hence, the second of (h) for i = 2 holds.
From (7.19), (7.26), (7.31), (7.40), (7.49), 1a; < 72 < 52t (j €N), and v, <

Y15 < 537 (4, k € N), we have

||22 —Z1 HLOO(QZ;Rz)

= ”(5027 '(/}2)||Loo(Q§§;R2)

o= ot ottt —
{V2372j7'2j V1T T1jk V1jk7'1jk7'1jk}

2\ 1
< (1+L%)262 sup max e T e T s
k€N Toj T Toj Ty T Tk Tk T Tijk
€

1
<(1+L%)26,8y < GPESE

thus, the third of (h) for i = 2 is satisfied.
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To check the fourth of (h) for ¢ = 2, note from the first and third of (h) for i = 2,
(7.18), (7.46), (7.48), (7.49), and (7.50) that

||vz2HLoo(Q:?;M2X2) g ”(('UQ)wa OUz)t)”L*(QE;Rz) + H(UQ)t”LOO(Qg)
+ ||(w2)l’||LOO(Q:2)
1
< (o), (wo))ll = (021 (@10@2)82)
+ 1((v2)e, (w2) 1)l L (Qiuq2®2)
11 @0)ell ey + 100l e iz
1 ty
+ ”(902)15”[/00(9:?) + ||U2||Loo(92)

< 2||VZO||Loo(Qt2.M2x2) + CVU + ||ZO||LOO(Qt2.]R2)
t17 ts

1 1
+2(21+1 * 22+1) S e

Hence, the fourth of (h) for i = 2 is true.
We now verify (i) for ¢ = 2. Note from (7.44), (7.46), (7.48), and (7.49) that

/t \V@—Vzﬂdxdt:/ [V (p2,12)|dadt = (/ —|—/ )|V(<p2,w2)|dasdt
Q2 Qr2 1 2

ty

:.U /~+ |v(@irjkﬂ/’2)|d3:dt

Let j, k € N. Then from (6.1), (6.3), (7.31), (7.32), (7.47), and (iii), (v), and (vi)

in lemma 7.1,

| Wt dadr= | V(i) et

1 2 3 b A pts
Dljk lekUlekUlekUlekUlek

= (1 +63)(r55)?
/Tffj*k1 uTj;',fqufj*,fqu;f 28 gk

+ ((p?_jk)z + ((Z/Jz)t)z)% dzdt
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* /+ o((’rl—i_jg)2 + (Qo-li_jk)2 + ((¢2)t)2)% dxdt
R

15k

Soud T 2
((1 + 52)(lek)2 + <1J’€13klﬂk>
Tl]k +T1]k:

++ -+ R
52V1Jk71gk71gk ? T1jk
7‘ l]k|

lek +lek lek +7 13

+ -2
+—\2 621/13le]le]]€
() | — 77—
Tl]k +Tlgk:
b\ 2\ 3
+ (62V1]k7-1]k7-ljk> )2 T1jk
lek +7—1jk lek‘ +T1_7

_‘ 1]k|

+—\2\ 2
— (1482 (++7)2 52V1jk(T1jk)
- ( + 2)(T1.jky) + ++ F—
Tk T Tijk
+—\2\ 2\ i ++
N <62V1]k(7-1jk> > >2 Tijk D},
++ ++ - Uk
Tl]k: +Tl]k lek + T 1]
4= 2
<521/1]k7—1jk7—1jk >

Tl;k + Tlgk:

+ lek

+ —‘D1]k|

Tl]k + Tl]k

52+ oot 1 ++
< 2yljlejkT1]k> >2 T1jk

Tl]k + 7-1_7143

254 : ’
(2 2)\%252 ) * \/§SM) (2 = BID1

<
( 2( <§Z> >1 +\/§>SJW(52_51)|DE]¢|’

where S, := miny,, ,,j(wz —wi) > 0. Similarly, from (6.1), (6.3), (7.31), (7.41),
(7.47), and (iii), (v), and (vi) in lemma 7.1,

/_ V(i o)) drdt :/ V(g dade
D T, uT, . UT UT UR7

—,1
1jk 1jk ljk 1gk ljk 1jk
_ 2 —+\2
S N (e vy
Tl]k UTl]k UTI]k Ulek

+ (@fgk) + ((2)1)? )E dzdt
* / - 5((7—1_1’;)2 + (@fjk)Q + ((2))?)7 dadt
.

1ik

https://doi.org/10.1017/prm.2023.129 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.129

46 Hyung Jun Chot et al.

Sov T T \ 2
2 156715k T1jk
(1 483) (i )* + | ===
J g
1jk 15k
2 = =\ 2\ &
02V Tk Tijk 2 Tk
+ 7++ —_ + 77‘ 1Jk|
Tk T Tijk Tlgk Tk
S Tin Tin \ 2
——\2 17k "1jk "1jk
+ ((lek-) + ( — )

+
Tk T Tijk

2~ o —— 2\ L —+
52’/1]k7'13k713k 2 T1jk -
+ 77‘D1jk|

+
Tl]k +lek 7—lgk +T1jk‘

Sov T T \ 2
((1 LR+ ()

T1j;§ + Tk
_ — =2\ L
55’/1]‘197'13'1@ Tk ? Tk
+ I — —|D 1jk|
Tk T Tijk lek + Tk
- +121 2
. ((T+)z N <5<>>
1jk s —
Tkt Tijk
— _ 1
5§V1jk(7'1j7§)2 %\ 2 Tyjk
+ T — —|D 1jk|
Tk T Tijk lek + Ty
( 4250V (5,_ pipi,
<[ 25m + <SM+> ) B2 — B1)|Dy;
= (1 —2X,)252, Lik

128 / S 3 .
< (2+ (1+ 9 <SM> > )5M(52 — B Dyl

Also,

| W eoldadi= [ IV (eay )| d
Do Ty, UT3,UTS,UTS URS,;

:/ (14 03)(r5;)?
T2lj UT22j UT’?j UT24j
+ (p25)* + ((1h2)1)?)? dz dt

+ / ) ((7—2;')2 + (p25)* + ((1h2)¢)?)? dz dt
RS

27

SoloiTo T\ 2
< <(1+5§)(7_2+j)2+< 2+2J 2]_2])

Toj + Toj

2 o 2\ L

n 032 Ty To; 2Ty |D |
+ — — 125
Toj T Taj Toj + o
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Sovai T\
# (4 ()
T2t T2
2\s 7+
2j ~
) ) Dy

2 -

(52V2J72j72j
+

Toj T To;

7'2+j+7'2;
\/§SM7'+ ~ ~
+ +73j|D2j| < 25w |Do;l.

280 To -~
22| Dy
Toj 2

X _t'_i
Toj T Ta5

Combining these estimates, we obtain that

/t2 [Vzo = V| dzdt < eo((B2 — 51)|Q1] + |Q2]) < c2((B2 — 1)[Q] + Q2]),

t1

where
652
Co = Tf > 0.

Thus, (i) for ¢ = 2 holds.
In this final stage, we show that if ig = 2, then (j) for ¢ = 2 holds. So we assume
(7.51)

190 = 2. Hence, for all i > iy = 2,
Es,r)=1 VY (s,7) € UE,.
o ds €

Let D € F;. Then from (b), (c), and (e) for ¢ = 1, there are five numbers jy,

N with
lel U T1j2 U T1j3 U T1j4 U R1j5 cD

such that
|D| = [T, UThj, UTh, UTj, U R
‘We now observe that
(ws)) d dt = / CF(v2), (w2)s) d 2 dt
lel UTlJ'z Ules UT1j4UR1j5

/D & ((w2)e,
=> (/m +/f)1+jzk +/D+ +/D+

keN 1j1k

[ )G () aar

1j5k

Let k € N. Then from (7.28), (7.51), the first of (g) for ¢ =2, and (vi) in lemma

7.1,
i s i
G (v2)as (w)) dwdt = == DY | > == (D
/ i Tk T Tk e T
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for j = j1, ..., ja, and
| G wadadt = (D
Lk Tlisk T Tljsk
Thus, from (6.2), (6.3), (7.33), and (7.42),

[ @ (e (wa) dwdt > 3222 1D) > ol - 611D,
D - 2

where c3 := "g—é” > 0. Likewise, one can check that

L%«WM@@WM&>%WTﬁMM-

Hence, the first inequalities in (j) for ¢ = 2 hold.
Next, for k € N and j = j1, ..., ja, it follows from (7.34) and (7.35) that

+
Tq . - B
+ — Yk Dt S (11— (8 — Lo
/Dfrjk G (v2)a, (w2)e) dadt 7_;;75 +T1+jg DYl = (1= (B2 — 61)) DY}, l5

thus,
/ ¢ (v2)as (wa)y) dadt = (1 — (B2 — $1))|T1j, U Ty, U Ty, UTy,l
D

On the other hand, from (7.51) and the first of (g) for i =1,
[ G (@) ) dade = T3, Uiy U35, U T |
so that
/D Co ((v2)s, (wa)e) dxdt > (1= (B2 — B1)) /D Go ((v1)a, (w1)e) d dt.

Similarly, one can check that

/ Co ((v2)e, (w2)s) dadt = (1 — (B2 *51))/ Co ((v1)a, (wr)e) dzdt.
D D

Hence, the second inequalities in (j) for ¢ = 2 hold.
The second step is now complete.
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