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Abstract

Let K be a field, char(K)#2, and G a subgroup of GL(n,K). Suppose g+ g* is a K-linear
antiautomorphism of G, and then define G; ={ge G| g”g =I}. For C being the centraliser C;(Gy), or
any subgroup of the centre Z(G), define G©© = {ge G| gfg € C). We show that G© is a subgroup of
G, and study its structure. When C = C5(G1), we have that G© = NG(G1), the normaliser of G; in G.
Suppose K is algebraically closed, C¢(G1) consists of scalar matrices and G is a connected subgroup of
an affine group G. Under the latter assumptions, Ng(G1) is a self-normalising subgroup of G. This holds
for a number of interesting pairs (G, G); in particular, for those that we call parabolic pairs. As well, for
a certain specific setting we generalise a standard result about centres of Borel subgroups.
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1. Introduction

Unless specified otherwise, throughout this paper K always denotes a field of
characteristic #2, and K its fixed algebraic closure. We denote by u;(K) the group
of Ith roots of unity in K. We denote by F,, the finite field with p elements. Given a
group G, we denote by Z(G) its centre. For a subgroup G| of G, we denote by Cs(G1)
and Ng(G1) the centraliser and normaliser of G; in G, respectively. The letter [ is
reserved for the identity matrix of some GL(n, K). We often identify a scalar A € K*
and the scalar matrix A/. Under this identification we consider K* as a subgroup of
GL(n, K).

An interesting problem in group theory and representation theory is to study the
normalisers Ng(G1) for various pairs of groups (G, G), where G| < G. In particular,
it is worth knowing for which pairs (G, G1) the answer to the following question is
affirmative; see Remark 1.3.

QuesTioN 1.1. Is Ng(G) self-normalising in G?
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A related problem is to study the class of all self-normalising subgroups of a
given G. As one famous example of this let us mention the Chevalley normaliser
theorem, which states that every parabolic subgroup of a connected affine group is
both self-normalising and connected; see, for example, [Bor, Theorem 11.16].

Now we would like to be more precise about the pairs (G, G;) that we will study.
Let G be a closed subgroup of GL(m, K). Put G = G(K), the group of K-rational
points of G. We want to consider some interesting subgroups G; < G, and obtain
some useful information concerning the normaliser N;(G;). As will be seen below,
these normalisers are often self-normalising subgroups of G. We should also say
here that our subgroups G; will in fact always be the groups of K-points G(K),
for certain algebraic K-subgroups G; <G. More precisely, our main interest is
when G and G, are both either reductive or parabolic groups. As is well known,
these two kinds of algebraic groups, and the corresponding groups of their rational
points, play fundamental roles in representation theory. As another fact worthy of
mention, we also have the following: given a pair of algebraic groups (G, G1), both
of which are connected, the normaliser Ng(G) very often will not be connected; see
Proposition 3.10. This fact makes our study more interesting and complicated.

Given G, for various reasons it will be helpful to study certain ‘big’ subgroups Gj.
For example, then we can expect to have good control over the restrictions of some
special G-representations to G;. For a recent work which explains why it would be
useful to understand the normaliser N = N5(G1), when G is a (complex) reductive
group and G is its reductive subgroup, see [Ko3, Section 2]; see also [BK, Kol, Ko2,
Ks, LS] for some related results worth knowing. Notice that, for G and G, as above,
N is often again reductive, and so one can repeat the procedure by computing Ng(N).
But our theorem below states that in many interesting situations one has N = Ng(N).
Concerning the ‘big’ subgroups mentioned, we would like to emphasise that we are
also interested in the opposite situation—that is, when G, is a ‘small’ subgroup of G.
It turns out that for a number of such pairs (G, G;) we can describe the structure of
the corresponding normalisers Ng(G;). For certain reasons why this should be so,
and some basic examples as well, we refer the reader to [S2] and [S3, Example 1.7];
see also [O1, O2]. Another related fact worth mentioning here is that distinguished
nilpotent orbits are characterised by being self-normalising. More precisely, a three-
dimensional subalgebra s of a (complex) semisimple Lie algebra g is self-normalising
if and only if it is distinguished (as shown in a paper of this author in preparation).

Let us now present the content of this paper, and make some comments. Suppose
that G < GL(n, K) is a group having an antiautomorphism ¢ : g — g*. Then define

Gi=G"={geGlgg=1), (1.1)
a subgroup of G. For C being Cs(G1), or an arbitrary subgroup of Z(G), define a set
GO={geGlglgeCy; (1.2)

note that, under the latter notation, G; = G!V. Here the above map & will always be the
restriction to G of some K-endomorphism of M,,(K), which we also denote by d. Let us
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also emphasise that in a number of interesting situations we will have C¢(G) = Z(G);
in particular, the last equality will obviously hold if the assumption C¢(G1) € K*, from
the theorem below, also holds. Now we are ready to state that theorem, which is our
first main result. Provided we work with algebraic groups, it is a generalisation of the
corresponding results in [S3, S4].

THeorEM 1.2. If C = C(G), then
N6(G1) =G ={ge G| g*g € Co(G)).

Suppose, in particular, that the base field K is algebraically closed, and that
G, =G is a connected algebraic K-subgroup of an affine group G < GL(n, K).
Suppose also that the centraliser Cg(Gy) is a subgroup of K*. Then the normaliser
Ng(Gy) is a self-normalising subgroup of G.

In Section 3 we prove the above theorem, as well as several useful preparatory facts
about G'©), that are gathered in Theorem 3.2.

Remark 1.3. Question 1.1 is much more difficult if we work with groups of rational
points. More precisely, suppose that K, G and G, are as in the above theorem, and
let F C K be a subfield. Consider the corresponding groups of F-points G = G(F) and
G; =G (F). It seems quite complicated to say in general for which F the answer to
Question 1.1 is affirmative; see Remark 3.8.

There are many pairs of groups (G, G1), and pairs of the corresponding Lie algebras
(9, 1), for which the normalisers Ng(G1), Ny(a1) and Ng(g1) can be computed. For
examples of various pairs (G, G;) and (g, ), where (G, G;) are groups of rational
points of some reductive algebraic groups (G, Gy), see [S1, S2, S3, S4]. Such pairs
might be called reductive pairs. The second goal of this paper is to point out that we
also have a number of nonreductive pairs (G, G;). That is, we show in Section 4 that
there are many pairs which might be called parabolic pairs. More precisely, there
we consider G = SL(2n, K) or GL(2n, K), and a certain antiautomorphism A — A¥ of
G which then gives the corresponding subgroup G; of G. We have the following
proposition which shows, in particular, that the pair (Q, Q;), defined below, fits into
the setting of our theorem; for a slightly more general claim, see Proposition 4.3.

PropositioN 1.4. Let K be a field such that char(K) # 2, and which is different from F;.
Let Q be any §-stable standard parabolic subgroup of G, and Q1 = Q N Gy a parabolic
subgroup of G. Then

2, (K)  if G = SL(2n, K),

and therefore, in particular, No(Q1) = {g € Q| g% € Z(G)).

Proposition 4.3, together with Proposition 4.2, might be understood as a technical
result that in a specific setting generalises a standard fact about centres of Borel
subgroups; see Lemma 4.1.
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2. Preliminaries

2.1. Pairs (G, Gy). First we briefly explain what kind of groups G and their
subgroups G| we are interested in; more details on what follows can be found
in [S3, S4]. For that purpose we will consider certain K-linear endomorphisms A — A*
of M,(K) satisfying the following:
@ =1
#2) (AB)! = B*A*, for all A, B € M,(K).
For later applications it is useful to note that (§ 1) and (§ 2) imply the following:
#3) A =(AH! forall A e GL(n, K).
Let us emphasise that there will be a number of K-endomorphisms 6 : A — A* of a
concrete group G; a more precise statement can be found in [S3, Remark 1.2].

Let G <GL(n, K) be any group. Suppose we have a K-endomorphism A > A
satisfying (#f 1) and (f 2). Next suppose that G is f-stable; that is, g# € G, for all g € G.
Then define G; by (1.1).

2.2. Two technical conditions. For later use let us formulate the following two
technical conditions. In order to justify why we introduce them, the reader may consult
[S3, Corollary 0.2] and Section 3 below; see also Remark 2.4. Here G is again a
subgroup of some GL(n, K), while C < Z(G).

Conprtion (¢). There is w € C \ C2 for which we can find W € G so that W¢W = w.
ConpiTion (A). Condition (¢) holds, and for w as specified in it we have C?> U wC? = C.

Let us emphasise that for C finite and satisfying Condition (¢) we automatically
have Condition () fulfilled.

2.3. Remarks for G = SL(m, K). Let meN, m>2, and G = SL(m, K). If m =2n,
define J = J2'*", and if m = 2n + 1, define J = J odd 'where these block matrices are

0 I 1 0
even _ odd _ .
J = (a ] 0) and J™° = (O Jiven) ;

1 is the identity matrix of size n, and & = +1. For A € M,,(K) define A* = J'A"J.

Levma 2.1. The map A — A* is a K-linear involution of M,(K) satisfying conditions
# 1) and (B 2). Moreover, this map is an antiautomorphism of G.

Now define G| as in the Introduction; it turns out that G; = Sp(m, K) or SO(m, K).
The following is a weak version of the main result of [S4].
TueoreM 2.2. Let G = SL(m, K), G| be as above, C = C5(G1) and N = Ng(Gy).

(i)  We have C = u,,(K), and C* = 1, (K) for m = 2n, while C*> = C form =2n + 1.
(i1) We have
N={geGlglgeC),

and this is a self-normalising subgroup of G.

https://doi.org/10.1017/S0004972712000548 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972712000548

[5] On centralisers and normalisers for groups 485

(iii) Define
N'={geG|gigeC?).
Then

N/N’ = u,(K) if Condition () holds,
N=N otherwise.

N'/G,=C and {

REMARK 2.3.

(a) Clearly, as for m odd we have C? = C, this time Condition (¢) does not hold. So
N = N’, and assertion (iii) of the theorem reads as N/G; = C.

(b) Note that now C is a finite group, and thus Condition (¢) implies Condition (A).

(¢) A similar result holds for G = GL(m, K), where then C = K*.

Remark 2.4. Concerning the general problem on normalisers and self-normalising
subgroups, we have obtained certain definite results in [S3, S4] and the present paper.
But, as already emphasised in the two papers mentioned, a part of our research
strongly depends on Condition (¢) (for n and K arbitrary), which seems to be quite
delicate. In order to justify that condition it might be helpful to discuss briefly what
happens for prime fields, provided that we work just in the special setting of the
above theorem. Notice that then Condition (¢) takes the following form: there exists
w € on(K) \ pa(K) for which we can find some W € G satisfying W¢W = wl.

First take K = Q. For n even, u,(Q) = u,(Q) = {-1, 1}, and so Condition (¢) does
not hold. On the other hand, for n odd, u,(Q) \ i,(Q) = {—1}. Thus, when £ =1 (that
is, the orthogonal case), for w = —1 we can take W = (_0, (’)) € SL(2n, Q). So, for these
w and W, Condition (¢) holds. But when € = —1 (that is, the symplectic case) things
seem to be less clear. Namely, for n odd satisfying n =3 (mod 4), Condition (¢) does
not hold; see [S3, Lemma 3.10] for a more general observation. Butforn =1 (mod 4),
we do not know whether we have W € SL(2n, Q) so that WEW = -1 ; however, we do
believe that there is no such W.

Now consider K =F,, where p is an odd prime. If ged(n, p—1)=1, then one
knows that p,,(F,) = {-1, 1} and u,(F,) = {1}; see, for example, [Kob, Ch. II]. Thus,
here one has to check whether there exists some W € SL(2n, F,) so that WAW = —1. On
the other hand, consider the case 2n = p — 1, for example. Then we have a primitive
2nth root of unity; that is, 17 so that uo,(F,) = {, 7%, . .., n** = 1}. Hence we see that

ﬂZn(Fp) \ﬂn(Fp) = {77’ 773’ s 772"_1}-
We should now check whether we have some odd power i/ so that we can find for
it some W; € SL(2n, F,) satisfying W?Wj =1/I. But all this seems to be a nontrivial
combinatorial task.

3. On the structure of G'© and proof of Theorem 1.2

Unless otherwise stated, throughout this section G is a group having an
antiautomorphism g > g#; we can take G < GL(n, K). Also, C is a subgroup of Z(G).
We begin with the following simple lemma.
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Lemma 3.1. The set H = G'©, defined by (1.2), is a subgroup of G.

Proor. First note that gfg = gg*, for g € H. To see this, puty; = gfgandy, = gg¥. Then
gY1 = v»2g. But as we have in particular y; € Z(G), it clearly follows that y; = y», as
we had to show.

Suppose now that g; € H, and then denote z; = g?gi, fori=1,2. Then

(§185)/8187" = (&) 2185 = 2ilgagh) ! = uzr' € G
where we use condition (§ 3) and the above fact. So, H is indeed a subgroup of G. O
At this point we introduce the following notation and assumptions. Let H be as

in the previous lemma. In particular, for C = {I} we have a subgroup G, = G of G.
Also, choose an endomorphism ¢ of C,

C3x+—>.§-‘(x)=x2€C.

Denote by C? its image, and then define a subgroup H' = G©”) of H.

The first goal of this section is to study the structure of G‘©). Concerning that, we
have the following theorem. The first statement of its part (i) has already been proved
via Lemma 3.1. The rest will be proved via Lemmas 3.3 and 3.5.

TueOREM 3.2. Suppose that G satisfies the condition
Z(G) c K™, (3.1

(i)  The set GO is a subgroup of G, and G is a normal subgroup of G©. If
Condition (¢) does not hold, then G© = G, If Condition (n) holds, then
GO /G = py(K).
(i1) We have ,
GG, =%
@iii) If Condition (A) holds, then
GG, =C.

As we will see, the above condition (3.1) on centres is a reasonable one; and it holds
for a number of interesting groups G. Also, note that Z(G) < C(S), for any subgroup
S <G.

The following lemma is in fact a more general version of the second half of [S3,
Theorem 3.7(1)].

Levma 3.3.
(1)  For a certain epimorphism o', we have a short exact sequence
1 -G SH -1,

In particular, if Condition (¢) does not hold, then H=H’.
(i1) Suppose that the group C is finite, and Condition (¢) holds. Then, for a certain
extension o of o', we have a short exact sequence of groups

1—>G1<—>H1>C—>1.
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Proor. (ii) Assume that Condition (¢) holds; note that now necessarily —/ € C and
Ker ¢ = {£I}. For any A € C define a subset

Ii={geGlglg=1)

of G; note that I'; = G,. As for any ¢ € C we have ot = ¢, it immediately follows that
c € T2; here we use assumption (3.1). Thus, in particular, ', # 0 for all A € C?. Next
we observe that the following are equivalent.

(a) Condition (¢) holds.

(b) Wehavel; #0, forall 1€ C.

To see that (a)=(b) we first take w and W as in Condition (¢). Then define a
map d:C?>— C\ C?, d(d)=wA. It is clear that d is well defined and injective.
Furthermore, C?> N wC? = 0. Hence it immediately follows that

CluwC?’=C, (3.2)

a disjoint union; here we use the fact that C is finite. Therefore d is surjective; that is,
d is bijective. Now take, for any A € C?, some U, € T'y. Clearly, WU, € T4y Thus we
have (b).

For any A€ C, let U, eI’y be arbitrary. Then it is easy to see that the map
E,:Gy — Ty, given as E,(g) = U,g, is well defined and bijective. Hence it follows
that we have a disjoint union

H= U T,

Next note that I'y, Iy, CT'y,4,, for any 4;, 4, € C. Thusthemapo: H —» C, o, = 4, is
a group epimorphism with the kernel G,. This proves (ii).

(i) If Condition (¢) does not hold, then I'; =0, for all 1€ C \ C?; and so H’' =
(Uaec2 T'a = H. Now (i) follows easily. O

RemARrk 3.4. (a) Note that part (ii) of the previous lemma holds for some infinite
groups C as well. But now we have to take as an assumption that (3.2) holds.
Concerning this, consider a K-endomorphism A > A¥, of M,(K), given by (37 )ti =
(£%); see Section 2. Clearly, it satisfies (§ 1) and (§ 2). Also, G = GL(2, K) is #-stable.
Let C = Z(G) =K*. Both for K=Q and R we have that Condition (¢) holds. For
example, for Q we can take w =2 and W = ((2) (1)) and for R we can take w = —1 and

W= (‘6 ?) But for R we have (3.2), while for Q we do not.

(b) Let K be any field of characteristic #2, and C = u,,(K). If n is odd, then
C # C? = u,(K); for example, —1 € C \ C?. But for n even the last observation does
not have to hold; for example, take K =R and n = 2.

Claim (ii) of the following lemma generalises a part of [S3, Corollary 3.8].

LemMma 3.5.

(i)  The subgroup H' is normal in H.
(i) Suppose that both Condition (¢) and (3.2) hold. Then

H/H' = pr(K).
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Proor. (i) Let h € H and hy € H' be arbitrary, and then define g = hhgh™'. As hth =
ceC and hgho = c(z) € C?, for some c, ¢ € C, it follows that gﬁg = c%. This means that
g € H’, as required.

(ii) Let w and W be as in Condition (¢). Suppose then that g € H \ H’, and define
h=W~'g. Provided that gfg = 1 € C \ C?, we have h*h = Aw™". But (3.2) ensures that
Aw™' € C?, and so h € H'; that is, ge WH’. Thus H = H' U WH'’. It is clear, moreover,
that the latter union is disjoint. Thus the index (H : H’) = 2, and therefore the lemma
follows. More precisely, the map 7: H — pu»(K), 7y = 1 and 1w = —1, is a group
epimorphism with the kernel H’; here we use WH’ = H'W and W? € H'. O

The following simple lemma presents our crucial auxiliary observation, which is
interesting in its own right.

Levma 3.6. Let G be an arbitrary group having an antiautomorphism g — g*, and
then define Gy as in (1.1). We have

NG(G1) ={geGlg'g e Ce(G));
that is, by putting C = Cg(G)),
Ng(G) =GO,

Proor. Suppose that g € G'©); that is, g € G satisfies

ghg=c(g)eC. (3.3)
Let then x € G| be arbitrary, and define y = y(x) = gxg~'. Using (3.3), we clearly have
Yy=(gh " Felexg™ = (6H) 7 Fre(g)g™!

=(gh'c(g)g = e
here e denotes the identity element of G. In other words, y € G;. Thus we have proved
that g € Ng(G1); and, as a conclusion, GO C N;(G)).
For the opposite inclusion, take any g € G so that the above defined y = y(x) € G, for
every x € G;. The last condition means that yﬁy = e, which is, furthermore, equivalent
to g*gx = xg'g. Therefore gfg € C; that is, g € G©. |

Remark 3.7. In particular, when C =Cg(G;), our Theorem 3.2 gives useful
information concerning the structure of the normaliser Ng(G;). At the same time, for
K algebraically closed, we have Theorem 2.2 as a special case; that is, N = G‘©) and
N’ = G, for G, C, N and N’ as there. In other words, Theorem 3.2, which holds for
many pairs of groups (G, G), is a generalisation of Theorem 2.2. However, we would
like to emphasise here that for the particular setting of (G, G;), with G = SL(m, K),
we have more precise information concerning the normaliser N. Namely, by a direct
constructive argument we know that N’ = G| > C?, the semidirect product of G, by
C?; see [S4, Theorem 0.1]. It turns out that the above isomorphism holds for some
other pairs (G, G1), and so one would like to see whether a more general argument is
available here.
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We are now ready to prove our main result.

Proor oF THEOREM 1.2. We have to prove the second part of the theorem; the first
one is clear by the preceding lemma. For that purpose write C = Cg(G)), and also
H instead of G'©. First notice that H = Ng(G;). We proceed as in the second
half of the proof of the above lemma. Assume that g € Ng(H), and define & = gbg.
By definition of the normaliser, for any x € G; we have y = y(x) = gxg~' € H. And
therefore y*y = ¢(x) = ¢, for some ¢ € C. Furthermore, the last equality is equivalent to

hx = cxh. (3.4)

The key observation, which we will prove below, is that necessarily ¢ = 1; see the

proofs of [S3, Theorem 3.7(ii)] and [S4, Theorem 2.6(ii)], where it follows by

elementary arguments. We then conclude that i € C; that is, g € H, and we are done.
To prove that ¢ = 1 we argue as follows. For & as defined above, consider a map

¢G> G, ¢p(x)=[h, x].

Let 1, : G; — G, be the inversion map, 11(x) = x 1. We denote by I, :Gy — G the
conjugation by h. Next, let A; ={(x, x) | x € G;} be the diagonal of G; X Gy, and
01 : G — A be the corresponding diagonal map. Finally, let m : G X G — G denote
the multiplication map. If we define

I,%x11:G1 XG> GXxGy,
Tn X 1)(x1, x2) = (L p(x1), 11(x2)),

then
¢p=mo (I X1)o 0.

As a conclusion, ¢y, is a morphism of affine varieties. We claim that it is, moreover, a
homomorphism of algebraic groups. To see this, take arbitrary x;, x, € G;. By (3.4)
we have ¢; = c(x;) € C so that hx; = ¢;xjh and h™'x5! = x;'h™' ;. Hence we compute

on(x1x2) = (hx)xa(h™' x5!
= (1) xa (x5 h e)xy! = crea = g(x)gn(x2).

Observe now that (3.4), together with the fact that C < K*, gives that [, x] =1 =
A(x) for certain A € K*. By taking the determinants of both sides of the last equality
we obtain that A € u,,(K). As a consequence, Im ¢, C D, where D = C N u,(K). As Gy
is connected, Im ¢, is a connected subgroup as well. But D is discrete, and therefore
¢y, 1s a constant map; that is, ¢, = 1. Thus we have proved our theorem. O

RemMark 3.8. Concerning Theorem 1.2, notice the following interesting fact; see [S3,
Theorem 3.7(ii)] for more details. Let G = SL(2n, K), and let the map A — A¥ be as in
Section 2.3. Define G; = G as usual. Take n = & = 1 in particular, and consider the
pair of groups (G, Gp). It turns out that, for K = Fs, H= Ng(G)) is self-normalising
in G. But for K = F5, Ng(H) # H.
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We proceed with an analogue of Lemma 3.6, which is again interesting in its
own right. For this we need a little preparation; more details can be found in [S3,
Section 1.2]. Let G <GL(n, K) again be a (connected) algebraic K-group. We
denote its Lie algebra by ® < gl(n, K). Suppose that we also have a connected closed
subgroup G| <G, and let ®; be its Lie algebra. Consider a pair (G, G;), where
G = G(K) < GL(n, K) and G| = G{(K) are the corresponding groups of K-points. We
also consider a pair of Lie algebras (g, g1), where g = 6(K) < gl(n, K) and g; = ©(K)
are corresponding K-structures. Suppose that we have a map A — A satisfying (# 1)
and (§2), and that both G and g are #-stable. Furthermore, we suppose that G
operates on g via the adjoint action. Also, we suppose that G; = G as before, and
a1 ={X eg| X = -X).

LemmA 3.9. Suppose that the setting and assumptions of the previous paragraph hold.
Assume also that both Cs(g1) < Z(G) and (3.1) hold. Then

Ne(81) = g€ G| g'g € Colon)).

Proor. We proceed in a manner similar to the proof of Lemma 3.6. Namely, if we put
C = Cg(g1), we must prove that Ng(g;) = G©. Let us show only the inclusion from
right to left. For that purpose take any g € G'©). Let X € g; be arbitrary, and define
Y = gXg~!. Using (3.1), one can immediately check that Y € g;. Hence g € N(g;). O

Assume for the moment that K is algebraically closed of characteristic zero, and
let G be a closed subgroup of GL(n, K). Let G| be a closed subgroup of G. Suppose
that both G and G, are connected. Let g and g; be the Lie algebras of G and Gy,
respectively. Define N = Ng(G)). It is well known that N is a closed subgroup of G,
and its Lie algebra is equal to N,(g;). It is also easy to see that

N = Ng(G1) = Ng(a1); (3.5)

see, for example, [Bou, Ch. III, Section 9.4]. Concerning Lemmas 3.6 and 3.9, notice
that for groups of rational points the analogue of (3.5) need not hold.

We conclude the present section with an easy proposition which contains some
useful basic facts. Loosely speaking, it points in particular to the relationship
between the classes of self-normalising (algebraic) subgroups and self-normalising
Lie subalgebras.

Prorosition 3.10. In the above setting and notation, suppose that g, is a self-
normalising subalgebra of g.

(1) N/Gy is a finite group.

(ii) For an arbitrary closed subgroup G; < H <N, we have Ng(H) < N.

(i) Ng(N) = N; that is, N is a self-normalising subgroup of G.

Proor. (i) This is clear by the fact that the Lie algebras of N and G, are equal.

(ii) Let g € Ng(H) be arbitrary. For the morphism Int g, Int g(G,) is a connected
subgroup of H. As G, =N’°=H?, the connected components of the identity
element e, we conclude that Int g(G;) = G,. Hence, g € N.

(iii) This follows by (ii). O
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4. Pairs of parabolic subgroups
Recall the following well-known fact; see, for example, [Bor, Corollary 11.11].

Lemma 4.1. Let G be a connected linear algebraic group over K. Suppose B is a Borel
subgroup of G. Then

Z(B) = Z(G).

The purpose of this section is to prove two results that in a certain sense complement
the above lemma. Consider G = GL(n, K) or SL(n, K), where n>2. Recall that
the standard Borel subgroup B of G is the subgroup consisting of upper triangular
matrices in G. A subgroup O, of G is called standard parabolic if Q;, contains B. A
subgroup B (respectively, Q) is called a Borel (respectively, parabolic) subgroup of G
if B (respectively, Q) is G-conjugate to B (respectively, some standard parabolic). We
have the following basic fact; in particular, it is an auxiliary result for Proposition 4.3
below.

ProposiTION 4.2. Suppose that G is either SL(n, K), withn > 2 or K # F3, or GL(n, K).
Let Q be any parabolic subgroup of G. Then

Co(Q) = Z(Q) = Z(G).

For G =SL(2, F3) and its standard Borel subgroup B we have Z(B) = B =Cg(B)
and Z(G) = {x1}.

Proor. Consider first the case G = GL(n, K). As will be seen below, we can assume
that Q = B, the standard Borel subgroup. Therefore, let us first show that

Ca(B) = Z(B) = Z(G), (4.1)

where of course Z(G) = K*. To see this, take some A = (g;;) € G so that AX = XA, for
all X = (x;;) € B. We will write the matrices AX = (/;;) and XA = (r;;). In particular,
we have /) = ryy, and hence X\, x;a;; = 0. If we take x;; # 0 and x;; =0 for all
j # i, it further follows that a;; = 0. Thus a;; =0 for all i # 1. Next, take x;, =0 and
X11 = X in ljp = rj. Analogously, we deduce that a; =0 for all i >2. Thus the
equality /j, = rjp becomes ajp(x2; — x11) = (a2 — apy)x12. By taking

x12=0 and x1; # X2, 4.2)

we deduce that aj; = 0, and then a;; = az>. Suppose now that for # < n we have shown
a;=a,foralll1 <i<t—1,anday, =0forall 1 <s<rand 1 <k<n, k+#s. Then we
consider the equality /;; = ry;, which boils down to

n
axy + Xy = Z X1iGis- 4.3)
i=1

By choosing x;; =0 and x; = xj;, (4.3) becomes )., xja; = x;a,. Hence, as
before, we have that a;; =0 for all 2<k <n and k #¢. Thus (4.3) in fact becomes
ay(xy — x11) = (a; — @)xy;. As in (4.2), choose x;; = 0 and x;, # x1;. Then the above
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equality gives that a;; = 0, and therefore ax; = x,a,. Thus clearly @ = a;;. In this way
we have shown, by induction, that A = @ € K*, as we claimed.

Suppose now that Q = Q, is a standard parabolic subgroup. By (4.1), and the
inclusions Z(G) € Cs(Q) € Cg(B), we conclude that Cs(Q) = Z(G). Next, it is clear
that also Z(G) € Z(Q) € Cs(Q). Thus we have proved our proposition.

Now let Q be conjugate to some standard parabolic Oy, via some g € G; that is,
Q =g0Qyg"". Then take some ¥ € G, and define y = g~'yg. Clearly, y € C5(Q) if and
only if y € C5(Qy). As we have shown that Cs(Qy) = Z(G), it clearly follows that
Cs(Q) = Z(G) as well. Thus we have again proved our proposition.

Now consider the case G = SL(n, K); here Z(G) = pu,(K). Let B again be the
standard Borel subgroup of G. Suppose that n > 2 or K# F;. An easy inspection
shows that the above proof of (4.1), and so of the proposition, works here as well. For
this purpose it is crucial to observe that we can again ensure that we have (4.2) and the
corresponding analogues.

The second claim of the proposition is clear. O

For what follows the reader may consult [S3, Section 4], and in particular
Lemma 4.2 there. For the moment let K be arbitrary, and s = s, be the n X n matrix
having 1 on the skew diagonal and O elsewhere. Given M € M,,(K), define

M =sM's;
that is, M" is the skew transpose of M. Let again € = —1 or +1. Then, analogously to
Section 2.3, consider a map A — A* = Ag on block matrices given by

X v\ y (T7 &Yr
(z T)_A'_)A _(sZT X)

Of course, the map A — A¥ defined above is not equal to the map A — A* considered
in Section 2.3. But we now also have exactly the same statement as in Lemma 2.1.

Now let G = GL(2n, K) or SL(2n, K), and let B be the standard Borel subgroup
of G. Obviously, B is §-stable. Define

Bi=B;=(geBlg'g=1)=BNG,
where
G =G={AeG|A'A =1}
that is, Bj is the standard Borel subgroup of G;.
Analogously as before, any subgroup of G, which contains B, is called standard
parabolic. A subgroup Q; of G, is called parabolic if it is G;-conjugate to some
standard parabolic.

For G, G| = GY, B and B = Bf as above, let Q be some #-stable standard parabolic
subgroup of G. Define

01=0={gcQlgle=11=0NnG"

Thus we have a pair of groups (Q, Q). As we will see below, such pairs fit into our
general setting. For that purpose we need an analogue of the previous proposition.
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Prorosition 4.3. Let K be a field different from Fs. Let Q1 be any parabolic subgroup
of Gy. Then
Ce(Q1) = Z(Q1) = Z(G).

As a consequence, for pairs (Q, Q1) as above,

Co(Q1) = Z(Q1) = Z(Q) = Z(G).

Proor. Suppose that Q) = g1 P, gl’l, where P 2 B and g; € G,. The same arguments
as in the proof of Proposition 4.2 ensure the following: Cg(B1) = Z(G) implies
Cs(P1) = Z(G); and Cgs(Py) = Z(G) implies Cs(Q1) = Z(G). In other words, it is
sufficient to prove the proposition for Q| = Bj.

By way of preparation, first note the following easy observation which is formulated
in a slightly more general form than we need below: a block matrix A = (g ¥ ) satisfies
AA¥ = [ if and only if

XT"=1 and YX =-eXY". 4.4)

Let us now take, for example, G = GL(2n, K). We will show that
Cs(B1) = Z(B1) = Z(G).

For that purpose, suppose that

My My
M= eG
(le Mzz)

such that AM = MA for all A € B;. In particular, take A = ((’) ¥ ) € B;, where Y satisfies
Y =-¢£Y7; see (4.4). Clearly, AM = MA if and only if YMy; = MY =0and YM;; =
M, 1Y. We treat the following three possibilities (see [S3, Claim 1, Theorem 3.7]).

(S) Symplectic case.

(0O1) Orthogonal case, and n odd.

(02) Orthogonal case, and n even.

For (S) we take Y = 1. Thus M, =0 and My, = M;; that is, M = (MO“ %:?) Next,
take A = (g (X91)T), where X belongs to the standard Borel subgroup of GL(#n, K).
Now AM = MA gives, in particular, that XM, = M,;X. By Proposition 4.2 it follows
that My; = AI, 1 € K*. Finally, for A = (fg %) € B; we have AM = MA if and only if
XM, = My,T. Then we choose X = ul, where u € K is such that u # u~!; here we use
the fact that K # F5. It follows that M1, = 0. As a conclusion we have that M = Al.

For (02) we take Y = ({) _01'_), where r = n/2; note that Y™ = —Y, as it must be. As
Y is regular, YM,; =0 gives that M»; = 0. Next, for M = (MO“ %Z) and A chosen as
in (S), the same argument as there gives that M, = 4,1 and M», = 4,1, for certain
A1, 2 € KX, But YMy, = M1, Y implies that 4; = A, = A. It remains to note, as in (S),
that M, =0.

For (0O1) consider a block-diagonal matrix

Y =diag(I,-1, 0, —1,_1),

https://doi.org/10.1017/S0004972712000548 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972712000548

494 B. Sirola [14]

where 2r=n+ 1. As YM,, = M, Y =0, it follows that M,; = gE,,, for some g € K.
Again take A as in (S), where X = (x;;) is an upper triangular regular matrix such
that x2, # 1; such X can be chosen when the field K has at least four elements. As
MA = AM implies, in particular, that X" M, X = M>;, an easy calculation shows that
necessarily g = 0; that is, M; = 0. The rest of the argument is the same as for (02).
Thus we have proved our proposition. m|
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