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1. Introduction

For any positive integer k let di(n) denote the generalized divisor function, defined to
be the Dirichlet coefficients of ((s)* in the half-plane Re(s) > 1. The study of shifted
convolution sums

Di(N,h):= > dr(n)di(n+h)

N<n<2N

is of central importance in the analytic theory of numbers. The case k = 1 is trivial and
for k = 2 we have known since the work of Ingham [6] that

6
Dy(N, h) ~ —0_1(h)Nlog? N
T
as N — oo, for given h € N, where o_1(h) := Zjlhj’l. Several authors have since

revisited this problem, achieving asymptotic formulae with h in an increasingly large
range compared with N. A detailed analysis of Ds(N,h) via spectral methods can be
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found in work of Motohashi [15]. The best results in the literature are due to Duke et
al. [3] and to Meurman [13].

In general it is expected that Dy (N, h) should be asymptotic to ¢, N log?*~2 N, for
a suitable constant ¢y, > 0, uniformly for h in some range. However, such a description
has not yet been forthcoming for any k > 3, even when h is fixed. One motivation for
studying the sums Dy (N, h) is the deep connection that they enjoy with the asymptotic
behaviour of moments

T
L(T) = / C(L 4 it) 2+ dt

as T — oo. It is commonly believed that Ij,(T) ~ ¢, T(log T)** as T — oo for a suitable
constant ¢ > 0. Keating and Snaith [11] have produced a conjectural interpretation of
¢ using random matrix theory for Gaussian unitary ensembles. Just as for the sums
Dy (N, h), we have only succeeded in producing an asymptotic formula for It(7) when
k =1 [4] or k =2 [5]. The relationship between moments of the Riemann zeta function
and the shifted convolution sums Dy (N, h) has been explored extensively by Ivié [8, 9]
and, more recently, by Conrey and Gonek [2].

Focusing on the case k = 3, in which setting we write D(N,h) = Ds(N,h), our aim
in this paper is to lend some theoretical support in favour of its expected asymptotic
behaviour. If ¢(n) denotes the Euler totient function, then we set

)= Z gﬁ;’%dsaq/d,m,

with

Z ple (s, ek) (1.1)

and

2, ds(pitr(@)
g(s,q):=H< )? 3p >

plg Jj=

Henceforth, v,(q) denotes the p-adic valuation of ¢. Next we define

P(z,q) := 1 CG(s+1)H(s+1,q) (Z)S ds

2mi |s|=1/8
= Ress—o (s + 1)H (s + 1,q) (I> (1.2)
q

by the Residue Theorem. Let c4(h) = 3, ,du(g/d) be the Ramanujan sum and let
€ > 0. Then the work of Conrey and Gonek [2, Equation (30) and Conjecture 3] predicts

that
2N

D(N,h) = S(x, h)dz + O(N/?+e), (1.3)
N
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uniformly for 1 < h < N2, where

S(a,h) =Y Cq;f)p(x,q)? (1.4)

Let
2N

A(N,h) := D(N,h) — / S(z, h)dz.
N

We shall lend support to (1.3) by considering both the first and second moments of
A(N, h) as h varies over some range that is small compared with N. Beginning with the
former, we shall establish the following result.

Theorem 1.1. Assume that 1 < H < N. Then

Z A(N,h) < (H? + HY/2NB/12)N=,
h<H

The exponents appearing in this estimate can be improved slightly for certain ranges
of H. We shall not pursue this here, however. For N in the range NV/6tc < H < N1—¢,
Theorem 1.1 gives an asymptotic formula for the average

G(N,H):= > D(N,h). (1.5)

h<H

It is interesting to relate Theorem 1.1 to the work of Ivié¢ [8, Lemma 6], who deduces the
upper bound
I (T) < Ti+e + T(a+3,371)/2+e

for the sixth moment of the Riemann zeta function on the critical line, where «, 5 € [0, 1]
are constants such that o + § > 1 and an asymptotic formula of the shape

> A(N,h) < H*NO*e
h<H

is valid for 1 < H < N3, Theorem 1.1 affords the choices a = % and 8 = %, which yield

I3(T) < T'Y/8+¢. Unfortunately, this does not give any improvement over the well-known
bound for I3(T) with exponent 2 + e.
Turning to second moments, we shall establish the following result.

Theorem 1.2. Assume that N1/37¢ < H < N1=¢. Then there exists § > 0 such that
> AN, h)]> < HN?7°.
h<H

It follows from Theorem 1.2 that the expected asymptotic formula
2N

D(N,h) ~ S(x,h)dx
N
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holds for almost all h < H if NY/3+e < H < N1=¢. Our proof of Theorem 1.2 is based
on Mikawa’s investigation [14] of twin primes. Here the Hardy—Littlewood circle method
is adapted to study the second moment of the analogous shifted convolution sum in
which ds(n) is replaced by the von Mangoldt function A(n). Our proof of Theorem 1.1
is simpler, being based on Perron’s Formula and a bound for the sixth moment of the
Riemann zeta function.

Notation
Our work will involve small positive parameters ¢ and §, d1, 2, . ... The value of £ will
be allowed to vary from line to line, and 6, 1,2, ... may depend on €. All of the implied

constants in our work are permitted to depend at most on these parameters.

2. Estimation of G(N, H)

The following two sections deal with the proof of Theorem 1.1. To this end, we evaluate
separately the averages G(N, H), defined in (1.5), and

2N
F(N,H) Z S(x,h)d (2.1)

h<H

We begin with the more complicated evaluation of G(N, H). Changing the order of
summation, we get

G(N,H)= > ds(n))_ ds(n+h). (2.2)

N<n<2N h<H
Using Perron’s Formula, the inner sum in (2.2) can be expressed in the form

c+iT

S da(n+h) = Qm/. Cg(s)((n+H)5ns)ierO(N;rg), (2.3)

h<H iT

where ¢ = 1+ (log N)~! and 2 < T < N. Shifting the line of integration and using the
Residue Theorem, we see that the integral is

Ress—1 (*(s )(nJrHs> (/7> /772 /UHIT) J(n+H)® — )d;, (2.4)

where % < 0 < 1is a parameter to be fixed later, P; is the line segment connecting ¢ —iT’
and o —iT" and P is the line segment connecting o + i7" and ¢ +iT.

For 1 < a <1 and [t| > 1, Weyl’s subconvexity bound is ((a + it) < [¢[(172)/3F<,
Moreover, ((a +iT) < logT uniformly in 1 < a < ¢. Hence, for i = 1,2, the integrals
over P; in (2.4) are bounded by

ds  N¢ Nite

1
/P G (s)((n+ H)® — )— < 7/0 T N da <

(2.5)

where we take into account that 2 < T < N and N <n < 2N.
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Combining this with (2.2)—(2.4), we therefore obtain

G(N,H)= M(N,H)+ E(N,H)+ O (N?E > : (2.6)
where
M(N,H):= > dg(n)Resszlgs(s)W
N<n<2N
and
1 oHT ds
BN H) =52 Gls) D ds(m)((n+H) —n*)—. (2.7)

N<n<2N

We proceed by writing

M(N,H)= Y ds(n)g(n),
N<n<2N

with
(r+ H)®* —z°

g(x) := Ress—y C3(s) S

We note that g(x) < Hz® and ¢'(z) < Hz®~!. Partial summation yields
2N
MONH) =g(2N) Y i)~ [ g0 3 datwa
N<n<2N N N<n<t
The classical work of Voronoi [16, Theorem 12.2] yields
tS
> ds(n) = Res,—y {3(s)§ + O(t'/?+9).
n<t

From these results we deduce that

M. H) = g(28)( Rescs ¢ =)

2N o
_/ 9/(’5)<Ress—1 Cls)— )dt+ O(HNY?**).
N

Integration by parts now reveals that

2N
d g, (1 —N?
M(N,H) = / g(t) < Resg—1 ¢3(s) ) dt + O(HN/?#*¢), (2.8)
N de S
Employing the Taylor series expansion
(t+ H)® —t* H?

SHE (s 1)t 2
- + 5 (s
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and the Laurent series expansion for ¢3(s) about s = 1, we obtain
t+ H)® —t° H?logt
Reso_y () D = pRes. (sl 40 (tog> :
s
where we keep in mind that H < N. Moreover,

t* — N¥

d ,
— Resy—1 ¢3(s) = Res,—1 (3(s)t* 7 < t5.

dt

Putting these facts together in (2.8), we obtain
2N
M(N,H) = H/ (Reso—1 C3(s)t*~1)2dt + O(H?N® + HN1/?*¢), (2.9)
N

Our next task is to estimate E(N, H) in (2.7). Applying partial summation to the sum
over n, we see that

N<nZ<2N Aot 170 = N<nZ<2N <<1 i IZ>S - 1> dz(n)n®
~((1+3%) -1) > st

N<n<2N
2N s—1
+SH/ (1+H) < Z dg(n)ns>dg26
N x N<n<zx .
It follows that
E(N,H) = E\(N, H) + Ey(N, H), (2.10)
where
1ot HY L) ds
Ey(N,H) = o— . ¢ (s)<(1+2N) 1)( > ds(n)n )S
N<n<2N
o+iT 0 s—1
4771N/ / <1+ 2]\7) ( Z ds(n)n )dsdﬁ
N<n<2N
and

N potiT HY ! s\ dsdz
E3(N, H) = / ( x) ( > dg(n)n) —

N<n<zx

For ¢+ = 1,2 we may deduce that

Z ds (n)na—i-it

N<n<z

T
Ei(N,H)<<£ sup / I¢(o +it)? dt. (2.11)

N<z<2N J_T
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Next, we transform the inner sum over n in (2.11) with a further application of Perron’s
Formula, obtaining

1 c1+2iT d N1tote
> wr =g [ e a6 N ro( T ) e
T 21 Joy g 51 T

N<n<a 1
where s = o + it and ¢; = 1 + o + (log N)~!. We shall shift the line of integration and
use the Residue Theorem, noting that we cross the pole of the zeta function at 1 since

|t| < T. In this way we see that the integral is

Nsl 20+2i1T d$1

Resg, = 333—5 (/ / / >38—8 ST NS —,
=145 (" (51 ) o Tom o o ¢P(s1—s)(x )81
(2.13)

where Pj is the line segment connecting ¢; — 2iT" to 20 — 2iT and Py is the line segment
connecting 20 + 2iT to ¢ + 2iT.
In the same way as (2.5), we see that

d N1+U+a
sy —s)(z — NS«
P S1 T

for i = 3,4, where we take into account that [t| < T
From (2.11) and (2.12), we deduce that

Ei(N,H) < A(N,H) + B(N, H), (2.14)

for i = 1,2, where

20—1 2T dtl
A(N,H):=HN Clo+it)]P|C(o +i(ty —t))?
L+ [t]
and .
B(N,H) := HN”*E/ |C(o +it)]? dt
7 1+ [t]

Here A(N, H) bounds the contribution of the third integral on the right-hand side
of (2.13), and B(N, H) bounds the contributions from the remaining terms.
Since o > %, we have
B(N,H) < HN? "¢

by the familiar bound for the third moment of the Riemann zeta function. Next, using
the Cauchy—Schwarz inequality, we obtain

—or \J_T 14 |ta]

Now we choose o = 5. By [7, Equation (8.80)], we have the expected bound for the
sixth zeta moment on the line Re(s) = . Hence,

A(N,H) < HN?7'T'% « gHNV/OoFeT,
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It therefore follows that
A(N,H) + B(N,H) < HNY/SteT 4 FNT/12+<,

We shall balance this bound with the estimate in (2.6) by choosing T = H~'/2N11/12,
Combining this with (2.6), (2.9), (2.10) and (2.14) we now get the final asymptotic
formula

2N
G(N,H) = H/ (Rese—y C3(s)t°" )2 dt + O(H?N® 4+ HY/2N13/12+4¢), (2.15)
N
Here we have observed that HN7/12 < HY/2N13/12 for HH < N.
3. Estimation of F(N, H)

It remains to evaluate F(N, H), defined in (2.1), and to estimate the difference

> A(N,h)=G(N,H) - F(N,H). (3.1)
h<H

We observe that

S eh =3 S @M p g2

h<H h<H g=
P(z,q)? Z Z

SH h<H q>H

qu(gh) P(z, ). (3.2)

I
N
T
:/\
(]

In §7, we shall show that P(x,q) = P*(x,q), where P*(xz,q) is defined as in (7.2).
Applying (7.3), we therefore obtain P(z, ¢) < (gz)°. Using this and the fact that |c,(h)| <
(¢, h), we deduce that

> ¥l rar <y 3 00

h<H q>H h<H ¢>H

<ty Ny

q2—£
h<H d|h ¢>H
dlq
—14¢
H d
g
<Y (5) 7=
h<H d|h

< (zH)®.

Next, we evaluate the first sum on the right-hand side of (3.2). An old result of Carmichael

[1] asserts that
Z cq(h) =0
h<q
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if ¢ > 1. Hence, we see that

T (h):{H+O(1) if g =1,

. O(¢g*ts)  ifg>1.
Putting all of this together, and using the definition of P(z,1) in (1.2), we get

> &(w,h) = HP(z,1)* + O((zH)F)
h<H
= H(Res,—1 C*(s)z*1)? + O((xH)?).

This implies that
2N 2N
FNH) =S / S(,h) dx = H/ (Res,_y C3(s)2° )2 dz + O(N'+%),
n<trIN N

Combining this with (2.15) and (3.1), we therefore conclude the proof of Theorem 1.1.

4. Activation of the circle method

Now we turn to the proof of Theorem 1.2. We shall mimic Mikawa’s [14] treatment of
the same problem for A(n) in place of d3(n). However, several of Mikawa’s arguments
need to be adjusted to the present situation, and additional complications will occur. In
this section, we describe the general set-up of the circle method.

We begin by observing that

D(N,h):/o 1S(a)[2e(—ah) da + O(hNF), (4.1)

where

S(a) := Z ds(n)e(na).

N<n<2N

Let Q1 := N? and Q := N'/* for a small parameter 0 < § < i. We divide the integration
into major and minor arcs as follows. The major arcs are defined as

a 1 a 1
M= U La Ipa= [_7+ ’
q<Q:1 1<a<q g 9@ q qQ
(a,q)=1
and the minor arcs are defined as

me=[Q 1,1+ Q1 \ M.

In the remainder of this paper we establish the following two results. Taken together
with (4.1), they imply Theorem 1.2.
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Proposition 4.1. Let 0 <7 < 1 and let § > 0 be sufficiently small. Then there exists
41 > 0 depending on 1 and § such that uniformly for h < N'=", we have

2N
/ 1S(a)[2e(—ah) da :/ & (2, h) dz + O(NT=5).
m N

Proposition 4.2. Let 0 < n < % and let 0 > 0 be sufficiently small. Then there exists
d2 > 0 depending on 1 and § such that for N/3+n < H < N we have

2
Z / |S(a)e(—ah) da

< HN?7%2,
h<H

Before we can state all the lemmas needed in our method, we need to introduce a
certain Dirichlet series and compute a related residue. Let k,q € N and let x be a
character modulo ¢. A function that will occur frequently in our analysis is the Dirichlet
series

Fk(X?‘S) = ZM) (42)

initially defined for Re(s) > 1. In the following, we convert this series into an Euler
product and show that it can be meromorphically continued to the half plane Re(s) > 0,
with a possible pole at s = 1, depending on whether the character y is principal or not.

To start with, let Re(s) > 1. By A, we denote the set of integers whose prime divisors
all divide k. Obviously, we can factor Fj(y,s) in the form

Fk(X?‘S) = Ak(X7S)Bk(X75)7 (43)

where

Al o= 30 My 5 XD

neAg (n,k)=1

Now we may write A and By as Euler products in the form

% (p7)ds (pi e ®)
Aes) =T X(p])difﬁH ) (4.4)
plk =0
3
Be(x.s) =]] (1 —~ X]Ef)) L3(x, s). (4.5)
plk

Obviously, Ak(x,s) can be analytically continued to the half plane Re(s) > 0, and
By(x,s) can be meromorphically continued to the whole complex plane. Moreover,
By (x, s) is holomorphic if  is non-principal and has a pole at s = 1 if x is principal. In
the latter case, when x is the principal character yo modulo ¢, we have

3
Bl =T (15 ) o0 (46)

p
plkq

Furthermore, we have the following bounds.
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Lemma 4.3. Let k,q € N. Let x be a non-principal character modulo q. Then for

Re(s) > % we have

|Fo(x, )| < k5[ L(x, 5] (4.7)
Let xo be the principal character modulo q. Then for Re(s) > % and s # 1 we have
|Fie(x0, 8) < (kq)°[¢(s)I. (4.8)
For j € {0,1,2} we have
dJ x®  (qkx)x
T Ress—1 Fx(xo, s)? < (4.9)

Proof. We first deduce from (4.4) that

vp(k)e

) < prp(k)E Z pg/z = H pp—1/2+s <K,
plk

plk
provided that ¢ < i. Moreover, if  is a Dirichlet character modulo ¢ and Re(s) > %, we

o 11 <1 - X]Ef) >3 <] <1 + \2)3 < k.

plk plk
Similarly, if Re(s) > 3, then

11 (1 — p1s)3 < (kq)*.

plkq

Combining these estimates with (4.3), (4.5) and (4.6), we arrive at the first pair of
estimates in the statement of the lemma.
Let > 0. To prove (4.9), we note that

2 n
=z 08 2 1yn 4 (s— 1 Ru(s),

|
o n!

where R,(s) is an entire function in s. We have

x® 1 s
Ress—1 Fk(XO,S)? - Fk(Xo,S)?dS

271 Jjs_1j=1/3
X07 )( 1) n

= dszxl . 4.10

ZWIZ/S 1| 1/3 S ’I”L! sriog T ( )

The integral involving (s — 1)3R,(s) vanishes since Fj(xo,s) has a triple pole at s = 1.
We now have

@ (0.0 (=1
Resa_1 Fk(xo, 8 ds g1
Bs=1 k(XO S 27Tl Z/g 1]=1/3 S . Sd v Og .

diz
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for j € {0,1,2}. It is clear that

dJ
—zxlog"r < x

1—j+e
dix

N

Furthermore, using (4.8), we have, for [s — 1| =1 and 0 < n < 2

Fk:(X07 S) (S B 1)71
s n!

)

< (gk)*[¢(s)° < (qk)*

Here we have noted that ((s) is bounded above by an absolute constant for s with

|s — 1| = %. Inserting these bounds into (4.10), we arrive at (4.9). O

5. Technical results

In this section we record some of the key technical facts that will be called upon in our
method.

Lemma 5.1. Let 2 < A < N/2. For arbitrary a,, € C we have

/ﬁslm 2

t<n<t+A/2
where the implied constant is absolute.

2N

2 2
dt+A< sup Ian|> :
N<n<2N

ane(fn)

N<n<2N

2
dg <« A*Q/

N

Proof. This is [14, Lemma 1] and is a form of the Sobolev—Gallagher inequality. O

The next two lemmas are modified versions of Lemmas 2 and 5 in [14], respectively,
where the role of A(n) is now taken by dz(n).

Lemma 5.2. Let k,q € N, AN > 1 and let x be a character modulo q. Set §(x) =1
if x is principal and §(x) = 0 otherwise. Define
o ((z+4)° — 2*)Fi(xo.5) |
s

x(n)ds(kn)—0(x) Ress=1 dz.

r<n<z+A

S(kyx, A, N) = /

N

Let 0 <n < % be given. Then there exist positive 6 and d3 depending on n such that if
k,qg < N° and N/t < A < N, we have

S(k,x, A, N) < A2N1=%, (5.1)

Proof. For k = ¢ = 1, Ivié [9, Corollary 1] proved that there exists d3 > 0 depending
on 7 such that if N'/6+7 < A < N'=", we have

2 (x4 4)° —2)3(s)

S

de < AN %,

8(17X07A3N):/
N

Z ds(n) — Ress—1

z<n<x+A

This is based on a bound for the sixth moment of the Riemann zeta function of the

T, which we made use of in §2.

expected order of magnitude on the line Re(s) = 15,

https://doi.org/10.1017/5001309151100037X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151100037X

Averages of shifted convolutions of dz(n) 563

Ivié’s method can be easily generalized to yield (5.1). The only additional inputs are the
following. If x is principal, then we use the bound (4.8). If x is non-principal, then we
use the bound (4.7) and a bound for the sixth moment of L(x;, s) in place of ((s). Indeed,
for any given € > 0, we have the bound

T
/ IL(x, {5 +it)|° dt < T(NT)?,
-T

provided that ¢ < N? with 6 > 0 small enough. The proof of this estimate is analogous
to the proof of the corresponding result for the Riemann zeta function and involves a
generalization of the Atkinson mean square formula for L-functions due to Meurman [12].

a

For the remainder of this section we suppose that o € R is given and that there exist
coprime integers a, ¢ such that | —a/q| < ¢~2 and ¢ < A < N/2. Our next goal in this
section is a proof of the following result.

Lemma 5.3. Suppose that A > N'/3 and let

2

dt.

2N

T = J(a, A) ;:/

N

Z ds(n)e(an)

t<n<t+A

Then there exist 64 > 0 and F' > 0 such that
J < (log N)F(AN(NY3 4 Ag=V2 4 (qA)V? 4 q) + A2NT 7% 4 A3,

The proof of this lemma requires some auxiliary results, namely slightly modified
versions of Lemmas 6-8 in [14]. Let f and g be sequences such that |f(n)| < logn and
l9(n)| < ds(n). Moreover, let U, V,C > 0 and define

2

2N
J1 ::/ Z g(n)e(amn)| dt,
N t<mn<t+A
USm<2U
2N 2
J2 ;:/ Z Z g(n) |e(adl)| dt,
N icaigt+a mn=d
c<i<2c U<m<2Uu
V<n{2V
2N 2
J3 12/ Z f(m)g(n)e(amn)| dt.
N t<mn<t+A

U<m<2U
Then we have the following bounds.

Lemma 5.4. There exists F' > 0 such that

Ji < (log N)F(AN(Aq™V2 4 (gA)'/?) + A%(N/U)? + A3).
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Proof. This is [14, Lemma 6] with the summation condition m > U being replaced
by U < m < 2U. The proof is similar. O

Lemma 5.5. There exist 64 > 0 and F > 0 such that
Jo < (log N)F(AN(Aq™Y? + (qA)Y?) + A%) 4 AZ(N170%  NTH3/274),

Proof. Thisis[14, Lemma 7] with an extra summation condition C' < I < 2C included
and the summation conditions m < U and n < V being replaced by U < m < 2U and
V < n < 2V. The proof is similar. O

Lemma 5.6. If U < A, then there exists F' > 0 such that

A A
J3<<AN(logN)F<U+q+U+q>.

Proof. This is [14, Lemma 8|. O

We now turn to the proof of Lemma 5.3. To prove his corresponding result [14,
Lemma 5], with A(n) in place of d3(n), Mikawa employed a Vaughan-type decompo-
sition of A due to Heath-Brown. Instead, we use here the much simpler decomposition
d3=1x%x1x1.

Proof of Lemma 5.3. For N < n < 3N, we may split dz(n) =5
O((log N)3) terms of the form

aben 1 1INtO

da,p,c(n) = Z L,

A<a<2A

B<b<2B

C<egL20C
abc=n

with %N < ABC < 3N. Using the Cauchy—Schwarz inequality, it follows that

2

2N
J < sup (logN)g/ Z da,pc(n)e(an)| dt.
ﬁégi{if t<n<t+A

Our argument can be split into the following three cases.
Case 1. Let N% < A < N'/3. We may write

2

2N 2 2N
/ Z da,B,c(n)e(an) dt:/ Z hp,.c(n)e(amn)| dt,
N Tiengt+a N cmn<tta
A<m<2A
with
hp.c(n) = Z 1
B<b<2B
C<e<20
be=n
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Now Lemma 5.6 with f =1 and g = hp ¢ yields the existence of F' > 0 such that

2N
/N

Case 2. Let A < N% and C > NV/2+94/2 We have

2

Z da p,c(n)e(an)

t<n<t+A

A A
dt < AN(log N)F (A totat q)

< AN(log N)F(NY3 4+ Ag™! + AN7% 4 ¢).

2 2

2N 2N
/ Z da,p,c(n)e(an) dt:/ Z hap(n)e(amn)| dt.  (5.2)
N lengtt+a N Ticmngtta
c<m<g2C

Now Lemma 5.4 with g = h4 p yields the existence of F' > 0 such that

2N
~/1V

2
Z da p.c(n)e(an)| dt

t<n<t+A

< (log N)F(AN(Aq™V2 + (q4)'/?) + A*(N/C)? + A°)
< (log N)F(AN(Aq Y2 + (qA)Y?) + A2N1 % 4 A3),

Case 3. Let A < N% and §N1/2*354/2 < B < C < N'Y/?+04/2 By (5.2) and the
definition of h4 g, we have

2

2N 2 2N
/ Z da,p,c(n)e(an) dt:/ Z Z 1 )e(amn)| dt.
N Ticngira N | t<mn<t+A \ A<u<24
c<m<2C B<v<2B
uv=n

Lemma 5.5 with g = 1 yields the existence of F' > 0 such that

2N
/N

2

> dapc(n)elan)| dt

t<n<t+A
< (log N)(AN(Aq™'/? + (qA)1/?) + A%) + A2(N' 7% + N7 A*B3/2)
< (log N)(AN(Aq™'2 + (qA)'/?) + A%) + AN %,

provided that d5 < 5—11
There are no remaining cases. Combining everything therefore leads to the statement
of Lemma 5.3. 0

Throughout the following, let X, be the principal character modulo n. In our treat-
ment of the major arcs, we shall have to approximate the term

T(q,x,A) := Z ZEZ:) Z Xo0,q+ (M)ds(mk),
klq

) afkcm<os )k
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with ¢* = ¢/k, by a simpler term of the form

Z pq(m)v

z<m<x+A

where p,(m) is a certain nicely behaved function. The remainder of this section is devoted
to the computation of this function.
Using Lemma 5.2 we shall aim to approximate T'(g, z, A) in mean square by

o(q,z, A) M 9) Res, 15((3“];A) (i)s>Fk7q*(s), (5.3)

where
Fk,q* (S) - Fk(XO,q*as)a (54)
in the notation of (4.2). Let
d T Fy g (s
Prg (T) == P Ress—1 L(). (5.5)

Then

+ A y 1 [r+A t
I{QS5 1— ((Z‘ k ) (i) )Fk,q* (8) = %/ Pk,q* <k}) dt.

Hence, we may write

T+ A
To(g,, A) = / po(t) dt,

where (@)
w(q* i
pk,q* <> . (56)
Nk k
T ela)
From (4.9), it follows that
. kq*x)®
Pha (@) < (ka2 phge (@) < BLL (5.7
This, together with
. q"
5.8
wld’) loglog 10g (5:8)
implies that
qn)°®
) < (2 (5.9

Armed with these formulae we may approximate the above integral by a sum. For z in
the range N < z <z + A < N we see that

Tgod) = 3w +o( 40, (5.10)

r<n<z+A
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6. Treatment of the major arcs
Now we investigate the major arcs. Let @ € I, , and write & = a/q + 5. Then we have
an
S(a) = Z dg(n)e(>e(ﬁn).

N<n<2N q

Splitting the sum according to the value of (n,q), we obtain
an am
S(a) = Z Z dg(n)e(>e(ﬁn) = Z Z dg(mk:)e<*>e(ﬁmk),
klg N<n<2N 4 klg N/k<m<2N/k q
(n,q)=k (m,q")=1

where ¢ = ¢*k. Let 7(x) denote the Gauss sum associated to a Dirichlet character. Then
for (a,r) = 1 we have the familiar identity

e(‘j>= Ly ),

(p(’l") x mod 7

relating additive to multiplicative characters (see, for example, [10, Equation (3.11)]).
Applying this, we may write

S@=Y- S r@x@ Y x(m)ds(mk)e(dmk).

*
klg (P(q )Xmod q* N/E<m<2N/k

We write S(a) = a+ b+ ¢, where

a:= Z py(m)e(Bm), (6.1)

N<m<2N
=Y s X e Y xmds(mbe(Bmb). (62)
klq vl x mod ¢* N/k<m<2N/k
X#X0,q*
and
ci= Z 283 Z X0,q* (m)dz(mk)e(Smk) — Z pg(m)e(Bm).  (6.3)
klq N/k<m<2N/k N<m<2N

Furthermore, set

/|a|2da:A2, /\b|2da:BQ, /\c|2da:CQ.
m m m

Using the Cauchy—Schwarz inequality, we obtain
/ |S(a)e(—ha)da = / la*e(—ha)da + O(A(B + C) + B* + C?). (6.4)
m m

To estimate the error term in (6.4), we need bounds for A, B and C, which are provided
by the following lemmas.
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Lemma 6.1. Let ¢ > 0. Then we have A% « N1te,

Proof. Expanding |a|? and integrating, we obtain

2 pq(ml)pq(m2)
A<<Z DOEED DR H1CORD DD DD DD DI e
a<aon 1 1<a<q N<m<2N 4<Q1 1<a<q N<mi<2N N<ma<2N 1 2

(a,q)=1 (a,q)=1 mi#ms

Now, inserting the estimate (5.9), we easily arrive at our desired result.

Lemma 6.2. Let § > 0 be sufficiently small. Then there exists §5 > 0 depending on
§ such that B2 < N1~%,

Proof. By the definition of the major arcs, we have

=y ¥ [

LS k@

q<Q1 1<a<q 161<1/(a@) (p(q*) x mod ¢*
(a,9)= XF#X0,q* )
x Y, x(m)ds(mk)e(pmk)| dB.
N/k<m<2N/k

Writing

q 1
(@) \/o(q*)g*

and applying the Cauchy—Schwarz inequality twice, we obtain

By S ud> Y

’ 2
q<Q1 1<a<q  klg x mod ¢* V1BISV/(@Q) | N/k cmgonyk

x(m)ds(mk)e(Bmk)| dB,

(a,q)=1 X#X0,q*
where
q e
gq = — < q,
! kzlq: (g7

using (5.8). Now applying Lemma 5.1 with a change of variables, we get

BQ<<Z Z 9q

g<Q1 1<axq

(a,q)=1
2N/k 2
X Z Z ( / Z x(m)ds(mk)| dz+ qQNE).
klg x mod ¢~ NIk |y cm<ataQ/ (2k)
X#X0,q*

Applying Lemma 5.2 and summing all relevant variables, we get the bound
B2 < Q?-&-Ele&; + Qéll-‘rEQ.

This is satisfactory if § < min{$ds, £}
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Lemma 6.3. Let 6 > 0 be sufficiently small. Then there exists dg > 0 depending on
§ such that 0% < N1=%,

Proof. First we observe that

D w(q*)

T ela)

Z Xo0,q+ (M)ds(mk)e(Bmk)

N/k<m<2N/k )
= B oo (2 ) ds(n)e(Bn).
- Y3 A () dateton)

N<n<2N K|(n.q)

Therefore, inserting the above into (6.3), we get that

c= Y (auds(n) - py(m)e(Bn),

N<n<2N
where @)
plg” n
ap = —Xo,q* | 7 |- (6.5)
> e (i)

Hence, we have

C? = Z Z 1(q,a), (6.6)

g<Q1 1<a<gqg

(a,q)=1
with )
I 5 = nd _ ﬂ dﬁ
. /ﬂ<1/(qQ) ‘ N<;2N(a 3(n) = pg(m)e(fn)
Lemma 5.1 yields
1 2N 2
I(q; a) <L — (and?,(n) —p (n)) dt
(qQ)? /N renTa0)2 q
2
+ qQ( sup  |ands(n) — pq(n)|>
N<n<2N
1 2N 2
< @Qr /N (and3(n) = pq(n))| dt +gQN*, (6.7)

t<n<t+qQ/2

where the last estimate comes from using (5.9) and a,, < n°. Employing (5.10), we have

2

D (ands(n) — py(n)

t<n<t+qQ/2
NP

- Z andS(n) _TO (qvta (]2Q> +O<(q))

t<n<t+qQ/2 q

2
qQ (gN)*

< Z ands(n) — Toy (q, t, 2) + O( Z )

t<n<t+qQ/2
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Note that >, 12(q*)/¢%(¢*) < 1. Now using (5.3), (6.5) and the Cauchy—Schwarz
inequality, we deduce that the first term in the last line is bounded by

SIS e -res (31 qf)) - (;))Fk (5)

klg | t/k<m<t/k+qQ/(2k)

2

Reinserting our work back into (6.7), we see after a change of variables that

5N1+8
I(q,a) < ——~5— + qQN°
(q,a) Q2 9@
k 2N/k
+ Z (qQ)? / Z X0.q+ (m)ds(mk)
klq q N/k z<m<z+qQ/(2k)

2

1 S
— Resg—1 5 ((:c + 2?) — :rs) Fi.q-(s)| dt.

We are now in a position to apply Lemma 5.2 to the integral on the right-hand side. This

gives
1+¢
I(g,a) < N'™% 4+ =5 + qQN° < N'7%,
*'Q
since ¢ < N% < N'/* and Q = N'/*. Now, inserting the above estimate into (6.6) and
summing all the relevant variables, we arrive at our desired result if § < %53. O

From (6.4) and Lemmas 6.1-6.3, we obtain the following result.

Lemma 6.4. Let § > 0 be sufficiently small. Then there exists §; > 0 depending on
0 such that, uniformly for h, we have

/ |S(a)|26(—ha) da = / |a|26(—ha) da + O(N1_67),
m m
We now turn to the computation of
Z(h) ::/ la]?e(—ha) da, (6.8)
m

where a is given by (6.1). By the definition of the major arcs, we have

Zm=3Y 3 /lmgm\ S pelm)e(sm) Qe(h(3+ﬂ)>dﬂ

q<Q1 1<a<q N<m<2N
(a,q):l
2
= Z cq(—h)/ ’ Z pg(m)e(Bm)| e(—hpB)ds,
q<@Q1 181<1/4@ N<m<2N

where ¢,(m) is the Ramanujan sum.
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Expanding the square in our expression for Z(h) and using (5.6), we have

= p(q/k1)u(q/ k)
Z(h) - (I§l ; kzq /kl kl@ /kz)
g /ﬁ|<1/qcz N<£2N N@%;g}\[p’“hq/’c1 (h)pkz,tﬂkz (,@)E(ﬁ(m —ng —h))dp
w(q/k1)p(q/ke) 1-1/qQ
qgl kzqkz (a/k)krp(a/ k)b {/ e //qQ }
= X1 (h) — Xs(h), (6.9)

say. It easily follows that
w(q/k1)p(q/kz)
Xi(h
1(h) = Z Z Z o(q/k1)k1p(q/k2)ks

q<Q1 k‘l q k ‘q
n n—nh
X Z Dk1,q/k: <k1>pk2,q/k2 (162) (6.10)

N+h<n<N

Next we turn to the estimation of

w(q/kr)p(q/kz)
B = 3 el Yy e

q<Q1 kilg k2 \q
1-1/4Q "
TS v (et
1/4Q N<ni<2N 1
S g (2 )elna) el om) a5
N<na<2N
Using partial summation, (5.7) and the familiar bound

> eBn) <817 (6.11)
s<n<t

where ||a]| is the distance of a to the nearest integer, we obtain the estimate
n € -1
5 b ) el < @I
N<n<2N

Since |cq(—h)| < ¢(g), it follows that Xo(h) < N°Q1Q < N3/* since § < 1. Combining
this with (6.9), we obtain
Z(h) = 1(h) + O(N3/%), (6.12)

uniformly for h € N.
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7. Computation of the singular series

We now show that our main term Xy (h) in (6.10) can be approximated by the integral
on the right-hand side of the estimate in Proposition 4.1. Throughout this section, we
assume that ¢ < N° and k;|q for i = 1,2, and that 0 < § < 4 and 0 < < 1. In the
following, we shall frequently make use of (5.7), (5.8) and the inequality |c,(—h)| < (g, h)
without further mention.

The innermost sum on the right-hand side of (6.10) is

n n—~h
Z Pky,q/k1 L Pks,q/k2 Ty

N+h<n<2N
n—~h
= Z pkl,q/ln( )pkz,q/kz (l@) + O(hN®)

N<n<2N

n
- Z Pky,q/k: ( )pkg,q/kg <k‘2) + O(hNE)

N<n<2N

2N
x x
= / Pky,q/k1 (k)pkz,q/kz (k) d$+0(th)
N 1 2
It follows that

- 3 [ (£ (7)o 520

q<Q1 N q=1

We note that uniformly for h < N'~", we have

h(gq, h
NEZ (% ) < N1-%
g=1 q
for some dg > 0 depending on 7, if 2¢ < 1. Moreover, we can extend to infinity the sum
over ¢ < Q1 in the main term, with acceptable error depending on § and 7. Combining
everything, we obtain

2N
2i(h) = S*(x, h) dz + O(N*~%),
N
where dg depends on 7 and § and
2
x 1(q/k)q T
G ((E,h) = <Z pk,q/k ()) .
= e (q/k)k k
We proceed to show that
&*(x,h) = S(x,h), (7.1)

where the right-hand side is defined as in (1.4). To begin with we write

& (e.h) = (q’” P* (e, )%,
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where

I NG zd
P = S paaa ). (7.2

In particular, it follows from (5.7) that
Pz, q) < (qx)7, (7.3)

which is not of importance in the rest of this section but was used in §3. Recalling the
definition of py 4« from (5.5), we have

d tgF d,d(s)
pq/d,d(y) = a Ress:l L
Y

d ¢
= ReSS:1 <(dt$>’ Fq/d7d(8)>
Y

= Resg—1 ys_qu/d,d(‘S)'

Making the change of variables s — s + 1, we obtain

P*(x,q) = Z /;(zg)d Resg—1 (qu) i Fyra,a(s)

dlq

w(d)dstas
= ReSs:o Z WFq/d’d(s + ]_)
dlq
Hence,
where W
* H S Yk
H*(s,q) =) @ Ciraal®
dlq
and
Fq/d7d(3)

;/d,d(s) = <3(8>

For the proof of (7.1), it remains to show that G ; ,(s) = Gy a,4(s), in the notation of
(1.1). It suffices to check this equation for prime powers ¢ = p%*, o € N. We recall (4.3),
(4.6) and (5.4).

Case 1. If d =1, then

Foo =L ds(pite
Giaal) = Gialo) = 5 = (1 Y P 61 (6) = Gl
j=0
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Case 2. If d = p®, then

« % _F‘7 alS —s
G aals) = G (s) = <<(>) = (1= p*) = G14(5) = Gyyaals).
Case 3. If d = p° with 1 < 3 < a —1, then
% F =B, 5(8) _s o—
Q/d,d<5) = % =(1-p )3d3(p ﬁ) = Gq/dd(s)-

In this way we see that Gy/q.4(s) and GZ/d,d(S) match up in all cases. Combining the
facts in this section, we obtain the following estimate.

Lemma 7.1. There exists d;9 > 0 depending on 1 and § such that, uniformly for
h < N7 we have

2N
20 (h) = /N & (2, h) dz + O(N1=510),

Combining Lemma 6.4, (6.8), (6.12) and Lemma 7.1 proves Proposition 4.1.

8. Treatment of the minor arcs

This last section is concerned with the proof of Proposition 4.2, following precisely
Mikawa’s treatment. Expanding the square, rearranging the order of summation and
integration, and using the bound (6.11), we have

2
1
Z |S(a)e(—ah) da <</ / 1S (1)]?]S(a2)[* min (H, > dajdas.
h<p l/m mJm Hal - OQH
(8.1)
Set A := HN~%1 with 0 < d;; < 1. We split the right-hand side of (8.1) into I; + I,
with
2 2 . 1
I ::/ / [S(a1)[7]1S(a2)]” min (H,> das day,
m |a27aT\>l/A ||Oé1 o 042”
1
Iy = / / |S(1)|?S(ar2)|? min (H, > das doy.
m |a2—aT\<1/A ||Oé] _042”
Using orthogonality and the estimate d3(n) < n®, we see that
1 2
I, <« HN—n ( / |S(a)|2da> < HN?7011/2, (8.2)
0
Furthermore, we have
I <« H/ S(a)|2</ 1S(a+ )7 dﬁ) da. (8.3)
m 18l<1/A
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In view of Lemma 5.1, the inner integral here is

2N
/ 1S(a+ B)|2dB < A*Q/
[B]<1/A N

Now, by Dirichlet’s Theorem and the definition of the minor arcs, if o € m, there exist
a and ¢ such that

2
ds(n)e(an)| dt + AN°®.

t<n<t+A/2

a
o — =
q

From Lemma 5.3, the definitions of A, @1, Q and the assumption N/3+" < H < N7,
it now follows, uniformly for @ € m, that

2N
A /
N

provided that d1o < min{%é7 04,1 — 011, 2—14} Combining this with (8.3), we therefore
obtain

< q_2a <a7q> = 17 Ql <q < Q

2
dt < N1z,

Z ds(n)e(an)

t<n<t+A/2

1
I, < HN' %2 / |S(a) |2 dev « HN?912/2
0

Proposition 4.2 now follows on inserting this estimate into (8.1), together with (8.2).
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