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Abstract
In today’s world, in order to increase the movement abilities of amputees, different types of passive prostheses
are used according to the level of the person’s disability. Although these types of prostheses increase a person’s
mobility; however, they still have a limited ability to help the amputee walk normally on uneven terrain, as there
is no net stimulus input power for the target joint. These limitations have led to the growth of the use of active
prostheses in recent years, which has led to a variety of prosthetic designs. The purpose of this research is, first of
all, to provide a suitable design and control of active transtibial prosthesis close to the performance of lost limb of a
healthy person, and second and more importantly, to develop a 7-link inverse dynamic model of human gait and use
it to analyze of an amputee gait with the designed prosthesis. Winter’s reference data are used in the entire process
of design and simulation of prosthesis performance. Also, it is assumed that the amputation occurred in only one
leg of the person. Based on the obtained results, when an amputee with 57 kg weight and 1.55 cm height wears an
active prosthesis designed with 0.5 kg extra weight, the amount of metabolic cost of amputee in the swing phase
increases by about 20%. By using this obtained model, it will be possible to optimize different prosthesis designs
for people with different weight and height conditions.

1. Introduction
Lower limb prostheses are artificial devices that are used to replace a lost limb and restore its motor
function to the maximum possible. By focusing on ankle prostheses, most commercial models are inac-
tive or passive (devices with passive spring [11, 29]). The mechanical legs of the passive prosthesis are
controlled solely on a mechanical design (e.g., sliding-spring joints or hydraulic valves) by moving the
user’s torso, pelvis and other limbs, and there is no external control input. A small share of the com-
mercial market of artificial limbs or prostheses belongs to semi-active (microprocessor-controlled [10,
16, 32]) types. Semi-active prostheses often control the damping of the replaced joint by changing the
viscosity of a smart fluid (such as magnetorheological or MR fluids) during the gait cycle [10]. Although
these types of prostheses provide the person with the ability to walk, they still have a limited ability to
help the amputee walk normally on smooth ground and especially uneven ground (such as stairs and
slopes) because there is no substitute for the active behavior of body muscles in the prosthesis and there
is no input driving power. In addition, it has been shown that compared to a healthy human, a person’s
metabolic energy consumption increases significantly (more than 50%) and also the torque and power
consumption of the thigh increase by about three times [42]. Passive prosthetic devices can mimic the
behavior of acentric or isometric (static contraction) muscle behavior (for example, by a damper). They
can also cause elastic tendon-like behavior by a variety of springs. It is not possible to mimic the behav-
ior of concentric muscle (introverted contraction) with a passive system. Creating such a capability can
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provide additional capabilities for a prosthetic system. Therefore, bringing the movements of the ampu-
tated person closer to a healthy person and resolving the problems and shortcomings of inactive and
semi-active specimens are among the necessities that have been felt in recent years. The proposed alter-
native is active prostheses; a prosthesis that can also be fed from outside. In fact, the movement of the
knee or ankle joint is provided and controlled using electrical or hydraulic-pneumatic systems.

The first step towards an active prosthesis was taken by Radcliffe in the form of an upper knee pros-
thesis in the late 1980s under the name AKP [36]. This prosthesis uses an external power supply and
control, as well as DC motor technology to move the knee joint. By using this system, the amputation
energy of the amputated person is reduced and the maximum walking speed is also increased [34]. In
the last 25 years, only a few commercial systems have been able to provide active energy and torque to
the prosthetic joint. The first commercially active leg is Proprio from Ossur [30]. The latest revision of
this prosthesis is called Proprio-Foot with Evo [13]. However, it is not considered to be a fully powered
prosthesis because its active components are only used to position the ankle angle for larger swing leg
clearance. It cannot provide any extra energy when the foot is in pushed off phase. A more advanced
active below knee prosthesis with active ankle has been provided by iWalk [35]. They introduced BiOM
as a replacement of the human ankle, which uses an elastic element and a motor to produce a behavior
similar to the calf muscle [3, 4]. The drive train and the implemented series spring together comprise a
series elastic actuator called “SEA” which is the major design concept of this prosthesis. In this way, it
is possible to generate power for the push of phase in normal walking. Latest revision of this prosthesis
has successfully become commercially available for testing in recent years by iWalk LLC [14]. In the
past decade, other research prostheses such as Sparky 1-3 [1, 6, 25], Cyberlegs based on the MACCEPA
mechanism [18, 27], active alignment prosthesis [28], AMP Foot 1-3 [7–9], and pneumatically actuated
transtibial prosthesis [43, 44] have also been presented, which have their own strengths and weaknesses
and all are developed for laboratory researches.

The performance of all introduced prostheses has been evaluated by making samples and performing
some clinical tests and improved if needed [3, 28]. In some researches, an independent laboratory setup
has been developed to test the function of the designed and manufactured prosthesis so that a favorable
evaluation of its function has been made before testing on amputee [5]. Considering the importance of
modeling in the study of kinematics and kinetics of human movement, it is also important to provide a
suitable model for amputee walking. This model can be a powerful tool for analyzing the behavior of
an amputee with a designed prosthesis before construction, which will greatly reduce the costs caused
by possible trials and errors. In addition, modeling close to real human behavior has information about
the behavior of other limbs of the body, which are either complex or very costly to investigate in reality
and experimentally. Also, it is a suitable tool for the design of the controller in the manufacture of
active prostheses. Therefore, providing a suitable model of human amputee movement is very useful
and helpful. In one research [41], in order to modeling of the movement of an amputee with a passive
below knee prosthesis, OpenSim software was used to investigate the effect of using springs and dampers
in the ankle joint of the prosthesis on the forces acting on the knee of the amputated leg. In this model, in
order to simulate the amputee gait with passive prosthesis, the muscles of the amputated leg have been
removed and the mass and inertia characteristics of the remaining bone links have been set to be similar
to the prosthesis. In a new research in 2018, Price et al. modeled the normal gait of an amputee with
a passive prosthesis using OpenSim software [31]. In this model, CAD of prosthesis is transferred into
the OpenSim environment and added to the amputee walking model, which gives reasonable results.
But, this modeling is done only in the normal gait with passive prosthesis, so there is no modeling of
amputed gait with active prosthesis which is more important than passive ones because prototyping of
an active prosthesis is more expensive than passive ones.

The main contribution of this research is to modeling of the amputee’s gait with the designed active
prosthesis. In this research, an appropriate design of active transtibial prosthesis with maximum prox-
imity to the lost limb of the disabled person is proposed. The anthropometric data of reference [40] are
used in the design process in order to achieve the desired weight, inertia, and dimensional characteristics.
With the aim of evaluating the kinematics and kinetics of the amputee’s gait with a designed prosthesis,
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(a) (b)

Figure 1. Biomechanics of ankle joint in different subphases of normal gait.

a 7-link two-dimensional model is developed. This model offers the possibility of investigating the effect
of different design parameters on the dynamic and kinematic characteristics of the amputee’s gait. Also,
with the help of this model, it is possible to carry out suitable simulations for amputees with different
weight and height specifications and update the prosthesis design before constructing expensive sample.

The rest of this paper is organized as follows: Section 1 describes the ankle active prosthesis design
characteristics, and Section 3 explains overall design of prosthesis. In Section 4, prosthesis feasibil-
ity study and evaluation has been described, whereas Section 5 indicates total control system design
and primary evaluation. Section 6 depicts the procedure for simulation of amputee gait with designed
active prosthesis by the use of 2D 7-link inverse dynamic model. Simulation results and discussion are
presented in Section 6, too. Finally, the conclusion is explained in Section 7.

2. Transtibial prosthesis design specifications
In order to design a transtibial (below knee) active prosthesis, it is necessary that the kinematic and
kinetic characteristics of the amputee are available or, in the minimum situation, the limitation of the
person’s movement parameters can be obtained and evaluated. For this purpose, in order to evaluate and
compare the results, Winter’s data have been used in design procedure [40] (all data analysis including
kinematic and kinetic calculations of gait and raw data filtering procedure are available in reference
[37]). Based on these data, the prosthesis is designed for a person with 56.7 kg weight and approximate
height of 1.53 m (Table I). From [3, 4, 14, 19, 23, 24, 33], the stance phase of normal gait can be divided
into three sub-phases: controlled plantar flexion (CP), controlled dorsiflexion (CD), and powered plantar
flexion (PP). These phases of gait and position curve of ankle joint during one gait cycle are presented
in Fig. 1. The detailed kinematics and kinetics of ankle joint can be seen in Fig. 2 curves. Also, the
torque–angle curve as a main design index is also shown in Fig. 3.

From the analysis of Figs. 1–3:

• Ankle angle variates from −20◦ to +7◦.
• Maximum ankle torque is 90.2 and maximum speed is below 40 rpm.
• Instantaneous output power is a maximum of 200 W and the amount of energy consumed in a

cycle is about 16 J.

One of the important challenges in designing this prosthesis is to obtain the stiffness or impedance of
the ankle joint. For this purpose, the torque–angle curve of Fig. 3 and fitting the appropriate linear curve
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Table I. Amputee and prosthesis design parameters.

Description Parameter Value Units
Fullbody weight W 56.7 kg
Total height of person H 153 cm
Average walking velocity V 1.42 m/s
Lost limb weight Wll 2.6 kg
Lost limb height hll 36.7 cm

(a) (b)

(c) (d)

Figure 2. Ankle kinematics and kinetics in normal gait.

(linear regression) in different sub-phases of normal walking are used. The results obtained from linear
regression of ankle torque-angle data are presented in Fig. 4.

The stiffness values obtained in different subphases of the gait are listed in Table II. In this table,
the R-squared1 value is presented as an indicator of the accuracy of stiffness estimation for each of the
subphases. In the best case, the regression model exactly match the observed values (gait data), which

1(R2 or the coefficient of determination) is a statistical measure in a regression model that determines the proportion of variance
in the dependent variable that can be explained by the independent variable. In other words, r-squared shows how well the data fit
the regression model (the goodness of fit) [40].
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Figure 3. Ankle torque versus angle during level ground walking including different sub-phases.

Figure 4. Ankle different sub-phase stiffness estimation with linear regression.
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Table II. Stiffness estimation results of different subphases of gait.

Description Parameter Value Units Regression R2

Stiffness of CP phase kCP 44.47 N.m/rad 0.386
Stiffness of CD phase kCD 260.53 N.m/rad 0.75
Stiffness of PP kPP 197.82 N.m/rad 0.974
Total stance average stiffness kst 148.67 N.m/rad 0.372

Figure 5. Ankle different quasi-linear impedance/stiffness estimation in one gait cycle.

results in R2 = 1. Therefore, due to the less data of CP phase, the estimation accuracy has been reduced.
In two other subphases CD and PP, a suitable linear estimation has been made. Also, the average stiffness
value of the entire gait cycle cannot show the completely linear behavior and the error is high.

In order to design of prosthesis series elastic actuator (SEA) structure, an approximate quasi-linear
behavior of the entire gait cycle should be achieved. The normal human ankle behavior was broken down
into a spring component and a torque source. The spring component was then piecewise linearized and
its stiffness varies with the sign of the ankle angle. The torque source was modeled as a constant offset
torque �τ , which was applied to the ankle joint during PP phase. Figure 5 shows two different types of
estimations where it is assumed that by changing the sign of the relative angle of the ankle, according
to the design of the proposed prosthesis, the stiffness will be changed.

Meanwhile, between the CD and PP phases, a constant instantaneous torque should be applied (�τ ),
which practically estimates the net input torque of the push-off phase. Also, based on the results of
previous researches [12, 19, 33, 38], there is an offset stiffness (koffset) at different walking speeds that
shows the passive behavior of the ankle joint. This stiffness is shown schematically with dash-dotted line
in Fig. 5. The offset stiffness can be obtained by computing the average slope of the measured human
ankle torque–angle curve of the human ankle during CD phase. Based on this analysis for both cases,
the values of offset stiffness and push-off torque are equal to relation 1.⎧⎨

⎩
�τg = 45 N.m

koffsetg = 550 N.m/rad
,

⎧⎨
⎩

�τc = 70 N.m

koffsetc = 330 N.m/rad
(1)

in which subscript “g” denotes green line estimate and subscript “c” means crimson color linear esti-
mated stiffness curve. Parameters �τ and koffset are design targets, and selection of the most appropriate
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Figure 6. Power spectrum of ankle torque data for one cycle of normal gait.

offset stiffness and torque estimation is based on the capability of the designed drive system of prosthe-
sis, which will be discussed further. In addition, this approach has practically established the procedure
of the control system of the designed active ankle prosthesis, which is described in Section 4. The ability
of the actuator designed by SEA to produce sufficient and fast torque for different desired speeds is one
of the most key topics in the design of actuators. The characteristic that shows this ability is the torque
bandwidth. The torque bandwidth can be calculated based on the power spectrum of the ankle torque
data for a single gait cycle. In this research, based on the results of ref. [4], the torque bandwidth is
determined in the frequency range that covers 70% of the total torque data power. Based on gait data
analysis in ref. [37], power spectrum of ankle torque in normal gait is plotted as in Fig. 6. According to
this figure, cutoff frequency (ωc) is 6 Hz and torque bandwidth (BW) is found to be about 3.5 Hz. This
parameter will be evaluated after designing of prosthesis actuator in Section 3.

3. Overall design of prosthesis
Based to the intended design objectives, the conceptual design of Fig. 7 for an active below-knee prosthe-
sis is presented. According this design, an electric motor with a planetary gearbox will provide rotational
motion to the ankle joint through a bevel gear reduction system. In this design, the flexible foot of Ossur
company of Vari-Flex size 25 has been used. The reason for this choice is the predominance of this size
among the various carbon fiber flex-foot sizes available (Fig. 8).

The working principle of the drive system is shown schematically in Fig. 9. Accordingly, by creating
motion in the electric motor and reducing it in the planetary gearhead, the pinion of the bevel gear system
rotates. In order to create a series elastic behavior in the actuator, an arm is attached to a bevel gear on the
ankle axis. The output gear (larger size) can rotate freely on the joint shaft. This gear rotates this arm and
creates a linear motion through the compression springs so the springs applies torque to the foot link.
For this reason, the power train treats as a series elastic actuator (SEA). A SEA is effectively a 2 degrees
of freedom (DOF) actuator (the dynamic model is presented in Section 5.1), because even though the leg
and foot links are both fixed, the springs are compressed by the rotation of the motor shaft and the large
bevel gear. Of course, these spring deformations during gait are minimized by using springs with high
stiffness, and they are used only due to absorption of walking shocks and also providing the possibility
of measuring the ankle joint torque. Therefore, according to Fig. 9a, in the stance phase, the foot link is
assumed to be fixed and with the rotation of the pinion of the bevel gear system (θin), the big bevel gear
rotates (θse), and the series springs is deformed until the necessary output torque is created to rotate the
leg (θout). In the swing phase, the leg link is assumed to be practically the same as the fixed ground, and
because the inertia of the foot link is not so impressive, with minimal deformation of the series springs,
the foot link rotates (θin) and movement is produced (Fig. 9b).
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Figure 7. Schematic design of active below-knee prosthesis.

Figure 8. Ossur LP Vari-Flex carbon fiber foot with plastic cover.

On the other hand, according to Fig. 3, in CD phase, more ankle stiffness/impedance is needed in
the normal gait compared to CP. Therefore, the elastic elements used for different subphases should be
different. For this purpose, the prosthesis is designed in such a way that two parallel compression springs
engage in the CD phase and in the CP phase, only one compression spring will be active. So, assuming
the springs are of the same size (equal stiffness and dimension), in CD phase joint stiffness will be twice
of CP phase. After finalizing concept design of power train, it is needed to select an appropriate elec-
tric motor. Due to the optimization goals between cost and output torque-speed characteristics, Maxon
DC RE40 is selected and its overall specifications are shown in Table III. This motor is 150 W and
its important speed–torque characteristics are given in Eq. (2) [21]. All the parameters are defined in
Table III. {

Tstall = 2420 mN.m

ωnl = 7580 rpm
,

{
Trm = 177 mN.m

ωrm = 6940 rpm
(2)
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Table III. Maxon 150W RE40 motor data [21].

Description Parameter Value Units
Nominal voltage Vn 24 V
No load speed ωnl 7580 rpm
No load current Inl 137 mA
Nominal speed ωrm 6940 rpm
Nominal torque Trm 177 mN.m
Nominal current Irm 6 A
Stall torque Tstall 2420 mN.m
Stall current Istall 80.2 A
Max. efficiency ηm 92 %
Mechanical time constant τm 4.67 ms
Rotor inertia Jm 142 g.cm2

Weight Wm 480 g

Table IV. Maxon GP42C planetary gearhead data [22].

Description Parameter Value Units
Reduction np 43:1 –
Absolute reduction npa 343/8 –
Mass inertia Jp 9.1 g.cm2

Number of stages SN 3 –
Max. continuous torque Tpc 15 N.m
Max. intermittent torque at gear output Tp. max 22.5 N.m
Max. efficiency ηp 72 %
Weight Wp 460 g

(a) (b)

Figure 9. Schematic of prosthesis series elastic actuator working principle.

This motor also has a 3-stage GP42C planetary gearbox mounted on the end. The specifications of
this gearbox, which offers a 43:1 speed reduction [22], are shown in Table IV. According to this table,
the maximum efficiency of this gearbox is 72%, and it can withstand a torque of 15 N.m continuously.
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Table V. Maxon L-type MR encoder data [20].

Description Parameter Value Units
Counts per turn Ct 500 –
Number of channels NEC 3 –
Max. operating frequency FO. max 200 kHz
Max. speed SE. max 24,000 rpm

Figure 10. Installation drawing and exploded view of the designed prosthesis.

At the rear of the motor-gearbox, a 500-pulse L-type MR three-channel encoder is installed (Table V),
which can provide the angular position of the engine up to a frequency of 200 kHz [20]. This encoder
will be used to control the internal position loop of the motor.

In order to achieve the control goals, it is necessary to measure the deformation of the springs of the
SEA system along with the ankle joint angle. The Fenac [17] incremental rotary encoder (FNC35 with
2500 counts/turn) is used to measure the deformation of series springs. Also, in order to measure the
relative angle of the ankle joint, a Bourns linear 10 k� slide potentiometer [2] is used. In addition to
these, two FSR [39] foot pressure sensors are used in the heel and under the toe of the Flex-foot of the
prosthesis to detect the switch between different phases of gait. In Fig. 10, the installation drawing of
all the main elements of the designed prosthesis is depicted in an exploded view.

Another requirement for running the electric motor and implementing the designed control system
is choosing the right motor driver. In this research, Maxon EPOS2 driver [15] with digital and analog
input capability with 24 VDC output voltage is used. This system is one of the best available drivers for
position and torque control purposes. After choosing the main elements of the designed prosthesis, it is
necessary to evaluate the fulfillment of the targeted specifications in order to ensure the correct function
of the prosthesis before prototyping. In the continuation of the research, this evaluation is discussed.

4. Feasibility of designed prosthesis
It is now necessary that the designed prosthesis be slightly advanced in terms of detail design in order
to meet the general specifications of the system.
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1. By choosing the dimensions of structural links as shown in Fig. 11, the height of the prosthetic
ankle joint from the flex-foot floor is about 5 cm, which is similar to this distance for a healthy
person in the same size (weight 60 kg and average height 160 cm). Also, total height of the pros-
thesis (without socket) is less than lost limb height (hll = 36.7 cm) and there is a need to use 6 cm
height stainless steel pylon.

2. According to Fig. 11, springs deflection (�x) in the dorsiflexion phase is 25.3 mm and in the
plantarflexion phase is 36.2 mm. Now using these two values, the angle range of the prosthesis
ankle joint (�θ ) is obtained from Eq. (3). Due to this relationship, the desired angle range of
±20◦ (0.3 rad) will be satisfied.

�x = r�θ ; �θ = ±0.3 rad ⇒ �x = 36 × 0.3 ∼= ±11 mm (3)

where r is the moment arm of springs longitude force.
3. In addition to meeting the dimensional specifications and range of motion of the prosthetic joint,

it is necessary to evaluate the ability of the system to satisfy the requirements of speed and torque.
Assuming a 4:1 deceleration for the bevel gear set (nb = 4), the maximum speed and torque that
the motor can provide under operating conditions can be calculated from the following equations.
Based on Eq. (4), the total speed ratio (V.R.) of the actuator is 172 (np is planetary gearhead speed
reduction ratio as mentioned in Table IV). Under operating conditions, by dividing the nominal
speed (ωrm) by this value and multiplying it by the rated motor torque (Trm) similar to Eq. (5),
these values will be obtained at the ankle joint (Tra and ωra are rated torque and speed of ankle
joint of prosthesis, respectively).

V.R. = np × nb = 43 × 4 = 172 (4)
⎧⎨
⎩

Trm = 177 mN.m

ωrm = 6940 rpm
→

⎧⎨
⎩

Tra = Trm × V .R. = 31 N.m

ωra = ωrm
V.R. = 4 rad/s

(5)

According to the obtained torques, the value of 31 N.m is much less than the required amount of
maximum 120 N.m (max torque of target green line quasi-static stiffness estimation in Fig. 5).
Of course, the nominal speed value is satisfied the goal joint speed. The important point in dis-
cussing torque is how fast the maximum torque is needed. Given the torque–velocity curve of
the reference data shown in Fig. 12, this torque is required at almost zero velocity. Therefore, the
motor torque can be equal to its maximum value (stall torque). In this case, the torque that the
motor can supply to the joint is obtained from Eq. (6). In this calculation, the efficiency of 72%
of the gearbox (Table IV) is also applied. Therefore, the amount of motor capacity is up to three
times the required amount. However, it is assumed that maximum torque is required in a very
short interval, which according to Fig. 2 lasts less than 0.1 s.

Tstall = 2.42 N.m → Ta = 2.420 × 172 × 0.72 = 300 N.m > 120 (6)

In which Tstall is stall torque of electric motor (Table III) and Ta indicates maximum torque of
prosthesis ankle joint.

4. Assuming the 6000 series T6 aluminum material for structural links and stainless steel for bevel
gear set, the total weight of the prosthesis (excluding electronic components such as the control
board) is about 2.3 kg which is less than targeted weight of lost limb (Wll = 2.6 kg).

5. The power required for the ankle joint based on the Fig. 2 during one cycle of the gait has an
RMS value of below 40 W. It should be noted that, the maximum power is around 300 W. The
power of the electric motor used in the nominal mode is 150 W, but this motor can provide up to
10 times of this nominal power in an instant, which is much higher than the required 300 W.

6. According to point 3 and the ability of the power train to withstand the torque up to 300 N.m,
the amount of offset torque (�τ ) and stiffness (koffset) are assumed to be equal to 70 N.m and
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Figure 11. The main dimensions and details of the prosthetic concept design.

Figure 12. Torque-speed curve of ankle joint for prosthetic design.

330 N.m/rad (equation IV), respectively. This assumption provides more appropriate estimate of
the ankle behavior in normal gait (Fig. 5).

According to the evaluations are made, the designed prosthesis is generally desirable in terms of
dimensional, kinematic, and kinetic characteristics. In the following, useful control system is designed
and more detailed dynamic evaluations are made in the presence of the controller.
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Figure 13. General control method (low and high level).

Figure 14. Inner torque control.

5. General control method and initial evaluations
In this research, with the aim of creating quasi-linear stiffness behavior in the prosthesis (Fig. 5), a
two-layer control structure is used (Fig. 13). At the low level of control, three different types of torque,
impedance, and position controllers are used according to the different subphases of gait. The high-
level controller switches between these three controllers in different phases of the gait according to its
conditions. This is done by a finite state machine. In the following, a simple view of the performance of
each of the low-level controllers in their respective gait phases is discussed.

5.1. Torque control
A simple torque controller was designed to provide the required offset torque and create the quasi-linear
stiffness behavior. First of all, the power train should satisfy the bandwidth constraint defined in Fig. 6.
This prosthesis uses the force feedback with measuring the series spring deflection, to control the joint
torque of the SEA. This control loop can be seen if Fig. 14. In this figure, τd is the desired reference
torque, τs is the measured torque from spring’s deflection, D(s) is the torque controller transfer function,
Ka is the motor amplifier (driver) coefficient, im is the motor current, Vm is the motor input voltage m
and ks is the series spring stiffness.
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Figure 15. Prosthesis simplified dynamic model.

There are two choices for this torque controller; PD and PID controller. The transfer function of these
controllers is presented in relations (7)–(8).

CPIDF = Kp + Ki

1

s
+ Kd

s

Tf s + 1
(7)

CPDF = Kp + Kd

s

Tf s + 1
(8)

where Kp, Ki, and Kd are proportional, integrator, and damping gain of controller, respectively. Also, in
order to remove the noise caused by the derivative (damping) used in the controller, as well as to improve
the stability of the system in switching between different phases of the walking with a prosthesis [15], a
large negative pole with a time constant of Tf is used in both controllers.

In order to evaluation of designed torque controller, dynamic simplified model of prosthesis is needed.
Figure 15 illustrates this simplified model. In this model, Tm is the motor input torque, Jm is the motor
shaft inertia, θm is the motor rotor angle, Ks is the equivalent torsional series stiffness, θ1 is the planetary
gear head output angle, θ2 is the worm gear set output angle, θL is the ankle joint angle (load angle), bm

is the motor rotor damping, bL is the joint damping, and JL is the external load inertia. The equations of
motion are presented in Eqs. (9)–(10).⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Jmθ̈m + Ks

n2
pn2

b

θm + bmθ̇m − Ks

npnb

θL = Tm

JLθ̈L − Ks

npnb

θm + bLθ̇L + KsθL = 0

, θ2 = θm

npnb

, Ks = r2ks (9)

[
Jm 0

0 JL

] [
θ̈m

θ̈L

]
+

[
bm 0

0 bL

] [
θ̇m

θ̇L

]
+

⎡
⎢⎢⎣

Ks

n2
pn2

b

− Ks

npnb

− Ks

npnb

Ks

⎤
⎥⎥⎦

[
θm

θL

]
=

[
Tm

0

]
(10)

The general matrix form of the equations can be written as

Mθ̈ + Cθ̇ + Kθ = F; M =
[

Jm 0

0 JL

]
, C =

[
bm 0

0 bL

]
, K =

⎡
⎢⎢⎣

Ks

n2
pn2

b

− Ks

npnb

− Ks

npnb

Ks

⎤
⎥⎥⎦ ,

F =
[

Tm

0

]
, θ =

[
θm

θL

]
(11)

For the purpose of finding designed elastic actuator bandwidth, the model of fixed-end actuator is needed
[15]. In this case, system will be similar to single forced mass-spring-damper model. By replacing of the
parameters from Tables III and IV, and Ks = 380 N.m/rad, open-loop transfer function of the transferred
load to the base can be written as below:

Gfixed = TL

Tm

= 0.4098

1.739 × 10−5s2 + 0.01s + 0.003903
(12)
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Table VI. Designed PD and PID controller’s gains.

Description Parameter PID PD
Proportional gain Kp 2.44 0.666
Integral gain Ki 45 0
Derivative gain Kd 0.001 0.0001
Derivative filter time constant Tf 0.005 0.004

Figure 16. Bode plot and step response of original model of prosthesis.

This system has two poles as in relation (13), where one is so close to imaginary axis and the another
one is so large stable pole, so the open loop system treats as first-order plant.

p1 = −0.3905, p2 = −574.4922 (13)

The step response and bode plot of open-loop system can be seen in Fig. 16. Based on this result, the
open-loop system operates very slowly and also has DC gain.

In order to improve the transient and steady-state behavior of the system, two PD and PID controllers
are designed, whose parameters are included in Table VI.

The step response and bode diagram of the closed loop system are drawn in Figs. 17 and 18,
respectively. According to these curves, despite the 15% overshoot, the PID controller provides a faster
response and wider bandwidth (bwpid = 22.6 Hz, which is six times of the required value and suitable).
While the bandwidth of the PD controller, which is similar to a proportional controller, is slightly more
than 3.5 Hz, which is not desirable (bwpd = 4.6 Hz).

5.2. Impedance controller
With the aim of modulating output impedance of the SEA (especially the joint stiffness), an impedance
controller should be designed. This controller has two main components: (a) outer position feedback
control loop, (b) inner force controller loop (Fig. 19). The outer impedance controller loop has been
designed in the basis of the structure of the ‘Simple Impedance Control’ of Hogan [26]. The basic idea
of this controller is to use the motion feedback from the ankle joint to enhance the joint impedance. The
transfer function of desired output impedance of the is defined as follow:

Z(s) = τd

sθ
= Sd + Cd

s

Tfis + 1
(14)
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Figure 17. PD and PID torque controller response.

Figure 18. PD and PID torque controller bode plot for bandwidth comparison.

where Sd, Cd, and Tfi are stiffness, damping, and noise cancelation parameters of simple PD impedance
controller.

The designed controller (Sd = 637.6, Cd = 3.86, Tfi = 0.001) is implied on closed-loop system, and
step response is plotted in Fig. 20 and the answer is reasonable enough.

5.3. Position controller
Since the behavior of the ankle in the swing phase is similar to a position control system, a standard
proportional (P) controller is designed for this purpose. The goal of this controller is to adjust the angle
of the foot when landing on the ground or in another words, when the heel strikes with the ground. In this

https://doi.org/10.1017/S0263574723000437 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574723000437


Robotica 2353

Figure 19. Impedance controller diagram.

Figure 20. Impedance controller diagram.

Figure 21. Simulink model of swing phase P controller.

case, dynamic model of prosthetic foot acts as 2 DOF system as mentioned in Eq. (9). The block diagram
of this controlled system is presented in Fig. 21. In order to find the proper gain of the controller, the
step response of the system should be plotted. This response curve is plotted in Fig. 22 with controller
parameter of P = 117.8 and the answer is fast and robust.
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Figure 22. Step response of position controller.

Figure 23. General scheme of the high-level finite state control system.

5.4. High-level finite state controller
In recent years, finite state machine is used as a method of controlling locomotion devices and walking
robots, because the nature of walking is a multiphase movement due to the change of steps during
the gait. In this research, state machine is used for the two phases of stance and swing depending on
the various low-level control structures. In the following, the details of the structure of this high-level
control method are discussed.

5.4.1. Finite state control of the stance phase
According to what was explained in section 2, the stationary phase has three different states CP, CD,
and PP. Therefore, the following rules and regulations can be considered for these three situations
(Fig. 23):
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• The CP state or early stance phase starts with heel-strike and continues until the angle of the ankle
joint is positive. In this state, the controller must be able to adjust the ankle stiffness around KCP

so that the shock caused by the impact of the heel on the ground can be removed and the stability
of walking can be maintained.

• The CD state or the middle stance phase starts with the positive angle of the ankle according with
toe contact and continues until near the toe-off instant. In this state, the stiffness of the ankle is
adjusted on the KCD so that the body rotates smoothly without the risk of the person falling.

• If the total measured torque in the ankle joint exceeds the predefined τth and only the toe is on the
ground, the PP state starts. If the walking speed is such that the required torque does not reach
this number (τth), there is no need to apply the offset torque (�τ ).

All the parameters of KCP, KCD, and τth are tuned based on experimental and clinical tests to produce the
most suitable gait pattern.

5.4.2. Finite state control of the swing phase
The swing phase is also divided into three states, which are as follows:

• The initial swing state starts from the toe-off instant and continues for a certain period of time
(tsw). In this state, the position controller maintains the position of the toe-off (θto) for the ankle
angle (θa).

• The middle swing state should start immediately after the initial swing and continue until the
angle of the foot becomes zero (θd = 0). In this case, the controller tries to provide the suitable
angle of zero degrees for the foot.

• In the terminal swing state, which starts after the middle swing, the controller prepares the heel
to strike with the ground. Therefore, ankle stiffness is adjusted to the KCP, as there is not enough
time to increase stiffness at the moment of heel strike in the early stance state.

In these cases, the parameters of θto and tsw can be adjusted according to the experimental tests.
The general process governing the state machine structure can be seen in Fig. 23. To recognition of

the states and switch between them, it is necessary to provide four measurement characteristics:

1. Determining the event of the heel contact, which is determined by HC = 1. The FSR sensor under
the heel makes this possible.

2. It is necessary to detect the contact of the toe with the ground, which is characterized by TC = 1.
The FSR sensor under the toe is used for this.

3. The angle of the wrist joint, which is done with a built-in linear potentiometer (using a cable
system to convert rotational movement into linear).

4. The torque of the ankle joint (Tankle) should be measured, which can be calculated from the
encoder on the ankle joint that can measure the deformation of the springs (the stiffness of the
springs of SEA is also obtained experimentally).

With this finite state machine and low-level controllers, it is possible to create the desired gait of the
amputee with the designed prosthesis.

In order to investigate the effect of prosthesis augmentation on the amputated person, it is necessary to
use dynamic modeling, because before making the functional prototype, the only method for evaluating
of designed system operation is only software simulation. Therefore, by using an inverse dynamic model,
the effect of the designed active prosthesis on amputee gait will be carefully investigated.

6. Amputee gait simulation with dynamic modeling
In this section, first the dynamic model used is introduced and then the hypotheses used in the simulation
of walking with a prosthesis will be explained. Then, by adding the parameters of the designed prosthesis
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Figure 24. Amputee sagittal plane walking 7-link model with active prosthesis.

on the presented model, a complete analysis of the kinetic behavior and energy consumption of the
walking amputee will be done.

6.1. Sagittal plane link parameter model
The model chosen to simulate sagittal plane normal gait of amputee is a two-dimensional model in which
each member is assumed to be a separate rigid link (Fig. 24). Since the aim of this study is to investigate
the walking behavior of the amputee with active ankle prosthesis, modeling of the upper torso has been
partially omitted. In this model, the main bones of the lower limbs are considered separately.

In order to achieve a suitable model, length of each link of the moving parts of the body, accurate
measurement of the mass of the parts, the center of the masses, the centers of the joints, and the moment
of inertia are required. Assumptions of modeling are as follows:

1. Flexible behavior of prosthesis foot is omitted.
2. Prosthesis shank and residual limb of amputee assumed to be rigidly connected.
3. Each member has constant point mass at its center of mass.
4. The location of the center of mass of each member (link) remains constant during motion (rigid

body motion assumption).
5. The joints are considered as 2D hinges.
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Table VII. Inertial moment of two prosthesis link relative to its center of mass.

Description Parameter Value Units
Inertial moment of prosthesis foot Ips 0.139 kg.m2

Inertial moment of prosthesis shank with residual limb of
amputee left shank

Ipf 0.008 kg.m2

6. The moment of inertia of each link around its center of mass (or around any of the initial or
terminal joints) is constant during motion.

7. The length of each piece is constant during the movement (for example, the distance between the
joints remains constant).

This skeletal model includes the femur, tibia, and leg bones (calcaneus, tarsal, and metatarsal). In addi-
tion, the upper torso members are integrally modeled and includes the bones of the spine, chest, head,
arms, and forearms.

In this modeling, the method used in [37] is used to simulate human walking in seven links. In
this study, human body is modeled with seven separate rigid links, including six complete lower limbs
(including the prosthesis foot, prosthesis shank with amputee residual limb, right healthy shank, and
two thighs) and a HAT link representing the head, arms, and trunk (Fig. 24). The number of moving
joints is six, which includes two ankles, two knees, and two hip joints. The method of investigation at
this stage is inverse dynamics; that is, in this modeling process, joint angles are assumed as input and
kinetic parameters like joint torques as the system output is verified.

6.2. Modeling assumptions with active below-knee prosthesis
In order to make the analysis simple and justifiable, the following assumptions seem necessary:

1. The person wearing the prosthesis does not show any change in the kinematics of the gait, i.e.
it is assumed that after wearing the prosthesis, the person tries to walk as if he were healthy.
Therefore, it is expected that the power and energy consumption of other joints will increase.

2. The ground reaction force is assumed to be the same as before due to small changes in the total
weight of the person.

3. Amputation occurred in only one leg (left).
4. Increasing the total mass of the leg and foot is about 0.5 kg by adding a prosthesis (battery with

other electronic devices such as control boards, encoders, etc. are also considered effectively).
5. All the required simulation parameters such as mass and moment of inertia of the components

are obtained from SolidWorks software. As an example, the moment of inertia of all moving
parts of the prosthesis about ankle joint is available for the stance and swing phase in Table VII
based on Fig. 25.

6. In order to reduce the complexity of modeling, the 7-link model mentioned in Fig. 24 is used in
inverse dynamics.

The dynamic model considered for simulating the normal gait of an amputee is the inverse dynamic
model presented by Rostami et al. in ref. [37]. In this research, a 9-link model including toe joint
was developed, and the accuracy of its results was confirmed with reliable sources. According to the
assumptions made, the walking kinematics of an amputee should not be different from a healthy person.
Therefore, all the kinematic results presented in ref. [37] can be used and developed for amputees. In
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Figure 25. Two rigid link of prosthesis for dynamic modeling.

Figure 26. Free diagram of the prosthesis foot link in the inverse dynamic model.

addition, all the anthropometric data of a healthy person have been assumed to be similar in this study,
and only the inertial and weight parameters of the amputated leg are different compared to the healthy
person. So, the effect of amputation will be on the individual’s kinetic characteristics.

The dynamic equations of the amputated person’s gait, with the same approach as the healthy person,
are written only as an example for the foot of amputated leg and can be easily developed for other links
of body.

With the acceleration of the centers of mass of each components of the model, a complete analysis of
the forces acting on the model can be performed using Newtonian equations. For the prosthesis foot, the
free force diagram is drawn in Fig. 26. Since the amount of ground reaction force along with its position
(COPx) is obtained from the force plate [37], with two force and one moment equations, intermittent
forces at the ankle joint with torque can be obtained as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩

∑
Fx = max → Rx + FBx = mf aGx∑
Fy = may → Ry + FBy − mf g = mf aGy∑
MG = Iα → Ta + Ry(COPx − xG) − FBy(xG − xB) + RxyG − FBx(yB − yG) = If α

(15)

⎡
⎢⎣

1 0 0

0 1 0

yG − yB xG − xB 1

⎤
⎥⎦

⎡
⎢⎣

FBx

FBy

Ta

⎤
⎥⎦ =

⎡
⎢⎣

mf aGx − Rx

mf aGy − Ry + mf g

If α − RxyG − Ry(COPx − xG)

⎤
⎥⎦ (16)
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⎡
⎢⎣

FBx

FBy

Ta

⎤
⎥⎦ =

⎡
⎢⎣

1 0 0

0 1 0

yG − yB xG − xB 1

⎤
⎥⎦

−1

[A] (17)

A =
⎡
⎢⎣

mf aGx − Rx

mf aGy − Ry + mf g

If α − RxyG − Ry(COPx − xG)

⎤
⎥⎦ (18)

where

• Fx, Fy: reaction forces in x and y direction, respectively
• ax, ay: acceleration in x and y direction, respectively
• m: segment/link mass (prosthesis foot mass)
• MG: reaction moment about center of gravity (COG)
• I: link’s moment of inertia about its center of gravity
• α: angular acceleration
• Rx, Ry: ground reaction forces
• FBx, FBy: prosthesis ankle joint reaction forces
• aGx, aGy: prosthesis foot COG acceleration
• mf : prosthesis foot mass
• xG, xB, yB, yG: coordinates of prosthesis foot COG and ankle
• Ta: prosthesis ankle torque or reaction moment

Considering these assumptions, with a complete analysis of the gait in the case of a healthy person
compared to the case of amputation, a detailed study of the functional effects of the prosthesis can be
performed.

6.3. Simulation results
After changing the equations for the walking model of the amputee with a designed prosthesis, it is
necessary to assume the changed inertial parameters similar to the previous healthy person in order to
satisfy the correctness of the equations and same anthropometric parameters. In order to evaluate the
correctness of the equations, the results related to the torque of the joints and their power consumption
are shown in Figs. 27 and 28. As explained in ref. [37], to calculate these torques, the recorded Winter’s
data [40] of the gait (the position of the markers installed on different points of the active lower limbs
in normal walking) are used. First, these raw data are filtered using a 2nd order Butterworth filter and
using the kinematic equations, angular position, velocity and acceleration of ankle, knee and thigh joints
for both legs are obtained. With replacing the inertial parameter in Eqs. (15)–(18) and expanding it to
other active joints in the gait, reaction forces and input external torques/moments can be calculated in
comparison with Winter’s results from reference [40].

The input power is also calculated from the multiplier of the speed and torque of each joint and is
shown in Fig. 28. In order to check the results error, Fig. 29 is presented for the power and torque of
all three joints. The most observed error in the calculated torques and powers is related to the initial
data, which is caused by the finite difference error used in the numerical differentiation to calculate the
velocity and acceleration of the limbs. Also, the error increases in the peak points of the torque and
acceleration curves, which is also caused by the data filtering error [37]. By calculating the RMS (root
mean square) of the errors for the obtained torque and power for all three joints, it is evident that the
error is negligible (Table VIII). Since the study focused on a single cycle of the gait and the available
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Figure 27. Torque of the ankle, knee, and hip joints in comparison with Winter results.

Figure 28. Torque of the ankle, knee, and hip joints in comparison with Winter results.
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Table VIII. RMS data of joint’s calculated torque and power error.

Description Ankle Knee Hip Avg.
RMS (�T) 0.13 1.07 2.28 1.16
RMS (�P) 12.22 7.01 2.77 7.33

(a) (b)

Figure 29. Error curves of calculated torque and power of ankle, knee, and hip joint in one gait cycle.

(a) (b)

Figure 30. Amputee hip and knee joint’s torque in comparison with healthy situation.

data of Winter is for more than one cycle, the initial and last data in the simulation of the gait with the
designed prosthesis are omitted and only the data between the first heel-strike (ths1 = 0.386 s) to the next
heel-strike (ths2 = 1.358 s) instant of a same leg are used.

After feeling confidence from equations correctness, taking into account the assumptions of
Section 6.2, the parameters of the designed prosthesis are added on one of the legs and the simula-
tion is performed in a gait cycle. The torque and power curve of the knee and thigh joints of the amputed
limb in comparison with the healthy person is shown in Figs. 30 and 31. In these figures, the time of
swing phase initialization is noted with data marker. This time is tss = 0.987 s. Also, the extremum points
in swing phase are depicted with data marker for clear visualization of difference between curves.

According to Fig. 30, at the extreme points of the knee and thigh torque curve, 25% and 20% increase
in torque can be seen, respectively, and no such effect can be seen in the stance phase.
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(a) (b)

Figure 31. Amputee hip and knee joint’s power consumption in comparison with healthy situation.

Also, by observing the comparison made in Fig. 31, the power consumption in the swing phase shows
a change of 20% in the extreme points, which in fact indicates an increase in power consumption in the
normal walking with a prosthesis.

7. Conclusion
In this study, an active prosthesis with reasonable weight and dimensions is designed in accordance
with the presumed amputee and was evaluated and analyzed in full detail. In this prosthesis, a feasible
and compact rotational SEA was designed in order to empower artificial joint of ankle. Joint range of
motion, maximum and continues time torque, and velocity are in accordance with lost limb. In the fol-
lowing, a suitable control system was designed and initially evaluated with the aim of simulating the
quasi-linear behavior of ankle stiffness. Two-level control system is designed based on human neural
control system working procedure. In stance phase, impedance control (PD controller) in conjunction
with torque control (PID controller) is designed and implemented. For swing phase, simple position
control system (PD controller) is designed in order to adjust foot angle in heel strike instant. Also, actu-
ator bandwidth was enhanced by PID torque controller up to 24 Hz which is so compatible with normal
gait. By completing the design and considering all the components and parts of the prosthesis, finally,
0.5 kg of overweight for the prosthesis was obtained compared to the healthy foot. By placing the pros-
thesis inertial parameters on a relatively complex but comprehensive 2D 7-link inverse dynamic model
of gait, the torque and power of other active joints in the normal gait (knee and thigh of amputated leg)
compared to a healthy leg were analyzed and increased by nearly 20% in maximum power and torque of
the swing phase. According to the results, no significant change was observed on these kinetic character-
istics in the stance phase, which is in accordance with physical experiences. The model developed in this
research can clearly be used in the design of different concepts of active prostheses before prototyping
to minimize the trial and error costs caused by the real performance experiments and clinical tests.
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