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Abstract
For a prime p and a field k of characteristic p, we define Steenrod operations PZ on motivic cohomology with F,-

coeflicients of smooth varieties defined over the base field k. We show that P}! is the pth power on H nn(_ | p) =
CH"(-)/p and prove an instability result for the operations. Restricted to mod p Chow groups, we show that the
operations satisfy the expected Adem relations and Cartan formula. Using these new operations, we remove previous
restrictions on the characteristic of the base field for Rost’s degree formula. Over a base field of characteristic 2, we
obtain new results on quadratic forms.
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1. Introduction

Voevodsky constructed motivic reduced power operations Py, for n > 0 where the base field F is
a perfect field with char(F) not equal to the characteristic p > 0 of the coefficient field [35]. These
operations were used in the proof of the Bloch—Kato conjecture. Hoyois, Kelly and @stver later obtained
operations and completeley determined the Steenrod algebra for a general base field F with char(F) # p
[17]. Brosnan gave an elementary construction of Steenrod operations on mod p Chow groups over a
base field of characteristic # p [1]. Steenrod operations on Chow groups have been used succesfully
in the study of quadratic forms over a base field of characteristic # 2 and to prove degree formulas in

algebraic geometry, as in [6] and [24].
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For a prime p, Voevodsky’s construction of Steenrod operations for the coefficient field F),
uses the calculation of the motivic cohomology of BS,. However, when defined over a base field
k of characteristic p, BZ/p is contractible [25, Proposition 3.3]. Hence, over the base field k,
H**(BSp,F,) = H**(k,F,), and so one cannot carry out Voevodsky’s construction. It has also been
an open problem to just define Steenrod operations on the mod p Chow groups of smooth schemes
over a field of characteristic p. Haution made progress on this problem by constructing the first p — 1
homological Steenrod operations on Chow groups mod p and p-primary torsion over any base field
[12], defining the first Steenrod square on mod 2 Chow groups over any base field [13] and con-
structing weak forms of the second and third Steenrod squares over a field of characteristic 2 [15].
Note that in articles where Steenrod squares (or weak forms of Steenrod squares) on mod 2 Chow
groups are used, the nth Steenrod square on mod 2 Chow groups corresponds to the 2nth Steen-
rod square on mod 2 motivic cohomology, since the Bockstein homomorphism is 0 on mod 2 Chow
groups.

For p a prime, we use the results of Frankland and Spitzweck in [8] to define Steenrod operations
Pl : H" (=, F,) — H*P=D.j+(p=1)(_ F ) for n > 0 on the mod p motivic cohomology of smooth
schemes over a field k of characteristic p. Note that some authors use the notation H'(—,Z(j)) in
place of H/(—,Z) to denote motivic cohomology. For n > 1, we show that P} is the pth power on
H?m (=, F,) = CH"(—)/p, and we prove an instability result for the Steenrod operations. Restricted
to mod p Chow groups, I prove that the P}'{ satisfy expected properties such as Adem relations and
the Cartan formula. we also show that the operations P} agree with the operations P, constructed by
Voevodsky for char(K) = 0, on the mod p Chow rings of flag varieties in characteristic 0.

To show that the P}; satisfy the Adem relations and Cartan formula on mod p Chow groups, we
show that the Steenrod operations satisfy the Adem relations and Cartan formula on mod p motivic
cohomology up to some error terms. These error terms vanish when we restrict to mod p Chow groups.
If the dual Steenrod algebra has the conjectured form (meaning that the map Wy from Theorem 2.3
is an isomorphism), then the error terms encountered in these arguments vanish on mod p motivic
cohomology. Our proofs would then simplify to give the Adem relations and Cartan formula for motivic
cohomology with mod p coefficients.

In Section 9, I extend Rost’s degree formula [24, Theorem 6.4] to a base field of arbitrary characteristic.
The degree formula we obtain at odd primes seems to be new.

In Section 11, we use the new operations to study quadratic forms defined over a base field of
characteristic 2. Previous results or proofs have avoided the case of quadratic forms in characteristic
2, since Steenrod squares were not available. We recall a conjecture of Hoffmann and Totaro on the
possible values of the first Witt index of an anisotropic quadratic form.

Conjecture 1.1. Let ¢ be an anisotropic quadratic form over a field F such that dimg > 2. Then
i1(p) < o va(dimep—ii(¢))

As documented in [20], Conjecture 1.1 was first made by Hoffmann in 1998 assuming that the base
field is of characteristic # 2. Using Steenrod squares on mod 2 Chow groups, Karpenko proved this
conjecture for anisotropic quadratic forms over base fields fields of characteristic # 2 [18]. In [31],
Totaro extended Conjecture 1.1 to fields of characteristic 2. Using algebraic methods, Scully proved
Conjecture 1.1 for totally singular anisotropic quadratic forms over base fields of characteristic 2 [28].
We also remark that Haution previously used a weak form of the first homological Steenrod square to
prove a result on the parity of the first Witt index for nonsingular anisotropic quadratic forms over a
field of characteristic 2 [14, Theorem 6.2].

In this article, we prove Conjecture 1.1 for nonsingular anisotropic quadratic forms over base fields
of characteristic 2. Our My proof copies the arguments of [18] and makes use of the new Steenrod
squares defined on mod 2 Chow groups over base fields of characteristic 2. In a recent preprint,
Karpenko proved Conjecture 1.1 for the remaining cases of anisotropic quadratic forms over base fields of
characteristic 2 [20]. That proof uses the Steenrod squares constructed in this article, along with other new
ideas.
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Other new results on quadratic forms over base fields of characteristic 2 are also included in Section 1 1.
Using the Steenrod squares defined in this article, it should be possible to extend other results on
quadratic forms to the case where the base field has characteristic 2.

2. Prior results on the dual Steenrod algebra and setup

Let k be a field of characteristic p > 0. For a base scheme S, let Smg denote the category of quasi-
projective separated smooth schemes of finite type over S, let H(S) denote the unstable motivic homotopy
category of spaces over S defined by Morel and Voevodsky [25], let H.(S) denote the pointed unstable
motivic homotopy category of spaces over S and let SH(S) denote the stable motivic homotopy category
of spectra over S [33]. Let

£ Smg — SH(S),

S H(S) — Ha(S) — SH(S)

denote the infinite P!-suspension functors.

We recall some results from [8] and [30] in the categories H(k) and SH(k). Let Bu, € H(k)
denote the geometric motivic classifying space of the group scheme wu, over k of the pth roots of
unity. Let HFf7 € SH(k) denote the motivic Eilenberg—MacLane spectrum representing mod p motivic
cohomology. Let v € H*!(Bu,,F,) denote the pullback of the first Chern class ¢; € H*!(BG,,,F,).
From the computation of the motivic cohomology of By, in [35, Theorem 6.10], there exists a unique
u € H“'(Bu,,F,) such that B(u) = v, where 8 denotes the Bockstein homomorphism on mod p
motivic cohomology. The class of p = —1in H!(k, Fp) =k*/k*Pis0,and theclass T € H%'(k, Fp) =
Hp (k) = 0 described in [35, Theorem 6.10] is also 0. We need the following computation, which can
be deduced from [35, Theorem 6.10] by setting p = 0 and 7 = 0.

Theorem 2.1. There is an isomorphism
H**(Bu,,Fp) = H" (k,Fp)[v, u]l/(u?).

Note that H**(Bu,, F),) is defined in [35] as a limit of motivic cohomology rings of smooth schemes
over the base field. This explains why power series appear in this theorem.
Let Af’* = n*,*(HFf, A HIF’[;). As described in [30, Chapter 10.2], there is a coaction map

H™" (Bpp.Fp) = AL 8, st H™" (Bup.Fp). (1)
We use the left HIFf,-module structure on H]F"i‘7 A HIFf, for this coaction map. Fori > O and j > 1,
classes 7; € Algpi—1,pf—1 and &5 € A];pf—lpf—l are defined by the coaction map:

i
u|—>u+2i207’i®v”,

J
VI—>V+ZJ'21§]'®VP .

Proposition 2.2. 72 = 0 for all i > 0.

Proof. We use the argument of [35, Theorem 12.6]. First, we assume that char(k) = 2. Under the
coaction map 1,

i+1
=0 u? +Zi20‘ri2 ®v? =0.
. . i+1
For i > 0, the coefficient of v2 ’ equals 0 = ‘rl.z.

Now we assume that p = char(k) is odd. Leti > 0. As Af’* is graded-commutative under the first
grading, we have ‘1'[.2 = (—1)(21’1_1)(21’1_1)7’[2 = —T[-2, which implies that '1'1.2 =0. O
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In this article, we shall consider finite sequences @ = (e, 1, €1,72,...) of integers such that ¢; €
{0,1} and r; > Oforalli > O and j > 1. From now on, it will be assumed that any sequence « in this
article satisfies these conditions. To a sequence «, associate a monomial w(a@) = TOGO{,:; ! Tf‘ .- € Af’*

of bidegree (p o, go). The sequences @ induce a morphism

P, EB TPade HFX — HFX A HFY
a

of left H]Fllg—modules. Frankland and Spitzweck proved the following theorem [8, Theorem 1.1], which
allows us to define Steenrod operations on mod p motivic cohomology over the base field k.

Theorem 2.3. The morphism

¥, @ £Pade HFX — HFX A HFY
a

is a split monomorphism of left H]Ff,-modules.

It is conjectured that ¥y is an isomorphism. Frankland and Spitzweck proved this theorem by
comparing ¥ to the corresponding isomorphism

¥k : @D Pe9e HFE — HFS A HFS 2)

a

of left HF}y -modules for char(K) = 0. From now on, P =9« HF§ will be identified with HF§ A HFS
a

as left H]Ff -modules through Wx whenever K is a field of characteristic 0. Let D be a complete
unramified discrete valuation ring with closed point i : Spec(k) — Spec(D) and generic point j :
Spec(K) — Spec(D), where K = Frac(D). For example, when k =F,, D =Z, and K = Q,,.

For a morphism f : S; — S, of base schemes, let f. = Rf. : SH(S;) — SH(S2) and
f* = Lf" : SH(S;) — SH(S)) denote the right derived push-forward and left derived pull-
back functors, respectively. Pullback f* is strongly monoidal, while f. is lax monoidal. Further-
more, f, commutes with all suspensions £/ [8, Lemma 7.5]. Note also that f, preserves coproducts
[8, Lemma 7.4].

For a separated Noetherian scheme S of finite dimension, let HZS € SH (S) denote the motivic
E, ring spectrum constructed by Spitzweck in [30] and let HFS, := HZS/p . Let D(HZ®) denote the

homotopy category of left HZ5-modules. See [3, Section 7.2] and [8, Sections 2 and 3] for a discussion
on the homotopy category of left R-modules D (R) for a highly structured ring spectrum R. There is a
forgetful functor Us : D(HZS) — SH(S).

The spectrum HZS enjoys a number of desirable properties. It is Cartesian, which means that for a
morphism f : §1 — S, of base schemes, the induced morphism f *H75* — HZS5' isan isomorphism in
SH(S,) of E ring spectra [30, Chapter 9]. Throughout this article, we will frequently identify f *HZ7S
with HZS' whenever we are given a morphism f : S| — S, of base schemes (see also [8, Section 2]).
Hence, the square

D(HZS) L5 D(HZSY)

\LUSZ lU s)

SH(S,) AN SH(S1)

commutes.

For S = Spec(F) with F a field, HZS is isomorphic as an E, ring spectrum to the usual Eilenberg—
MacLane spectrum HZS constructed by Voevodsky [30, Theorem 6.7]. For the discrete valuation ring
D, HZP represents Bloch-Levine motivic cohomology as defined in [23].
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We briefly describe the definition of Bloch—Levine motivic cohomology in [23] for a discrete
valuation ring D. Let X — Spec(D) be a morphism of finite type with X irreducible. If the image
of the generic point nx of X is Spec(k), then define dim(X) :=dim(Xspec(x)). Otherwise, define
dim(X) :=dim(Xspec(x)) + 1. For n > 0, let A" := Spec(D|ty,...,t,]/Z;t; — 1) denote the algebraic
n-simplex over D. Let z,(X,r) denote the free abelian group generated by all irreducible closed
subschemes C C A" Xgpee(p) X of dimension 7 +¢ such that C meets each face of A” Xgpec(p) X properly.
Then set z4(X,7) = Zdim(x)-q (X, ) to get a pullback homomorphism z¢(X, r) — z4(X,r — 1) for each
face of A”. Then the Zariski hypercohomology of the complex z7(X, %) with alternating face maps is
Bloch-Levine motivic cohomology (with the appropriate shift).

Theorem 2.4. The morphism HFY = i*(HFD) — i*j.HFK = i*j,j*HFY in D(HFX) induced by
adjunction induces a splitting i*j*H}Fg = HIFf, ® Z_l"lH]Ff, in D(HIF;‘,). There is also a splitting
i*j,HZK = HZ* @ £~V 1HZF in D(HZ¥) [8, Lemma 4.10].

Definition 2.1. Let 7 : i*j,HFX — HF% and y : i*j.HFX — X'"'HFX denote the projections
induced by the splitting from Theorem 2.4.

Letn : id. — j.j* denote the unit map. From now on, we shall denote all adjunction morphisms
i*E — i*j,.j'E for E € SH(D) by i*n. We will also denote all %-"7, 25! 1y by 7 and 7y, respectively,
to make the text easier to read. The morphisms ¥ and Wk lift to a morphism

. a-da gRD HRP A HEDP
¥ - @) Pt AL — HFD A HFS
in D(ﬁ]F? ) [8, Lemma 3.10]. Applying i*n to ¥p gives a commuting square

@zpa,qay]pg L} H]Ff, A HF’;,

. WAL
@ Zﬂa,qal J*Hpg 4 1 ‘]*(HF[IS A HF;S)
a

in D(HFY). Let r : HF% A HFY, — E(]? zPa-de HEX be the retraction of Wy defined by the following

composite [8, Theorem 5.1]:

k k i*l] P K K i*j*\P71 aqdaq* K
HFX A HFY, — i*j.(HF5 A HFK) — 6(1?21’ doi* j HFS

Jon

a>Ya k
EHBZ” 9oHF,,.

For S = k, K, or D (use ﬁ]F? ). let 3} : HF, A HF,, — HF, denote the multiplication morphism.
There is also a multiplication morphism
45 < (HF, A HFy) A (HF, A HF) — HF A HF,)
defined in the standard way by interchanging the two middle H Fi terms and then applying /,tf A /Jf .
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For a sequence «y, define i*1n,, : HIF’;, A HIF’;) — X Pag-9ag HIF’;, in D(H]P‘f,) to be the composite

i " W
HF% A HEE 5 i (HFK A HFK) "8 @ spedaj j HFK

lproj.
ZparostaOl ]*H]FI; ( )
I

Zpa() sqag HFk
P

The morphism i*n,, is a retraction of the morphism
HEY A w(ap) : ZPe09% HFS — HF% A HFS,.

From the work of Friedlander and Suslin [9, Corollary 12.2] and Voevodsky [34], Bloch’s higher
Chow groups are isomorphic to motivic cohomology as defined by Voevodsky. The isomorphism
between motivic cohomology and Bloch’s higher Chow groups is compatible with pullback maps and
product structures [30, Theorem 6.7]. See also [22].

Theorem 2.5. Let F be a field and let X € Smp. Then
H™(X,Z) = CH'(X,2i —n)

forallnandi > 0.

Let n,i > O such that n > 2i. From Theorem 2.5, H™(X, A) = 0 for any coefficient ring A and
X € SIIlF.

3. Definition of operations

In this section, we use the results of Frankland and Spitzweck in [8] to define new Steenrod operations
Py forn > 0. Let

iL.ig : HF — HFS A HF

denote the left and right H]Ff, -module maps, respectively, for S = D (use ﬁFg ), k, or K. Motivated by

the corresponding duality in characteristic 0, we want to define operations P} € H]Ff,*’*H F’,‘, forn >0
by taking operations dual to the £7'.

Definition 3.1. Let @ be a sequence. Define P}’ € H]Ff,*’*H}F; by P = i"ng o ig. For n > 0, let
pr =P Let gy = PO
k k : k :

There are corresponding operations Py in characteristic 0 defined from 2 by
K _R K K POl spo.qo gEK
HF, —— HF, NHF, — YPerq HF,.
Definition 3.2. To define a homomorphism

. K % K k *, % k
(I).HFP H]Fp —)HFP HFP
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. . K k,l gyRK ; . k k.l ek
of graded ad.ih.twe grg*ups, let f: HF, — E%'HF, be given. Define ®(f) : HF, — X*'HF, by
O(f) =moiju(f)oin.

HFY Ty i, HFK 2 wiljj gRK 7 skl gk 5)

From the definition of @, it is clear that ®(id.) = id. The following lemma will be important for
proving that the operations P;’ restricted to mod p Chow groups satisfy the Adem relations and Cartan
formula:

Lemma 3.1. Let X € Smy and let f : °X — Z*™™HF% be given.

1. Let ag be a sequence. Consider the morphism
. k ag—1.qan—1 k
8ay : HF,, — ZPo0™ 4% HF

given by the composite

7o

" i*ju(PR) T
HEY =T i j HFK =5 i j,sPay-dog gFK "0y wPag=1dao =1 gEK .

Then sz’mgm) of=0.
2. The composite

TeX —Lp wrmmpgk Ry somm gk o FE

I

o 2m, K K
" j (2 HE, A HE)

Jrie

P Zp(l+2m,‘1(t+ml'*j*HF§
@

l@ﬂo

@ 22m+pa—1 ,Mm+qo—1 HFk
p
a

is equal to 0.
3. Letg : 27X — i*j*sz’mHFIIff()rsomem € N.Theng = i*nogo forsome gy : 27X — sz’mHFf,.
Here we can take gy = g o ro, where ry is any retraction of i*n.

Proof. Note that for any sequence a of bidegree (pao, ga)s Pa = 2o, Which implies that p, — 1 >
2(qgq — 1). For (1) and (2), Theorem 2.5 implies that

HomSH(k) (ZTX’ sz*‘l’a*ls’m‘q(z*l H]F;) — H2m+Pa*1,m+Qa*1 (X’ Fp) =0
for any sequence a. O

Theorem 3.2.

1. We have ®(H"*(K,F,)) c H*"(k,F}).
2. Let a be a sequence. Then ®(Pg) = P}. In particular, for the Bockstein Bk and reduced power
operations Py constructed by Voevodsky in characteristic 0, ®(Py.) = Py forn > 0and ®(fk) = Pk.

Also, Pg is the identity, since POK is the identity.
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3. Let X € Smy and let f : 27X — sz’mH]F;‘, be given. Let « be a sequence and let h : HFI; -

ST HFX be given. Then

@(ho Pg)(f)=@(h)(P(f)).

Proof. We first prove (1). Let a € H**(K,F,). The element a corresponds to a morphism f, :
HFX — $"™"HFK in D(HFX). The functors i*, j. restrict to functors i* : D(HFY) — D(HF}) and
Je D(HIFII,() — D(ﬁ]FPD). Hence, i*j.(f,;) is a morphism in D(H]Ff,). From the definition of ®, it
follows that ®( f,) is a morphism in D(H]Ff;). Thus, ®(a) = ®(f,) € H*(k,Fp).

We now prove (2). Let @ be a sequence. Applying the natural transformation i* — i*j.j* to
ir : HFY) — HFD A HFL, we obtain the following commuting square in SH (k):

i

HF}, ———— HF}, A HF},

I Jr

i*j HEK "2 e (HEK A HEK),
From the definition of i*5,, 4, the following diagram commutes:

o
1 77(l

HFX A HFY, ———— SPe-do HFK

I i

i*j.(HEK A HEK) 220 j spasdo HFK

Putting these two diagrams together yields the following commuting diagram:

i *Na

HFY ———=—— HFX A HFf, ———— XrPo-da HFY

\Li* n »Ll n ”T (©)

i j HFK LR i (HEK A HEK) 2200 o j 5 pasda HEK

The top row of this diagram gives P{¥, while the composite starting at H ]P'f, in the top left and continuing
along the bottom, row ending with 7, gives ®(Py ). Hence, ®(Py) = P} .
Now we prove (3). Consider the following diagram:
TOX

Ir
Py 4 4
sz’mHFZ —k> 22m+pq,m+anF§ ﬂ) Si+2mtpo, j+m+ga HPZ

I I I

RO i*j*P“ RO i*j*h RO 1 i
l*j*ZZm,mHFE 4 l*j*22m+pa’m+q"HFII){ H l*j*zl+2m+pa’]+m+anF§

I

Zi+2m+pa,j+m+q(, HFk
b
As ®(Py) = P!, Lemma 3.1 implies that the composite
l*n o P;: o f . ZioX BN i*j*22m+p"’m+q"H]F§
in diagram (7) is equal to
i*j.Pgoi‘nof.
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Thus, from diagram (7),

O(h)(PE(f) =moi'no®@(h)o P o f=moi'j.(h)oi"j.(Pg)oi'no f=dhoPg)(f)
as desired. ]

Remark 1. Theorem 3.2 says that @ commutes with compositions, up to some error terms. These error
terms vanish on mod p Chow groups. In the next section, we will use the third part of this theorem to
get Adem relations for the Steenrod operations P;’ restricted to mod p Chow groups. Essentially, we
just apply @ to the Adem relations in characteristic 0.

We next prove that the operations P;’ commute with base change of the field k on mod p Chow groups.
For a morphism of fields f : Spec(F;) — Spec(F>), the pullback functor f* : SH (F2) — SH(F})
induces a homomorphism H]P‘Fz* * IF’F’ — H]FF] o IF’F‘ For char(F) # p, f* (P ,) = Pp, since the
dual Steenrod algebra has the expected form in thls case [17 Theorem 1.1]. However for our situation
where the base field is of characteristic p, we do not yet know the full structure of the dual Steenrod
algebra.

Let f; : Spec(k) — Spec(F,) be the structure map. In the following commuting diagram, f>, f3, io,
and jo are maps compatible with fi:

Spec(k) L} Spec(Fp)

Ll

Spec(D) i) Spec(Z)

1 i

Spec(K) —2 Spec(Q,).

Proposition 3.3. Let X € Smy and let g : £ X — £*™"™HFX be given. Then P (g) = f} (Pg )(3) for
alln > 0.

Proof. Letno : 1 — jo.j; denote the unit map. Let fz*‘ﬁ]Ff” - f jO*HIF%” be the map f;'n70 induced by
the 1somorph1sm JOH}P’Z" — HIF’Q” The exchange transformation f jo. — j.f; induces a morphism
I JO*HFP = Jufs IFP”. Let f5 HIF%" - j*f;Hng be the map 7 f; induced by the isomorphism

ok *AZ;N % % Tylp s Qp
J LHES = fjoHF,” — fyHF,"”.
Putting these maps together, we get the following square, which commutes by adjunction:

~ 5 mo
frHE? 20 o HF

lid. 1 ®)

k'

fPHE? 2 j frHEY .
Applying the exchange transformation f jo« — Jj«f3 to P& , we get the following commuting square:
P

f JosPg
f2 jo-HE, Qp 2_‘;’ f 22n(P—l),n(P—l)HF%P

L l

« Py
joHFE L5 j son(p=t.n(p=1) K
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Applying i* (and the connection isomorphism i* f; = f'i{) to these two squares and combining with
g: XX — XM HEK  we obtain the following commuting diagram:

£ 0Pt

o figm0 1 Q o)
ZioX % sz’mH]Fl;; g f]*igjo*EZm,mH]F%P H ﬁ*i;jo*zﬂm'm(p_l))’"H"(P_I)H]F%p

lid. Jie 1 o 1 ©)

- i* i jx P
X ;) sz’mH]F;‘; L) i*j*sz’mH]F;f —K) i*j*):2(m+n(p—l)),m+n(1)—l)H]F§_

Letn’: i;‘]jo*HIF%” — HIFIIF,” and 71, : iSjO*H]F%” - Z"”IHIFI,F,” be projection morphisms induced
by the isomorphism i§ jO*H]F%” = HF]?’ oxr 1! HFIIF;" of Theorem 2.4. Consider the following diagram:

y2(m+n(p-1)),m+n(p-1) gpk
P
e
g i T Q
Ziox H Z2m’mHF§ _$ fl*igj(]*EZm,mH]FpP H fl*igjo*ZZ(mﬂl([FI)).m+n(pfl)H]FPP

bl Lo !

i jx P

TOX L) 22m,mH]F;\; L) i*j*ZZm,mH]F,If _K) i*j*EZ(m+n(p—l)),m+n(p—1)H]Fllf

5

22(m+n(p—l)),m+n(p—l)HFk
e

From Theorem 3.2, the composite X — E2(m#n(p=1).mtn(p=h) gEK. given by the upper half of

diagram (10) is equal to f;' (P )(g). and the composite ZFX — g2 (man(p=1).min(p=1) HEK given by

the lower half is equal to P} (g). As diagram (9) commutes, Lemma 3.1 then implies that fl*(ng)( g) =

P?(g2). O
k

We can now prove that the Steenrod operations P} commute with base change on mod p Chow
groups. Let f : Spec(k;) — Spec(ky) be given, where ki, ky are fields of characteristic p. Let
h : Spec(k2) — Spec(F,) be the structure map.

Corollary 3.4. Let X € Smy,. Let n > 0. The following square commutes:

PL
CH*(X)/p —— CH*(X)/p

¥ ¥
P

CH*(Xi,)/p —— CH*(Xx,)/p.

Proof. From Proposition 3.3, h*PH',?p agrees with PZZ on CH*(X)/p and f *h*P]g‘p agrees with PZI on
CH*(Xy,)/p.Letg : 27X — Z‘?’”””HIF?,2 be given. Then

(P (8) = [ (h"Pg (8)) = f"h"(Pz )(f"g) = P}, (f78).
as required. O

Proposition 3.5. The morphism B = Pl((l’o"“) defined in Definition 3.1 is equal to the Bockstein
homomorphism B on mod p motivic cohomology.

Proof. We let § denote the Bockstein homomorphism on mod p motivic cohomology over any base
scheme. The Bockstein homomorphism g in characteristic 0 is known to be dual to 7. Hence,
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B = Pg’o"") = Bk . Applying the natural transformation i* — i*j, j* to the diagram

B

/\

proj.

HZP —" HZP —— (HZP)/p — LM HZP 7% $MOHZP [p

in SH(D) yields the following commuting diagram in SH (k):

B
HZF — 2 7k % HEK > $L0pzk 2y w10y Ek
b e T T T
i HZK —2% i*j,HZK 225 i j HFK — $19;j, HzK 22 5107 j, HEK 11
W J/n

1,0 k
TLOHEK.

From Theorem 3.2, ®(Bk) = Bi. The composite in diagram (11) that starts at H]Ff7 in the top row and

goes immediately down to £V HF% is equal to ®@(B). As the diagram commutes and 7 o i*n = id., it
follows that ®(Bk) = 8 = Bk. O

4. Adem relations

In this section we use the map @ : H]Fg *’*H]Fg - HIF;‘,*’*HIFL‘, 5 and Theorem 3.2 to show that the
operations P} forn > 0 satisfy the expected Adem relations when restricted to mod p Chow groups. The
proof uses the corresponding Adem relations in characteristic 0, which can be found in [27, Théoréeme
4.5.1] for p =2 and [27, Théoréme 4.5.2] for odd p. First we state the Adem relations for p = 2 over the
base K of characteristic 0. Let 7 € H>! (K, F,) denote the class of —1 € u»(K) and let p € HV' (K, Fy)
denote the class of —1 € K*/K*2. Set Sqi" = P} and Sqi’”] = ,BkSqi" forn > 0.

Theorem 4.1. Let a, b € N with a < 2b.
1.
L

Sq§Sqy =
7=0

(ST}
—

b-1-j S L T L
Sq?tligql + Sq@tti-1gq/
( a-2j ) dx dx ;:1 P a-2j dx dx
jodd

if a is even and b is odd.

2.
L]
b-1 e i
sagsaf = 3 ("7 s Isal
= a-2
jodd
if a and b are odd.
3.
52 b1 o
Sq?{Sq?{ — ijodz( ) ])Sq?;b_qu;{
J=0 a-

if a and b are even.
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[5]
1= o
( ) a+b— /SqK + Z ( )quﬁﬂ J 1Sq;<

J odd

Sq¥ Sqy =

m
< || N\"
(\
3

if a is odd and b is even.
Next we state the characteristic 0 Adem relations for p odd.

Theorem 4.2. 1. Let a,b € N witha < pb. Then

L5

k= ene (0 D e

2. Leta,b € Nwitha < pb. Then

L5

PEPI P+
a-pj )ﬁK koK
%L

Z (- 1)a+j+]((p a]_)(bj _]i ) ?gb_jﬁKP;(-
=0

The Adem relations can now be proven for the operations P} restricted to mod p Chow groups.

Theorem 4.3. Let X € Smy and let x € H*™™(X, Fp,) = CH™(X)/p for some m > 0. Let a,b € N
such that a < pb. Then

a

a( pb — F 1u+] (p_l)(b_j)_l
PL(PR(x)) = Z( ) ( g

b

)Pk+ (PL(x)).

Proof. From Theorem 3.2, P} (Pf (x)) = D(Pg P%)(x). Then use the Adem relations in characteristic
0 to rewrite Pg PZ € H]Fg *’*H]FIP< . Note that the Bockstein Sy is the 0 homomorphism on mod p Chow
groups. If p =2, ®(Sq ) (x) = Sqj (x) = 0 whenever n is odd. Thus, applying Theorem 3.2 yields

12]
((p—1)(b—-7)—
PEPL ) = 0P P ) =0y (0@ (P DT il

= a-pj
p (p-1)b- )~ o
= S (PO D e ), o
= a-pj

5. Coaction map for smooth X

In this section, for X € Smy, we describe a coaction map

Ax : HY'(X,Fp) — ”—*,—*( EB ZP“’%HFf,) ® . _urk (X, Fp)
a

such that the actions of the cohomology operations P} defined in Section 3 on H**(X,F) are deter-
mined by Ax. We show that Ax is a ring homomorphism when restricted to mod p Chow groups. This
will allow us to prove the Cartan formula in the next section.
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There is a multiplication morphism
m: (@ xrete HEL) a (D £reae HEY) — (B £Pete HF (12)
a a a

defined asm =r o ,u’; o (Wx A Wx). The morphism m defines multiplication on
( @ Zpa»anFf)) ’ (Z2°X)

and

n( D zpm%HF’;,).

a

For sequences a, a2, Proposition 2.2 allows us to calculate the product

rd@(@)r.(@(a) € ... @ 7 HF)

a

in terms of another sequence @ + @, by using the relations Tl-z =0fori > 0.

Proposition 5.1. The natural ring homomorphism
ﬂ_*’_*( @ ZqurxHFf,) ®, . _HFY H*,*(X,Fp) - ( @ an;anFg) ’ (Z2X)
a a

is an isomorphism.

Proof. The suspension spectrum £°X € SH(k) is compact. Hence,

Homg () (Z 22X, (P 5Peda HFY) = () Homg () (S 2 X, £P-9o HF )
(e a

forall s,t € Z. O

Definition 5.1. Using the isomorphism
(D zrrtonpl) " 2X) = noe o (D EPr9oHES ) 0, |y H™(X.Fp)
a a
from Proposition 5.1, define an additive homomorphism of graded abelian groups

Ax - H(X,Fp) — ”—*,—*( @ ZP"’%H]F;) ® . _urk H"(X,Fp)
a

by the composite

HF},™* (52 X) H——— (HFj A HEp)™" (E0X)

Tvs | D EPIHES) @, et HY(X,Fp).

Proposition 5.2. Restricted to mod p Chow groups, Ax preserves multiplication.

Proof. Let f : XX — E*™MmHFK and g : I0°X — Z?""HFX be given. We need to show that
Ax(fg) = Ax(f)Ax(g). The right H]F’;, map ig is a morphism of commutative ring spectra. Hence, ig.
is a homomorphism of rings. Hence, we need to prove that r. (ig«(f)ir«(g)) = r«(ig«(f))r«(ir«(g))-
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Applying the natural transformation i* — i*j,j* to ,uzD , we get a commuting diagram:

k
k k k k * k k
(HFX A HFX) A (HFX A HFY) ————— HFX A HFY

\Li*l] \Li*ﬂ

i*j*ﬂf

i*j.((HFX A HFK) A (HFS A HFK)) — i*j.(HFX A HFK) (14)

Lo

aYa k
2P HE,

We will factor the left vertical morphism in this diagram. Consider the triangle
—~ —~ P —~ nan, . .
(HFD A HED) A (HFD A HFD) —— j.(HFS A HEK) A j.(HFS A HEE)
1 - (15)
Jj«(HES A HES A HFE A HFE),

where the morphism on the hypotenuse is defined by the lax monoidal property of j.. Note that the
counit morphism € : j*j. — id. is an isomorphism, since j is open. By adjunction, the morphism on
the hypotenuse of diagram (15) is induced by the isomorphism

eANe:j j.(HFS NHFR) A j*j.(HFN AHFE) — (HFS A HFj) A (HFS A HEE).
The morphism 7 on the left leg of triangle (15) is induced by the isomorphism
jn " ((HFY A HFR) A (HFS A HFY)) — (HFS A HFS) A (HFS A HFX).
Using the property that pullback is strongly monoidal, we then have the following commuting triangle:
J*(HFD A HFD) A j*(HF A ﬁIFg)j AN J*j«(HEK A HFK) A j* j.(HFK A HFK)
\Lj " ene
(HFX A HFS) A (HES A HFK).

Thus, by adjunction, triangle (15) commutes.
Applying i* to triangle (15) shows that the commuting diagram (14) is a subdiagram of the commuting

diagram
k
i
(HFX A HFX) A (HF% A HFY) ————— HF% A HF%
\Li*n/\i*n
i*j.(HFS A HFX) Ai*j.(HFS A HFY) iy
l (16)

i*j*ﬂf

i*j.(HFS A HFX A HFX A HFN) ——— i*j.(HF A HFK)

Jor

a>Ya k
6(? Tpade HE .

From diagram (3),

(g A7) o (P AW (@ sPasda HF’;) A (EB zPMﬂHF,k;) — i*j.(HFK A HFK) A i*j,(HFS A HFK)

@ a

is equal to the composite (i*j.Wk A i*j.Wk) o (i*n A i*n). Hence, diagram (16) implies that the
multiplication morphism m =r o ,ulz‘ o (Wx AWg) on
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(€D =P HEs) A (@D zrese )
a a

is equal to the following composite:

P Pa-de HFK ) A | P Pa9o HFK
p p

a (e
\L((i*j*‘PK)Oi*n)A((i*j*‘PK)oi*U)
i*j.(HFS A HFX) A i* j.(HFS A HFE)

l a7

-
i*j,(HFK A HFK A HFK A HFK) 2225 i (HFK A HFY)

Lo

aYa k
@ zPede HEK.

a

To show that 7, (ig« (f)igr«(g)) = r«(ir«(f))r«(ir«(g)), consider the following commuting diagram,
where A is the diagonal morphism:

ToX

1

IOX AIRX

lf g

2m,m k 2n,n k
x2mom gEk A 520 HEK

\L’TRMR
k

X Hy
(Z¥mm HER A HFR) A (S HFS A HFN) ————— Z2mm HFK A 3201 HEE (8)
li*n/\i*r]
i*j*(sz""HIFI’f A H]Fl’f) A i*j*(ZZ”'"HFI'f A HIFI’f) i*n

!

K
JxH:
i*jo (220 mn K o HEK A HEK A HFK) ——2 i j, (S20m-mn gEK \ HEK)

=

@ Zpa+2m+2n,qa+m+nHIFk
P
@

The composite @roi*no ;1'5 o(ir Aig) o (f Ag) oA inthis diagram is equal to 7. (ig.(f)ir«(g)). From
Lemma 3.1, we can replace i*n A i*n in this diagram with i*n A i*n o r A r to obtain an equivalent map:

eX

1a

IOX AZIPX

lf Ag

2m, k 2n, k
z2mm Rk A 52

liRAiR

(z2mm HEK A HFK) A (2" HFS A HFY)

l"” (19)

(609 ZI)“+2'""1“+'"H]F’;,) A (e? Zpa/+2n,qn+nH]F;(’)
v ¢

li* nAi*n

i* ju (Z2m HEFK A HE) A 0% j (S*" HF) A HEK)

l .

L Jx M
i* j (220 mn gEK A HEK A HEK A HFK) ——25 i j, (S20m-min gEK \ HEK )
lﬂ?n

@ Zpa,+2m+2n,q(,+m+n HFk
P
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From diagram (17), the composite given by diagram (19) is equal to Z2"*-"4, o (r Ar) o (ig Aig) ©
(fAg) oA =r.(ir:(f))r«(ir(8)). Thus, r(ir«(f)ir(8)) = r(ir«(f))r:(ir«(g)), as desired. o

6. Cartan formula

In this section, we use the coaction map constructed in the previous section to prove a Cartan formula
for the operations P} restricted to mod p Chow groups. Let X € Smy. Let (-, -) denote the pairing
between Af’* and HIFf,*’*H]Ff,. Let n > 0. For x € H**(X,F,) with 1x(x) = Xy; ® x;, we have
Pi(x) = Z{yi, P)xi.

Proposition 6.1. Let x,y € CH*(X)/p and i > 0. Then
Pi(xy) = Y PLX)P (7).
j=0

Proof. From the definition of P!, (&7, P;;) =1 and (w(a), P;'() = ( for all sequences a # (0,i,0,0,...).
Using coaction map (13), write

Ax(x) = Z u)(a/;) ® Xgq

q

and

() =) w@) @y,

r

for some sequences a'é, a2. Then
Ax (xy) = " (wla))w(a}) @ xgy,).
q.r

1

q’

from Proposition 2.2 applies for some m > 0, or else w(a;)w(af) = ia)(a‘ll +a?).
From the definition of Ax,

For any 2 sequences ., a2 appearing in these sums, we have w(aé)w(af) = 0 if the relation T,zn =0

P (xy) = D ((w(apw (@), P)xqyr.
q,r

Proposition 2.2 implies that if w(a)w(az) = ag—“{ for two sequences a1,z and a # 0 € H**(k,Fp),
then a = 1 and w(a) = f{, w(ap) = fi_] for some 0 S_j <i.As P;;. is dual to fi, the only terms for
which (w(a}, + a7), P}) # 0 are of the form w(a'cllj) =&, w(af},) =&, for 0 < j <. Hence,

i

Pi(xy) = > (w(ay, +a}), Pi)xgyr, = ) PLOPT (9), (20)
Jj=0 Jj=0

as required. O

7. pth power and instability

In this section, for n € N, we prove that P} is the pth power on CH"(-)/p. Letting f : Spec(k) —

Spec(F,) denote the structure map, it suffices to prove that f*(Pg )(t,) = (P for the canonical element
y2l

ly € HZ"’"(Kn,k,]Fp), where K, x € H(k) is the motivic Eilenberg—-MacLane space representing

H>m (=, F,). This proof makes use of Morel’s S !_recognition principle.
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We refer to [7, Section 3] as a reference for the S'-recognition principle. For a base scheme S, let
PShy;s(Smg) denote the category of Nisnevich local presheaves of spaces on Smg. The unstable motivic
homotopy category H (S) can be described as the full subcategory of PShy;s(Smg) of presheaves that are
Al-invariant. Let Lino; : PShyis(Smg) — H(S) denote the A!-localization functor. Let SHS' (S) denote
the stable motivic homotopy category of S'-spectra. For a morphism f : S; — S, of base schemes, we
have the adjoint functors of pullback f* := L f* and push-forward f. := R f,:

[T H(S,) 2 H(S?) : fi.

For f : S1 — S, smooth, f* admits a left adjoint fy such that f4(X) = X € H(S,) for any X € Smg,.
For C = PSh,;s(Smg), consider the n-fold bar constructions By, that are adjoint to the nth sh.
deloopings Q":

Bl : Mong, (C) 2 C: Q".
We also consider the infinite bar construction
B : CMon(C) = Mong_(C) 2 Stab(C) : Q%,

where Stab(C) := C ® Spt denotes the S!-stabilization of C. Similarly, for C = H(S) we have the nth
S'-deloopings Q":

Bl : Mong, (C) 2 C : Q"
and infinite bar construction

B : CMon(C) = Mong _(C) & Stab(C) : Q.

n
nis

Definition 7.1. Define X € Mon(H(S)) to be strongly Al-invariant if ByjsX =~ By X. Define X €
CMon(H(S)) to be strictly A'-invariant if B”. X ~ B"_ X forall n > 0.

nis mot

For later use, note that B”.. and B;‘i’s commute with pullbacks.

Most of the proof of the following proposition was suggested by Marc Hoyois.

Proposition 7.1. Let k be a perfect field of characteristic p and let i : Spec(k) — Spec(D) be
a closed embedding where D is a complete unramified discrete valuation ring with generic point
J : Spec(K) — Spec(D). Fixn > 0. Let K, p = Q]‘;j 22”’"ﬁIFf,’. Then the morphism i*K,, p — K k
induced by i*EZ”’"ﬁF? = 22"’"HIF$‘, is an isomorphism in H(k).
Proof. We first prove that K, p is connected. Let R be a Henselian local ring that is essentially smooth
over D. From [11, Corollary 4.2], the Bloch-Levine Chow groups CH™(R) of R vanish for m > 1.
Thus, ngis(Kn,D(Spec(R))) ~ x, since K,,,p € H(D) represents the codimension n mod p Bloch—
Levine Chow group.

Now we prove that i*K,, p is connected. As j : Spec(K) — Spec(D) is smooth, j*K,, p =~ K, k.
Consider the homotopy pushout P in PShy;s(Smp) of the following diagram:

j#Kn,K E— Kn,D

!

Spec(K).

The morphism j4K, x — Spec(K) induces a bijection on ﬂgis. Hence, ngiS(Kn, D) = ngiS(P). From the
gluing square [25, Theorem 2.21],

Linot(P) = i.i*(Kn,D).
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From [25, Corollary 3.22], it follows that i.i* (K, p) is connected, since K, p is connected. Let k — Sk
be an essentially smooth homomorphism of rings, where Sy is Henselian local. The ring Sy admits
a lift Sp where D — Sp is essentially smooth and Sp is Henselian local. Hence, i*(K, p)(Skx) =
i.i*(Ky,p)(Sp)isconnected. Thus, i*K,, p € H(k)is connected. In particular, ﬂ'gis(l'*(Kn,D)) is strongly
Al-invariant. The S'-recognition principle [7, Theorem 3.1.12] then implies that i*K,, p is strictly A!-

invariant. Note that K, x is also strictly Al-invariant, since ngis(l(n, «) is strongly Al-invariant.
From [30, Theorem 8.18], we have

Binot!” (Kn,p) = " (BiioKn,p) = i*(QF X" HE)) = QF S2""HF}, = Bl Ko k

in SHS' (k). Then [7, Corollary 3.1.15] implies that i*K,, p = K, x in H(k). O
Proposition 7.2. Let k be a field of characteristic p with structure map f : Spec(k) — Spec(F,) and

let t,, € H*™" (Kp.x» F,) be the canonical element. Then f*P];p (1) =&,

Proof. First, assume that k is perfect. Let D be a discrete valuation ring having k as a residue field
with inclusion morphism i : Spec(k) — Spec(D) and generic point j : Spec(K) — Spec(D). From
Proposition 7.1, i*K, p = K, k. Over all base schemes S, let ¢, denote the canonical element in
H>"(K,s,Fp,). Apply i* — i*j.j* to the natural morphism 1, : K, p — Z¥"HFL to get the
following commuting square:

0Ky —— HEK

ll.*n ll "

ISP Ky g — X0 HFK .

*

Apply i*n : i* — i*j,j* to the morphism 2°K,, p — ZzP”’p”ﬁFg in SH(D) corresponding to ¢}, to
get the commutative diagram

P
S0 K ——— Z2PPUHER

| I @

P
IS Kk i X2 HEK Ty s2pnpn gEk
From [35, Lemma 9.8], i* j. b= i*j*P”K (t,). Hence, the bottom row of diagram (21) can be rewritten as

ke P Jetn . i je Pg ke T
P ECKy g ——— 1*1*22”’"HF§ —X l*j*ZZPn’anFE — Zan,anFZ.

From Theorem 3.2 and the foregoing commuting diagrams, P} (t,) = m o (i*j«Pg) o (i* juty) 0 i'n.
Hence, from diagram (21) we have P} (1,) = m o (i* juy) 0 i*n = 1y,

For k not perfect, we have an essentially smooth morphism f : Spec(k) — Spec(F,), and
f*(KnF,) = Ky [17, Theorem 2.11]. As F, is perfect, we then have f*(PEP(Ln)) = f*(P%p)(Ln) =

) =u. =
From Proposition 3.3, we have the following corollary:

Corollary 7.3. Let X € Smy. Then Py is the pth power on CH" (X)/p.

Now that we know that f*(Pj ) is the pth power on H>n (=, F,) for all n > 1, we can prove an
y2l
instability result. Let f : Spec(k) — Spec(F,) be the structure morphism.

Proposition 7.4. Let m, g, n > 0 be integers such thatn > m — g and n > q. Let X € H(k) and let
x € H™4(X,Fp). Then f*(P]gp)(x) =0.

https://doi.org/10.1017/fms.2020.34 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2020.34

Forum of Mathematics, Sigma 19

Proof. Voevodsky’s proof in [35, Lemma 9.9] works here, since f*(Pg ) is the pth power on
r
H*""(-,F,) by Proposition 7.2. a

Corollary 7.5. Let X € Smy. Then Pj. is the 0 map on CH™(X)/p for m < n.

8. Proper push-forward

In this section, we restrict our attention to mod p Chow groups on Smg. The ring of mod p Chow
groups is an oriented cohomology pretheory in the sense of [26, Section 1], with perfect integration
given by proper push-forward on Chow groups. Consider the total cohomological Steenrod operation
Py = P)+ P, +P;+---: CH*(-)/p — CH*(-)/p. From the Cartan formula (Section 6), Py is a
ring morphism of oriented cohomology pretheories in the sense of [26, Definition 1.1.7].

Let Z[[c1,c2,...]] denote the power series ring on Chern classes ¢; for i > 1, and let w €
Z[[c1, c2, . ..]] denote the total characteristic class corresponding to the polynomial f(x) = 1+xP~!. For
p =2, wisthe total Chern class. Let X € Smy. Foraline bundle L on X, w(L) = 1+c’lj_1 (L) e CH*(X).
For a vector bundle V on X that has a filtration by subbundles with quotients given by line bun-
dles Ly,..., Ly, w(V) = w(Ly) ---w(L,,). Let w; denote the ith homogeneous component of w for
i > 0. We have w; = 0 if p — 1 does not divide i. Define the total homological Steenrod operation
PX == w(-Tx) o Py : CH*(X)/p — CH*(X)/p, where T is the tangent bundle on X. For i > 0, let
PlX denote the (p — 1)ith homogeneous component of PX. The following proposition is a consequence
of the general Riemann—Roch formulas proved by Panin in [26]:

Proposition 8.1. Let f : X — Y be a projective morphism with X,Y € Smy. Then

CH*(X)/p 25 CH*(X)/p

Is I

CH*(Y)/p -2 CcH*(Y)/p
commutes.

Proof. This is [26, Theorem 2.5.4]. See [26, Section 2.6] for a discussion relevant to our situation. The
main ingredients are that the operations P} satisfy the Cartan formula and that P} is the pth power on
CH"(-)/p. o

Restricting to the case p = char(k) = 2, we obtain a Wu formula from the work of Panin [26, Theorem
2.5.3]. Here, w = c is the total Chern class and Sq denotes the total Steenrod square Py on CH*(—)/2.

Proposition 8.2. Let X,Y € Smy andleti : X — Y be a closed embedding with normal bundle N. Then

ix(c(N)) = Sq([X])

in CH*(Y) /2, where [X] € CH*(Y)/2 denotes the mod 2 cycle class of X.

9. Rost’s degree formula

Now that we have Steenrod operations on mod p Chow groups of Smy, we can prove Rost’s degree
formula [24, Theorem 6.4] without any restrictions on the characteristic of the base field. We closely
follow the presentation of Merkurjev [24], where Steenrod operations (assuming restrictions on the
characteristic of the base field) are used to prove degree formulas. In [16], Haution extended the Rost
degree formulas to base fields of characteristic 2.
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For a variety X over k, let nx denote the greatest common divisor of deg(x) over all closed points
x — X.Let X € Smy be projective of dimension d > 0. Applying Proposition 8.1 to the structure
morphism X — Spec(k) and [X] € CH;(X)/p, we see that p | deg(wy(—Tx)).

Proposition 9.1. Ler f : X — Y be a morphism of projective varieties X,Y € Smy. of dimension d > 0.
Then ny | nx and

deg(wa(-Tx)) deg(wa(-Ty))

= deg(f) -

mod ny.

Proof. The proof in [24, Theorem 6.4] works here. From Proposition 8.1, f.(wgq(-Tx))
deg(f)wa(-Ty) € CHy(Y)/p. We then take the degree homomorphism to finish the proof.

o nm

10. Specialization map

Fix a complete unramified discrete valuation ring D with residue field i : Spec(k) — Spec(D) and
fraction field j : Spec(K) — Spec(D) as before. Let X € Smy, with special fiber X; and generic fiber
Xk . As described in [10, Chapter 20.3], there are specialization maps o, : CH"(Xg) — CH"(Xy)
defined for all n > 0. The specialization maps can be defined at the level of cycles. Namely, for an

irreducible closed subvariety Zx C Xk of codimension n, let Z; denote the special fiber of the reduced
closed subscheme Zx C X associated to Zg < X. Then o, ((Zg)) = (Zx) € CH™(Xy). Also let o,
denote the specialization map induced on mod p Chow groups.

We now show that the Steenrod operations P} defined on CH*(Xx)/p are compatible with the
operations P} defined on CH* (X )/p.

Proposition 10.1. Let m > 0 and let Zx C Xk be a closed subvariety of codimension n. Let (Zg) €
CH"(Xk)/p denote the mod p cycle class of Zg. Then

P (0n({ZK))) = Tnsm(p-1) (PR((ZK))) € CH™™ PV (X;) /p.

Proof. The mod p cycle class of Zx C X induces a map
fp 1 ITX — ZUHED

in SH(D). The map i* fp gives the mod p cycle class of Z; (the special fiber of Zx c X), and j* fp
gives the mod p cycle class of Zg . Applying the natural transformation i*n : i* — i*j.j* to fp gives a
commuting square:

SO X — 2y w2mn Rk

l"*” L (22)
IS X LI e j s ann K

From Theorem 3.2, P! = ®(PY) = m o i*j.P¥ oi*n. Hence, from diagram (22),

moi'no Pl oifp=mnoi"j,P¥ oi’j.j fpoi'n
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in the following commuting diagram:

. pm
Z_‘i"Xk &) EZn,nHF;c) —") 22(n+m(p—1)),n+m(p—1)1_n1;;;<7

li*" li*" li*"

Sk opm

e P
l*]*ZiOXK ] fg l-*j*ZZn,nHFIIf v 5/ i>k]-*22(n+m(l7—1))Jl"'m(ﬁ—l)[-]IFA‘?7 (23)

&

22(n+m(p—l)),n+m(p—l)HF§ .

Write PR ((Zk)) = 1, a1 (ZL) for some ¢,a; € Z and closed subvarieties Z C Xk of codi-
mension n + m(p — 1). Taking the associated reduced closed subschemes in X gives an element

—1
>Lar <ZK> € g2 m(p=1)).ntm(p=1) (X F,) which corresponds to a morphism
.y 2 -1)), -
g1 IPX — xrmmp=D)nm(p=) gD

Forl1 <1 <gq,let Z,l( denote the special fiber of EIK. Taking pullbacks, i*g gives
q
Z a <le(> c H2(n+m(p—1)),n+m(p—1) (Xk,Fp)
I=1

and j*g = 37 a; (Z% ) = PR ({Zk)). Applying i* to g yields a commuting diagram:

TRXE — 8y 32(nsm(p=1)ntm(p=1) HF

li*n li*n

I

Z2(n+m(p—l)),n+m(p—l)H]FlI<)'

From diagrams (23) and (24), we get

PFg= Y a(Z)=moi g oin =m0l (PR(Zk)) oi
=1

=m0l [ PR oI fp o' = PR((Z1)),
as required. O

We recall some facts about flag varieties, using [21] as a reference. Let G be a split reductive group
over k with Borel subgroup B and Weyl group W. From the Bruhat decomposition,

Gr/Bi = U BiwBy/By.
weWw

For w € W, the closure X ]:" of BywBy /By in G /By is called a Schubert variety and

~ ALW)
BkWBk/Bk =Ak N
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where /(w) is the length of w in W. Let Py 2 By be a parabolic subgroup of G. We have Py = BWpB
for some subgroup Wp < W. There is a related WP < W, such that for each w € WX, BywBy /By is
isomorphic to Byw By /Py under the quotient morphism G /By — G /Py [21, Lemma 1.2]. We also
have a cell decomposition

Gk/PkZ U BkWBk/Pk.

wewP

This cell decomposition is independent of the field k. It follows that the total Chow group CH* (G /Px)
is freely generated as an additive group by the cycle classes <Y fig ) of the images ¥;" of the Schubert
varieties X" for w € W¥.

Chevalley [2] and Demazure [5] showed that the Chow rings

le*(GF1 /PFl) and CH*(GFZ/PFZ)

are isomorphic for any two fields Fi, F;. The isomorphism is given by mapping the class of a Schubert
subscheme Yy to Y} forw € WP We now prove that the Steenrod operations Py and Py give the same

action on H**(Gy /Py, F),) = CH*(Gr/Pi)/p = CH*(Gk [Pk)/p = H**(Gk [Pk, F}).
Corollary 10.2. Let n > 0 and let wy € WF. Then

PRTa) = D aw(ry)

wew P

in CH*(Gg /Pk)/p for some a,, € Z, and

PRAYEN = D) aw (¥E).

wewh

Proof. We refer to [4] for facts about integral models of split reductive groups. Let w € W and let
X}, be the reduced closed subscheme of Gp/Bp associated to BpwBp/Bp. Note that Xj is flat
over Spec(D). For any field ' and morphism Spec(F) — Spec(D), the fiber X}\ Xspec(p) Spec(F) in
G /BF is isomorphic to X7 [29, Theorem 2]. The main point to check is that the fibers of X} over
Spec(D) are reduced.

Now assume that w € W¥. Let Y}y denote the image of X\ in Gp/Pp. Then Y} Xspec(p) Spec(F) =
Y)Y for any field F and morphism Spec(F) — Spec(D). Proposition 10.1 then applies to finish the
proof. O

11. Applications to quadratic forms

In this section, we use the Steenrod squares Sqi" to prove new results about nonsingular quadratic forms
over a field k of characteristic 2. The results we prove have analogues in characteristic # 2 conveniently
found in [6, Sections 79—82] where the only missing ingredient for extending to characteristic 2 was the
existence of Steenrod squares satisfying expected properties.

Recall that a quadratic form (g, V) over k is nonsingular if the associated radical V* is of dimension at
most 1 and g is nonzero on V+\ 0. Equivalently, (g, V) is nonsingular if the associated projective quadric
is smooth. Note that nonsingular quadratic forms are called nondegenerate in [6]. In characteristic 2,
anisotropic quadratic forms are not necessarily nonsingular. Let (g, V) be a nonsingular anisotropic
quadratic form defined over k and let X be the associated projective quadric of dimension D. Over
some field extension F of k, the quadric Xr becomes split. A computation of CH*(XF) can be found
in [6, Chapter XIII]. Let 4 € CH'(XF) denote the pullback of the hyperplane class in P(V) and let
ly € CH4(XF) denote the class of a d-dimensional subspace in X, where d = | D/2|. Letly_; = h -1
for0<i <d.
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Proposition 11.1. As an additive group, CH*(XF) is freely generated by h',1; for 0 < i < d. For the
ring structure, W =215 4, lfi =0 if 4 does not divide D, and lé = ly if 4 divides D.

From Corollary 10.2, the action of the Steenrod squares Sq%" on CH*(XF)/2 agrees with the action
of Steenrod squares on the mod 2 Chow ring of a split quadric in characteristic 0. We refer to [6,
Corollary 78.5] for the calculation of the action of Steenrod squares on the mod 2 Chow ring of a split
quadric in characteristic 0.

Proposition 11.2. Forany0 <i < dand j >0,

Sq¥ (') = (;,)h”f and Sq¥ (I;) = (D +j1 ’)zi_ .

To state our results, we recall the definition of relative higher Witt indices. Let ¢ be a nonsingular
quadratic form over a field F and let F(¢) denote the function field of the associated quadric. Let ¢,
denote the anisotropic part of ¢ and let ip(¢), the Witt index of ¢, denote the dimension of a maximal
isotropic subspace for ¢. Start with ¢y = ¢, and Fy = F. Inductively define F; := F;_;(¢;—1) and
@i = (¢F,)an for i > 0. There exists an integer (), called the height of ¢, such that dimey,) < 1.
For 1 < j < h(¢), we then define the jth relative higher Witt index i;(¢) to be io(¢F;) — to(¢F;_,)-

Proposition 11.3. Letr ¢ be a nonsingular anisotropic quadratic form over k such that dimg > 2. Then
i1 () < 2v2(dime=ii(e))

Proof. The proof of [6, Proposition 79.4] works in this case and uses the computation of the Steenrod
squares on the mod 2 Chow ring of a split quadratic given by Proposition 11.2 along with Corollary
3.4 on base change of the Steenrod squares. From the Cartan formula (Section 6) and results on shell
triangles in [6, Sections 72,73] that were proved in arbitrary characteristic, we see that the conclusion
of [6, Lemma 79.3] holds for nonsingular anisotropic quadratic forms in characteristic 2. m

To finish, we extend 3 more results of Karpenko on quadratic forms in characteristic # 2 to the
case of nonsingular anisotropic quadratic forms in characteristic 2. Let ¢ be a nonsingular anisotropic
quadratic form defined over a field k of characteristic 2 with relative higher Witt indices i; := 1;(¢) as
defined previously for j = 1,...,5 = h(¢).

Proposition 11.4. Assume that Y > 1. Then
v2(i1) = min(v2(i2), ..., va(ip)) — L.

Proof. The analogue of this proposition in characteristic # 2 can be found in [6, Corollary 81.19]. The
proof there works over a base field of characteristic 2 using the properties we have established for the
Steenrod squares Sqi”. The conclusions of [6, Lemma 80.1] and [6, Theorem 80.2] hold in our situation,
since Sqi” acts by squaring on CH" (—)/2 by Proposition 7.2 and the total homological Steenrod square
commutes with proper push-forward by Proposition 8.1. m}

We next discuss the characteristic 2 analogue of the “holes in ™" result [6, Corollary 82.2]. For
a field F, the quadratic Witt group I,(F) is defined as the quotient of the Grothendieck group of the
monoid of isometry classes of even-dimensional nonsingular quadratic forms by the subgroup generated
by the hyperbolic plane [6, Section 8]. There is an action of the Witt ring W(F) of nondegenerate
symmetric bilinear forms on I, (F). Let I(F) ¢ W(F) denote the fundamental ideal of W(F) and set
I (F) = I"Y(F) - I,(F) for n > 1. Let k be a field of characteristic 2. Mimicking the proof of [6,

Corollary 82.2], with I; (k) used in place of 1" (k), gives the following result (let n > 1):

Proposition 11.5. Let ¢ € 1 (k) be a nonsingular anisotropic quadratic form such that dimg < on+l
Then there exists 0 < i < n such that dimgp = 2! — 2/+1,
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Our last result concerns u-invariants of fields. The u-invariant u(F) of a field F is defined to be
the smallest non-negative integer (or oo if there is no such integer) u(F) such that every nonsingular
quadratic form ¢ over F' with dimg > u(F) is isotropic.

In [32], Vishik constructed characteristic O fields of u-invariant 2" + 1 for all » > 3. Karpenko used
Steenrod squares on mod 2 Chow groups to show that for any » > 3 and any field F of characteristic

# 2, F is contained in a field of u-invariant 2" + 1 [19]. Karpenko’s constructions now extend to

fields of characteristic 2 through the use of the Steenrod squares Sqi” defined in this article for k of

characteristic 2.

Proposition 11.6. Let k be a field of characteristic 2 and let r > 3. Then k is a subfield of a field of
u-invariant 2" + 1.
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