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SEMILINEAR PROBLEMS ON THE HALF SPACE
WITH A HOLE

HWAI-CHIUAN WANG

In this article we prove that there is a positive solution in H£(Sl) of the equation
- A u + Au = |u|p~3 u in fi where fi is the half space with a hole, A > 0 and
2 < p <

1. INTRODUCTION

In this article we use the following notation:

R N : the N -dimensional Euclidean space, N ^ 3,
R f̂ = {(x',xN) £ R^"1 x R | 0 < ZJV < oo}: the upper half space,
R^ = {(x',xN) £ R^"1 x R | -oo < xN < 0}: the lower half space,
fir an unbounded smooth domain such that flr C R^ , ar — (a,r) ^ ilT,
and its complement flr is contained in a ball Bp(aT) centred at ar with
radius p : the upper half space with a hole.
D: One of R N , R £ and fir.
For A > 0 and 2 < p < 2N/(N — 2), consider the semilinear elliptic
equation:

{ - A u + Au= |u|p~2u in D

HQ(D): the usual Sobolev space on D under the norm

For u E JTo(D), define

fo(u) = JD (|Vu

MD= L e H } \ J

ao - inf {/D(«) I « £

-- f \u\p.
P JD
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236 H-C. Wang [2]

Write ||-||, / , M, a, F for | | | | R JV , /RJV, MRAT, anN, FKN , respectively.

The motivation to study our problem is as follows: by applying the compactness of
the embedding H$ (R^) --> I ^ R ^ ) , where Hi (RN) consists of the radially symmet-
ric functions in H1 (Rw) , Berestycki-Lions [4] proved that a is achieved, and hence
concluded that there is a positive solution of equation (luiv). Gidas-Ni-Nirenberg [9]
proved that every positive solution u of equation (1RJV) is radially symmetric with
respect to some point in R ^ satisfying

( ( ) * = 7 | ( » ( l ) a s r - » oo

\ u'(r)r<'N-iy2e^r = -\/A7 + o(l) as r -» oo

where 7 > 0 a constant. Kwong [11] proved that the positive solution of (1RJV) is
unique up to translations. Throughout this article denote by u the unique solution of
equation (In.AT) which attains its maximum at 0, /Rjv \u\p = 1, ||u|| = a, and satisfies
(1-1).

Esteban-Lions [8] used the infinitesimal -g- of the translation operators to derive
an important integral identity for the equation — A if — f{u) in an unbounded domain
with boundary F:

/ rii(x) |Vw|2 da = 0 for 1 < i ^ N.

Let fii = {(x',xN) £ KN~1 x R | |z'| < 1,0 < xN} be an upper half strip. Two of its

consequences are that there does not exist any nontrivial solution neither in HQ (R^)

of equation flR/v) nor in Hg(Qi) of equation (lfii)- Such a surprising result attracted

mathematicians to study the equations on the half space R f̂ and on f2i. Ai-Zhu [1]
proved that there are positive solutions of the equation

• AU = [u| u in

u > 0 in

u(x',0) — f(x') on un,+ )

where / ^ 0 , / ^ 0 in ff1/^^"1) D ̂ ( R ^ 1 ) . In 1992, the author gave a talk
in the second nonlinear France-Taiwan PDE Conference held in Paris. We proved that
if r is large, f?2 = fii U Br(0) the upper half strip adding a big ball, then there is
a positive solution in -ffo (^2) of equation (ln2) (see Lien-Tzeng-Wang [12, Example
5.6, p.1296]). In my talk, Berestycki asked the following problem: is there any positive
solution of the equation on the upper half strip with a hole? We have only partial result
for the Berestycki problem. However in this article, we try to answer a related problem
affirmatively:
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[3] Semilinear problems 237

THEOREM A. There is p0 > 0 and r0 > 0 such that if 0 < p < po and r ^ r0

then there is a positive solution of equation (lnr)-

To prove Theorem A we use a higher energy process through a barycentre function.
Such a process was first used by Coron [7], then by Benci-Cerami [3], Grossi [10] and
many others. In this article we adapt several tools from Benci-Cerami [3] and Grossi
[10].

2. EXISTENCE OF SOLUTIONS

For c G R, a (PS)C-sequence in J?o(Jlr) for F is a sequence {«„} such that

F(un) —» c,

F'{un) —> 0 strongly in Jff"1(nr).

We state a classical and interesting known decomposition theorem for a (PS)C -sequence.
For the convenience of the readers we sketch its proof.

THEOREM 1 . Let {un} be a (PS)C-sequence in H$(£lr) for Fnr • Then there

are a nonnegative integer k,k sequences {j/J,} of points of the form {x'n,mn + 1/2) for
integers mn, i — 1,2, • • • ,k, u° in JT^O,.) solving equation ( l n r ) andnontrivial func-

tions ul ,• • • ,uk in J?1(RJV) solving equation (IR-IV). Moreover there is a subsequence

{un} satisfying

(1) un(x) = u°(x) + ^(x - x\) + • • • + uk(x - x*) + o(l) strongly, where

(3) FnT{un) = FQr (u°) + ^(u1) + • • • + F(uk) + o(l).

If un ^ 0 for n = 1,2,• • • , then u1,- • • ,uk can be chosen as positive solutions,
and u° ^ 0.

PROOF: Note that each function in Hj(f2r), by extending it to be 0 outside Qr,
can be considered as a function in H1 (R") • Since

F ( u ) = i | l « | | 2 - i l l u i r = c + o(l)
2 r p

l r) = °(lltt-llnr).

we see that {un} is bounded in -ffo(^»-). Take a subsequence {un} and u° in
such that un —>• u° weakly in ffo(flr), ahnost everywhere in fir, and strongly in
Lv

loc(VLT). Let <p\ = un — u°. By the Brezis-Lieb Lemma (see [5]) and the Vitali
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Lemma, we have

+ \uo=\uo\p-2u° in fir

Far{V
1
n)=FOr(*n)-FOr(u°)+o(l)

* 0 , (*•») = "(1) strongly.

C A S E 1. If y>̂  —» 0 strongly, then

un(x) = u°(x) + o(l) strongly,

l f h , ( t t n )=F O f . ( « 0 )+« , ( l ) . D

In order to prove the second case, we need the following lemma in which the proof

follows from Bahri-Lions [2]:

Decompose R " into nonoverlapping countable cubes Qi with centres (x ' ,m + 1/2)

for integers m and side length 1. Define the concentration function hk of \uk\ by

hk = sup / \uk
\i\=0,l,2,-jQi

\2

LEMMA 2 . If {uk} is a bounded [PS)C sequence in H1 (RN) such that hk -> 0
as k —> oo, then uk —» 0 strongly in Hl^RN) .

PROOF: For 2 < g < r < 2* = 2N/{N -2), q = {1 - t)-2 + tr, t > 0, s = tr/2 ^
1. Now

/ I I? V ^ / I if l—1>-2 i i t r

0f

ir/2

:r/2

tlVttfc|*+«fcJI

= o( l ) as Jfc -> oo.
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By the (PS)e condition, we have

I M I H I ( H " ) - J N i u * r + 1 = e * IIU*HHI(R^)="C1)

where e* = o ( l ) . Since JRN |ttjfe|fc+1 = o ( l ) , we have

= o ( l ) , as & -> oo,

This completes the proof. u

CASE 2. If yj, does not converge to 0 strongly, then by Lemma 2 there is a subsequence
{ip^} and 6 > 0 such that

sup / \uk\ ̂  6 for n = l , 2 , •••
|i|=0,l,2,-./Q,

where {Qi} are as in Lemma 2. For each n, find a Qj, with centre y^ of the form
{x'n,mn + 1/2) such that

2 £
lk»IL»(Qi) > 2"

Take u1 in JT1 (RN) and a subsequence {<p\{x + y\)} satisfying ip\ (x + yl) —' u^x)
weakly in fl^1 (Rw) , almost everywhere in RN and strongly in Lv

loc (R-N). Since

WulW2LHQ) = B
h ^ 2 o I K ( i B + »i)lll»(Q) ^ 2 '

where Q = {(x'.iiv) € R w - 1 x R | \x'\ < 1/2,-1/2 < xN < 1/2}, we have u1 £ 0.
Let <p2

n{x) = v i (* + »i) - « x ( z ) . Then ^ - 0 weakly in H1 (RN), almost
everywhere in R w and strongly in L*OC(R-N) • We obtain that u1 solves (lRiv) and
satisfies

(2-1) ||Ti1||2£a*/<'-2>

and similar equalities as in Case 1 above. Continuing this process, by (2-1), we have to
stop after a finite number of steps. This completes the proof. D

Let {un} C Mnr satisfy for(un) = c + o(l). Set vn = c1^-2^™ for n = 1,2, • • • .
Then we have

Kr (»») = o(l) strongly.
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COROLLARY 3 . Let {un} C Mor satisfy un > 0, / n r ( u n ) = c + o(l) and
a < c < 2^p~2''pa. Then {un} contains a strongly convergent subsequence.

PROOF: Set vn = c 1 / ( p - 2 ' « n for n = 1,2,- • • . Then

Fnr (un) = o(l) strongly.

By applying Theorem 1 we obtain solutions v° of equation (lnr) and positive
solutions, v1,--- ,vk of equation (IRAT) and {*J,}n=1 of the form (x'n,mn + 1/2), mn

integers, i = 1, • • • ,n such that

vn(x) =vo(x)+v1(x-x1
n) +••• +vk(x-xZ) +o(l) strongly

(2-3) Kllor = FllnP + IKir + -+ | | i ' ' i r + o(l)
FoT(vn) = FQr (t»°) + Fiv1) +-.. + F(vh) + o ( l ) .

Note that if t>* ̂  0, vx ^ 0, i = 1,2, • • • ,A;, then we can take v* > 0, ul is unique

up to a translation and F(v{) = (1/2 - l / p )a p / ( p ~ 2 ) fort = l ,2 , - - - ,Jfc. Therefore, by

(2-2) and (2-3),

If v° ^ 0, then u° > 0 and Fn(t>°) > fl/2 - ^ W ^ " 1 ) by Proposition 5 below. If

a<c< 2(p-2)/Pa, then fc = 0,v° > 0 and

«„(«) = «»(«) +o(l)

or
.0«„(«) = u°(x) + o(l)

where u° = c~1^p~2^v0. Therefore {un} contains a strongly convergent subsequence.

Take £ G C°°(R+,R), 77 6 C^R,!*.) such that

( 0 0*t*

\ 1 t > 2p

0

fy(x) . . . 1
= || , I, = cyfy(x) where cy =
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Then tpy g Hl(Qr) and / n |v»r|P = 1- Furthermore we have D

LEMMA 4 . Let y = (y',I/AT), then

(!) ll/» - «(• ~ 2/)IILP(R") = °(1) as |y - <»r| -+ oo and yN -» oo, or p -» 0

and yjv —* oo

(2) ll/s -^~V)\\ ~ °(1) a s |y - a r | —> oo and yjv -» oo or p -» 0 and
y AT -» oo

P R O O F : (1)

\\fy{x)-u{x-y)\\lp{lLN)

= f \t(\x - aT\)r,(xN) - l|p |u(x - y)\p dx
7R^

^2^ / \u{x-y)\pdx

— o ( l ) as |y — a r | ^ oo and yiy—* oo, or p —> 0 and j/jv —> oo.

(2)

= o(l) as \y — or| —> oo and yjv —> OO) or p -»0 and y;v —> oo. ^
PROPOSITION 5 . Equation (lnr ) does not have any ground state solution.

PROOF: Note that anr ^ a since each function in Hl(Q) can be extended by 0
outside fir. Take a sequence {yn} in Qr such that

\yn — or| —» oo and y% —* oo as n —* oo.

Then, by Lemma 4,

||/»» -w(-yn)llLp(RW) =o( l ) as n-»oo

||/sn-il(-2/n)||=0(l) as n^oo.

Thus {pyn} c i?o(n) i s s u c h t h a t

/
Vnr

\<pyn\
p = 1 for n = 1,2, •

or an, ̂  «• We then conclude that an, = a. By the maximum principle, there does
not exist any ground state solution of equation (lnr) • Ln other words, if u is a solution
of equation (lnr) satisfying J"n |u|p = 1, then ||u||nr > a. U
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REMARK 6. By Lemma 4(1), there is n > 0 such that

(2-4) \ ^ | | / y | | L P ( n r ) < \

where r ^ r i and \y — ar\ ^ r/2 and t/jv ^ r/2.

Set
( 1 if 0 < *

and define /? : H1 (RN) -» R N by

For r ^ r i , let

Vr = \u G H^Ur) I / |W|P = 1, /3(u) = ar\ ,

cr = inf ||w||n .

Then we have:

LEMMA 7 . cr > a.

PROOF: It is easy to see that cr ^ a. Suppose cr — a. Take a sequence {vm} C
H*(nr) such that

\\vm\\l=a + o(l).

Let um = o^H-P-^Vm for m = 1,2,- • • . Then

•Fnr(«m) = o(l) strongly.

By the maximum principle, {«,„} does not contain any convergent subsequence. By

Theorem 1, there is a sequence {xm} of the form (x'm,m + | ) for integers m such that

v-m(z) = u(x - xm) + o(l) strongly.
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[9] Semilinear problems 243

Since u is radially symmetric, we may take m to be positive. We may assume that

|»m| ^ 4 from m = 1,2,- • • . Now

(P(u(x-xm)),xm) = I u2(x-xm)X{\x\){x,xm)dx
JKN

= I u2 {x - xm)X(\x\)(x,xm}dx
JR."

+ , u2(x-xm)x(\x\)(x,xm)dx

^ / u2 (x - xm)x{\x\){x,xm)dx

+ u2(a;-x

Note that there are c\ > 0, C2 > 0 such that for x 6 Bi(xm), we have

u2(x-xm) ^ d,

(a;,xm) ^ c2|a:||scm| for m = l , 2 , - - - .

Thus

^ C3 | x m | , C3 > 0 a constant.

Next, for O.< s < 00, by (1-1),

—/.\~(N—1)/2 y/Xs s- „ *„_ _ ^ nU^5J5V " e 5; C4 IOr C4 > U.

Now

/ S2(x - xm)X(|x|)(x,xm)<ix ^ c2 / X (ff jff ^ _z

^ —-p=-—-, C5 > 0 a constant.

Therefore

</3(u(x - xm)),xm) ^ c3 | x m r + 1 - - ^ - y ,

or

\p\u\x — xm)), — r) ^ cz \xm\ — - r~7?r :•
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We conclude that

a contradiction. Thus cr> a. U

REMARK 8. By Lemma 4 (2), there is r2 ^ rt such that

(2-5) a < IKH2 < *±±

where r ^ r2 and |y — aT\ > r/2 and yN ^ r / 2 .

LEMMA 9 . There is r3 ^ r-i such that if r ^ r3 , t ien

(/%>»).!/) > 0 for y 6 9 ( 5 r / 2 (o,.))

PROOF: By (2-4), 2/3 < cy ^ 2. For r ^ r 2 , let

~T < |x - ar | ^ -

R»(y) = {xeRN\{x,y)>0},

R»(y) = {xeRN\{x,y)<0}.

WVv)*v) =cv \JRN Z2{\x-aT\W{xN)u\x-y)X{\x\)(x,y)dx

+ J^N ?{\x ~ aT\)rj2(xN)u2(x - y)X(\x\){x,y)dx\

^\ \L 3 8 5 8 ^^-y)^\x\)^y)

+ f u2(x-y)X(\x\)(x,y)dx.
JB.N{y)
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Now

u2(x-y)x(\x\){x,y)dx>c6 f X{\x\) \x\ \y\ dx for c6 > 0
r,(5/8)r) ./A((S/8)r,(5/8)r)A((3/8)

for c7 > 0.

w2(z - y)x{\x\){x,y)dx < c8 / , V. -dx for c8 > 0

^ eg—-=-• for eg > 0.

Therefore, there is r$ ^ 7*2, such that if r ^ 7*3 , |y — o r | = r /2

This completes the proof. U

By Lemma 4 and Lemma 9, fix po > 0 j fo ^ r3 such that if 0 < p ^ po, r ^ TQ ,
then ll^yllp < 2(p~2)/pa for 1/ £ -Br/2( a r ) - From now on, fix po,ro , for r ^ ro . Let

||tt||nr

LEMMA 10 . h(B)n VT ̂  0 for each fce r .

PROOF: Let /i 6 F and H(x) - P oho(px : R N -» R w . Consider the homotopy,
for 0 ̂  < ^ 1,

+<J(a;) for z £ RN.

If a; £ 5(5r/2(t tr)) , then, by Remark 8 and Lemma 9,

^ II I I 2 ^

Then

= ((1 - t)H(x),x) + (tx,x)

= (l-t){/3{<px)tx)+t(x,x)
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Thus F(t,x) ^ 0 for x £ d(BT/2(ar)) • By the homotopic invariance of the degree

d(H(x),Br/2(aT),ar) = d(l,Br/2{ar),ar) = 1.

There is x £ Br/2 (ar) such that

Thus h(B) n Vr ̂  0 for each heT.

Now we are in the position to prove Theorem A: Consider the class of mappings

F = {h £ cfBr^iar^H^Rff) : %Br/2(Or) = fy}

and set

c=inf sup
»€Br/2(or)

It follows from Lemmas 4-10, with the appropriate choice of r that

a < cr = inf ||u||^p < c < 2(

and

max ||Mv)llnr< max ||M»)llnP-
BBr/2(ar) Br/i(ar)

Theorem A then follows by applying the version of the mountain pass theorem from
Brezis-Nirenberg [6]. D
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