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A NOTE ON N-HARMONIC MAJORANTS

Hone OH Kim aND CHANG Ock LEE

Suppose D(v) is the Dirichlet integral of a function v defined
on the unit disc U in the complex plane. It is well known that
if v is a harmonic function in U with D(v) < «» , then for each

P, 0 <p <o, |v|P has a harmonic majorant in U .

We define the "iterated" Dirichlet integral D,(v) for a function
v on the polydisc U" of " and prove the polydisc version of

the well known fact above:

If v is an n-harmonic function in Un with Dn(v) < « , then

for each p, 0 <p <® , Ivlp has an n-harmonic majorant in U™ .

1. Introduction

For a differentiable real function v defined in the polydisc,
Un={(21, cee2) s |z1’| <1 forlzsg<mn}
in , we define the "iterated" Dirichlet integral Dn(v) as

2
f..n.j' v, ... v v|" dxdy.
u

where 2; =% +1:yj, d'c=d:x:1 dxn, dy=dy1 ... dy_ and

g n
3 3 3 39
Vv, 8 ...89V = (—, =) ® ... 8 (— 57—/
1 n axl’ Yy axn’ayn
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For example, we have

32_0 12 | aZy I2 l 32‘0 '2 . | 321) I2
3 3, | 2,3y, | ETREED y,3Y,|

2
v, ® v v|° =
1° 72 1

If n=1, Dl(v) is the usual Dirichlet integral of v

A continuous function v is an open set in Cn is #n-~harmonic if

v 1is harmonic in each complex variable separately, that is,

2% 3%
NP
3z . ,

i

=0, (1sj<n).

The function v on Un has an #n-harmonic majorant if there is an

n-harmonic function UV such that v(z) < V(z) throughout Un .

Let hp(Un) , 0 <p <=, be the class of all n-harmonic functions

v in Un for which

Holl = sup M (r, ..., V) <@
14 Osrl,...,rn<l p1 n
where
2r on i0 10 de de
) = 1 np 1 n, 1/p
Mp(rl,...,rn,,v) = (fo...fo lo(re “,...re | g e g )

For p=21, Mb is an increasing function of rl,...,rn R

separately. If v ¢ hp(Un) , P =21, it is known that the radial limit
7,91 190 7,61 zen

n
* .. = i e
v¥e T,...,e ) rl,l.”.“.,r lv(rl seeesly e )
n

of VUV exists almost everywhere and it is an Lp-function on the

distinguished boundary.
!Z'” = . R = 1 f 1 < 4 < n}
{(zl,...,zn) B |ZJ| or £ J =

Moreover, |lv||p = ||v*]] . Also, if v ¢ wah , p > 1, then

P ()
v is equal to the iterated Poisson integral of its radial limit function
v*, That is,
it it dtl dt

1 7
V(3g5.058,) = fznf Prl(el'tl) oo B, (6t Jvtle T, U)ol go

n
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where Pr(ﬁ—tl is the Poisson kernel for U . see [1,3,8] for more
about HP .

The prototype of our main theme is the following well-known theorem

(see [9] for example):

Let V be a harmonic function in U with Dl(v) < © _ Then for

each P, 0 <p <« , the function |v|p has a harmonic majorant in [ .

We prove the polydisc version of the theorem above:

MAIN THEOREM. Let v be an n-harmonic function in U' with
D,(v) < = . Then for each p, 0 <p < =, the function [v|P has an

n-harmonic majorant in U

We consider only the case 7 = 2 , but the procedure can be repeated

for an arbitrary n.
2. The iterated Dirichlet integral

PROPOSITION 2.1. If v <8 a 2-harmonic function in P > then

82v 2
DZ(U)=4 ff le dedy .
2 172

Proof. By an elementary calculation, we see that |V1 8 V2 v|2

el | |

axlaxz ax13y2 aylaxg 8y13y2

=|ﬁ]2+i|_£v_|2+ 1] 2% P, 1 | _a% |2
dr,or, r12 3913r2 r22|ar1882l r12r22|361362

Since v can be expanded as

10 8 %, |k,| ik,0, + ik,
v(rme 1,r2e 2 = ¥ ﬁ(k)rz 1, 2,1

kez?
where k = (kl’kZ) , a pair of integers, and (k) is the multiple Fourier

coefficient of v, we have, by Parseval's identity ,
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o2n (2m .2 |2 X 2le l-2 2lx |-2
I f sot| do.do, = (2m® ] ol Pl Plool?e, T e
o lp ‘1% kez
oan 2m, .2 .2 2|k, 2|k, |-2
3% 2 2, 12y~ 12 1 2
| d8,de, = (2m)° ] |k, |%|k, |70k | r s
fo Jo 26 o7, %72 k2 1 2 1 2
2n (2n 2 2 2l -2 2|kl
3% 2 20 121712 1 2
| do.de, = (21)° ] Sk, ||k, |°lD() | r s
L) L, ar 36, 172 xeg2' 1 2 1 2
and
2r (2w, .2 .2 2lx, | 2lx,l
3 v 2 2 21~ 2 1 2
=22 | g0 de, = (em)® ¥ |k 1%k, |°D(R) | r .
Jo L) 36,30, 1772 xerd 1 2 1 2
So
2. (2 2 42
9% 1 3V
. |* dody = JJ dxdy
Juz J arlarz U2 r12 3613r2
2 2
1 3V
= [ daedy
ngf J[,22 3,38,
2,2
1 ’ 3% l
-— e ———s | e —— y
ngj . 2y 213636, dzed
1%
2 N
(2.1) =1 7, Ik ko)1,
keZ‘2 1 2

Hence we have

v

3r13r2

dxedy . O

2 l2

Dz(v)

[

In general, for an #n-harmonic function v in Un , we have

3V
arl---arn

271

n 2
l dedy .

Dn(v)

B3
Let o be a real number and let
[k 1 kgl <kjo, + kg0,

2 v(k)r1 r e

v(zp,2y) = 2

)
keZ

be a 2-harmonic function on U2 . The fractional derivative of v of
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order o 1is defined as

|| |k,| ik,6,+ik.8
s ~ 1 2 171 272
0™ %(z,,3,) = kgzz(u[kl|)"‘(1+|k2|)°‘v(k)r1 r, ‘e

. . . . a,0 -0y =0,
The fractional integral of v of order o is definedas I * v =D " "v

If a > 0 , the following integral representation can easily be verified:

1% % ¢ ) =1 t (106 % I(10g %Iy ) dod
v(a,,2,) = I‘(a)g o °g og = v(pz,,02,) dodo .

PROPOSITION 2.2. [Let v be a 2-harmonic function in 02 Then.
D,(v) < = if and only if D=% e H(LD).

Proof. By Parseval's identity we have

% 1 3
5% ol1? - 1 (241 1) (24 ]7y 1) 50 |2
€

Lz %
By (2.1), we obtain that D®*?p ¢ h2(U2) if and only if

2 2
» LY l dd.
[ y < ™
quj ’arlarz

or, equivalently, if and only if D2(v) < w O
Generally, for an #n-harmonic function v in Un » Dn(v) < o
AR
if and only if D® ’%v € hZ(Un)

The following proposition is known, but we include a proof.

PROPOSITION 2.3.  For p > 1, v « W(P) if and only if |v|P
has a 2-harmonic majorant.

Proof. ©ILet V be a 2-harmonic majorant of |v|p . Then we

have, by the mean value property,

2% (2w 10 10 ds., de 2% (2m 16 18, de, de
1 2,p %1 ¥ 2, 491 ¥
v(r.e “,r,e “)| ————SJ J Vir.e “,re °) ==
Jp Ja 1 2 2n 2w 0 0 1 2 2n 27
= V(0,0) < = ;
so V€ hp(UZ) .
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If ve¢ hp(Uz) for p > 1 , we have

it, it, dt, dt
_ (2w (2m % 1 2 1772
v(zl,zz) = PP (el—tz)Pr (62-1;2)‘0 (e s€ ) Sr 3n ?
1 2
g ‘0
where Pr(e—t) is Poisson kernel for U . We apply Jensen's inequality
to get
it, it dt, dt
p . 2m (2w, _ _ " 1 2, p 771 "2
.(2.2) [v(z,,2,) | SJ f Prz(el tl)Prz(ez ) |vte “e VT ==
g ‘0

But the right hand side of (2.2) is a 2-harmonic function and so a

2-harmonic majorant of |v|p . This completes the proof. il
3. A theorem of Hardy and Littlewood

If v is a function in UZ , v(+,w) denotes the function

z > v(z,w) with w fixed and v, , the function (z,w0) > v(rz,sw)
2

Throughout this paper, C((-..) denotes a positive constant depending
only on the argument (--.) and it may vary from occurence to occurence

even in the proof of the same theorem.

LEMMA 3.1. [1] For a > 1

an .
J Il-rezel_a de = 0(1-p)~% , (r 1) .
0

LEMMA 3.2. If v e W(F), p > 1, then

lotz,w) | < C(p)|Iv(z,')||p(1-|w|)—1/p

and
lolz,w)| < c(p)l|u(-,w)||p(z_|z|)'1/p .
Proof. For a fixed 2, we have
2n .
v(z,x) = f P (n-t)v*(z,ezt} dt '
0o S 2n
where w = se'" ana v*(z,ett) = lim v*(z,sett) . Using H6lder's

g1
inequality, we have
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20 . o 2 q .. 1/q
t dty1 1—| | dt
IU(Z,IJ)I < ([ Iv*(z,et )ip 2") /p (I ( ztw ] o
Jo 0 |e “-w|
| |w|? (2" 1 dt}l/q
< Hv(z,-)‘l (1-|w|”) J ——— o >
p 0 Iett_se‘l/ﬂ l 2q amn

where ¢q is the conjugate index of p . By Lemma 3.1 there exists a

constant ((p) such that

on
1 dt _ 1-2q

— L %Y < oip)(1-|w|) .
IO |ezt_setn|2q 2n

Hence

lotz,0) | < c(p)lIv(z,-)||p(1-|w|)'1/l’. 0
LEMMA 3.3. If v e HP(1P), p > 1, then

. _ ~1/p
| |v( ,w)llp < C(p)||v||p(1 |w]) .

Proof. We use Lemma 3.2 and the monotone convergence theorem (MCT)

to get

) P
| w( ,w)llp

il

2% .
lim J |v(rew,w) |P g—e
r>1 0 "

p ds
p ém

IA

-1 an 70
Clp) (1-|w]))™" Llim J | |o(re™, )] (Lerma 3.2)
0

r-1

2% 2n . .
C(p) (,l-lwl)_l lim J lim J lv(rele,sew) |P %?—r-g—g
r*1 ‘0 g1 ‘0

2m (27w . s p
C(.p)(l-lwl)_l limJ J Iv(reze,sezn)l dn do (MCT)

~1 710 o gm 2m
s>1
= C(p)(z-lw|)‘1||v||§ )
Hence we have
ool < C(p)llvllp(l—lwl)'l/p. 0
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LEMMA 3.4. If v e #(P), p > 1, and if

2n . .
M(n) = sup (J Iv(rew,csem)lp %e-]l/p ,
0<o<1 0 T

then
an d
J mu(n)P £ < clpim, (r,8;v)F
0

Proof. we use Fubini's theorem and apply the Hardy-Littlewood

maximal theorem ('Max") [7, p.1l] to the harmonic function v(z,-)

a2n 2w

to get
2 2 2w .
f, or 2 [ oe [ ) e £
0 T Jp  0so<1 ‘0
2n (2n .
< j f sup Iv(rew,csezn) |P cZZe 31?
0 o 0so<1 T
2% a2n . .
= ( sup [v(re*®, cee")|P éﬂ] 29 (Fubini)
0 o oso<1 gn’ 2m
27 (2w . .
< C(p)f J Iv(re"’e,setn)lpd—n@— ('Max"')
0 0

C(p)Mb(r,s;v)p . 0

Now, we can proceed as in the proof of Theorem 2.2 in [7] to prove
the following theorem. We give its proof for the sake of completeness.
The corresponding theorem on holcmorphic functions on the unit disc was

proved by Hardy and Littlewood [4,5] and by Flett (2], and on the polydisc

* ., by kim [7].
THEOREM 3.5. If 0 < a < é- and if v e WP , p> 1, then

%% ¢ hq(UZ) where q = ngE .

Proof. set
(3.1) M(rew,cw) = sup Iv(prew,ow)l

O0<p<1
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We write 2z = reie and w = se™" . By Lemma 3.2
in -1/p

(3.2) lv(oz, 00} | < cp)||v, o708 )Hp(l-p) .
By (3.1) and (3.2), we have

1 s .
(3.3) [ (l-p)a'llv(prew,csem)l dp

0 1

in A o - I—)— -1
< o)l lv,, ,Cooe™ 11 jo (1-p) d

. 1
+ M(rew,cw) J (.‘l-p)a—l do .
A

£ |y, 8(-,ae’”)||p > Mre*®,ow), we set A =0 in (3.4). (3.3) is
EJ
. in .oin
then dominated by C(a)||vr,s(-,oe )llp . If lIers( ,0e )||p
< M(rete,ow) , we set
i
e e Ilvr,s(‘,ce )IIp )p
M(reze,cw)
(3.3) is then dominated by
I-ap

. in,op 18
C(u,p)Hvr,s( ,0e )Ilp M(re® ,ow)

Hence for any n, we have

1 , .
(3.5) I (1-0)% 1 |n(ore®®, 08" ™) | do
0

i A1 L0 I-a
< Cloup) (1o, (-,0e T‘)||p * ||ur,s(-,oeL )llgp M(re*®,ou) ") .
Integrating (3.5) with respect to (l-c)a-ldo , we get

(3.6) |1%%(z,w)| < Cla,p) rJ (1-0)% 1| |v (-,oe“‘)np do

1
0 r,8

1 . .
+ J M(re®, o) 17°P| v, 6,(-,cxem) | I;p(l-c)“'l do) .
0 3

We take ¢ - means on both sides of (3.6) with respect to de and use

2n
Minkowski's inequalities in their discrete and continuous forms to get
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2% . .
| 1% o‘12(1/&27'9_, se™M) |q g—g'] 1/q

(3.7) (J

0

1 .
< C(a,p)(fo (J—O)a-llIUP,S(',cez")llp do

1 c2m . PRE=-2
+ f (J u(re™®, ow)P 2—6] Pl
m

(-,cein)[ gp(l-o)a_l do)
g

7,8

1 .
< Cla,p) f (l—o)a—lllvr (°,cezn)||p do
g

s 8

We used the maximal theorem

2 . .
0 in,p do . w1 P
jo M(re ", 0se” )" 5= < C(p)llvr,s( soe )||p »

to get the last inequality in (3.7). Next, we set

(3.8) M(n) = sup ||v

(-, cein) .
0<o<1 r,8 I Ip

By Lemma 3.3, we have

in -1/p
(3.9) 10, g(-s0e" V11, s ctp)llv, l1,(1-0)

r,s

By (3.8) and (3.9), we have as before

1 .
J ||vr s(',oezn)llp(l-c)u_l do
0 £l

A a-i-1 1 e
< C(p)||vr [ J (1-0) P do + M(n) j (1-¢)" " do -
s8 P g A
v, oI, P
_ . -1 7,8
We set A =0 if M(n) < ”vr,s”p and A =1 - { e '

otherwise. We have then for any n,

1 .
in o-1
Jo ||vr,s(-,oe )Ilp(l-o) do < C(a,p)(||vr’8||p

op I-op
+ “vr,s”p M(n) ) .
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If we take g - means on both sides with respect to 621-—2 , we have

2r 1 . 1/q
(3.10) (f ( J v, s(-,oe”'“)||p(1-o)°"1 do)? ;f—?r)
0o Jo s
ap 2 p 1/q
< C(u,p)(llvr,s||p + ‘lvr,s||p (Jo M(n)E dn)'1)
< C(a,p)l|vr,sllp

by Lemma 3.4. If we note that log §~ 1-90 as P > 1 and we combine

(3.7) and (3.10), we have

M%(r,s;Iu’av) < C(a,P)||vr,S||p .

So
*%]|| < c(a, .
[17%%1 |, = ctap o]l 0
4. Proof of the main theorem

By Proposition 2.2, D% ’ ;2’1) € hZ(Uz) . By Theorem 3.5, for any o

(0 < a < %J P

1%0p% 5 %, _ pEe s Fa, P2

Taking o arbitrarily close to —12— , we see that v ¢ hp(UZ) for

any p > 0 . By Proposition 2.3, for each p (I <p < =), |v|p has a
; . . U2 P 2
2-harmonic majorant in . If p<1, then [v|¥ < [v|® + 1 . By the

. 2 . .
assertion above, |v| + 1 has a 2-harmonic majorant; so does |v|p

This completes the proof. 0
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