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A NOTE ON N-HARMONIC MAJORANTS

HONG OH KIM AND CHANG OCK LEE

Suppose D(V) is the Dirichlet integral of a function v defined

on the unit disc U in the complex plane. It is well known that

if V is a harmonic function in U with D(v) < °° , then for each

p, 0 < p < «> , |u|f has a harmonic majorant in U .

We define the "iterated" Dirichlet integral Dn(V)
 f o r a function

V on the polydisc if1 of (f1 and prove the polydisc version of

the well known fact above:

If V is an M-harmonic function in IT with Dn(v) < °° , then

for each p, 0 < p < °° , \v\P has an n-harmonic majorant in U .

1. Introduction

For a differentiate real function V defined in the polydisc,

iP = {(z^ ... zn) : \zi\ < 1 for 1 <> j < n}

in u i we define the "iterated" Dirichlet integral D (v) as

o
/.../ \Vj 8 ... 0 V^ v\ dxdy.

where z. = x. + iy.t dx = dx2 ... dxnl dy = dy2 ... dyn and
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For example, we have

y | 2 =
3 2 ,

to to2

2
+ Zx^y2

2
+

32V
3j/13a?2

2
+

32V

ty^Z/2

If n = 1, D.. (y) i s the usual Dirichlet integral of V .

A continuous function V is an open set in C i s n-harmonic if

V i s harmonic in each complex variable separately, that i s ,

3a;. iy .
3 3

The function v on U has an n-harmonic majorant if there is an

n-harmonic function V such that V(z) < V(z) throughout if .

Let W(IT) , 0 < p < °° , be the class of a l l n-harmonic functions

y in if for which

I ML = sup M (r V ; v) <

where
2-n 2% ie7 ie

M

For p > 1 , A/ is an increasing function of r-,...,v ,

separately. If v e lip (if1) , p > 1 , it is known that the radial limit

v*(e \...,e n) =
ie n

^

p
of y exists almost everywhere and i t is an £ -function on the
distinguished boundary.

f- = {(zv...szn) : \z,\ = 1 for 1 < g < n) •

Moreover, ||u| I = I I H l
p

Also, i f V e }P(if1) , p > 1 , then

V is equal to the iterated Poisson integral of its radial limit function
V*. That is ,

it1 it dt- dt
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where Pp(Q-tl is the Poisson kernel for U . See [7,3,S] for more

about h" .

The prototype of our main theme is the following well-known theorem

(see [9] for example):

Let V be a harmonic function in U with D (V) < °° . Then for

each p, 0 < p < co , the function \v\ has a harmonic raajorant in U .

We prove the polydisc version of the theorem above:

MAIN THEOREM. Let v be an n-harmonic function in lP with

D (v) < <*> . Then for each p} 0 < p < °°, the function \v\P has an

n-harmonic majorant in if1.

We consider only the case n = 2 , but the procedure can be repeated

for an arbitrary n.

2. The iterated Dirichlet integral

PROPOSITION 2.1. If v is a 2-harmonic function in U2 , then

Djv) =4 /../ dxdy •

Proof. By an elementary calculation, we see that |v, ® VQ v\
1 a

3 v
3x23a;2

3 v

3*7 32/2

2 3 v
3t/.3x2

2 3 v

32/ 782/2

3 V 3 V
2 r 2

Since U can be expanded as

J r 2 e 2 2 2 2

fceZ2

where ?£ = (fe1(fe2) , a pair of integers, and V(k) is the multiple Fourier

coefficient of V , we have, by Parseval's identity ,
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h Jo

r r
f f
'0 JO

rv

3 v
36

3 v

a:
u2 dxdy = \..J-±v

ft

1

3 U

3 y

dxdy

dxdy

hk\ r. K

Hence we have

u2 dxdy

2\kJ-2 2\ko\-2

I r2

D

In general, for an n-harmonic function V in u , we have

D ( v ) = 2 n {•••[ dxdy.

Let a be a real number and let

be a 2-harmonic function on U . The fractional derivative of V of
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order a is defined as

I k J \kn\ ik-Qn+ik0Q<>
Da'av(zrz2) = I 2(l+\k1\)

a(l+\k2\)%(k)r1
 1 r2

 2 e 2 1 22 .
kc Z

The fractional integral of v of order a is defined as I ' V = D * V.

If a > 0 , the following integral representation can easily be verified:

f-'°-v(zi3zJ = -^-s- f f flog i^-^log ha~2v(ozn3ozj dpda .
1 2 T(a)2 h h p ° 1 2

PROPOSITION 2.2. Let v be a 2-harmonic function in U2. Then.

D2(v) < » if and only if D^^v e h
2(l/) .

Proof. By Parseval's identity we have

\\D*>h v\\22 = I 2 (l+\k1\)(l+\k2\)\v(k)\
2.

By (2.1), we obtain that D2' 2V e h (IT) if and only if

* * < - .

or, equivalently, if and only if Pp(v) < °° . U

Generally, for an n-harmonic fiinction V in U 3 D (v) < °°

if and only if D*1'"'^ e h2(\P) .

The following proposition is known, but we include a proof.

PROPOSITION 2 . 3 . For p > 1> v e hPdJ2) if and only if \v\v

has a 2-harmonic majorant.

Proof. Let V be a 2-harmonic majorant of | v | p . Then we

have, by the mean value proper ty ,

2-nde9 c2-n (2-n i e , ie0 de7 de0

= V(0t0) < <= ;

so y £
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If y e l¥ (IT) for p > 1 , we have

9 9 i t , it0 dtn dt9

I'V - f f p , /VVp, /V ^
Jo >o J 6

where P (Q-t) i s Poisson kernel for U . We apply Jensen's inequality

to get

'1 p
 2j \P i £

0 >0

But the right hand side of (2.2) is a 2-harmonic function and so a

2-harmonic majorant of \v\ • This completes the proof. C

3. A theorem of Hardy and Littlewood

If y is a function in IT , v(•,w) denotes the function

z -*• v(ZjW) with w fixed and y the function (ztw) •*• v(rz}sw) .

Throughout this paper, C(---) denotes a positive constant depending

only on the argument (•••) and it may vary from occurence to occurence

even in the proof of the same theorem.

LEMMA 3.1. Cl] For a > 1

f2iT \l-reiQ\-a de = 0(l-rra+1 , (r •» 1) .

LEMMA 3.2. If v e hPdJ2), p > 1 , then

\v(z,w)\ < C(p)\\v(zi-)\\p(l-\w\)~1/p

and

\v(z,w)\ < C(p) |\v(-,w) | | (l-\z\)~1/v .

Proof. For a fixed z , we have

v(z,x) = P (n-tlv^Zie1*) p- .
1 o

in vt vt
where w = se and V*(z,e ) = lim v*(z,se ) . Using HSlder's

s+1
inequality, we have
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' 0 \e -w\

where <? is the conjugate index of p . By Lemma 3.1 there exists a
constant C(pl such, that

Hence

z,w)\ < C(p)\\v(s3')\\ (l-\w\)~1/p • D

LEMMA 3.3. If v e hp(lf), p > 1 , then

\\v(-tw)\\p < C(p)\\v\\p(l-\w\r1/p .

Proof. We use Lemma 3.2 and the monotone convergence theorem (MCT)

to get

r2-n

>0

t2v

. ^ | | P = lim f W \v(veiB
tw)\P ^

< CCp) CZ-lwir2 lim f ^ \\v(rei6,')\\P f?- (Lemma 3 .
r+1 >0 p 2 i r

2)

-\»\r1 lim \2V Q-f. (MCT)

= C(p)(l-\w\)~1\\v\\p .

Hence we have

\v(-3w) | | < C(p) | |v| \p(l-\w\r1/p . D
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LEMMA 3 . 4 . If v e yPfU2), p > 1 , and if

= suP

|3. < C(p)M(r,sjv)p .
'0 ™ P

Proof. We use Fubini's theorem and apply the Hardy-Littlewood

maximal theorem ('Max") [?, p.11] to the harmonic function viz,-)

to get

f i . i9 in,

f211 f2lT - . -£9 i n , iP ^e dr\
sup |yfre ^ a e V | F

f211 f2l

sup |«r» i e
JaM

i n ; |P g ) f (Fubini)

>o
C(p) f [ lyrr^s/^lPfnf- ('Max')

D

Now, we can proceed as in the proof of Theorem 2.2 in [7] to prove

the following theorem. We give its proof for the sake of completeness.

The corresponding theorem on holomorphic functions on the unit disc was

proved by Hardy and Li ttlewood [4,5] and by Flett [2], and on the polydisc

if1 , by Kim [7].

THEOREM 3.5. If 0 < a < - and if v e hp(U2) , p > 1 , then

Ia'aV e h"(lT) where q = -%-— .

Proof, set

(Z.I) Mire1 ,ow) = sup \v(preL
 }aw)\ .

0<p<l
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We w r i t e z = re and w = se n . By Lemma 3 . 2

(3.2) \v(pz,aw)\ < C(p)\\v

By ( 3 . 1 ) a n d ( 3 . 2 ) , we h a v e

f(3.3) f (i-p)a~1\v(preiB
3aeeiTi)\ dp

>0

f
>0

X a-L-1

p • — dp

(1-v)0"1 dp .

I f l l v v , o ( ' ^ a e t ' n ' ) M - W f r e Z ' e
3 a u ; j we s e t X = 0 i n ( 3 . 4 ) . ( 3 . 3 ) i s

Ij o p

then dominated by C(cJ | | Vy g(- ,oe%^) \ \ . If | \vp g(- ,oeVT^) \ \

< M(re jOtiJ } we s e t

(3.3) is then dominated by

Hence for any n , we have

(3.5) f (l-P)a~1\v(PveiQ
3a8e

ii*)\ dp
>0

.tn,

Integrating (3.5) with respect to (l-o) da , we get

C3.6J | j a - > a u r2 J u ; | < c r a j p ; r[ r i - a ; a " i | | u r - J ( o e t ' n ; | | do
j /i r-» ° p

I1
i0

y J')aeir])\\^(l-o)a-1 da) .

We take q - means on both sides of (3.6) with respect to §— and use

Minkowski's inequalities in their discrete and continuous forms to get
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(3.7)

(l-a)a-2\\vr J-,oeiTi)\\ do

j i e P f f " ^ ^ f -o)*-1 do)1 (f
(ajP) f (l-o^

in
C(aap) (l-or~*\\v ('tae"")\\ do .

I o v>8 P

We used the maximal theorem

%*C(p)\\v

to get the last inequality in (3.7). Next, we set

(3.8) M(r\) = sup \\v J-soe^lL •
0<o<l T'S P

By Lemma 3 . 3 , we have

(3.9) \\Vr,s('>aeU)\\V \ \ \ \

By (3.8) and (3 .9) , we have as before

f ||« J'ioeU)\\(l-o)'x-1 do
) 0 ' P

rX a-1-1 rl
4 C(p)\\v | | (l-o) P do + M(r\)

r ' s P >0 'X

\P t

(l-o)0'1 do •

I \v.
We s e t X = 0 i f M(r\) < \ \v \\ and X = 1 -

o t h e r w i s e . We h a v e t h e n f o r a n y r ) ,

rl

j I \vi>i6(-Joe1'T])\\p(l-o)a-1 do 1 C(a,p)(.\ \v^
s' 'p

-f
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If we take q - means on both sides with respect to -p— , we have

(3.10)

by Lemma 3.4. If we note that log — ~ 1 - P as P •*• 1 and we combine

(3.7) and (3.10), we have

I ^ C(a,V)\\v\\

4. Proof of the main theorem

By
k k 2 2

Proposition 2.2, D V e h (IT) . By Theorem 3.5, for any a

(0 < a < j) ,

w h e r e

Taking a arbitrarily close to j- , we see that v e hP(lT) for

any p > 0 . By Proposition 2.3, for each p (1 < p < <»)s \v\^ has a

2-harmonic majorant in IF . If p < 1 , then |v|^ <, \v\ + 1 . B y the

assertion above, |u| + 1 has a 2-harmonic majorant; so does |v|

This completes the proof. 0
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