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ORTHOGONAL POLYNOMIALS WITH SYMMETRY
OF ORDER THREE

CHARLES F. DUNKL

The measure (x;x>x3)"“dn(x) on the unit sphere in R” is invariant under
sign-changes and permutations of the coordinates; here dm denotes the
rotation-invariant surface measure. The more general measure

2u

X \:)\g dm(x)
corresponds to the measure
\'Tr?(l — v = )dvidvy
on the triangie
E: = {(vi.v)wvivm = 0y + vy = 1}

(where a = LB =0 =35y =c— 3= \, I =i = 3). Appeli
([1] Chap. VI) Lonstructcd a basis of polynomials of degree n in vy, vy
orthogonal to all polynomials of lower degree, and a biorthogonal set for
the case y = 0. Later Fackerell and Littler [6] found a biorthogonal set for
Appell’s polynomials for y # 0. Meanwhile Proriol [10] had constructed
an orthogonal basis in terms of Jacobi polvnomials. Indeed there are three
different families of this type which transform to each other under
permutations of coordinates (and parameters). For example. the involu-
tion vi <« v» is diagonalized bv one such basis. but all other possible
nontrivial permutations are represented by matrices with Racah-Wilson
polynomial (balanced 4F3-series, see [14] ) entries, in this basis.

The aim in this paper is to construct an orthogonal basis of polvnomials
on which the Abelian group of order three generated by cyclic
permutations of the coordinates acts diagonallv (wherea = =y = a —
1). This basis will be realized as the eigenvector decomposition of a
self-adjoint third-order differential operator.

The first stage of orthogonal decomposition is easv: fix « > —1. let B
= vy = a and define H (for n = 0) to be the space of (complex)
polynomuals in vy, v, of degree = n which are orthogonal to all poly-
nomials of lower degree. (There is a second-order differential operator
analogous to the spherical Laplacian which has each /), as an eigenman-
ifold.)
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To more neatly represent cyclic permutations we introduce the complex
coordinate
z: = _\'% + wx% + 03,\‘% where w = ™7,
The measure transforms to a multiple of
(+ 7 = 322+ D)%dms(2)

on the triangle with vertices 1, w, @ in C (where dm, is Lebesgue measure
on R”). An approach that was used by Koornwinder [7] on the region
bounded by a three-cusped deltoid (Steiner’s hypocycloid) to find an
orthogonal basis, namely, polynomials of the form z"" "'z + p, _(z, D)
which are orthogonal to all polynomials of lower degree, does not work in
our situation.

The construction of the third-order operator is based on infinitesimal
rotations. An appropriately invariant operator which is self-adjoint for
dm(x) on S? is constructed, and then modified (in its first- and
second-order terms) to become self-adjoint for (.x].rz,\q):"d/;z(,\‘). Restrict-
ed to H, for given n (and « = a — !) the self-adjoint operator. called
D,. is represented by a Hermitian tridiagonal matrix with respect to the
normalized Jacobi-type basis. Its characteristic polynomial is the end-
product of a chain of three-term recurrences, whose intermediate results
form a family of polynomials orthogonal with respect to a discrete
measure supported by the eigenvalues, which are thus pairwise distinct.
We will discuss the connections between these orthogonal polynomials
and the eigenvectors of D,. From the limiting behavior as « — co, which
will be explicitly described, the effect of a cyclic permutation on any given
eigenvector (they are labelled in order of magnitude of the eigenvalues)
can be found.

Indeed for given a, n let the eigenvalues of D, H, be Ay < A} <
As ... < A, with the eigenvectors q:f/- associated to A, 0 = j = n. then

«
e

H

« 2
an/ = w h/q
where u 1s the permutation
Uf (x1. x2. x3)1 = [(x3. X1, x2).

Here is an outline of the sections of this paper:

Section 1. Background: general theory of polynomials on the sphere
orthogonal with respect to a measure invariant under a reflection group,
and an associated differential operator; families of two-variable Jacobi
polynomials orthogonal for

B
V‘IYVQ(] -V — Vz)ydvld\/p_

on the triangle E; transformations of these families in terms of
4F3-series.
Section 2. The symmetric case: specialize to the measure
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(a1 = vy = va) )%dvydvy

on E. the complex coordinate system, a basis for I of polynomials in
(z. Z) constructed by means of a differential operator: the limiting
behavior as a — co.

Section 3. The self-adjoint third-order differential operator: the
construction, tridiagonal matrix representation with respect to the
Jacobi-type basis, the family of discrete orthogonal polynomials related to
the characteristic polynomial (on each /). the eigenvector decomposi-
tion; behavior as a — oo.

Section 4. Consequences and further problems: limiting behavior as «
— —1, degeneracies of the eigenvectors and eigenvalues: a four-term
contiguity relation for a certain balanced 4F3-series implied by the
permutation invariance of D,.

1. Background. Here are the general results from [5] which give a
foundation for this work. Suppose that 4 is a product of homogeneous
linear functions on RY and G is a finite reflection group (fixing the origin,
a subgroup of O(N) ). then say that & satisfies condition (*) for G if the
reflections in the zero-sets of the factors of & generate G, and

h(ox) = £h(x), (6 € G, x € R\').
Define the linear differential operator L, by
Lif: = A(fh) = [Ah. (f € CP(RY)),
.) 2
where A is the Laplacian 2 ( ) )
0X;

1.1. THEOREM. If f'is a polynomial, h satisfies (*) for G, and L,f = 0 then
/is invariant under G.

This says that solutions of L,f = 0 dre to be found in the algebra of
G-invariant polynomials. Thus define P to be the space of G-invariant
polynomials, homogeneous of degree n, and let

l ;
Hl: = PY N ker L,

Further let S: = {x € RV: x| = 1}, the unit sphere, be furnished
with lhe normalized rolatlon invariant surface measure dw. The analysis
of II takes place in LX(S; hdw).

1.2. THEOREM. If [ € 11,,, g € '

ﬁ fgh’dw = 0
A (n/2)

7].3. THEOREM. P,(,; 2/,(, x|“/H 5 (direct sum in L*(S:
hdw) ).

n # m, then

nr
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This shows that each G-invariant polynomial has a unique expansion in
terms of the form |x|"p,(x) with p, € I11}. Further. I1}, consists exactly
of those elements of P¢ which are orthogonal to all G-invariant
polynomials of degree <<n. Thus if a self-adjoint operator (densely
defined) on L (h*dw) leaves each P,(,' invariant. then it leaves each /1, in-
variant.

We will need the infinitesimal rotations. For j # k define

L= X — X .
"y dy,
The surface Laplacian (the Laplace-Beltrami or Casimir operator for )
IS

Ay =

> R

| =/ h=n
[t 1s closely related to A since

Ay ,
i 5. ~ )
Acf(x) = f(x) — (N —2) 2 .\—,-,; 1(x)

=1 0

A
NETE

There is an obvious extension of Ag to the L,-theory; indeed let
Ay = Ag(fh) — fAsh.

If /'is homogeneous of degree m then
Agpf = IXPLyf — m(m + N + 2 deg h — 2)hf.

- G . ., g
1.4.. l)l{()l’()SlfI()N. If f € P, then [ € H, if and only if [ is an
eigenfuncrion of the operator (1/h)Ag,, with eigenvalue —m(m + N -+

2 deg h — 2).

For the rfsl of the paper we will deal only with the situation N = 3,
h(x) = x|x5x5. The theory discussed above applies fully to the values .
b, ¢ = 1.2, 3... but other real values will occasionally be used in the

development.
. . . . 3 . .
The corresponding reflection group G is (Z>)” and the invariants are
S .2 2T
exactly the polynomials in x7j, x3. x3. Thus

dim P(w',,, = ('" + 2) and
\ 7/

it

dim H5,, = dim P5,, — dim P5,, » = m + 1.

We introduce the variables v;: = x; and the derivations
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, d ,
di = —. 1 =1 = 3.
dv;
- I
For h = x{x,x3 we have

5
R

(/L f(v) = 4(2 1',(),2 t (a + 3)0,
|

+ (b + 3)dy + (¢ + %)i);)}/(v).

A G-invariant function is determined by its values on certain triangular
sectors of S, such as the first octant (x; = 0); that is, the region

B - 2
I— {(\'|. \'3)1\']. Vs = (: vy + vy = 1} c R-.

2 -

We convert h~dw to a measure on [,

1.5. LEMMA.

AB Vv (e + DI + DIty + 1)
/-/I.__\,\z(l V) Vo) dvidvs fat Bty .

Jor a, B.y > —1.

1.6. LEMMA. For [ continuous,

L2 2 2 1 .
ﬂ, J (X7, x5 xpde(x) = 7m f_/; S L — v — )

!
Xo(vpva(l — v — vy) ) 2dvidv.

5 . \
We see that the measure h~dw corresponds to a scalar multiple of

1
(I — v, — vz)( 2dvydvy

19—
19| —

a

b
vy 2vy

on L. A family of orthogonal polynomials for this weight is known (see [8],
[10]) in terms of Jacooi polynomials. We use a shifted, normalized Jacobi
polynomial:

Rif"m(s): = zlﬂ(ﬂh notat Bt 1; \)

a + 1

then

n

|
0 Rf,"'m(x)Rm'ﬁ)(y)s"(1 — 5)ds =0 form # .

Also we continue to use v» with the understanding that vi + vy + v3 = 1
on E. Let

dulv) = /\'a/g\’,\’(lxl’lzjl’;dvlde.
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where

kapy: = (D@ + DB + DIy + D/l + B+ v +3)) .

sothata =a — 4. B=5b — 5y =c¢— i
We define one of the possible families of polynomials. for 0 = m =

(ii)nm(v): = (a + ])n HI(B + ])mRiI‘L/fij vl (‘YI/E V’)

H—m
X (Z \',) vy + )" RE a0y + vy ).

1

By Pfaff’s transformation,

Pum(v) = (a + 1)/17”1(,8 + Dyt \'3)”7”1

m—=n —n—m—pB—vy—1 VYV )
XZFI( a+l .\’2+\'3

m —m, — m — v, V2
on( )
3

X

a useful form. Thus ¢, is homogeneous of degree n in v, v5, v3 and of
degree =n — m in v|. By the use of known integrals of Jacobi polynomials
(see [12], p. 68) we obtain

a f3
k“BY //I (I)mn(v )95/\/(\’ )"I‘Yévz d\’](/\’z = 8/1/\&11/]\/11/11(“* B Y)

where

Nymla. B.y): =
By t+tm+ B +y+tm+2),B+1),
B+y+2m+ I e+ B+ v+ 3)im

« (y + Dyla + 1), a + B+y+n+m+ 2)ym(n — m)!
(a + B+ v+ 2n+ 2) ’

for 0 = m = n. By cyclically permuting (v|, a), (v5. B). (v3, v) we obtain
two other orthogonal bases:

liblll’l( v): = (B + l)llfln('Y + 1)/)1R11/1T7:a+2”1 + l) (VZ / E vl )

X (2 vl_)n*m(v3 4 "l)”]Riz‘(l)(\’3/(\‘3 + o))
1

(y.at+B+2m+t1)

0,,,,,(\?)3 - (Y + l)n*m(a + ])mRn*m ("’3/2 "1)
i

X

(2 Vi)”“m(vl + Vz)mR‘,:;'B)(Vl/(Vl + ) ),

l
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with orthogonalities

kaﬁy /f; Il/nnz(V)‘l/l\/(V)v v)v;dv]dm = 8”/\6171INIH)I(B Y- @)

and

ka‘,By /'/[‘ 0/1/71(" )9AI(V )v(]xvégvgdvldvl = 8/1/\6/11/Nnm(7~ «, :8)

The other three possible permutations lead to no new bases: from the
relation

RO~ 5) = (=1 (@ + D/ (B + DR s)

m

we see that ¢, transforms to (—1)"'¢,,,, under the transposition of (v, 8)
and (vs, y), as one example.

It is striking that the orthogonal matrices expressing the transforma-
tions between the normalized versions of these bases are given in terms of
the Racah-Wilson polynomials (balanced 4F3-series. orthogonal with
respect to a finite discrete measure, see [13]).

1.7. THEOREM. For 0 = m, k = n:

o —

_ 1 _l
l) anl\an\'(B’ Y, (X) = 2 (41 nm/\(a :8 Y)¢nm IIIH(a B Y) R

m=0

1
”) H,IkN,,A('Y, a, :8) 2= 2 (71) M’H”/\(B Y. (X)ll/,,,” mn(B Y- a)

m=0

w\—

IJ\—

n
2 (71 mn/\(y Q, B)anmNnm Y a, 18)

m=0

o=

i) ouNula B y)

where

an/\ (a, B~ Y):

kok +a+y+ 1. —mm+,8+y+1_1)

_ ntm+th gy
(=D nF( -ny+ln+ta+ B +y+2

(((X + l)n—m(ﬁ + 1)/1-/\'(7 + l)m(y + 1)/\(” +a + 18 + Y + 2)1)1
mkl(n — m)!(n — kK)!im + B+ v + 2),(k + a + v + 2),
(n+a+,8+y+2)/\,(ﬁ+y+2m+l)(a+y+2k+l))%
(a+1)yB+D,B+y+m+ INa+vy+k+1) ’
For fixed n, a, B, ¥ the matrix (M, (a, B, ¥) Yy i —0o is orthogonal.

Proof. This is a direct consequence of a similar fact about Hahn
polynomials in two variables, which was proved in [3]. The idea is to set up
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the weight

((a + D (B + Dy + Dry o )/ (K = vy — )
on the (integer) lattice points in the triangle v, v7 = 0,y + v» = K: for
which there are three families of Hahn polynomials similar to ¢. {. 6:
replace vy, v» by Kv|, Kv, respectively, and let K — co. The 45 function
stated here is obtained from the one in Proposition 5.4 of [3] bv a standard
transformation ( [2]. p. 56).

1.8. COROLLARY.

H

/2 (— l)/\M”//\(B' Y- a)M/IAl(Y~ Q. :8) = (- 1)/ ' /M//((\’. :8 Y)-
A =()

Jor0 =, 1 = n

Proof. Transform from the y-basis to the ¢-basis by using the
composition of (i1) and (ii1). and directlv. by using the inverse (adioint)
of (1).

This leads to an orthogonal matrix of period 3 when a« = f = v. It is
this situation that will be studied in detail in the sequel. (We caution the
reader that a permutation of (vi. a)(v>. B)(vy. v) is a transformation of
identities, not a well-defined linear transformation. For example the cycle
((vi. ) = (va. B) = (v3. y) =) maps ¢, to y,,. but the corresponding

matrix
A n
((- 1) MnmA(OL :8 Y) )NL/\ =0
is not in general of period three, indeed the m = k = 0 entry for n = 1
IS

!
—((a+ DB+ )/(a+ v+ 2B+ vy + 2))¥ # —1/2 usually.)

2. The third order symmetry. Henceforth « = 8 = y and we will refer
to
M, (a): = M, (a, a, a);
N,(a): = N, (a, a, «); and
koo = I'Ga + 3)/T(a + 1),
The measure on £ is
dy o = ko(vivv3)*dvidv,.

and S3, the symmetric group on 3 letters, acts as a group of isometries in
LYE. py) by permuting (v;. v». v3). This group is generated by the
operators U and J where

Uf (i vaeva)s = f(v3o v va)

anda
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JEv va ) = f (v vae v

Thus U generates the group Z;. and it is this action that we wish
to diagonalize. Note that U, = 8,, so that the matrix of U in the

l
qbnm nm basis is

UY/\NI = (- l)/\MnAm(a)~

We introduce the coordinate system z: = v| + wvy + @vi, 11 =

27i/3

+ v3. where w: = e (note w* = @ and w+ @+ 1 =0).LetQ2be the

closed convex hull of 1, w, @ in C then

E={( v)vpvmZ20vi+wn=L=1-v —w)}

corresponds to { (z. t):z € Q. t = 1}. The inverse transformation is

= +Z+0)/3 vi=(wz+ I + 1)/3.
= (wz + @z + 1)/3.

2.1. ProposITION. The space E and the measure ., correspond to {2 < C

with the measure

C(,((:3 + 73— 32+ D)%dm(z).

“3far
where ¢,. = 2k,3 ¢ —) and m, is the R*-Lebesgue measure on C.
Let
w(z.t)y: =20+ 23 = 3z + 1,

then € is exactly {z:w(z, 1) = 0}. Of course w is nothing but 27 v vov;

expressed in z and 7. Also

Uf(z. 1) = f(wz. 1) and Jf(z. 1) = f(Z. 1)

The differential operator (1/h)L, (where h(x) = (xlxzxz)u ) becomes

4L.,. where
Ly = z0° + 79° +18 + 20,(z0 + 20)
+ 2199 + 3(a + 13,

L S P W
Br= o = = o

Further, if p is homogeneous of degree » in z, Z, ¢ (thus degree 2n in the

x;) then L;p = 0 if and only if p is an eigenvector of
Ly: = —(z0 + 20) — Ba + 2)(z0 + Z0) + 21790

«

+ 1(zd% + 749
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with eigenvalue —n(n + 3a + 2), (that is, '(, = (1/4h)Ag,, in (-
coordlnates see Proposition 1.4).

Recall H“ is the space of polynomldls in x; homogeneous of degree
n such that Lyp = 0. Define H, to be the space of polynomials in v, or
(z. 2. 1), homogenou% of degree n. such that Ly = 0 (thus I corre-
sponds to 1{7,,) This gives the orthogonal decomposition

LAE ) = 2 © H.
n=>0
Also dim HY = n + 1, and each H® is an eigenmanifold of L2
Forn = 0.1,2,3...and e = 0, 1, 2 define P, to be the space of
polynomials p in (z, z, t) homogeneous of degree n satisfying the

relation
Up = w‘p.
A monomial Az K Nk 1= 0.k + 1 = n)isin P, exactly when

k — [ = e mod 3.
Since L, commutes with U we can similarly split /. indeed. define

Hy o = P, 0 ker L,.

H.€
We give an algorithm for a basis of H, . based on a recurrence rela-
tion.
2.2. LEMMA.
La(zlflnlnflfm) _ [(l o 1)21*2‘_;/)1+ltn*/*/n
+ m(m — N tiEm 2l e e

+n =1 —ml+m+n+ 3a+ 2z ot

A convenient indexing for monomials of the same U-orbit as z/Z" is

Z/*Z/\ +/Em+1\72/’tk +J

subjecttok +j = 0,2k — j = [ 2j — k = m; (for fixed /, m the possible
values of s = k + jsatisfy2s — m =3k =/ +sand 0 =5 = [ +
n).

2.3. THEOREM. For fixed n and m with 0 = m = n there is a unique
polynomial [, ,, € Hy withe = n — 2m mod 3 whose only term of degree
O intisz" "z™ Further let | = n — m, then

L (2 CI‘_Z/*ZI\Jr_/’;m+A*2_/’l/\+J) =0
o / - -

ky
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if and only if

Ay
(=2n — 31 = D)4y

and {A;;} satisfies
(/k =)0 =2k +j+ 20— 2k+;+ DA,

Cry =

Il

Ay
+m+ k=2 +2m+ k=2 + DA ;-
=20 =2k + 5+ Dm+ k — 2/ + 1)

X 2no— k=) 3t )AL )

this recurrence is to be computed in order of k + j = 1,2, 3 ... n, with given
values for Ay and Ay, = 0 for (k. j) values outside the permitted region.
The polynomial [, is characterized by Ay = 1. Ay = 0 for k # 0.

nm A
Proof. Apply the lemma to find the result of applying L, to the given
general polynomial (with ¢;;), and set the coefficient of

2kt jmm+h 2/,/\ +j—1

equal to zero. This produces a recurrence for ¢;;, consequently for A;;. The
recurrence shows that each Ay, is uniquely determined by the values of
Ay for kK + j/ < k + j, hence the values A, ;.. (Note there are n + 1
such values, and dim H, = n + 1.)

. . . . g Y
By using Theorem 2.11 in [5] we can give another expression for /.
indeed

n
jvt:./u = 2 (j'(_ZH — 3a — ])/) l[/(L“)/(:II ”'_7”1),

j=0
(valid unless @« = —1land n = 1).
Forgivennande = 0, 1,2 and let ¢ = 2n + e mod 3 with¢ = 0, 1, 2
then

{(fr3+0=j=[(n— ¢)/3]}

. . .. . Y Y
is a basis for I, .. Conjugation maps H, | onto H} , and

dim H, | = dim Hy, = [(n + 2)/3]

(the cardinality of { (j, k)y + k =n,j =20,k =20,/ — k = 1 mod 3} );
and thus

dim Hyg=n + 1 —2[(n + 2)/3].

Here are some low degree examples:
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Joo ==/ =% /% =2 — (2/GBa + 5))7w.

[ =27 = (UGa + 4 fSy = [
fS0 = 2 = (6/Ba + T))zzt + (4/(3a + S)3a + T) ).

)—

I8 = 2 = (G + 1)) — (/B + 7))zt

S50 =755 = /%0

Unfortunately. it must be stated that {f,,,} is not an orthogonal basis.
Even though most of the functions in this short list are orthogonal
to each other for degree and group invariance reasons (that is,
Hy o L Hjysunless n = mand e = 8), f§ and /% ;3 are both in 15 yet

fﬁz J50/53 widmy # 0.

We will find a recurrence, but not a closed form, for the integral

A=, .«
2w .
//Q dm,

2.4. Definition. For k, [ = 0, a > — 1, let

Lk, ) = ('(,/'/&; 2wz 1)%dma(z)

(note the constant ¢, makes 1,0, 0) = 1)).

2.5. ProrosITION. I (k. l) = 0 unless k = [ mod 3, I (k. 1) = 1l k)

and
(k + 1+ 3a + DIk, D)=k — 1,1 —1)
+ (k= DIgk — 2,1+ 1)
= klgk — 1,1 = 1) +( — DIk + 1,1 — 2).
Proof. The set © and the measure are invariant under U(z — wz). but
UAEly — ok st

I3

hence (k. /) = o* I (k. [); this proves the first statement. Applying J

(conjugation) shows
(k1) = 1L k).

Note

-

xt*(:,l):(z:‘zf+z —z—ZzZ+ Iz +z+ 1)

We use integration by parts to obtain
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]

[/M( (6*8(( zf+f—'fz__f+l)u+l
X (z + 2+ D)%dma(z)

= —(-a/ QL@ — DuE D) -2

+ Z — - — Z 4+ DHnwdmy(2),

and the left side also equals

3a + l)c'a/'/Q u(z. z2)(z — Zmdms(z),

the calculation being valid for a« > —1. Now set u = z* 1Z/ (with k = [
mod 3 and & = 1) and use the relation

Ik, ) =0 if k" =0 mod 3
to simplify both sides. This leads to

3a + DIk, D) = —(k — DUk D) — 1k — 2.1 +1))

+ Uk — 1L — 1)y — 1 (k. 1)),

and so

(k + 1+ 3a+ )k 1) =(k — DIgk — 2.1+ 1)

- U (A — 1.1 — 1)
The last identity in the theorem follows from the (k, /)-symmetry.
Put k = 1,1 = 3j to get

(3 + 3a + HI(L 3 + 1) = (3 + DIL.3). (j = 0).
and k = 3j + 3,/ = 0 to get

(3) + 3a + 53 + 3.0) = (3 + D3 + 1. 1)
From these, we can show

(2/3),(1/3),

(a + 4/3)j(a + 5/3),
(1/3);41(2/3);

(@ + 4/3), (a + 5/3);

1,(3/. 0) = I1,(0. 3j) = and

1.3/ + 1, 1) =

Finally

o Jy 15075y = cof [, raownamce

(because f§ is perpendicular to terms of lower degree)
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I

1,(6.0) — (6/Ba + 7)) (4, 1)
+ (4/3a + 5)Ba + 7))1,(3. 0)
= 72« + 1)/(Ba + H3a + 57Ba + 7)’Ga + 8)).

The limiting situation for « — oo is nontrivial but some specific results
are possible.

2.6. ProrositTioN. For each n = 0,

Dolimoa e, () = (va vy = 2vp)t s — v

Q00

i) lim a "N, («) = (2/3)'3 "ml(n — m)!:

w00

1o —

a—00 m ) )

ZFI(—A-. —m 4/3):

—h

lll) lim M,,”,/\((X) _ (7l)n+/\+mz*n(3m+/\(”)(;\1
X

H H a R ]
iv) lim f,,, = z'"""z"
200

Proof. Indeed
aﬁnqbnm(v) = ((lI + 1),17,,,((1 + l)ma*”)

_ , v
% 2Fl(m nm+n+ 3a + 2. |

————— vy + vy o)t
a+1 V|+V2+V3)(l 2 3)

—m, m + 2a + 1, V2 ! m
X 2F1( o+ 1 - h)(‘z + )

= Fom — n; 3vi/(vp + vy + v3))(v) + vy +ovy)t "
X Fo(—m; 2va/(va + v3) ) (v + v3)",
and these are binomial series.

The Krawtchouk polynomial of degree m, parameters n, p (orthogonal

for (Z)p"’(l — )" is defined by

—m. —x |1
Km(X; p. h). = ZFl( ”i, “\;_);
n p
thus in (i11) above, we have K, (m: 3/4. n).
Define

(i>,?;)”(V): = (V2 =+ vy — 2Vl)n~m(V3 - Vz)”.
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There is an inner product {p. g¢) on polynomials homogeneous of degree n
In vy, vy, v3 such that

<¢:>HON’ ¢)2;\>> = 8/”/\( lln] aw”NIHH(a) )“

a—0C0

namely

(ogy =3 S —

[’ n (/( n)e
oy P! () A

where (m) is a multi-index (m, m>. my) with 2,m; = n, and

Y iy
l)(\’) = 2 PomVi IVZ V3

(m)

(and similarly ¢).
There is a simple expression for z"

iz in

in terms of ¢,,. Let
= (vt vy = 2v) =y — o,
then
= —(172)¢ + \/3in).
2.7. PROPOSITION.
n

HTMEN /2y ('/7)(\/51)/1<,,,(j: Lo, (),

j=0
and
(ZmEm RERY = 53 (e — m)!,
so that {Z" =" 0 = m = n} is an orthogonal basis for I, .
Proof. Indeed
FUMET = (=12 E By E = 3

(— 1/2)/1 E(H ”; ﬂl)é:nfm*/( \ﬁin)/ (I/?)S”I—A( o \ﬁm)/\
/-

= (1720 23 W 2(—1%(';?)(”, : 'Z»')
k

/=0

(where [ = j + k). The k-sum is known to be

('})K,(m; in) = (’;)K,”(I: 5on),
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and thus we have the stated expansion. The inner product

n
rrEm iy = (- 2 (7)23/
) .

J=(

X

Ky (s MK (2o n)(2/3)"3 il n — )t

n
=6 "n! > (7)K171(.j: 5 Kz son)
J=0

. a0
=6 "n 8,,,A2’/<)71),

by the orthogonality of Krawtchouk polynomials.
The matrix of the isometry U in the normalized ¢,, -basis is

U//\ = (‘l)/M,,//\(OO)

1
- (A])”“\2"”(3/“(7)(Z))zK/(k; 3/4.n). (0 = j. k = n).

Since U acts diagonally on the functions z" "Zz”') we can obtain an

orthogonal diagonalization of U by using Proposition 2.7, indeed

n

4" 2 (’1:1)3”’1(/(/41; 3/4, n)(— i/ \/j)”KA(m; 1.n)

m- 0
= (—w/2)" Wi/ \/3VK (k; Lon). for0 =)k = n.

3. The self-adjoint third-order differential operator. We want to find
a reasonably natural orthogonal basis for H, that diagonalizes the
Zi-action generated by U. As was pointed out, the basis
{/%.,.} is not orthogonal. The approach will be to construct a self-adjoint
differential operator that commutes with the various symmetries (namely.
sign-changes of x;, cyclic permutation). As a starting point we work with
the usual surface measure on S (that is, @ = —1), so that the algebra
generated by the infinitesimal rotations provides some obvious self-
adjoint operators. Each iR is self-adjoint, and so —Rj; is a positive
operator which is invariant under sign-changes, indeed

*Rf/\, = *4\)/\)/\(8/ - 8,\)2 - 2(V, - v,\)('d,\. - (),)

There is a similar operator on LX(E, p,). for each a > —1.
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3.1. THEOREM. For a > — 1. the operator
Ty = vpy(d, — 0y >+ (e + Dy = v )0, — 9))
is self-adjoint on LXE. p,). The eigenvectors for Ty are the polynomials
S and
TS3bpm = —m(m + 2a + D,y (0= m = n).
Proof. We consider only T5;. On E we use the variable vy = 1 — v, —
vy 50 that

N

Integration by parts in the iterated integral

1 I =
-/‘” dl’| /0 F(l']. Vo, \’3)6/1’2

yields

f_/; vavs (32 — 93)1g(v1vavs) vy,
= _/fL.[(Hz = 33) /1 (07 — 33)glvav3(vivav3)“dvydvs

— (a + 1)/_[,;[(\’3 = )y — 33)/1g(vivavs)idvidv,

(where / and g are twice differentiable, the appropriate function is zero on
the boundary v» = Qorvy, = 1 — v| provided @ + 1 > 0). Move the latter
integral to the left side. which then becomes

f/; (T55 /)20 1v2v3) dvdvay;
whereas the right side becomes symmetric in /. g.
The operator T5; acting on ¢, reduces to the standard second-order
differential equation for Jacobi polynomials (see [12], p. 62, eq.
(4.21.1)).

For notational convenience. let Ri: = Ryx. Ryt = Rz Ri: = Ry». We
use U and J in x-coordinates (that is, Uf(x. x». x3) = [f(x3, X, Xx») and
Jf(x1, x5, x3) = f(x. x3. x2) ). They act on differential operators by inner

automorphism.
3.2. LEMMA. i) U '"R\U = Ry, U 'R, U = Ry, U 'RyU = Ry,
inJR.J = —R\.JR-J = —R+.JRJ = — Ry (note J ' = J).

It is not hard to see that the only second degree polynomials in {R;}
which are invariant under U. J and sign-changes in {x,} are scalar
multiples of RT + R} + Rj3, the spherical Laplacian. Since it has each
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19—

M, 2 as an eigenmanifold, we move onward to consider third degree
polynomials in {R;}. Indeed R;R,R; is invariant under sign-changes, but
its factors are permuted by the U and J actions. By use of the
commutation relationships

[R. R,)(: = RRy — RiR)) = —R,.

where (jkl) is a cyclic permutation of (123), we see that R|R-R; is
U-invariant modulo quadratic terms.

3.3. THEOREM. Let 6: = R|{R- Ry + %(R% - R% + R%), then § is invar-
iant under sign-changes, and U '8U = 8, J8J = — 8 (relative invariance for
Sx). Further, i is self-adjoint.

Proof. Let p: = R{R,R;. The idea is to sum (sgn o) p° (where p°: =
o 'po)over o € S;. We list the values p° foro € Sy = {ld.J. UJ.JU. U.
UZ}:

yo = J.p" = —R,R3Ry = —R,R:R; — R;
(since R3R, = RHRy + R)):
ii)yo = U% p" = RyR\Ry = R\R3Ry — R;

— RiRyRy + RY — R3 (by (i) ):

iiiyo = UJ. p" = —R;R:R, = — RsR\Ry — R3
— “RRRy — RS+ RE = RS (by (ii)):
vio = JU. p° = —RR\Ry = —R|R,Ry — Rg:

V) o = U.p® = RyRsRy = RiR\Ry — R
= RiR:Ry — R3S + R3 (by (iv)).
Then

(1/6) 2 p° = —(1/6)R> + R> + RY),

but
(1/6) z (sgn o) p® = 4.

Since R} = —R,,

(RIRyR3)* = —R3RyRy;
further § 1s a sum of terms like RyR,R; + R3R,R| (and permutations),
thus 6* = —4.
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To express § in v-coordinates we introduce differential operators of
degrees one, two and three.

3.4. Definition.
810 = (vy — v3)d + (v3 — vy + (v — ¥)da:
80 = vi(vy — v3)(@1 + 20203) + va(vy — V(@3 + 2039))
+ o )03+ 28,0):
830 = vpyor3(d) — 9)(07 — 03)(d3 — 0).

3.5. PROPOSITION. § = 883 + 26, + 8. Also UflS,U = 0, and J§,J =
=8, forj = 1.2.3.

For the general LX(E. p,). « > — 1. we look for a linear combination of
8y, 657, 63 which is self-adjoint. The calculations are more manageable in
the (z, 1)-coordinates.

3.6. PROPOSITION.
8 = —i\/3(z0 — Z9):
8 = —i\V3( (22 — )9 — (2 — z21)0°);
8 = — (/B3N + 7+ — 3220 - 3.

The construction of the self-adjoint operator for L*(E. p,) will be
described as a list of simple integration-by-parts statements from which
we can deduce the coefficients. We use the definitions:

1) differential operators:

nf(2): = z9f (2),
nf(2): = (2 = ) (),
/() = w(z DY (2),
and their conjugates 7, f(z): = z0f(z). etc.:

11) integral kernels:

gy = cof [, 17 wam,

Il

Ki(/f. g): = Ca_/:/Q (A )0g) (2 — ztw™ ldm,
Ky(f. g): = Ca/'/;l fgz(,_2 — Ztw® dms,
Ki(f. g): = C“/./S; fg(z2 — ?I)BM’“_zdnzz,

where f'and g are smooth. and « > 1 (we will use analytic continuation on
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«). Each of the following equations is the result of one integration by parts
applied to the first-named integral (note that dw(z. 1) = 3(z- — Zr) ):

(1) (m3fig) = —3(a + 1)m f. g)
“"a//Q (azf)(atg)*w“i Llms.

(1) (J.7g) = —3a + ){f. 1g) — ('“/ /; (E?/')(E)_zg)' wet ! 'dmg.

(L) <, / o (@) " dmy + (/ b @y e,
= 3@ + DK/ 9).

“AUmfg) - Kl g

— 3ac, ] ] (O )g(z* — Z0)'w* Ldm,

—2(/img) — Ki(/. g

(1) (maf. &)

(Is) (/. T2g)
- 3acaj ; f(0g) (25— Zryw dm,.

(1) (‘(,fﬁ O )g(z> — oy w® ldm,y + (‘u/_/; fag) (27— Zryw dms
= 4K [ ¢) — 3a — HKs([. ¢).
(I (m /o> + (fomg = — (/- g — 3ak:(/. ).

It is clear that the combined equations (I}) + (I,) — (I3). and (1) + (Is)
— 3a(lg) involve only inner products ({.)) and the kernels K,. Add — 3(«
+ 1)/2 times the second equation to the first to eliminate K. After
grouping. obtain

((m3fog) + (fomg)) + 9/2a + WS g) + (. Tg))
+ 3+ DT fog) + (. Tig))

18a(a + DK-(f. g) + (27/D)a(e + 1)

X (@ = DK3(/. g).

Transform this identity by replacing each 7; by 7; and subtract the result
from the above. To express this, let

o: =13 — 13 T (9/2)a + 1)1y — T) + Ia + Iy — 7))
then
(*) (of.g) — (foog) = 18a(a + I)NKy([. &) — Kx(g. /) )
+ 27/ 2)a(a + (e — I)(K3(/. 8) — K3(g. /) ).
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But
Ki(/f.g) — Ks(g. /)

= Cu/_/g [l =2y — @ — 2y dmy

- ‘f ﬁz fa(z = Pw ldmy = K/ g) — Kxg. /)
so the right side of (*) becomes
(9/2)a(a + DBa + 1)(Ka(/. g) — Ka(g. [) )

We can get rid of this term by using (I;) and its conjugate. that is, the
identity

((ry =7 fog) — (o (rp —7)g) = —3a(Ky(f. g) — Kalg, /)7

Thus, adding (9/2)a(a + 1)(3a + 1) times this identity to (*), we obtain
that

o + (9/2)a(a + DBa + 1)(r; — 7))
= (13 — 7)) + 92a + )12 — 1) + 92 + DX(ry — 7))
is self-adjoint.
3.7. Definition. For a > — 1,
Dy = 1/9 + 2 — 32z + )@ — 3
+ 1/2(a + 1)( (22 — Z1)9* — (F — z1)d7)
+ 1/2(a + 1)X(zd — 29).

Equivalently,
Dy = (i/\/3)T,.
where

Ty = 83 + 1/2(a + )8 + 1/2(a + 1)%.

3.8. THEOREM. D, is a self-adjoint operator on L*(py). and each H(n =

0) is invariant under D, and T,, for « > —1.

Proof. The self-adjointness was proved above for a > 1, and can be
analytically continued for « > —1. Further, D, preserves the degree of
homogeneity of a polynomial, so by the remark following Theorem 1.3
D HS c HS.

The next step is to prove that D, Hf§ has no repeated eigenvalues
because this forces each eigenvector to be relatively invariant under U
(thatis, if f € HY, D, f = M for some A then Uf = «f for some €). This will
be shown by establishing a tridiagonal representation of D, with respect to
the ¢,,,,-basis in which there are no zeros on the superdiagonal.
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3.9, THEOREM. Fora > —1,0 = m = n,

m(m + a)z(Za +n+ m-+1)
2Qa + 2m + 1) Prn
N (n—m)QRa +m+ I)a+n—m)Ba +n+m-+ 2)
2Qa + 2m + 1)

Tu(»bnm = 1

o to1-

(The apparent zero division for m = 0, a = —1/2 cancels by the obvious
limiting argument, indeed Tyd,y = (1/2)n(n + a)(n + 3a + 2)¢,;.)

Proof. Observe that the degree of v in ¢, is = n — m, and T, increases
the vi-degree by no more than 1. Thus 7,¢,,, is a linear combination of ¢,,
withj = m — 1; but T¥ = — T, so that

<Tu¢unh (l)nm > =0 and
Tﬂ¢nm = Ly—1m®Pum—1 + Lot L m@om + 1
with
B b
,m + l.»1||¢‘n.n1 t I||- = I+ l.mH(f)umH-'

It suffices to find 7,, |, then use the known values of [l¢,,|I> = N, ()
(see Section 1). The term of highest v|-degree in ¢, is

(@ + I)y(—n — 20 —m — 1), ] "Ry + v3))
X (V: + \’j‘)’”
m

(—m)(—m — «)
= (« + l)m(*” — 20 —m — 1)”7”, 2 ! X !
=0 (a + 1),/

moeyon—m
V)

X (v
The terms of highest v|-degree in T, are
vivava(—dad3)(07 — d3)
(@ D/2)2vi(n — )iy — vpady + vie303)
+ ((a + 12205 — ).

and applying this operator to the typical term vév}”ﬂ yields

j—1 m—j

—Jj + am —j + (« + 1)/2w5 W
m = )m — e (a+ D2ws VY
Transform every term in the sum

R0/ + v3) )y + v3)”

m

‘]7/

by this formula, collect the coefficients of vhv5 in the result, and
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obtain
2 plaa) m—1
mm + a) R, 1(v2/(va + v3) vy vy

. .. .. 1—mt

To obtain 1, |, divide the coefficient of v| found here by the
. ne=mAl . .

coefficient of v| in ¢,,,-: indeed

mm + a)(a + 1), (—n — 2a — m — 1), ,
(a + 1), (—n — 2a — m), -+

t

m— 1l

—m(m + a)’Qa +n + m + 1)
2QQa + 2m +1)

It remains to calculate

Lum 1 = “ly—1m Nn.m 'I(a)/Nnm(a)
(for m = 1, using the values from Section 1).

Some machinery is available for eigenvalue and eigenvector computa-
tions for tridiagonal symmetric matrices. To exploit this we use the

. Y .
orthonormal basis for H}, given by {g,,:0 = m = n} where

9=

Enm- = im(lbnmNnm(a)
It is straightforward to show that

Dagn/n = bn.m(a)gu.m -1 + bn.m: l(a)gn.m sl
where

b)) =

( Il m(n — m + )(m + a)z(m + 2a)a +n — m + 1)
12 Qa + 2m — DHQRa + 2m + 1)

o] —

X Ra +n+m+ DHBa +n + m + 1))

The problem of finding the characteristic polynomial of D, is re-

lated to a family of discrete orthogonal polynomials given by a three-term
recurrence.

3.10. Definition. For n = 1, define a family of polynomials p,,(A; n. a)
byp 1 =0.py =L

Pm+ l(}\: n, a) = }\pm(A; n, (X) - b;zl.mpnl ’I(}\; n, ﬂ), 0=m=n

Thus each p,, is monic and of the same parity in A as m.
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3.11. THEOREM. For a > —1,n = 1, DH, has n + 1 distinct eigen-
values Ny < N; < Ay ... < N, which are the zeros of p,  \(A; n, @), and \,,
= — N Further p;(\; n, a) is (— 1)/ times the determinant of the upper le r
Jj X j submatrix of (Dy — XN)|H, (that is, the projection on span
{20 - gij 1} )

Proof. The distinctness of the eigenvalues follows from b, ,(a) > 0 for

1 = m = n(see [9]., p. 12¢). The other claim is also a standard fact ( [9].
p. 126. (7-8-3)).

3.12. Definition. Fora > —1,0 = m = n. let

@
nm = 2 u/m(” C\)g“/
j=0

be the normalized (X u/,” = 1) eigenvector D, with eigenvalue A, and
such that

(_ l)””i)r)l(’7~ (X) >0

(this is possible by [9], p. 129, (7-9-5) ).

Since A, = —A,_; and JDJ = —D, we see that Jq,,, = ¢y,

The family {p,,(A; n. )0 = m = n + 1} is closely connected to the
eigenvectors of D, and the products

m

im (X) H bll /

J=1

(a + 1),
= ———— [m—n),,(—n — a),,La + 2)

20 + n + 2),
A + 3/2), (2o = &

i
X Ba +n+ 2,2+ 2m+ 1)-3"/Qa + m + 1.
(for 0 = m = n, with k,5(a): = 1).
3.13. THEOREM.
D) (s @ = k(@) (pyNpis 1, @i 1(Ays 1, @) );
i) w,(n.a) = pi(N,0 0 auy,(n, &)/, (a), for 0 = j.m = n:

i) the set {p,,(A\: n. a):0 = m = n} is a familv of orthogonal polvnomials.
with respect to a discrete measure on {A\;:0 = j = n}: indeed

7

2 o, @) Py (A R )P (A L @)
;0

- 6/\"71'(71111(0‘)-, 0=m k = n.

https://doi.org/10.4153/CJM-1984-040-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-040-1

ORTHOGONAL POLYNOMIALS 709

Proof. Fix @« > —1.n = 1. Let r;(A) be the determinant of the lower
right j X j submatrix of (\] — D) |H, (the projection on span
{gu—j 1. &} ). By Paige’s theorem (see [9]. p. 129. (7-9-3a) )

(*) pr,1+l(}\/)“n1/’“/\/ = pm(A/’)(K/IA/Kllnl)rli"/\(}\/)~
forO0=m=k=nand0 =, = n Setm = k = 0 to get
I
p/’H I(A/ )U(_i/ = K/lnlrll(}\/ ), m=k=mn
to get
P = py(N), m =0,k =n
to get
p;l*' I(A/ )UH/UH/' = Kun

(thus wy; # 0 # w,). Square the last identity and set it equal to the
product of the first two to get

N
an = Krmrn(}\/ )/L;(A/):

K
thus
"/1(}\/) = K/lfz/prl(A/') and

1112)/ - Kl_m/(pi,ﬂ l(>\/ )pr1(>\/) ),

statement (i). (These are formulas of Gaussian quadrature theory.) For
any m, let k = n in (*), so

’ . o .
Pt I()\/ )”m/“n/ = pm()\/ )"nn/"nm-
now multiply by u; and get
Kyl = /)m()\/ )H()/’\'/m/"‘mn

(statement (i1) ). Finally

n n
' 2 2
2 U()/[),,,(}\/ )[7;1()\/) = 2 KpmBpkUpyti; = 8!)1/\K11/n‘
=0 =0

(Note that p,(A;) # 0 by the interlacing of zeros theorem, and p;,. |(A;) #
0 because the zeros A; are simple.)

ot . X . . . -
The coefficient u,, in g, has an important interpretation, indeed

to]—

‘/j:m(l' O~ 0) = (_ l)nll()lli(za + 2);71\//11)(“)

B (@ + 1),2a + 2),(3a + 3),2a + 2n + 1)n! ]%
CL12Ma + 3/2),Qa + n + Dp,(Ay: 0 @pl (A i, @)

(the point v = (1, 0, 0) corresponds to z = 1, ¢ = 1). This follows from
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g!h/(l‘ O~ O) = O fOTj > O Zlnd

1
(a2a+1)

gw()(L 0.0) = -‘Mn()(a)ii(a + ]‘)HRH (1)

= (—1)'N,o(a)

19—

(2a + 2),.
It is possible to find the limiting values of u,, as a — oo explicitly.

3.14. THEOREM.

!
lim w,,(n, @) = (= 1)" " K, (J: 5. 11)(27'”(":7)(7>)3

1

(thus im wy(n, ) = (— 1)”(2" ”(’?))3) and for fixed \.

a—00 J ’

. b b (_”)HI ]

lim a "p,(a’\; 0. a) = S K, (A + n/2: 5- n).

Proof. Let

ﬁm(A: a): = aiz'”pm(}\azz n, a)
(monic) and note that p,, satisfies p, = 1. p; = A,

P 1N @) = AN @) — (b (@) /a)p,, 1(N: ).
But

lim (l),,,,,(a)z/a4) = mn — m + 1)/4,

200
so that the limiting polynomials

PN = lim p,,(\: )

o000

satisfy the three-term recurrence for the monic shifted Krawtchouk
polynomials

(7")111 n 1
X K,”(}\ + E; 5 17).

Further
Pu1A) = (AN — n/2XN — n/2 + 1)... (A + n/2)
= (A - "/2)n+l'

(This 1s the reason for our choice of normalization for D,.) By continuous
dependence of zeros of polynomials on the coefficients we see that

lim o °\, =/ — n/2

@00
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(where A, is the jth zero of p, |(A: n. @) ). The stated results are obtained

by using known facts on the identities of Theorem 3.13, for example
bbb,

PNy n, apry (N i, a)

_ (@ *bip) .. (@ by,
;3,,0\//0(2: n, Q)P (}\,/azz n, a)

up(n, oz)2 =

and
L 5 n! 1
lim PuO\//a_l n,oa) = (— l)“ ?K”(j: 5 H)
= (—1y""pr 2
and so on.

The asymptotic analysis of the A; as well as the U-action on a given
ioenfunclion gnm can be easily derived from the matrix representation of

D, in the f§,-basis. This is not an orthogonal basis, but the matrix is
tridiagonal and splits into three pieces (on Hj . e = 0, 1, 2).

Recall that f%,, is that element of H§ whose single term of highest
(z, Z)-degree is Z"~ "z By the D,-invariance of HS, D,f%, is a linear
combination of f3, (0 = j = n). To establish the coefficients of the
expansion it suffices to consider the terms of highest (z, Z)-degree.

3.15. Proposition.
n—m m
(Y,/IHH = _( )(f::nH»} + j”l”) ( )(.f” 1}17} + ]”)”

+ %(n — 2m)a + D)(a + n)f5 .

Proof. The highest (z, z)-degree terms in D, are

(1793 + 2@ — %) + ((a + 1)/2)(2* — 223%))
+ ((a + 1)2/2)(z0 — Zd)).

1= mom
<

Apply this to 7’ to get the stated coefficients.

A basis for H,  is given by
{f;i.c+3/:0 §] = [(}’1 - C)/3]}

where ¢ = 2n + € mod 3 (with e, ¢ = 0, 1, 2). Each H, is invariant un-
der D, and D,|H,  is tridiagonal with all the super- and subdiagonal
entries being nonzero. Restating Proposition 3.15, we see
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Daer('vL}/ = 42/3(( 3 j)fn,t+3(;/*l) + (g((” (3 J)

_ (c‘+3j))
3

+ 1/2(n — 2¢ — 6j)a + I)a + n) )f;,w,
— =3\,

2/3(H (3 j)])l.L‘+3(/+l)‘

Thus « *D,H,, is represented by a fixed diagonal matrix with a
tridiagonal perturbation of O(a '). In the limit we have

+

n
li *2>\:(7— -~3‘)
e =iy
for each eigenvalue A of D,, for some j. The union over e = 0, 1, 2 of the
eigenvalues of D,/H,  is the set {A;: 0 =/ = n} and since the ordering is

preserved (by pairwise distinctness of the A;) we deduce that

lim a °\,, = m — n/2

a—>00

and A, is an eigenvalue of D(,l}Hf,"€ for e = n — 2m mod 3. The latter

argument is based on the continuous dependence of A,, on « > — 1.

3.16. THEOREM. For a > —1,0 = m = n, the eigenvector q,,, (for
N, is in H. . withe = n — 2m mod 3.

H.e

Koornwinder [8] has studied polynomials on a region in C bounded by
Steiner’s hypocycloid (this has an S3-symmetry) and found a self-adjoint
third-order differential operator for that situation. However, the analogue
of our /7, -basis is actually orthogonal.

The author studied cubic harmonics [4], these being spherical harmonics
on R’ which are invariant under the octahedral group (generated by
sign-changes and U, J). Let « = —1 then

{42 m = 0}
Y {(]/\/j)(qgnﬂr}j.m + qgm+3j.m+3/): m = O*J = l}

is an orthogonal basis for the cubic harmonics.

4. Consequences and further problems. The opposite of « — oo i1s a —
— 1. What can be said about the limiting behavior of the eigenvalues of
D,? The calculations in Theorem 2.3 are still valid when a = —1 so we
will use the basisf,:,,l, to represent D, as a matrix. It is true that D_ is no

longer self-adjoint since the positive-definite inner product degenerates.
Indeed the central 3 or 4 eigenvalues of Dy|H, collapse to zero. For n =
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3 there are three linearly independent eigenvectors for A = 0, so when n is
odd, there is a degenerate eigenvalue.

4.1. LEMMA. For « = —1, any n, the geometric multiplicity of any
eigenvalue of D H, . is one.

Proof. Since (D, — M) |H), has all nonzero elements on the superdia-
gonal the solution (u;) of

(Dy — N2t fy sz = O
]

is determined by u.

4.2. LEMMA. For fixedn = 0, ¢ = 0, 1, 2,

Dflz ((‘ f 3j)j;1.<'+3/ = 0.

j=0

Proof. The coefficient of f,, .13, in

3 n .
§D~ IE/’(C + 3j)fr1<¢'+3/

_( n )(C+3k+3)+(11*(‘~3k)( ¢ )
¢+ 3k +3 3 3 ¢ + 3k

_(c+3k)( n )+(n*('—3k+3)( n )_0
3 ¢ + 3k 3 c+ 3k +3)

because the first two and the last two terms cancel out by the identity

5= Gra)ls?)
/ 3 T\l + 3 3 )
4.3. LEMMA. For n = 3 the determinant of (NI — D_\)|H, is

A’s,—2(N) where s; is monic and of the same parity as j, and has j distinct
zeros.

Proof. By continuity we can use the matrix of D, in the g,,,-basis and let
a — —1. Recall
1 n(a + 1)%(n + a)(n + 2a + 2)(n + 3a + 2)
12 2a + 3)

bnl(a)2 =

—0asa— —1,

and for m = 2,
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bmu( o 1)2 =

mn —m + DHm — 1m — 2)n — m)n + m — Dn + m — 2)
122m — 3)2m — 1)

which is zero for m = 2 or m = n but nonzero otherwise. Thus the central
(2= m =n — 1) block of AI — D is hermitian tridiagonal with zeros
on the diagonal and nonzero elements on the superdiagonal. Hence its
determinant, denoted by s, _»(A), has n — 2 distinct zeros. and further

Pu+ I(A: n.o—1) = A}SH*Z(A)A
Clearly
Sn Z(}\) = (— 1)”311*2(}\)~

Observe that D_ | annihilates all polynomials of degree = 2 so there are
no degeneracies for n = 2.

4.4. THEOREM. For n = 3, D_ | hus exactly one eigenvector for X = 0 in
cach H,) ¢ = 0,1, 2. The algebraic multiplicity of the eigenvalue X\ = 0
of D |H, " is 3 when n is even, 4 when n is odd.

Proof. Lemmas 4.1 and 4.2 show that D _; has exactly one eigenvector
for A = 0 in each /1, | Further

Poon —1) = Ns, 5\

and s,, > has a simple zero at 0 if n i1s odd. and no zero at 0 if n is even;
thus we obtain the stated multiplicities.

«

Let g, be the multiple of ¢, which has 1 as the coefficient of /%
(where ¢ = n — 2m mod 3) (possible by the argument in Lemma 4.1).

Then the coefficients of /7 .. 5; in gy, are polynomials in A and a.

4.5. CoROLLARY. For fixed n, \j(a) = )\/-(4 1) as « — — 1;

whenn =2k + 1(k Z I)then g < .. <M 1 =M = Aog = Ajan
=0 < ..< Ay 1(for a = —1), further the limits of G, are all distinct
except
. ~« . ~a —1
hml dnih—1 = ]lml Gnk 2 € Hyi ot
o [¢

)y whenn =2k (k Z 2)ythen\g < .. <A, | =N, =N =0<.. <
Aoy, and the limits of the eigenvectors §,,, are all distinct.

Proof. For the simple eigenvalues of D,lfH,:(l perturbation theory as-
serts that the respective eigenvectors converge to g,,, (note that the chos-
en normalization for g,,, makes the coefficients continuous functions of
«). The only degeneracy occurs forn = 2k + 1,e = 0 for A = 0.
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Although we do not give an explicit diagonalization for the matrix of U
in the ¢,,,-basis (¢ > — 1), the commutation D, U = UD,, does lead to an
interesting contiguity relation for certain balanced 4F3-series. For
convenience, let

Flk. m: n. a) — 4,,«3(*1\'. I\'a++21a t L.‘ ;1_711 ;}; tL 2201 + 1:1)

(¢ > —1; k.m = n).

k.m = n the function

4.6. THEOREM. For a > — 1,0
1

(/\'. m) — m [(}1 - m)(Za + m + 1)

1A

X Ba +n+m+ 2)(a + m + 1)
X Fk,m + lin.a) — m(m + &)2a + n + m + 1)
X(a+n—m-+ DHF(k,m — 1, n, «)]
is symmetric in (k, m).
Proof. We use T, instead of D, (see Theorem 3.9). Suppose

U, = 2 “/m(bn/
/

then for fixed k, m we have
(TuU)Am = (UT(Y)I\UI
(matrices for the ¢,,,-basis). This identity becomes
Uk~ WMk —tm T Lk Mkt L = U= L W 1l L

(for the values of r; see Theorem 3.9). Further U¢,,, = 6,, so by the
adjoint of the transformation in Theorem 1.7 (ii1)

1
Uim = (7 ]),\M,,,”/\((X)(N,,,”((X)/N,,/\((X) )2

ntmf N
- ()

(a + 1),—pa + 1),(n + 3a + 2),2a + 2k + 1)
(a + D) Q2a + k + 2),,QRa + k + 1)

X F(k, m; n, ).

X

Substitute this in the commutation relation, and cancel out common
factors to obtain the invariance of the stated expression under the
interchange of k& and m.

https://doi.org/10.4153/CJM-1984-040-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-040-1

716 CHARLES F. DUNKL

Wilson has some contiguity relations for balanced 4£3-series ( [13], p.
48) which bear a family resemblance to Theorem 4.6, but it appears that
his multipliers are of lower degree (this does not rule out the possibility
that 4.6 can be deduced from his formulas). In 4.6 divide by o’ and let « —
oo to obtain that the function

(k, m) = 3(n — m)K,, 4 (k; 3/4, n) — mK,,,_(k; 3/4, n)

is symmetric in (k, m).

There is another geometric interpretation for H; when a = 5 1, k
=1,2.3,..., namely that for x € R*, p(v) € H}. the polynomial
koo 3k
X = p(zx/“, Z X;, 2 x,‘)
I k1 2k

is harmonic of degree 2n; such functions are essentially intertwining
functions for

OBk — D\OQGk)/(O(k)xO(k)xO(k) ),
(see [11]).

Further problems. It may be that the determinant-related polynomials
PN 1, ) have a closed form (hypergeometric series). One would like to
have approximations for the eigenvalues A; of D, (not just asymptotic
results for a« — oo). From numerical experimentation it appears that the
eigenfunctions of D,/H’ . have all positive coefficients (of /7). but this

hn.e

is not as yet proven. It may be true that the eigenfunctions ¢, achieve
their maximum on the boundary of E (or ). This does hold for each ¢,,,
when a > — 1. It is not generally true that

indeed consider
f50z) = 2 = (2/Ba + 5) )z
(see Section 2) which is an eigenfunction of D;
f30(1) = 3@ + 1)/Ba + 5)
but
Lo+ ©)/2) = wB(a + 3)/(43Ba + 5)))
which is of larger absolute value thanfggo(l) for =1 = a< —1/3.
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