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A CONTINUITY-LIKE PROPERTY OF DERIVATIVES

P.S. BULLEN AND D. N. SARKHEL

ABSTRACT.  In this paper a refinement of property Z of Zahorski-Weil is defined and
shown to be, like the weaker property Z, satisfied by all common derivatives.

1. Introduction. Throughout this paper f will be a real-valued function defined on
a compact interval I = [ag, bol, ap < bo. If f is continuous, or, even more generally,
approximately continuous and bounded, on / then it is known that f is a derivative on /,
(one-sided at ay, by.); see([13], (10.7), p. 132). However the converse is false, even for
bounded derivatives; Example 2 in Section 3 provides a counterexample, it originates in
[14].

Neugebauer, ([11], p. 842), has shown thatf is a derivative if and only if it has a certain
property (C>), consisting of a continuity-like property of f along with the assumption of
the existence of an associated additive interval function, which is however very close to
the assumption of the existence of an anti-derivative of f.

The search for continuity-like properties of derivatives is of much interest, and the fol-
lowing such properties are already known not only for derivatives but also for approx-
imate derivatives, Peano derivatives, L,-derivatives, (p > 1), and approximate Peano
derivatives, ([1}-{10], [12], [15}{18]): Baire-1 property, Darboux property, Denjoy or
Denjoy-Clarkson property, (' (T) has positive measure for every open interval 7 inter-
secting f(/)), Zahorski property M3, Zahorski-Weil property Z.

The property Z was introduced by Weil, [17], who showed that for a function having
the Darboux and Denjoy properties the property Z implies the Zahorski property M3. He
also showed, by example ([17], p. 529), that property Z is strictly stronger than property
M;. He then proved that derivatives, approximate derivatives, Peano derivatives, L,-
derivatives, (p > 1) all have the property Z; subsequently Babcock [1] proved the same
for the approximate Peano derivatives; Matik [8] gave a second proof of this result.

In this paper we introduce a similar continuity-like property Z*, strictly stronger than
the property Z, (Section 3, Example 1), and show that the various derivatives mentioned
above share this stronger property. We also show that even for bounded derivatives prop-
erty Z* cannot be improved in a manner that parallels property Z, (Section 3, Example 2).
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A PROPERTY OF DERIVATIVES 11

2. Notations and definitions. Let |E| denote the outer Lebesgue measure of a linear
set E. If lim,_+ |[E N [¢,x]|/ (x — ¢) exists then this limit is called the right density of E
at c. The left density of E at c is defined similarly. If E has equal right and left densities
at c, then the common value is called the density of E at c.

Given a point ¢ and a closed interval J we define

p(c, J) = max{|x — c|;x € J}.

Clearly |J| < 2p(c,J). Hence, if E has density 0 at ¢ then |[ENJ|/ p(c,J) — O as |J] — 0,
where J is a closed interval not necessarily containing c.

If o < ¢; £--- < ¢, where n is any positive integer, we agree to say that the closed
interval [co, cn] is partitioned into n sub-intervals [c;_1,¢i], 1 <i<n.

Let & be a positive integer, ¢ € I: if there are real numbers f1y(c), fi2)(c), . . . . fx)(€)
and a measurable set E C [ such that I \ E has density 0 at ¢ and such that

) — S oS — ey /]
G —cf
as x — c over E, where fg)(c) = f(c), then fi(c) is called the k-th approximate Peano
derivative of f at c; ([4], [S]). We remark that, without loss of generality, the set E here
may be assumed to be closed.

As mentioned at the end of [17] a slightly stronger version of property Z, ([17], p. 528;
there is a misprint there, < € being written instead of > ¢), can be restated in the following
convenient form.

The function f is said to have the property Z on I if for everyc € Iande > 0,7 > 0
there is a neighbourhood Z, of ¢ in I such that the following conditions Z,, and Z_ hold.

Z, :if f(x) > f(c) almost everywhere on a closed interval J C I then

4] < nplc,J)  where d = {x € J;f(x) > f(c) + ¢}
Z_ :if f(x) < f(c) almost everywhere on a closed interval J C I, then

|[4] <nple,J)  whered = {x € J;f(x) < f(c) —€}.

0

3. Property Z*. We strengthen the above property Z as follows.

DEFINITION. The function f is said to have the property Z* on I if for every ¢ € I
and e > 0, > 0 there is a neighbourhood /. of ¢ in / such that the following conditions
Z*,and Z~ hold.

Z" 1 if f(x) > f(c) — € almost everywhere on a closed interval J C I, then

where d = {x € J;f(x) 2 f(c) +e}, B={x€J;f(c) —e <f(x) <f(o)}
Z~ :if f(x) < f(c) + € almost everywhere on a closed interval J C I, then

|4] — |B| < np(e, J),
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where 4 = {x € J;f(x) <f(c) — ¢}, B={x€J;f(c) <fx) <f(c)+¢€}.

We observe that f satisfies Z* if and only if —f satisfies Z~, and hence if f satisfies Z*
then so does —f. Similar remarks hold for Z., Z_ and Z. It is also clear that Z* implies Z
since Z; follows from Z*, and Z__ from Z~.

It is worth noting that property Z* implies that
either: the set {x € I;f(c) — € <f(x) < f(c)} has positive upper density at ¢

or: we can write |4| < np(c, J).

There is a similar comment in the case of property Z~. Another simple deduction is
that since for measurable f, |B| < |J| — |4| we can write, in both cases

W1 +np(c, J)
—

We now present two examples; the first one showing that the property Z* is strictly
stronger than the property Z; the second one showing that even for certain nice bounded
derivatives we cannot, in property Z*, replace |4| — |B| by |4/, as in property Z.

4] <

EXAMPLE 1. Fix a < b and a positive integer £ and define forn =1, 2,...,
2
(k+l)( 1 + 1 )’
k+2) \k+n (k+n+1)?
2
(k+1)( 1 + 1 )
k+2) \k+n (k+n)?

a, =a+((b—a)

b, =a+ (b —a)

Then for all n, a < ay+1 < bp+1 < ap < by = b, and a,, b, — a as n — 00. In addition,
for all n,

(an+l - a).

(bn—an1) <3 Utm)

|E] > %(b — a), where E = U3 [bn+1, an).

Letc, = (an +by)/2,n = 1,2,... and first we define a function g as follows:
g(a) = g(b) = 0; glen) =—1/kn,n=1,2,...; gx)=1,x€E.

Finally let g be linear on all of the intervals [a,, c,], [cx, bs]. Then g is continuous on
]a, b] and lower semi-continuous at a.

Let a < p < g < b; if either g(x) > g(a) = 0 almost everywhere on [p, q], or, g(x) <
g(a) = 0 almost everywhere on [p, q], then obviously for some n, a,+; < p < g < b,,.
Then

@1 —a) _,(g—a) _,@G—a
) <3 *+n) <3 T

Since 3 /(k +n) — 0 as n — oo, we see that g satisfies property Z in a strong manner at
a. Elsewhere g is continuous and so has the property Z on [a, b]. In addition we note that
g has the properties of Baire-1, Darboux and Denjoy on [a, b].

In particular note that:

(i) g(a) =g(b) =0and —1/k < g(x) < 1on][a,b];
(ii) g is continuous on J]a, b] and lower semi-continuous at a;

q—p<by—am <3
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(i) [{x € [a,b]; g) = 1}] = |E| > 2/3)® — a;
(iv) ifa < p < g < band if either g(x) > 0 almost everywhere on [p, q], or g(x) < 0
almost everywhere on [p,¢], thena <p and g — p < 3(qg — a) /k;

(v) g has the property Z on [a, b].

Let us say that such a function g is of type (1;) on [a, b].

Now, let #; = band 4+ = (a+1)/2, and let g; be a function of type (1) on [#x+1, 4],
k=1,2,....

We define a function f on [a, b] as follows: f(a) = 0, and f(x) = (—1)*gi(x) for all x
in [+, 4], k= 1,2,.... The f is bounded on [a, b] and continuous except at the points
a,t, t3,.... Atthe points 5, 3, . . . f is continuous on the left and semi-continuous on the
right. In addition f has the Baire-1, Darboux and Denjoy properties on [a, b].

Since for each k both of the functions +g; have the property Z on [#;+, %] it follows
that f has the property Z at all points of ]a, b].

We now show that /" also has the property Z at a. Let a < p < g < b and suppose
that either f(x) > f(a) = 0 almost everywhere on [p, q], or f(x) < f(a) = 0 almost
everywhere on [p, q]. Then, obviously, for some £, #+; < p < g < #. Since g; is of type
(1¢) it follows from (iv) that (¢ — p) < 3(¢ — t+1)/k < 3(q9 — a)/k, and so we have that
[ satisfies property Z at a. Hence f satisfies property Z on [a, b].

However, we now show f does not satisfy property Z* on [a, b] by showing that / does
not satisfy properties Z*, Z~ ata forany e, 0 < e < 1.

Consider any [a,d], a < d < b then we can find £, both even and odd, such that
k>1/e,anda <ty < f < d.

Suppose first that £ is even. Then f(x) = gx(x) on [#=1,%] and so by (i), f(x) >
—1/k > —e = f(a) — € on [+, 4]. Further, by (iii), if 4 = {x € [fis1, 4]; f(x) >
f(a)+e = e} then |4] > (2/3)(t—ti+1)- Soif B = {x € [ti1, &) ; /(@) —e < f(x) < f(a)}
then [B| < (1/3)(tx—t+1). Since ty—ts1 = (tx—a) /2 we getthat [4|—|B| > (1/6)(&—a);
and so f does not satisfy property Z* at a.

If now k is odd then —f(x) = gi(x) on [#+1, %] and so by the above argument —f does
not satisfy property Z* at a, or equivalently, / does not satisfy property Z~ at a.

Thus f is a “nice” function having the property Z but failing to have property Z* in a
“bad” way.

EXAMPLE 2. If0 <t < 1andm is a positive integer it is a simple exercise to verify
that the set

b= Ulaan=r ~ o=t~ i) mn =i}

—ilm+n—1 m+n—1 m+n/ " m+n—1

has upper bound 1, lower bound 0, and right density # at 0; further |Eo N [0,x]| /|[0,x]|
lies between s — 1 /mand t+ 1 /m for all x in ]0, 1].
Using these facts, given a < b and positive integers m and k, we easily find a sequence
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14 P.S. BULLEN AND D. N. SARKHEL
of intervals {[a,, b,], n = 1,2...} converging to a, such that

foralln a < ap <bp <a, <b =b;
the set E =2, [ban, azs—1] has right density k/(2k + 1) at a;
theset N = U2, [a,, b,] has density 0 at a;

and for all x €]a, b] we have

_|EN[a,x)l & INO[a,x]] _ 1
hix) = |[a, x| 2k+1 * [a, x]| 12m’

Then lim,—+ A(x) = 0; and h(b) < 1/12 gives |E|/(b—a) > k/(2k+1)—1/12>1/4.
We first define a function g on [a, b] as follows:

g(a) = g(b) =0,
gx)=1/k,x €E,
gx) = —1/(k+1),x € F =2 [bans1, asnl;

finally let g be linear on all of the intervals [a,, b,]. Then g is bounded, and continuous
on |a, b]. Also we clearly have that, for all x € [a, b],

x 1 1
Gw = [ &= IENTe )] - k+1|Fm[‘1’x]l+/~n[a,x1g'

Since |[FN[a,x]| = |[a,x]| — |[EN[a,x]| — [NN[a,x]], and |g(x)| < 1/k, we have that
for all x €]a, b]

G(x) 2k+1 2k+1 1 1
||[a, x]‘l S W™ < s 1)(%) m
Since h(x) — 0 as x — a+, it follows that G'(a) exists with value 0 = g(a). Also by the
continuity of g, G'(x) = g(x) if x €]a, b]. Thus g is a bounded derivative on [a, b] that is
continuous on Ja, b], but is not even approximately continuous at a since g(x) = 1/k on
E. In particular note that:

(i) gis a derivative on [a, b];

(ii) g(a) = g(b) = Oand —1/(k+1) < g(x) < 1 /k on [a,b];

(iii) [{x € [a,b];8(x) = 1/k}| = |E| > (1/4)(b — a);

(iv) | 3 gl <(1/m)|[a,x]|, forall x € [a,b].

Let us call such a function g a function of type (m; k) on [a, b].

Now lett; = b, tys1 = (a+1,)/2,n=1,2,...; and for each n let g, be a function of
type (n; ky) on [ty+1,1,], where k, = (n+1—3""1) /2 if nisevenbut k, = (n+2—3""1)/2
if n is odd, i being the unique positive integer such that 3! < n < 3'.

We define the function f on [a, b] as follows: f(@) = 0, and f(x) = (—1)"gn(x) if
X € [th1,ta],n = 1,2,.... Since gu(t,) = gn(ts+1) = 0 for all n, this is a well-defined
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function. From the properties of functions of (n; k) type we see that |[f(x)| < 1 for all
x € [a,b] and that if x € [ty+1,1,] then
1
el

+2
< l'[t,,ﬂ x]| + Z ll[tmﬂ tm]I < 1|[a x]|-
_ n b m>nm 9 n )

X

A=)

I+l

&n

m>n

Hence it follows that [} f has a derivative 0 = f(a) at a, and so from the properties of the
functions g,, f is the derivative of [} f everywhere on [a, b].

However, let 0 < € < 1, and k the integer such that k < 1/e < k+ 1, and consider
any [a,d), a < d < b. Fix an integer i such that 3'~! > 2k and t, < d for all n > 3"~

Then n = 2k — 1+ 3 Visevenand 3! < n < 3 hence k, = k =
(n+1—371)/2. Then [ty1,2,] Cla,d[ and by property (i) of g, f(x) = gu(x) >
—1/(ka+ 1) = k—1/(k+1) > —e = f(a) — ¢, for all x € [tp1,1,]. Further since
1/ks = 1/k > € property (iii) of g, gives that |4| > 1(t, — 1) = 1(t» — a), where
A= {x € [tm1,1]:/0) = gax) > € = f(@) * ).

Againn = 2k—2+3'isoddand 3! <n < 3;hencek, =k = (n+2-3"")/2.
Then [ty+1,2,] Cla,d[ and now f(x) = —ga(x) < 1/(k, + 1) = 1/(k+1) < e = f(a) +e,
for all x € [ty+1,1:]. As before [4] > L(tn — a), where A = {x € [tre1,1,];/(x) =
—g4(x) < —¢ = f(@) — €}.

Thus we see that, even for such a “nice” derivative as f, for the point a and any e,
0 < € < 1, neither in property Z*, nor in property Z~ can we replace |4| — |B| by |4|
alone, as was done in the properties Z,, Z_.

4. The Main Result. We now turn attention to our main result.

THEOREM. Iff has a k-th approximate Peano derivative f(xy everywhere on I, then
J) has the property Z* on I.

We first prove a lemma which extends the lemmas in ([17], p. 532; [1], p. 291); in
addition our method of proof is simpler and shorter.

LEMMA. Hypotheses: a < b; J = [a,b]; ¢ > 0, the function g has a finite k-th
derivative g® > —e throughout J;

A={xeJ;g®x)>¢}, B={xeJ;—e<gPx) <0}
Fo®)=|AdN[a d| —|BN[a ] mfora<t<b.

Conclusion: thereis a [p,q] C J with F(q) — F(p) < 0 such that each of [a,p] and [q, b]
can be partitioned into 2¥~1 sub-intervals on each of which each of the functions g*=",
g%, ...,g9 = gis of constant sign; and for every further sub-interval [x, y]

/
M 150) — £l * > (&) (Fo) - o).
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NOTE. Forall [a, ] C J we have that F(8) — F(a) = |[AN[a, B]] — |BN[e.B]]-

PROOF. If g®~1 has constant sign onJ then we take any p = g € J. If g*~D changes
sign on J, then, being continuous, it vanishes somewhere on J and we take

p=inf{x € J;g% V(x) = 0}, g = sup{x € J; g% D(x) = 0},

Then, by continuity, g*~D(p) = g#~D(¢q) = 0, and g%~V is of constant sign on each of
[a,p], [g,b]. Since g® > 0 onJ \ (4 U B) we have, for all [a, 3] C J,

B
@ g 0B — g% (@) = / g¥ > e[F(B) — F(a)].
So in both cases F(q) — F(p) < 0. Further in the case k£ = 1 (2) implies (1), and this case
is proved.

Suppose that k£ > 2; then g*~2) is monotonic and continuous on each of [a, p], [g, b],
and vanishes at some point of each of these intervals, unless it is of constant sign on that
interval. So we can partition each of [a, p], [g, b] into two sub-intervals on each of which
g% is of constant sign. If k > 3, the argument applies to g*=* on each of these sub-
intervals. Proceeding in this manner, we obtain after k — 1 steps a partitioning of each of
[a,p), [g, b] into 25~ sub-intervals, on each of which the functions g1, g*=2 ¢©®
are of constant sign.

We now verify (1) by proving, by an induction on £, that the following holds:

(*) if g® > —e and each of gk, g&=2 o js of constant sign on some

[e,d] C J, then (1) holds for every [x,y] C [c,d].

To this end fix [x,y] C [c,d] and put

u=sup{t € [x,y]; F(t) — F(x) <0}, v=inf{t € [u,y];F() — F(t) < 0}.
Since F is continuous, we have
3 F(u) — F(x) <0and F(y) — F(v) <0,

and so
F(y) — F(x) < F(v) — F(u).

Further since g’ is of constant sign on [c, d], g is monotonic there and so
lg() — g(x)| = [g(v) — gw)|-

It follows that to prove (*) it is sufficient to show that

@ ) — g > 5 [F0) — F@Y-

Now write G(f) = F(f) — F(u) and H(t) = F(v) — F(¢). From the definition of u, v and by
(3) we have for all ¢ € [u, V],

G = [F(t) — F)] + [F(x) - Fw)] 2 0
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and

H(1) = [F(v) = FO)] + [FO) — F()] 2 0.

In addition, F is absolutely continuous, and since for all @ < 3, F(8) — F(a) < 8 — «
we have that F'(f) < 1 almost everywhere on [u, v]. So, for every positive integer n, and
almost everywhere on [u, v] we have
d [ 1 G0 =6"0G M) = G

— =G"()G'() = G"OF () < G"(),

dtln+1

%[n—:l H"H(t)] =—H'OH (1) = H'()F (1) < H'(2).
Consequently we have
) /uv G > ;i_l[GnH(v) ™M) =,,—Jlr—1[F(") y—y
© [ #r > R 0) - B W] = 1F0) — FaP™.

Now let k = 2. First suppose that g~ = g’ is non-negative on [c, d]. Then from (2)
witha=wuand 8 =1t,u <t <v,weget

£(0) 2 e[F() — F)] + £ () 2 G(o) > 0.
So, by (5),
v v €
g0) —gw) = [ ¢ > ¢ [ G2 S[FW) — Ful-

Next suppose that g’ is non-positive on [c,d]; then from (2) with 3 = vand @ = ¢,
u<t<v,we get

—~g() > {[F) — FO)] - g0) > eH(t) > 0.
So, by (6),
14 4 €
gw g0 =~ ['¢ e[ H>SIFO) - FWP.

Thus we have (4) and (*) is proved in the case k = 2.

Next let £ > 3 and assume (*) for derivatives of order k — 1. Writing 2 = g’ we easily
see that A*~D > —¢ and each of K*=2, h*=3 . h© is of constant sign on [c,d], and
moreover

A= {xeJ;’*Dx)>e}, B={xeJ;—e <h*Dx) <0}.

So by the induction hypothesis (1) holds with # = g’ in place of g. So for all ¢ € [u, V]

we have
(7) 0~ () o — Fy
8 “\G=1) :
, , _ € 1/(k=1)
®) g -gOI*0 2(a=15) " F0) - Fol
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Since g? has constant sign on [c, d], g’ is monotone on [c, d].
There are four cases to be considered.
(I) Suppose g’ is monotone increasing and non-negative on [c, d]. Then, by (7), for
all ¢ € [u,v] we have

€

k—1)!

€

(k— 1)

g0 2 (=)0 0+dw 2 (-—) 0.

So, by (5),

g —gw) = [ g'> ((kf 1)!) [ = (5)Fm - Far.

(I) Suppose g’ is monotone decreasing and non-positive on [c, d]. Then, by (7), for
all t € [u,v] we have

€
*k—1)

€
*k—1)!

20 2 (=)0 -gw > (— )¢ 0.

So as above, by (5),

(50 —g@) > () IFO) — FwY-

(IIT) Suppose g’ is monotone decreasing and non-negative on [c, d]. Then, by (8), for
all ¢ € [u,v] we have

€02 (G JH 0 +£0) > (=55 )# 0

So, by (6),
05w = ['g' > (G=gy) [[#" = (5)IF0) ~ Fer

(IV) Finally suppose g’ is monotone increasing and non-positive on [c, d]. Then, by
(8), for all ¢ € [u,v] we have

02 (=) # 0 - £0) > (=57 0

So as above, by (6),

(s — gw) > (5 ) IF®) — Fal.

So in all cases we have (4), proving (*) for all &.
This complete the induction and the proof of the Lemma. n

PROOF OF THE THEOREM. Fix ¢ € I and define g on I by

k —AY
20 =100~ 3 E= Lo
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By the definition of f)(c) there is a closed set E C I such that, givene > 0andn > 0
there is a neighbourhood /. of ¢ such that

€ N \k %
< (=) _
©) el < (5) (582) k=l
for all x in EN I,; further, for all [x,y] C L,
(10) e, 1\ ] < 5i70(c, [, 3.

We ignore the trivial case of a = b and suppose that f3)(x) > f)(c)—e almost everywhere
on an interval [a, b] C I.. Since fi) has the Denjoy property, ([1], Corollary 5.1, p. 291),
S® exists and equals f, on [a, 5], ([1], Theorem 4.1, p. 283). So we have

g9e) = fPx) — fP(C) = fiy®) — fiy(c) > —e on [a, b].

Let
A ={x € [a, b]; fry®) — fi(©) = gPx) > €},

B ={x € [a, b]; —¢ < fo®) — fin(c) = g¥(x) < 0}
By the Lemma there is a [p,q] C [a, b] with

and such that each of the intervals [a, p], [¢, b] can be partitioned into 2*~! sub-intervals
such that, if J is any of these 2¥ closed sub-intervals the inequality (11) of the Lemma
holds for every [x,y] C J.

If ENJ # 0, then taking [x,] to be the largest interval with end points on the closed
set ENJ, we have by (1) and (9),

AN = BN = 1400y = 1BO DY + AN\ [ y)| = BNI\ (5]
kiy1/k 1k
<(7) " leo) =g+ \ [y
1\ 1/k
< (£)" 1z + g+ 1\ B
< (5ra)ly—cl+ R —cll + W\ £
< (387 )t N+ \ Bl

On the other hand if ENJ = @ then |4 NJ| — |[BNJ| < |J| = |J\ E|. Hence in both
cases, using (10) and writing Jy = [a, b] we have

lANJ| —|BNJ| < (E,Z%)p(c,fﬂ (Z—,Z—,)p(c,J) < (%)p(c,Jo)-
Then, recalling (11), and summing over the 2% intervals J,
4] — |B| <4 N ((a, p]1U g, b])| — |BN([a, p]U g, b])|
= 3N - B < (35 ) oles ) = mote, Jo).
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Thus /() has property Z* on 1. So —fj) = (—f)) also has the property Z* on I; in other
words f() has property Z~ on /, and so property Z*.
This completes the proof of the Theorem. =

REMARK. An ordinary derivative is an approximate derivative, which is the first ap-
proximate Peano derivative; a k-th Peano derivative is a k-th approximate Peano deriva-
tive, and a k-th L,-derivative, p > 1, is a (k + 1)-th Peano derivative, ([5], Theorem 1,
p- 382); so every such derivative has property Z*.
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