
BULL. AUSTRAL. MATH. SOC. 4 6 A 4 0

VOL. 31 (1985 ) , 215-233.

ABSOLUTE VALUES IN
ORTHOGONALLY DECOMPOSABLE SPACES

SADAYUKI YAMAMURO

In an ordered Banach space which is orthogonally decomposable, we

define the absolute value and its general properties are given.

The results are used to study the properties of linear operators

which satisfy Kato's inequality and the locality condition.

1. Introduction

Let B be a real Banach space ordered by a closed and proper positive

cone B . The (canonical) half-norm N of B has been defined in [2] by

N(a) = inf{||a+x|| : x € S+} for every a d B .

When B is a Banach lattice or the hermitian part of a C*-algebra, we

have N(a) = ||<2 || and N{-a) = \\a \\ , where a and a are the positive

and the negative parts of an element a .

Generally, an ordered Banach space B is said to be orthogonally

decomposable if every element a € B is expressed in a form a - b - a

for some b € B and a 6 B such that N(a) = ||b|| and N[-a) = ||e|| .

It has been shown in [/?], (3.1*), that B is orthogonally decomposable if

and only if every a € B is expressed in a form a = b - a for some

b £ B and a € B which are orthogonal in the following sense: there

exist b* € F(b) n B* and a* € F{a) n B* such that
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{b*, o) = (b, a*) - 0 . Here, F denotes the duality map of B and B*

is the dual cone in the dual B* of B , that i s ,

F{b) = { / € B* : (/, b) = Hill2 = Il/H2} ,

and

B* = {/ € B* : ( / , x) > 0 for a l l x € S+} .

Let B be an orthogonally decomposable space. Then, for every

a € S , the positive part a+ of a is the set of all b € B such that

a = fc - a is an orthogonal decomposition for some a € B . The negative

part a is defined by (-a) . For a detailed discussion on these sets,

we refer to L111.

When B is a Hilbert space H ordered by a self-dual cone H , it

is uniquely orthogonally decomposable, that is, every E, € H has a unique

decomposition £, = 5 - 5 such that 5+ € #+ ,. E, € fl+ and

(C+, 5_) = o .

In general ordered Banach spaces B , an important role is played by a

set-valued map H defined by

H(a) = {/ € B* : (f, a) = N{a)2 = ||/||2} .

It has been proved in 1111, (1.7), that, if b > a and ff(a) = ||2>|| ,

H{a) = F{b) n B* n (6-a)° ,

where z 0 = {/ € B* : (/, x) = 0} for x € B .

2. Absolute values

We shall always assume that B is an orthogonally decomposable space.

For a € B and £> € B , we have defined in [ 111 the set a v b by

a v b = a + (a-i>) . Then the absolute value a(a) of a (. B is the set

defined by a(a) = a v (-a) .

(2.1). x € a(a) £/ and onZy if a = hix+a) - h(x-a) is an orthogonal

decomposition of a .

The proof follows immediately from the definition of the absolute

value. It follows from (2.1) that a(a) is a closed and convex subset of

B + , and a(a) = {a} if a € B . Furthermore, if a = b - a is an
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orthogonal decomposition, we have b + c € a(a) . It is obvious that

a(a) e a+ + a_ •

When B is uniquely orthogonally decomposable, a{a) consists of a

single point b + c for the unique orthogonal decomposition a = b - a .

When B is either a Banach lattice or the hermitian part of a C*-algebra,

a(a) may contain elements different from \a\ , although \a\ is the

smallest element of a(a) in the former case.

To consider the relations between the absolute values in B and B* ,

we need to restrict the size of a(a) . We shall denote by a (a) a
G

subset of a{a) defined by

a (a) = {x € a(a) : ||x|| = ||a|| and ||x|| < \\y\\ for y € a{a)} .
c

In general, a (a) may be empty. In order to have an order theoretic
c

characterization for a (a) # 0 , we need the following definition. The

norm of an orthogonally decomposable space B is said to be orthogonally

monotone if the following condition is satisfied: if x 2 ±a , and x + a

and x - a are orthogonal, then ||a;|| > ||a|| . Obviously, absolutely

monotone norms are orthogonally monotone.

(2.2). The following two conditions are equivalent:

(1) a (a) + 0 for every a € B ;

o

(2) (i) the norm of B is orthogonally monotone,

(ii) every element a € B admits an orthogonal

decomposition a = b - c such that \\a\\ = ||i>+<?|| .

Proof, ( l ) =* (2) . To prove (i), suppose tha t x > ±a , and x + a

and x - a are orthogonal. I t then follows from (2.1) that x € a(a) .

Hence, by the assumption, ||x|| 2: ||a|| . To prove (ii) , we take an a rb i t ra ry

element x € a(a) , and set b = %(x+a) and c = ^(x-a) . Then a = b - o

i s the required decomposition.

(2) =» ( l ) . Let a = b - c be the orthogonal decomposition determined

by (2) (ii). Then, for x = b + c , we have ||x|| = ||a|| . Furthermore, for

any y € u(a) , since y > ±a , and h(y+a) and h{y-a) are orthogonal by

(2 .1 ) , we have \\y\\ > ||a|| by (2) (i). Thus x € a (a) .
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I t is clear that a (a) # 0 for every a i B if B is uniquely

orthogonally decomposable or a Banach la t t ice or the hermitian part of a

C*-algebra.

When B i s orthogonally decomposable, the dual B* is also

orthogonally decomposable by (5-2) in [70]. Therefore the absolute value

a( / ) is also defined in 5* .

(2.3). a (F(a)) c H(x) for every x € a (a) .
c c

Proof. For f € F{a) and x i a (a) , we have

11*11 = Ikll = 11/11 = ll?ll
and

Ikll2 = | |a | | 2 = (f, a) <(g, a) s y | • ||x|| = | |x | | 2

for every g € a ( / ) . Hence a (/) c B{x) .

REMARK. Let B = C[-l, l ] , with the pointwise order, as in Example

h a f t e r (3.2) in [77] . Let a{t) = t for t € [ -1 , l ] . Then, i f

t + 2 for -1 < £ < 0 ,

x ( t ) = •

- t + 2 for 0 S £ < 1 ,

we have x € a(a) . However, a(f(a)) is not contained in H(x) .

It is not known whether the equality holds in (2.3) in general. When

B is a Hilbert space with a self-dual positive cone, it obviously does.

(2.4). Let B be a a-complete Banaah lattice. Then

a [F(a)) = H{\a\) for every a € B .

Proof. Since |a| 6 a^a) , ag [F{a)) c H( \a\ ) follows from (2.3).

Now let / € H( \a\ ) and set g = / o p - f o (l-P) , where P is the

projection defined by

Px = V{x A na+ : n = 1, 2, ...} for all x € B+ .

Then (g, a) = (f, a+) + (/, a") = (/, |a|) = ||a||2 = ||/||2 . This, in

particular, implies ||̂|| 2 ||/|| . On the other hand, since g S f o p < f
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and -g < f o ( l -P) 5 f , we have ||g|| 5 ||/| | . Therefore ||g|| = ||f|| = ||a||

and, hence, g € F(a) . Furthermore, for x € B+ ,

(g + , x) = sup{(g, y) : 0 ± y S x)

> (g, Px) = (f o P, x) .

This shows that g+ 2 / o P . However, it follows from g •S f o p and

/ o p > 0 that g+ 5 / o p , Therefore j + = / o ? . Similarly

g~ = f ° (l-P) . Thus |g| = f . This shows that / € aa[F(a)) .

3. The orthogonally decomposable homomorphisms

Let B be an orthogonally decomposable space. A continuous linear

map <t> : B •*• B is called an orthogonally decomposable homomorphism if, for

every a € B , there exists an orthogonal decomposition a = b - c such

that <t>(a) = <t>(i>) - <t>(c) is also an orthogonal decomposition. When <$> is

an orthogonally decomposable homomorphism, such an orthogonal decomposition

is called a proper decomposition for <J> . If every orthogonal

decomposition of a is proper for <|> for every a € B , <t> is called a

strong orthogonally decomposable homomorphism.

The following statement follows immediately from (2.1).

(3.1). Let B be an orthogonally decomposable space and § be a

continuous linear map on B . The following conditions are equivalent:

(1) <t> is an orthogonally decomposable homomorphism;

(2) for every a € B } there exists x € a(a) such that

The following conditions are equivalent:

(3) <t> is a strong orthogonally decomposable homomorphism;

(U) <J)(a(a)) c a(<t>(a)) for every a € B .

When B is a Banach lattice, every lattice homomorphism is an

orthogonally decomposable homomorphism. When B is the hermitian part of

a C*-algebra, the restriction of every Jordan homomorphism to B is an

orthogonally decomposable homomorphism. In this case, see [5] for a result

similar to (3-1). It is clear that, if B is uniquely orthogonally

decomposable, every orthogonally decomposable homomorphism is strong. This
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i s the case when B is a Hilbert space with a self-dual positive cone.

The following statement has been proved in [ / I ] , (l*.l), where a

(strong) orthogonally decomposable automorphism is a bijection <\> such

tha t <j> and <J> are both (strong) orthogonally decomposable

homomorphisms.

(3 .2) . Let B be an orthogonally decomposable space and <j> : B •+ B

be a continuous linear bijection. The following conditions are equivalent:

(1) <J> is a strong orthogonally decomposable automorphism and

ll<(>(x)|| = lk| | for all x € B + ;

(2) N[<$i(x)) = N(x) for all x € B ;

(3) <t>*tf(<t>(x)J = H(x) for all x 6 B .

One consequence of th i s statement is the following:

(3.3) . Let B be an order unit space with the unit 1 and

<$> : B -*• B be a continuous linear bijeation such that 4>(B+) = B+ and

$( l ) = 1 . Then <f> is a strong orthogonally decomposable automorphism and

H(x)\\ = ||x|| for all x € B+ .

Proof. We sha l l use condition (2) in (3 .2 ) . F i r s t we observe tha t

4>*(B*) = B* , and ||<j>*(/)|| = ||/| | for a l l f € B* , because

II4>*/II = ( •* / , 1) = ( / , 1) = ll/ll for a l l / 6 B* . Hence, for every

x € B , we have

»(•(*)) = sup{(f, <S>(x)) •• f * B$, Il/H 5 1}

= sup{ ( • * ( / ) , x) : / € B*, Hfll < 1}

= sup{(g', *) : g 6 B*. ||?|| 5 1} = N(x) .

Let us recall that a continuous linear bijection $ : B •+ B is called

an order automorphism if <£(# ) = B . When B is a Banach lattice, every

order automorphism is a lattice automorphism and, hence, an orthogonally

decomposable automorphism. The statement (3-3) shows that, when B is the

hermitian part of a C*-algebra, every order automorphism <J> such that

((>(l) = 1 is a strong orthogonally decomposable automorphism. However, the

situation is different when B is a Hilbert space with a self-dual

positive cone.

Let M be a von Neumann algebra on a Hilbert space H such that
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there exists a cyclic and separating vector E, € H for M . We equip the

Hilbert space with the order structure defined "by the self-dual cone

H = P. . For the details concerning this order structure, see [4]. As
+ ^0

in [4], we denote the modular conjugation by J . In the following

statement, H is a complex Hilbert space. However, all maps concerned are

from the real space H into itself, where W = H+ - H

(3.4). Let M be a von Neumann algebra on a Hilbert space H as

above. The following conditions are equivalent:

(1) M is abelian;

(2) every order automorphism is an orthogonally decomposable

automorphism;

(3) for every a € M } the operator aJaJ : H •*• H is an

orthogonally decomposable homomorphism.

Proof. We only need to prove the implications (2) =» (1) and

(3) * (1).

(2) =* (1). Let a € M and 6 = a + j(a) , where j(a) = JaJ . Then,

by [4], Theorem 3A, <$ is a continuous linear operator on H and e

are order automorphisms of H for every t € R . Hence, by the

assumption,

(e*65, etSr\) = 0 if 5 € H+ , n € H+ and (£, n) = 0 .

Since this is true for every t € R and

(6£, n) = 0 if C € ff+ , n € ff+ and (£, n) = 0

by [4], Lemma 5-3, we can conclude that

(625, n] + 2(65, 6n) + (C, 62n) = o

for such 5 and n . Now suppose that a = a* . Then 6 = 6 * and it

follows from the above equality that

(65, 6n) = 0 if £ 6 tf+ , n € ff+ and (£, n) = 0 .

Next, take projections p and q in M such that pq = 0 , and set

5 = PJ(p)5Q and n = <7«7'(<?)£O • Then £ € H+ , n € ff+ and (£, n) = 0 .
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Hence

0 = [{a+j(a))pj{p)E,Q, [a+j(a)}qj(q)E,Q)

= 2{qapj(qap)ZQ, E,Q) .

Therefore pqp = 0 . When we consider the case where q = z(p) - p for

the central support s(p) of p , we arrive at ap = pap and hence,

ap = pa . Therefore every projection in M is central. This means that

M is abelian.

(3) °* (l). Let a € M and p be an arbitrary projection in M .

Then, for q = z(p) - p , we have

0 = [aj{a)pj(p)ZQ, aj(a)qj{q)E,Q) = [qa*apj{qa*ap)£Q, E,Q) .

The rest of the proof is the same as above.

REMARK. We have actually proved that a*a € M n M' if aJaJ is an

orthogonally decomposable homomorphism.

4. Quasi-domains of generators

Let 5 be an orthogonally decomposable space. In this section we

shall only consider the linear operators G : B -*• B that are the

generators of some ^.-semigroup \s^_ : t > 0} of continuous linear

operators on B . In general, it is too restrictive to assume that the

domain D(G) of such G satisfies a{a) <=• D(G) whenever a € D(G) . It

is for this reason that we introduce the notion of quasi-domains of

generators.

For every generator G of a C -semigroup {Ŝ . : t > o} , we set

(G, a, /) = lim sup ((fi^a-aj/t, /)

t-*o+

and

(£, a, f) = lim inf {{s.a-a)/t, f)

for every a € B and / € S* . Obviously,

(G, a, f)+ = (G, a, f)+ = (Ga, f) if a € D{G) .

(4.1). Suppose that all S, are positive, that is, SAB ) c S+ for
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all t > 0 . Then (G, b, f) + > (Ga, f) for every a € D(G) , b € a+

and f € H{a) .

Proof. Let a = b - c be an orthogonal decomposition. Then it

follows from f € H(a) that (/, c) = 0 , and

[Sta-a, f) = [Stb-b-Stc, f) 5 [Stb-b, f) ,

because S.c € B^ and f (. B* .

The quasi-domain Q(G) of a generator G is defined by

Q{G) = {a i B : (ff, i>, /) > -«> for every b € a+ and f € ff(a)} .

Then it follows from (U.l) that D(G) c §(c) if all 5^ are positive.

The converse is not true. In fact, it is known that, if all S. are

contractions, every S, is positive if and only if G is ff-dissipative,

that is, (Ga, f) 5 0 if a € D(G) and f € H{a) ([2], Theorem U.I, or

[3], Theorem 2.2U).

(4.2). Let G fee £?ie generator of a contraction semigroup

{s, : t > o} . Then the following conditions are equivalent:

(1) G is N-dissipative;

(2) (C, a, f ) + 5 0 for all a € S and / € ff(a) .

Proof. (1) =» (2). Let a € B and f € ff(a) . Then, since f Z B*

and 5t(B+) c B+ ,

(Sta, f) < \\f\\N{Sta) 5 ||/|| • ||St||J»(a) £ /^(a)2 = (a, f) .

This implies (C, a, / ) + < 0 .

(2) •* (1). This follows immediately from (G, a, f)+ = (Ga, f) for

a € D(G) .

Unlike the domain D(G) , the quasi-domain Q(G) inherits some order

structure from B .

(4.3). (i) If there exists b € a+ such that b € Q(G) , tften

a € Q(G) .

(ii) If B* is strictly convex and a € Q(G) , then a c Q{G) .
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Proof. (i) Suppose that / i H(a) and a = b - c is an orthogonal

decomposition such that b € Q{G) . Then, since

H(a) = F(b) n B* n o° = H{b) n c° c H(b) ,

we have / € #(fc) . Since b+ = {b} , we have a € Q(G) .

(ii) When S* i s s t r i c t l y convex, H{x) i s a s ingle-point set for

every x € B (see [ 7 1 ] , (H8)) . Hence H{a) = ff(b) for every b € a+ .

Therefore a € Q(G) implies fc €

5. A Kato inequality

The Kato inequality [6] is a distributional inequality:

A|a| > (sgn

for a € L and Aa € i . In [S], there is a version of this, which
loc loc

o
can be stated as follows. Let G be an operator on L (M, d\i) . It is

said to obey the Kato inequality if

(1) a € D^G) implies |a| i D^(G) ,

(2) for a € D{G) and f € DIG) with f i 0 ,

(/, G\a\) > ((sgn a)f, Ga) ,

where DJG) is the form domain of G and

0 if a(t) = 0 ,

(sgn a)(t) = •

a{t)/\a{t)\ otherwise.

Suppose that a linear operator G is the generator of a C-semigroup

{S,} . It was proved in [S], Theorem 2.1, that, when G is negative

definite, G obeys the Kato inequality if and only if all 5̂ . are

positive.

A Banach space version of the Kato inequality and its relations to

positive semigroups have been obtained in [/].

To establish a correspondence between the Kato inequality for G and

the positlvity of {Ŝ .} in orthogonally decomposable spaces, we shall

https://doi.org/10.1017/S0004972700004706 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700004706


A b s o l u t e v a l u e s 225

introduce another version of the Kato inequality.

For each a € B , we set

sia) = {/ € B* : / ( a ) 2 = f(x)2 for a l l a; € ct(a)} .

(5.1). Cij sia) = [b u e ) n B* for any orthogonal decomposition
a = b - c .

(ii) H(±a) c sia) .

Proof. (i) Let / € s(a) and a = b - a be an orthogonal

decomposition. Then, since b + a € a(a) , we have f(b)f(a) = 0 and,

hence, / € i> u e . To prove the converse, let x € a(a) . Then it

2 2
follows from (2.1) and the assumption that f(x) = f(a)

(ii) When a = b - o is an orthogonal decomposition,

H(a) = F{b) n S* n e° and ff(-a) = F(c) n B* n b° .

Hence ff(a) u #(-a) c (fc° u e°) n B* .

A linear operator G which is a generator of some ^..-semigroup is

said to satisfy the Kato inequality if

(Kl) DiG) c Q(G) ,

(K2) (£, x, /)+(a;, /) > iGa, f)ia, f) for all a 6 DiG) ,

x € ot(a) and / € sia) .

(5.2). Let G be the generator of a C'^.-semigroup {s,} .

(i) If all S, are positive, G satisfies the Kato inequality,t

(ii) If G is dissipative [that is, iGa, f) < 0 for all a € DiG)

and f € Fia) ) and satisfies the Kato inequality, then all S, are
t

positive.

Proof. (i) The condition (Kl) follows from (U.l). Now, let

a € DiG) , x € a(a) and / € sia) . Then

\(sta, f)\ < [Stx, f) and |(a, / ) | < (x, /) .

Therefore
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{Sta-a, f](a, f) = [Sf, f)(a, f) - (a, f)
2

5 [Stx, f)(x, f) - (x, f)
2 = [Stx-x, f)(x, f) .

Therefore G satisfies condition (K2).

(ii) Since G is assumed to be dissipative, \S,\ is a contraction

semigroup. Hence we only need to prove that G is #-dissipative. Let

a € D(G) and f £ H(a) . Let a = b - c he an orthogonal decomposition.

Then, since / € F{b) and ||5 || 5 1 , we have (G, b, f)SO.

Therefore, since (G, b, f)+ > -°° ,

(Ga, f) 5 [G, b, f)+ - (C, o, / ) + 5 -(£, c, f)+ .

On the other hand it follows from condition (K2) that

(Ga, /) 2 (G, fo+e, / ) + 5 (G, i, f)+ + (G, e, / ) + S (G, o, / ) + ,

because b + e € cx(a) and / € s(a) . Thus we can conclude that

{Ga, f) — 0 and, hence, G i s /V-dissipative.

6. Locality of generators

In [ 7 ] , Nagel and Uhlig have proved t h a t , when B i s a Banach

l a t t i c e , every generator G of a C.-semigroup of l a t t i c e homomorphisms i s

local, t ha t i s ,

H
Ga € a for every a t D{G) ,

where a = {a; € S : |x| A |a| = 0} . A generalization of this fact,

involving the second dual of B , has been obtained in [ ' ] .

I!
When B is a-complete, the set a is equal to P (B) for the

projection P defined by

P x = V (x A n|a|) for every x € B
a n=l

Let B be an ordered Banach space equipped with a closed and proper

positive cone B . A hereditary subcone F of B is called a /aee of

B . When F is a face of B , it has been proved in [S], Theorem 8,
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that F i s a closed face of B+ and

F^ = {x € B+ : (f, x) = 0 i f f € B* and ( / , y) = 0 for every z/ € F} ,

where F i s the /V-closure of F defined by

^ = {x € B : N[x-x ) -»• 0 for some x € F}1 + *• n' n '

and tf is the canonical half-norm associated with B . We shall denote

/ by CF .

For a € B , le t F be the face of a in B , that i s , F is

the smallest face in B containing a . Then

F = { x € B : j ;5a f l for some a > 0} .

Therefore

CFfl = {x € B+ : (f, x) = 0 if f € B* and (/, a) = 0} .

When B is a 0-complete Banach lattice, it has been proved in [SJ,

Proposition 6, that P (B ) = CF for every a € B+ , and, furthermore,

P (B) is the closed linear subspace spanned by P {B ) = CF . Moreover,

we have 0 < P x S x for every x € B

Suppose that H is a Hilbert space, M is a von Neumann algebra on

H and there is a cyclic and separating vector E, € ff for M . As in §2,

we consider the self-dual cone H+ = P^ by which H = H - H is an

0

ordered Hilbert space. Then, it has been proved in [4], Theorem U.2, that

for every E, € H there exists a projection a € M such that

aj(a)H - F_ , where j(a) = JaJ . Furthermore, it is easy to see that

F = CF? • If we denote aj(a) by P , then P is a projection operator

on H and ?„(#) i s t h e closed l inear subspace spanned by P {H ) = CF^ •

Moreover, P E, £ H for every E, € H . However, unlike the case of

Banach l a t t i c e s , we do not always have P E, - £ for E, ( H

16.1). Let M be a von Neumann algebra on a Hi.tbert space H and
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suppose that there is a cyclic and separating vector £ € H for M . Let

h
H = Pi and a € M be a projection. Then, for P = aj{a) , the

following conditions are equivalent:

(1) PaE. < 5 for every § € H+ ;

(2) a is a central projection.

Proof. (1) =» (2). Suppose that £ € H+ , n € #+ and (5, n) = 0 .

Then, since ff+ is self-dual, 0 < (p^, P^n) ̂  U , n) = 0 . Hence P Q

is an orthogonally decomposable homomorphism. It then follows from (3.*0

that a is central.

(2) =* (l). If a is central, it follows from [4], Proposition It.10,

that 1 - Pa = {l-a)J(l-a)J . Therefore [l-P ) £ € H+ for every £ € #+ .

Returning to the definition of locality given by Nagel and Uhlig cited

above, we shall try to find the corresponding form in general orthogonally

decomposable spaces. Let [CF J be the closed linear subspace spanned by

CF . We also define a closed linear subspace [a] for every a € B+ by

[a] = {x € B : (/, x) = 0 if f € B* and (f, a) = 0} .

Then it is obvious that [a] n B - CF . Furthermore, when B is a

Banach lattice or the Hilbert space n considered above, we have

[CF ] c [a] and the inclusion is strict because £CFl = [a] in the case

of a if and only if the cyclic projection p associated with a is

central. Using these two subspaces LCFl and [a] , we can consider the

following five interpretations of Nagel and Uhl ig's definition in the case

when B is a orthogonally decomposable space:

(1) Ga € [a] for every a € D(G) n B+ ;

(2) Ga € [CFQ] for every a i D(G) n B ;

(3) a(Ga) a [a] for every a € D(G) n B+ ;

(It) a(Ga) c [CF ] for every a € Z3(G) n S+
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(5) ( / , ct(Ga)) = {0} i f (f, a(a)) = {0} and a € D(G) .

It is easy to see that, when B is either a Banach lattice or B = W

considered above, (i) is implied by (i+l) for i = 1, 2, 3, k . Now we

shall show that the conditions (2), (3), (**) and (5) are not suitable forms

of locality in general orthogonally decomposable spaces.

(6.2). Let M be a von Neumann algebra on a Hilbert space H and

suppose that there is a cyclic and separating vector £_ € H for M . Let

H = P.. . Assume that the following statement is valid: if G is the
+ ^0

generator of a uniformly continuous group of orthogonally decomposable

homomorphisms on H , then GE, € [CF£] for all £ € D{G) n #+ . Then M

is abelian.

Proof. Let a € M be a projection and consider a continuous linear

operator 6 on H defined by 6 = ia + j(ia) . Then 6* = -6 . For each

t € R , et6(ff+) = ff+ and

(e
t6C, et6n) = (/6V6£, n) = U, n) .

Therefore {e : t € /?} is a uniformly continuous group of orthogonally

decomposable homomorphisms on H and 6 is the generator. Hence, by the

assumption, we have &£, € \CFJ\ for every £ € #+ . Note that

CF^ = Pcj(p5)ff+ and

where p, is the cyclic projection in M defined by p_ = [M'E,] , the

projection to the closed linear subspace spanned by M'E, . Now, for every

projection x € M , since £ = xj(x)£ € // , we can consider the face

fc and the projection p = [W'C 1 • Then we haveS xx

Furthermore, since

p x = ( ^ ' X J X X ) ^ « C«'xC0] = x

we have
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6xj(x)E, € xj(x)H for every projection x € M .

Therefore xj(x)8xj(x) = &xj(x) . However

6xj(x) = i[axj{x)-xj(ax))

and

xj(x)6xj(x) = i[xaxj(x)-xj(xax)) .

Hence

axj(x) - xj{ax) = xaxj(x) - xj(xax) ,

or

(ax-xax)j{x) = xj(ax-xax) .

Multiplying x from the left, we have xj(ax-xax) = 0 . Hence

(ax-xax)j(ax-xax) = (a-xa)xj(ax-xax) = 0 .

This implies ax = xax and, therefore, ax = xa . It follows that M is

abelian.

As to the remaining condition (l), we immediately note that the

generator of every C -semigroup \S. : t > 0} of self-adjoint orthogonally

decomposable homomorphisms on a Hilbert space H , ordered by a self-dual

positive cone H , satisfies this condition. In fact, if E, € D(G) n H ,

D € H and (£, n) = 0 , we have

r V ^ - S , n) = ^{sti, n) = t~x{stl2i, 5t/2n) = o .

This fact corresponds to the result of Nagel and Uhlig cited in the

beginning of this section.

When G is the generator of a C -group, we have a stronger result.

(6.3). Let B be an orthogonally decomposable space and G be the

generator of a C -group \S, : t € /?} of continuous linear operators on
0 t

B .

(i) If all S, are positive, then G satisfies condition ( l ) .

(ii) Suppose that \\S.\\ = 1 for all t € R and a(a) c D(G) when-

ever a € D(G) . Then, if G satisfies condition ( l ) , all S, are
"0
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positive.

Proof. (i) follows immediately from

•[S a-a, f) = (5 a, /) > 0 for every t € R ,

when f € B* , a € D(G) n g+ and (/, a) = 0 . To prove (U) , let

a € £>(G) and / € H(a) • Let a = b - c be an orthogonal decomposition;

then, since c € B+ and (_f, c) = 0 , we have (f, &z) = (f, Gi>) 5 0 ,

because / € F(i>) , G is dissipative and, furthermore, b € D(G) and

o i D{G) by the assumption that a(a) c D(C) . Hence G is

^dissipative. Similarly -G is also iV-dissipative. Therefore every S

is positive.

To avoid imposing the severe restriction that a(a) c D(G) for all

a £ D{G) , we give the following definition. The generator G of a C--

group {S, : t € /?} of continuous linear operators on B is said to be
t

local if 0(G) c g(G) and

(G, e, / ) _ S 0 and (G, e, / ) + > 0

whenever c € S+ , f £. B* and (f, e) = 0 , where

(G, e, /) = lim sup t'1[s c-o, f)
t+0- t

for all c k B and / € B* . (G_, e, f) is defined similarly. It is

obvious that a local generator satisfies condition (l).

(6.4). Let B be an orthogonally decomposable space and G be the

generator of a C-group {s, : t € R] of isometries on B . Then the

following conditions are equivalent:

(1) 5t(5+) = fl+ for all t (. R ;

(2) ±G satisfy the Kato inequality;

(3) G is local.

Proof. In view of (U.I) and (5-1), we only need to prove that (3)

implies (l), or, equivalently, (3) implies that ±G are iV-dissipative.

Let / € H(a) and a € D(G) , and let a = b - c be an orthogonal

decomposition. Since D{G) c Q{G) and ||S,|| = 1 , we have
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-°° < (G, b, f)+ 5 0 and 0 5 (G, b, / ) _ < + « .

Hence b y t h e a s s u m p t i o n ,

{Ga, f) 5 (G, b, f)+ - (G, a, f)+ 5 - ( £ , a, f)+ 5 0

and

(Ga, f) > (G, b, f)_ - (G, a, / ) _ > -(G, a, f)_ > 0 .

Therefore (/, Ga) = 0 and ±G are tf-dissipatlve.
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