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ABSOLUTE VALUES IN
ORTHOGONALLY DECOMPOSABLE SPACES

SADAYUKI YAMAMURO

In an ordered Banach space which is orthogonally decomposable, we
define the absolute value and its general properties are given.
The results are used to study the properties of linear operators

which satisfy Kato's inequality and the locality condition.

1. Introduction

Let B Dbe a real Banach space ordered by a closed and proper positive

cone B_ . The (canonical) half-norm N of B has been defined in [2] by
N(a) = infilla+x| : x € B+} for every a € B .

When B 1is a Banach lattice or the hermitian part of a C(*-algebra, we
+ ~ + -
have N{a) = |la || and WN(-a) = {la || , vhere a and & are the positive

and the negative parts of an element a .

Generally, an ordered Banach space B 1is said to be orthogonally
decomposable if every element a € B 1is expressed in a form a =b - ¢
for some b € B, and c € B_ such that N(a) = ||p]| and WN{-a) = lle]| .
Tt has been shown in [11], (3.4), that B is orthogonally decomposable if
and only if every a € B 1is expressed in a form a = b - ¢ for some

b €B_ and ¢ € B_ which are orthogonal in the following sense: there
exist b* € F(b) n B: and c* € F(e) n B: such that
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(b*, e¢) = (b, ¢*) = 0 . Here, F denotes the duality map of B and B:
is the dual cone in the dual B* of B , that is,

F(b) = {f € B* : (£, b) = IbII® = 1%} ,

B_’:_={f€B*:(f,x)zOforall:z:EB+}.

Let B Dbe an orthogonally decomposable space. Then, for every
a € B , the positive part a, of a 1is the set of all b € B+ such that
a = b - ¢ 1is an orthogonal decomposition for some ¢ € B+ . The negative
part a_ is defined by (—a)+ . For a detailed discussion on these sets,

we refer to [11].

When B is a Hilbert space H ordered by a self-dual cone H+ , it
is uniquely orthogonally decomposable, that is, every & € H has a unique
decomposition & = €+ - £ such that €+ €H_ ,.& €H_ and
(,, ) =0.

In general ordered Banach spaces B , an important r8le is played by a

set-valued map H defined by

a(a) = {f € B* : (f, @) = Wa)® = fI°} .

It has been proved in [11], (1.7), that, if b =2 a and WNla) = |b]| ,

#(a) = F(b) n B} n (b-a)° ,

where z0 = {f €B* : (f, 2) =0} for x €B .

2. Absolute values

We shall always assume that B is an orthogonally decomposable space.
For a € B and b € B , we have defined in [17] the set a v b by
avb=a-+ (a—b)_ . Then the absolute value a{a) of a € B is the set
defined by a(a) = a v {-a) .

(2.1). =z € ala) if and only if a = %(x+a) - %(z-a) is an orthogonal
decomposition of a .

The proof follows immediately from the definition of the absolute
value. It follows from (2.1) that a(a) is a closed and convex subset of

B, , and ala) = {a} if a € B, . Furthermore, if a =b - ¢ 1is an
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orthogonal decomposition, we have b + ¢ € a(a) . It is obvious that

+ .
ala) c a, +a_

When B is uniquely orthogonally decomposable, a(a) consists of a
single point b + ¢ for the unique orthogonal decomposition a =b - ¢
When B is either a Banach lattice or the hermitian part of a C*-algebra,
a(a) may contain elements different from |a| , although Ia| is the

smallest element of a(a) in the former case.

To consider the relations between the absolute values in B and B* ,

we need to restrict the size of a(a) . We shall denote by ac(a) a
subset of a(a) defined by

a(a) = {x € a(a) : flzll = llall and llzll = llyll for y € ala)l} .

In general, ac(a) may be empty. In order to have an order theoretic
characterization for ac(a) # @ , ve need the following definition. The

norm of an orthogonally decomposable space B 1is said to be orthogonally
monotone if the following condition is satisfied: if x = tq , and x + a
and x - a are orthogonal, then |lx|| = jlal] . Obviously, absolutely

monotone norms are orthogonally monotone.
(2.2). The following two conditions are equivalent:

(1) a,la) # # for every a € B ;

(2) (Z) the norm of B <is orthogonally monotone,

(11) every element a € B admits an orthogonal
decomposition a = b - ¢ such that |afl = |b+ell .

Proof. (1) = (2). To prove (Z), suppose that x = *q , and x + a

and x - a are orthogonal. It then follows from (2.1) that =x € ala)

v

Hence, by the assumption, |lx]l = |la]] . To prove (i), we take an arbitrary

element x € ala) , and set b = 4(x+ta) and ¢ = %(x-a) . Then a=b ~¢

is the required decomposition.

(2) = (1). Let a=b - c¢ Dbe the orthogonal decomposition determined
by (2) (iZ). Then, for x =b + ¢ , we have |z|| = llall . Furthermore, for
any y € a(a) , since y = *ta , and %(y+a) and %(y-a) are orthogonal by
(2.1), we have |lyll = {flall by (2) (7). Thus =z € ac(a) .
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It is clear that ac(a) #@ for every a € B if B is uniquely

orthogonally decomposable or a Banach lattice or the hermitian part of a

C*-algebra.

When B 1is orthogonally decomposable, the dual B* is also
orthogonally decomposable by (5.2) in [70]}. Therefore the absolute value
a(f) is also defined in B* .

(2.3). ac(F(a)) c H(x) for every =x € a(a) .

Proof. For f € F(la) and « € ac(a) , We have

l=li = Hlal = l£h = ligll

and

2
ligll =l = lll

1A

2 2
=t = llall® = (£, a) = (g, a)
for every g € ac(f) . Hence ac(f)<2 H(x)
REMARK. Let B = C[-1, 1] , with the pointwise order, as in Example
4 after (3.2) in [171]). Let a(t) =t for t € [-1, 1] . Then, if

t+2 for -1=t=<0,
x(t) =
-t + 2 for 0=

39

<1,
we have x € o(a) . However, a[F(a)] is not contained in H(x)

It is not known whether the equality holds in (2.3) in general. When

B 1is a Hilbert space with a self-dual positive cone, it obviously does.
(2.4). Let B be a o-complete Banach lattice. Then

ac(F(a)) = H(|a|) for every a € B .

Proof. Since |[al € ala) , ac(F(a)) c H(|a|) follows from (2.3).

Now let f € H(|a|) and set g =fo P - fo (1-P) , where P is the
projection defined by

Pr=VixAnd' :n=1,2,..) forall z €B, .

- 2 2 . .
Then (g, a) = (f, @) + (f, a’) = (£, la]) = lal® = IfI° . This, in
particular, implies |lgll = ||fll . On the other hand, since g =< fo P=f
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and -g < f o (1-P) = f , we have ligll = lIfll . Therefore |ligh = lIfll = llall

and, hence, g € F(a) . Furthermore, for x € B, »

(g*, x) = supl(g, y) : 0 =y =z}
(g,Px)=(f°P,.'L')

A

This shows that g+ > f o P. However, it follows from g = f o P and
foPz0 that g+ = f o P . Therefore g+ = f o P . Similarly
g =fo (1-P) . Thus |g| = f . This shows that f € ac(F(a)) .

3. The orthogonally decomposable homomorphisms

Let B Dbe an orthogonally decomposable space. A continuous linear
map ¢ : B> B is called an orthogonally decomposable homomorphism if, for
every a € B , there exists an orthogonal decomposition a = b - ¢ such
that ¢(a) = ¢(b) - ¢{ec) is also an orthogonal decomposition. When ¢ is
an orthogonally decomposable homomorphism, such an orthogonal decomposition
is called a proper decomposition for ¢ . If every orthogonal
decomposition of a is proper for ¢ for every a € B, ¢ is called a

strong orthogonally decomposable homomorphism.
The following statement follows immediately from (2.1).

(3.1). Let B be an orthogonally decomposable space and ¢ be a

continuous linear map on B . The following conditions are equivalent:
(1) ¢ <s an orthogonally decomposable homomorphism;

(2) for every a € B, there exists =z € ala) such that
o(z) € ao(a)) .

The following conditions are equivalent:
(3) ¢ s a strong orthogonally decomposable homomorphism;
(%) of{ala)) € a(dla)) for every a €B .

When B is a Banach lattice, every lattice homomorphism is an
orthogonally decomposable homomorphism. When B is the hermitian part of
a (*-algebra, the restriction of every Jordan homomorphism to B is an
orthogonally decomposable homomorphism. In this case, see [5] for a result
similar to (3.1). It is clear that, if B is uniquely orthogonally

decomposable, every orthogonally decomposable homomorphism is strong. This
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is the case when B 1is a Hilbert space with a self-dual positive cone.

The following statement has been proved in [17], (4.1), where a

(strong) orthogonally decomposable automorphism is a bijection ¢ such
that ¢ and ¢_l are both (strong) orthogonally decomposable

homomorphisms.

(3.2). Let B be an orthogonally decomposable space and ¢ : B + B

be a continuous linear bijection. The following conditions are equivalent:

(1) ¢ is a strong orthogonally decomposable automorphism and
loCz) |l = llxll for all =z €¢B,  ;

(2) N(¢(x)} = N(x) for all =z € B ;
(3) ¢*H(¢(x)) = H(x) for all x € B .
One consequence of this statement is the following:

(3.3). Let B be an order unit space with the unit 1 and
¢ : B+ B be a continuous linear bijection such that ¢(B+) =B, and
$(1) = 1. Then ¢ is a strong orthogonally decomposable automorphism and
lo()l = llell for all = €5, .

Proof. We shall use condition (2) in (3.2). First we observe that
$*(B*) = B* , and [0*(A)ll = Ifl for all f € B , because
No2Fll = (¢*f, 1) = (F, 1) = |ifll for all f € B} . Hence, for every

x € B , we have

N(¢(x))

sup{ (£, ¢(=)) : f € B2, lIfll =1}
sup{ (¢*(£), =) : F € B, lIfll =1}
sup{(g, =) : g € B}, lgll =1} = N(z) .

Let us recall that a continuous linear bijection ¢ : B + B is called
an order automorphism if ¢(B+) = B+ . When B is a Banach lattice, every
order automorphism is a lattice automorphism and, hence, an orthogonally
decomposable automorphism. The statement (3.3) shows that, when B is the
hermitian part of a C*-algebra, every order automorphism ¢ such that
$(1) = 1 1is a strong orthogonally decomposable automorphism. However, the
situation is different when B is a Hilbert space with a self-dual

positive cone.

Let M be a von Neumann algebra on a Hilbert space H such that
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there exists a cyclic and separating vector Eo € H for M . Ve equip the

Hilbert space with the order structure defined by the self-dual cone

&

H+ = PE . For the details concerning this order structure, see [4]. As
0

in [4], we denote the modular conjugation by J . In the following

statement, H 1s a complex Hilbert space. However, all maps concerned are

from the real space HJ into itself, where HJ = H+ - H+ .

(3.4). Let M be a von Neumann algebra on a Hilbert space H as
above. The following conditions are equivalent:

(1) M <s abelian;

(2) every order automorphism is an orthogonally decomposable

automorphism;

(3) for every a € M, the operator aJaJ : H > H 1is an
orthogonally decomposable homomorphism.

Proof. We only need to prove the implications (2) = (1) and
(3) = (1).

(2) = (1). Let a €M and 6 =a + jla) , wvhere j(a) = JaJ . Then,
by [4], Theorem 3.4, &8 is a continuous linear operator on H and et(S
are order automorphisms of H for every t € R . Hence, by the

assumption,

[etdi, etsn) =0 if £ €¢H , n€H and (E, n) =0.

Since this is true for every ¢t € R and

(6, n) =0 if £ €H , n€H eand (g, n)=0
by [4], Lemma 5.3, we can conclude that
2 2
(6%, n) + 2(8&, 8n) + (g, §°n) =0
for such & and n . Now suppose that a = a* . Then § = 8* and it
follows from the above equality that
(6€, 6n) =0 if £ €H , n€H_ and (E,n) =0 .

Next, take projections p and q in M such that pg = 0 , and set
£=pi(p)E, and n=gqj(q), . Then £ €H , ne¢H and (§, n)=0.
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Hence
0 = ((a+d(a))pi(p)E,. (a*i(a))qd(q)E,)
= 2(qapj(qap)E,, €,) -
Therefore pgqp = O . When we consider the case where ¢ = z(p) - p for

the central support 2z(p) of p , we arrive at ap = pap and hence,
ap = pa . Therefore every projection in M is central. This means that

M 1is abelian.

(3) = (1). Let a €M and p be an arbitrary projection in M .
Then, for ¢q = z(p) - p , we have

0 = (ad(@)pi(p)Ey» aila)af(q)Ey) = (qatapilaa’ap)Ey, ) -

The rest of the proof is the same as above.

REMARK. We have actually proved that a*a € M n M' if aJaJ is an

orthogonally decomposable homomorphism.

4. Quasi-domains of generators

Let B be an orthogonally decomposable space. In this section we
shall only consider the linear operators G : B * B that are the

generators of some Co-semigroup {St : t 2 0} of continuous linear

operators on B . In general, it is too restrictive to assume that the
domain D(G) of such G satisfies a(a) © D(G) whenever aq € D(G) . It
is for this reason that we introduce the notion of quasi-domains of

generators.

For every generator G of a Co-semigroup {St r t 2 0} , we set

@, a, f), = lin sup [[Sta-a)/t, f)
>0+
and
(G, a, f), = lim inf ((S,a-a}/t, f)

0+
for every a € B and f € B* . Obviously,
(G, a, f), = (G, a, f), = (Ga, f) if a € D(G) .

(4.1). Suppose that all S, are positive, that is, St(B+) < B, for
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all t=z0. Then (G, b, f)+ = (Ga, f) for every a € D(G) , b €a
and f € Hla) .

+

Proof. Let a = b - ¢ be an orthogonal decomposition. Then it
follows from f € H(a) that (f, ¢) =0 , and

[Sta—a, f) = [Stb—b—Stc, fl = [Stb-b, ),
because S, € B, and f eB; .

The quasti-domain @(G) of a generator G is defined by

QG) ={a €B: (G, b, f), > = for every b € a_and f € H(a)} .
Then it follows from (hk.1) that D(G) < Q(G) if all 5, are positive.
The converse is not true. In fact, it is known that, if all St are
contractions, every St is positive if and only if G is ~N-dissipative,

that is, (Ga, f) =0 if a € D(G) and f € H(a) ([Z], Theorem 4.1, or
(3], Theorem 2.2k4).

(4.2). Let G be the generator of a contraction semigroup

{s, : t 20} . Then the following conditions are equivalent:

t
(1) G s N-dissipative;
(2) (G, a, f)+ <0 forall a €B and f € H(a) .

Proof. (1) = (2). Let a € B and f € H(a) . Then, since f € B:
and St(B+) < B+ E)

(.2, £) = IfIw(s,a) = IFh = lIS,IN(a) = 8(a)® = (a, £) .
This implies (G, a, f)+ <=0 .
(2) = (1). This follows immediately from (G, a, A, = (Ga, f} for
a € D(G) .

Unlike the domain D(G) , the quasi~domain @(G) inherits some order

structure from B .

(4.3). (i) If there exists b € a, such that b € Q(G) , then
a € Q(G) .

(it) If B* 1is strictly convex and a € Q(G) , then a, © Q(G) .
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Proof. (%) Suppose that f € Ha) and a = b - ¢ is an orthogonal
decomposition such that b € Q(G) . Then, since
0 0
H(a) = F(b) n B: ne =HDb)ne < HD) ,
we have f € H(b) . Since b, = {b} , we have a € Q(G)

(i2) When B* is strictly convex, H(x) is a single-point set for
every x= € B (see [11], (H8)). Hence H(a) = H(b) for every b € a
Therefore a € Q(G) implies b € @(G) .

+ "

5. A Kato inequality
The Kato inequality [6] is a distributional inequality:
Ala| 2 (sgn a)ba
1 1 . . . .
for a €L and Aa € L . In [&], there is a version of this, which
loc loc
can be stated as follows. Let G be an operator on L2(M, du) . It is

said to obey the Kato inequality if

(1) a¢€ Df(G) implies |a EDf(G) s
(2) for a € D(G) and f € Df(G) with fz o0,

(f, Glal) = ((sgn a)f, Ga) ,
where Df(G) is the form domain of G and
0 if a(t) =0 ,

(sgn a)(t) =
a(t)/la(t)l otherwise.

Suppose that a linear operator G 1is the generator of a Co-semigroup

{St} . It was proved in [§], Theorem 2.1, that, when G is negative
definite, G obeys the Kato inequality if and only if all St are

positive.

A Banach space version of the Kato inequality and its relations to

positive semigroups have been obtained in [1].

To establish a correspondence between the Kato inequality for G and

the positivity of {St} in orthogonally decomposable spaces, we shall
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introduce another version of the Kato inequality.
For each aq € B , we set
= PO 2 _ 2
s(a) = {f ¢ B} : fla)® = f(2) for all x € ala)} .
(5.1). (i) s(a) = [bo U co) n B} for any orthogonal decomposition
a=b-c .
(i) H(#a) € s(a) .

Proof. (i) Let f € s(a) and a =b - ¢ be an orthogonal

decomposition. Then, since b + ¢ € a(a) , we have f(b)f(e) = 0 and,
hence, f € bo u ° . To prove the converse, let x € a(a) . Then it
follows from (2.1) and the assumption that f(x)2 = f(a)2 .
(i2) When a =b - ¢ 1is an orthogonal decomposition,

0

H(a) = F(b) n B* n ¢ ana H(-a) = F(c) n BA nB° .

Hence H(a) v H(-a) € (bo u co) n B} .

A linear operator G which is a generator of some Co-semigroup is
said to satisfy the Kato imnequality if

(k1) D(6) < Q(G) ,

(k2) (G, x, f) (=, f) = (Ga, fi(a, f) for all a € D(G) ,
x € ala) and f € s(a) .

(5.2). Let G be the generator of a C,-semigroup {St} .
(i) If all St are posgitive, G satisfies the Kato inequality.

(ii) If G 4is dissipative (that is, (Ga, f) <0 for all a € D(G)
and f € Fla) ) and satisfies the Kato inequality, then all s, are

positive.

Proof. (i) The condition (X1) follows from (4.1). Now, let
a €D(G) , = €ala) and f € s(a) . Then

I[Sta, ] = [Stx, f) ana |(a, f)| = (z, f) .

Therefore
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(s,0-a, f(a, f) = (5,2, fl(a, £) - (a, H?

1A

(5.2 £z, £ - (2, N? = (5,22, iz, )

Therefore G satisfies condition (K2).

(i1) Since G 1is assumed to be dissipative, {S is a contraction

)
semigroup. Hence we only need to prove that (G 1is N-dissipative. Let
a € D(G) and f € Hla) . Let a=>b - ¢ be an orthogonal decomposition.
Then, since f € F(b) and ”St” <1, we have (G, b, fl,<o0.

Therefore, since (G, b, ly >,

(Ga, f) (G, b, ), - (G, e, f), =-(G, ¢, f)

.-
On the other hand it follows from condition (K2) that
(Ga, f) = (G, bre, f), = (G, b, f), + (G, e, ), = (G, e, f, »

because b +c € ala) and f € s{a) . Thus we can conclude that

(Ga, f) <0 and, hence, G is N-dissipative.

6. Locality of generators

In [7], Nage! and Uhlig have proved that, when B is a Banach

lattice, every generator G of a Co—semigroup of lattice homomorphisms is

local, that is,
1l
Ga € a for every a € D(G) ,
1
where a = {x € B : |x| A |a| =0}. A generalization of this fact,

involving the second dual of B , has been obtained in [1].

11
When B 1is O-complete, the set a is equal to Pa(B) for the

projection Ra defined by

0o

Px= V (x Anlal) for every x € B .
a +
n=1
Let B Dbe an ordered Banach space equipped with a closed and proper
positive cone B+ . A hereditary subcone F of B+ is called a face of

B+ . When F 1is a face of B+ , it has been proved in [8], Theorem 8,
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that FN is a closed face of B+ and
FN = {x € B+ : {f, x) =0 1if f ¢ B: and (f, y) = 0 for every y € F} ,
where FN is the N-closure of F defined by
- [ € B, : N&x-xn) > 0 for some x, ¢ F}

and N 1is the canonical half-norm associated with B+ . We shall denote
FN by CF .
For a € B, , let F_ be the face of a in B , that is, F is
+ a + a
the smallest face in B+ containing a . Then

F, = {x ¢ B, : x = aa for some o 2 o} .

Therefore
CFa = {x € B, : (fy, ) =0 if f ¢ B: and (f, a) = 0} .
When B 1is a O~complete Banach lattice, it has been proved in [§1],
Proposition 6, that PE(B+) = CFa for every a € B+ , and, furthermore,
FZ(B) is the closed linear subspace spanned by Pa(B+) = CFa . Moreover,

we have 0 = P&x < x for every x € B+ .

Suppose that H 1is a Hilbert space, M 1is a von Neumann algebra on
H and there is a cyclic and separating vector &O €H for M . As in §2,

we consider the self-dual cone H =P by which HJ =H - H 1is an
+ go + +

ordered Hilbert space. Then, it has been proved in [4], Theorem 4.2, that
for every § € H+ there exists a projection a € M such that

aj(a)H+ = ?é , where j(a) = JaJ . Furthermore, it is easy to see that

F= CFE . If we denote aj(a) by Eh , then Eh is a projection operator
on H and ﬁl(ﬂ) is the closed linear subspace spanned by Pa(H+) = CFE .
Moreover, PaE € H+ for every & € H+ . However, unlike the case of

Banach lattices, we do not always have Ph& =g for & € H+ .

{6.1). Let M be a von Neumann algebra on a Hilbert space H and
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suppose that there is a cyclic and separating vector Eo €H for M. Let

4

H_ = PE and a € M be a projection. Then, for Pa = aj(a) , the
6]

following conditions are equivalent:

(1) PaE; =& for every E €H _;

(2) a 1is a central projection.

Proof. (1) = (2). Suppose that £ € H+ s N € H+ and (£, n)=0.
Then, since H,_ is self-dual, O < (Fb&, Phn) <= (&, n) = 0 . Hence Fh

is an orthogonally decomposable homomorphism. It then follows from (3.4)

that a 1is central.
(2) = (1). If a is central, it follows from [4], Proposition 4.10,
that 1 - Eb = (1-a)Jd(1-a)Jd . Therefore (1-?&]& € H+ for every & € H+ .

Returning to the definition of locality given by Nagel and Uhlig cited
above, we shall try to find the corresponding form in general orthogonally

decomposable spaces. Let [CE&] be the closed linear subspace spanned by

CF& . We also define a closed linear subspace [a] for every a € B+ by

(a) = {z € B : (f, ) =0 if f € B} and (f, a) = 0}
Then it is obvious that [a] n B+ = CF& . Furthermore, when B is a
Banach lattice or the Hilbert space HJ considered above, we have
[CFa] C [a] and the inclusion is strict because BHQJ = [a] in the case
of HJ if and only if the cyclic projection P, associated with a is
central. Using these two subspaces BﬂQJ and [a] , we can consider the

following five interpretations of Nagel and Uhlig's definition in the case

when B 1is a orthogonally decomposable space:
(1) Ga € [al for every a € D(G) n B,

(2) Ga € [CFa] for every a € D(G) n B+ s
(3) a(Ga) < [a] for every a € D(G) n B, ;
(4) o(Ga) < [CF&] for every a € D(G) n B

L,
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(5) (f, a(Ga)) = {0} if (f, ala)) = {0} and a € D(G) .

It is easy to see that, when B is either a Banach lattice or B = HJ
considered above, (%) is implied by (Z+1) for Z =1, 2, 3, 4 . Now we
shall show that the conditions (2), (3), (4) and (5) are not suitable forms

of locality in general orthogonally decomposable spaces.

(6.2). Let M be a von Neumann algebra on a Hilbert space H and

suppose that there is a cyclic and separating vector EO €H for M. Let

g

H = Pg . Assume that the following statement is valid: 1if G 1is the
0

generator of a uniformly continuous group of orthogonally decomposable
homomorphisms on H , then GE € [CFE] for all & € D(G) n H_. Then M
is abeltian.

Proof. Let a € M be a projection and consider a continuous linear

operator 8 on H defined by 8 = Za + j(Za) . Then 6* = -6 . For each
ts _
t€R, e (H+) = H_ and

(ct%, et0n) = (o58%s%0

g, e e %, n) = (£, n) .

té
Therefore {e : t o€ R} is a uniformly continuous group of orthogonally
decomposable homomorphisms on H and § is the generator. Hence, by the

assumption, we have 6 € [CFg] for every & € H+ . Note that
CF_ = i H d CF = j H ,
g = peilpg)e, ana [er] = ppi(pg)
where pE is the cyclic projection in M defined by pg = [M'E] , the

projection to the closed linear subspace spanned by M'E . Now, for every

projection x € M , since Ex = xj(x)&o € H+ , we can consider the face

FE and the projection p = EM'EIJ . Then we have

X

Szj(z)gy € [cr ] = p dlp )0 .
x

Furthermore, since
p, = M'zj(x)g] = M'zE] = =,

we have
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ij(x)go € xj(x)H for every projection = € M .

Therefore xJj{(x)dxj(x) = Szxj(x) . However

Sxj(x) = i(azj(x)-xjilazx))

and

xj(x)xj(x) = i (xaxj(x)-zj(zax))
Hence

axj(x) - xjlaz) = zaxj(z) - xj(wax) ,
or

(ax-zax)j(x) = xjlazx-zax) .
Multiplying & from the left, we have xj(ax-zxax) = O . Hence
(ax-zxax)j(ax-xax) = (a-xa)xj(ax-xax) = 0 .

This implies ax = xax and, therefore, ax = xa . It follows that M is

abelian.

As to the remaining condition (1), we immediately note that the

generator of every Co—semigroup {St : t = 0} of self-adjoint orthogonally

decomposable homomorphisms on a Hilbert space H , ordered by a self-dual
positive cone H+ , satisfies this condition. 1In fact, if & € D(G) n H+ R

n €H,_ and (E, n) = 0 , we have
t-llstg-aa n) = t_l(5t€$ n) = t-l[st/ZE, St/Qn) =0 .

This fact corresponds to the result of Nage! and Uhlig cited in the
beginning of this section.
When G 1is the generator of a Co-group, we have a stronger result.
(6.3). Let B be an orthogonally decomposable space and G be the
generator of a Co-gr0up {St : t € R} of continuous linear operators on
B .

(t) If all St are positive, then G satisfies condition (1).

(i) Suppose that ”St” =1 forall t € R and ola) < D(G) when-

ever a € D(G) . Then, if G satisfies condition (1), all St are
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positive.
Proof. (%) follows immediately from

'(Sta-a, f] = (Sta, f) 20 for every t €R ,

when f € B}, a € p{G) n B, and (f+ a) =0 . To prove (i), let

a € D(G) and f € Hla) . Let a=b - ¢ be an orthogonal decomposition;
then, since ¢ € B, and (f, ¢) = 0 , we have (f, Ga) = (f, Gb) =0 .
because f € F(b) , G 1is dissipative and, furthermore, b € D(G) and

¢ € D{G) by the assumption that alg) € D(G) . Hence ¢ is

N-dissipative. Similarly -G is also N-dissipative. Therefore every St
is positive.

To avoid imposing the severe restriction that afa) < D(G) for all

a € D(G) , we give the following definition. The generator G of a Co™

group {S t € R} of continuous linear operators on B 1is said to be

£ :
local if D(G) < Q(G) and

(G, ¢, f)_ =0 anda (G, c, f,zo0
whenever ¢ € B, , f € B} and (f, ¢) =0 , where

(G, e, f) = lim sup t_l(Stc—e, f)
- t+0-

for all ¢ € B and f € B* . (G, ¢, f)_ is defined similarly. It is

obvious that a local generator satisfies condition (1).

(6.4). Let B be an orthogonally decomposable space and G be the

generator of a Cy-group {s, : t € Rl of isometries on B . Then the

t

following conditions are equivalent:

(1) s5,(8,) =B, forall t €R;

(2) +G satisfy the Kato inequality;
(3) ¢ is local.

Proof. 1In view of (4.1) and (5.1), we only need to prove that (3)
implies (1), or, equivalently, (3) implies that *G are N-dissipative.
Let f € Hla) and a € D(G) , and let a = b - ¢ be an orthogonal
decomposition. Since D{G) < Q(G) and ”St" =1 , we have
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- < (G, b, f), =0 and 0=(G, b, f)_ <+ .
Hence by the assumption,

(Ga, ) = (T, b, £), - (G, e, ), s -(G, e, f), SO

(Ga, f) 2 (G, b, f)_~- (G, e, f)_z-(C, e, f)_20.

Therefore (f, Ga) = 0 and #*G are N-dissipative.

References

{1] wolfgang Arendt, "Kato's inequality and spectral decomposition for
positive Co—groups", Manuseripta Math. 40 (1982), 277-298.

[2] Wolfgang Arendt, Paul R. Chernoff and Tosio Kato, "A generalization
of dissipativity and positive semigroups", J. Operator Theory 8
(1982), 167-180.

£3] Charies J.K. Batty and Derek W. Robinson, "Positive one-parameter
semigroups on ordered Banach spaces", Acta Appl. Math. (to

appear).

(4] Alain Connes, "Charactérisation des espaces vectoriels ordonnés sous-
Jacents aux algébres de von Neumann", 4Ann. Inst. Fourier
(Grenoble) 24 (197L), 121-155.

(51 L. Terrell Gardner, "Linear maps of C(*-algebras preserving the
absolute value", Proc. Amer. Math. Soc. 76 (1979), 293-307.

[6] T. Kato, "Schrodinger operators with singular potentials", Israel J.
Math. 13 (1973), 135-1L8.

[7] Rainer Nagel and Heinrich Uhlig, "An abstract Kato inequality for
generators of positive operator semigroups on Banach lattices",

J. Operator Theory 6 (1981), 113-123.

[8] Derek W. Robinson and Sadayuki Yamamuro, "Hereditary cones, order
ideals and half-norms", Pacific J. Math. 110 (198L4), 335-3L3.

(9] Barry Simon, "An abstract Kato's inequality for generators of
positivity preserving semigroups", Indiana Univ. Math. J. 26
(1977), 1967-1073.

https://doi.org/10.1017/50004972700004706 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700004706

Absolute values 233

{101 Sadayuki Yamamuro, "On linear operators on ordered Banach spaces",

Bull. Austral. Math. Soc. 27 (1983), 285-305.

[11] Sadayuki Yamamuro, "On orthogonally decomposable ordered Banach
spaces", Bull. Austral. Math. Soe. 30 (198L4), 357-380.

Department of Mathematics,
tnstitute of Advanced Studies,
Australian National University,
GPO Box 4,

Canberra,

ACT 2601,

Australia.

https://doi.org/10.1017/50004972700004706 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700004706

