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Abstract. Let f : X ! Y be a morphism of noetherian schemes, generically smooth and equidi-
mensional of dimension d; � : X 0 ! X a closed embedding such that f � � : X 0 ! Y is generically
smooth and equidimensional of dimension d0, and X 0; X and Y are excellent schemes without
embedded components. We exhibit a concrete morphism

ResX0=X : detNX0=X 
O
X0

�
�

!
d
X=Y ! !

d0

X0=Y ;

which transforms the integral of X=Y into the integral of X 0=Y . Here NX0=X denotes the normal

sheaf of X 0=X and !dX=Y resp. !d
0

X0=Y denotes the sheaf of regular differential forms of X=Y resp.
X 0=Y . Using generalized fractions we provide a canonical description of residual complexes and
residue pairs of Cohen–Macaulay varieties, and obtain a very explicit description of fundamental
classes and their traces.

Mathematics Subject Classification (1991): 14F10.
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Relative duality theory for morphisms of noetherian schemes was studied and
described by A. Grothendieck and R. Hartshorne (cf. [RD]). It settles the problem
of duality theory for quasi-coherent sheaves from a theoretical point of view. This
approach heavily relies on the theory of derived categories and constructs for a
morphism f : X ! Y of noetherian schemes a right adjoint f! to Rf� . In a given
situation it is often hard to apply this theory since the objects and maps involved are
rather complicated to determine. Better suited for explicit applications is Kleiman’s
fairly elementary approach to construct a right adjoint f ! to the functor Rdf� (cf.
[Kl]). Kleiman has studied f !(OY ) in various special situations.

In [HK2] resp. [HS] the first author and E. Kunz resp. P. Sastry have been able to
identify the sheaf f !(OY ) with the sheaf !dX=Y of regular differential forms in case
X=Y is generically smooth and equidimensional of relative dimension d. Further,
the trace morphism trf was described in terms of residues and local and global
integrals. In this paper we will continue this project. If f : X!Y is generically
smooth and equidimensional of dimension d, � : X 0!X is a closed embedding
such that f � � is generically smooth and equidimensional of dimension d0 and X 0,
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X and Y are excellent noetherian schemes without embedded components, we will
relate the duality theory of f � � to that of f and � explicitly. To be more precise,
we will exhibit a concrete morphism

ResX0=X : det NX0=X 
OX0
��!dX=Y ! !d

0

X0=Y

using the second fundamental exact sequence for universal differential modules
(cf. [KD], (4.17)). For varieties over perfect fields, the existence of this morphism
was proved by Lipman [Li1], Section 13. It is an isomorphism if X=Y is Cohen–
Macaulay. Here NX=X0 denotes the normal sheaf of X 0=X . It will be shown that
ResX0=X transforms the integral ofX=Y into the integral ofX 0=Y . We will proceed
by first studying the local situation and by proving an adjunction formula for the
residue symbol and the local integral of [HK1]. In particular we will show that the
local integral satisfies the residue axiom (R3) of [RD], p. 197. From the local case
we will derive the global adjunction theorem via the residue theorem.

The adjunction morphism and its explicit description in terms of regular dif-
ferential forms plays a prominent role in Arakelov theory. S. Lang has used it
(implicitly) in his version of the residue theorem

�
[La], IV (4.1)

�
which is an

essential ingredient in his proof of the Arakelov adjunction formula
�
[La], IV

(5.3)
�
. However it is also of great interest in case of varieties over a field k of

characteristic 0. El Zein ([EZ1], [EZ2]) has applied Grothendieck duality theory
and the residual complex of a variety to the construction of the fundamental class
of a cycle. Using generalized fractions we will provide a canonical description of
residual complexes and residue pairs of Cohen–Macaulay varieties. Combining
this with the concrete realization of the adjunction morphism in terms of gener-
alized fractions we obtain a very explicit description of fundamental classes and
their traces.

In fact, we deal with a more general situation considering differential algebras
on Y admissible for X=Y and X 0=Y .

1. Residues and Cousin complexes

In this section we provide the basic facts about residues of regular differential forms
and the construction of Cousin complexes via generalized fractions needed in the
later sections.

First, we recall some definitions (cf. [KD], app.B and EGA IV, Sect. 13) and
give two lemmas about equidimensional morphisms. Then we formulate a situation
when regular differential forms are defined and give a short description of them
using traces.

(1.1) DEFINITION. Let f : X ! Y be a morphism of schemes and x 2 X .
A quasi-normalization of f atx is an equidimensionalY -morphism g : U ! A dY

of dimension 0. Here, U is an open neighborhood of x in X and d 2 N.
A quasi-normalization ofX=Y is an equidimensionalY -morphism g : X ! A dY

of dimension 0.
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A system of parameters ofX=Y atx is a sequence of elements t1; : : : ; td ofOX;x

whose residue classes �t1; : : : ; �td inOX;x=mf(x)OX;x are a system of parameters of
this ring.

(1.2) LEMMA. Let f : X ! Y be an equidimensional morphism of schemes of
dimension d, and x 2 X a closed point. Then:

(a) dim OX;x=mf(x)OX;x = d.

(b) If (ti)di=1 is a system of parameters of X=Y at x, then there is an open
neighborhood U of x 2 X such that there are sections si 2 OX(U) with
(si)x = ti (16i6d) and the Y -morphism g : U ! A dY induced by the sections
(si)

d
i=1 is a quasi-normalization of X=Y at x.

Proof. (a) is obvious, and (b) is a reformulation of [KW], (5.18) in the language
of schemes. 2

(1.3) LEMMA. Let f : X ! Y be a morphism of schemes, equidimensional
of dimension d, and let g : X ! Q := A dY be a quasi-normalization of X=Y ,
and x 2 X with dimOX;x=mf(x)OX;x = dimOQ;g(x)=mf(x)OQ;g(x). Further, let
z 2 X .

Then the following holds true:

(a) If X=Y is Cohen–Macaulay at x, then X=Q is Cohen–Macaulay at x. If this
is the case, then bOX;x is a finite free bOQ;g(x)-module.

(b) IfX=Y is a locally complete intersection at x, thenX=Q is a locally complete
intersection at x.

(c) If X=Y is locally a complete intersection at x, then the algebra bOX;z= bOQ;g(z)

is locally a complete intersection at all P 2 Spec bOX;z whose image under
the canonical morphism Spec bOX;z ! X of schemes is x.

(d) If X=Y is generically a complete intersection, then X=Q is generically a
complete intersection and the algebra bOX;z= bOQ;g(z) is finite, equidimensional
of dimension 0 and generically a complete intersection.

Proof. We may assume that X and Y are affine. Then (a) resp. (b) are special
cases of [KD], (B.27), resp. [KD], (C.23). IfX=Y is locally a complete intersection
at x, then by (b) X=Q is locally a complete intersection at x. Set R := OQ(Q),
S := OX(X), m resp. p 2 SpecS the prime ideals corresponding to z resp.x,bR := dRm\R and bS := cSm. By Zariski’s main theorem (cf. [KD], (B.16)), there is a
finite subalgebra T=R of S=R such that SpecS ! SpecT is an open immersion.
The algebra T=R is locally a complete intersection at p \ T . Let P 2 Spec bS with
P\S = p. We have a canonical ring morphism bR
R T ! bS, and by [KD], (C.18)bR
R T= bR is locally a complete intersection atP\ ( bR
R T ). By [M2], (8.15) bS is
a localization of bR
R T so that bS= bR is locally a complete intersection at P. This
shows (c). If X=Y is generically a complete intersection, then (b) applied to the
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maximal points of X shows that X=Q is generically a complete intersection. The
algebra bOX;z= bOQ;g(z) is finite. By (c), it is generically a complete intersection. 2

(1.4) LEMMA. Let R be a universally japanese ring, and S an R-algebra which
is essentially of finite type, whereR and S have no embedded primary components
and S is local. Then the completion bS of S has no embedded primary components.

Proof. We may assume w.l.o.g. S = R. Then the assertion follows from [Mat],
9.B and [Mat], Thm. 70. 2

(1.5) LEMMA. Let f : X ! Y be a morphism of schemes. Then the set

fx 2 X; X=Y is a locally complete intersection at xg

is open in X .
Proof. By [EGA IV, 11.1.1], the set of all points x 2 X such that f is flat at x

is open in X . We may assume X and Y to be affine and X=Y to be flat. Now the
assertion follows from the criterion [KD, C.5] for locally complete intersections.2

(1.6) Situation. LetY be a scheme which is universally japanese, andX aY -scheme
with structure morphism f : X ! Y , which is equidimensional of dimension d
and generically a complete intersection. The schemes X and Y shall not have
embedded primary components. Further, let
 be a differential algebra on Y which
is admissible for X=Y , i.e., 
 is an exterior coherent differential algebra on Y
such that 
1 is a locally free OY -module of constant rank, say r, and MX(


1
X)

is a locally free MX -module of rank r + d, where 
1
X denotes the universal

X-extension of 
1 in the sense of [KD], Section 4.

(1.7) Remark. Consider Situation (1.6). Then by [KW], (3.8) the sheaf of regular
differential forms !
X=Y for X=Y with respect to 
 is defined. We write !X=Y
instead of !
X=Y if no confusion is likely.

Let x 2 X be a closed point and (ti)
d
i=1 a system of parameters of X=Y at x.

By (1.2) this induces a quasi-normalization g : U ! Q := A dY of X=Y at x.
Set R := OY;f(x), P := OQ;g(x) and S := OX;x.

By (1.4), bR, bP and bS have no embedded primary components, and by (1.3) the
algebra bS= bP is finite, equidimensional of dimension 0 and generically a complete
intersection.

We have bP = bR[[T1; : : : ; Td]], and by [KD], (12.4) the universally finite
extension e
 of the differential algebra 
f(x) of R to bP exists, and we havee
 = bP 
P (
f(x))P . In particular, e
1 is a free bP -module of rank r + d, and

if !0 is a basis of 
r
f(x) as an R-module, then !0 dT1 : : : dTn is a basis of e
r+d as

a bP -module where !0 is an element of e
 via the canonical map 
f(x) !
e
. By

[KD], (11.9) and [KD], (12.4) e
bS = bS 
S 
S .
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Let K , L, K1 and L1 denote the full quotient rings of P , S, bP and bS. Then
K1 
bP bS = L1, L1 
L 
L = e
L1 and K1 
K 
K = e
K1 . In particular, e
1

L1

is a free L1-module of rank r + d. So, bS= bP together with the differential algebrae
 of bP satisfies the conditions of [KW], (3.8) and [KW], (4.1). The module of
regular differential forms and the complementary module in the sense of [KW],
(Sections 3, 4) are defined for bS= bP with respect to e
.

The algebra L1=K1 is a finite locally complete intersection. So by [KD],
(Sect. 16), we have a trace map

�L1=K1
: e
L1 !

e
K1

which induces an isomorphism of L1-modules

�t1;:::;td : L1 
LMX(

r+d
X )x = e
r+d

L1

�
�!HomK1(L1; e
r+d

K1
)

! 7�! (s 7! �L1=K1
(s!))

(1.7.1)

by [KD], (16.8). Via (1.7.1) the isomorphism e
r+d
K1

! K1, !0 dT1 : : : dTd 7! 1 of
K1-modules induces an isomorphism

�!0
t1;:::;td

: L1 
LMX(

r+d
X )x = e
r+d

L1

�
�!HomK1(L1;K1) (1.7.2)

By [KW], (Sect. 4), we have a commutative diagram of bS-linear maps

bS 
S !
r+d
X=Y;x

� - HombP ( bS; bP )

L1 
LMX(

r+d
X )x

?

can:

�

�!0
t1;:::;td

- HomK1(L1;K1)
?

can: (1.7.3)

with bijective vertical maps.
The composition of the R-linear maps

!r+d
X=Y;x

can:- bS 
S !
r+d
X=Y;x

'!0
t1;:::;td- HombP ( bS; bP ) - bR
R 
r

f(x) =
b
r
f(x)

f - f(1)(0)!0

is independent on the choice of !0. It will be denoted by

ResX=Y;x

�
t1; : : : ; td

�
: !r+d

X=Y;x
! b
r

f(x) (1.7.4)

and is called the residue map of X=Y with respect to 
 at x for the system of
parameters (t1; : : : ; td).
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Now we repeat the definition of Cousin complexes and the notion of relative
M -active sequences according to [Ke] as they are relevant for the following.

(1.8) Remark.
(a) Let S be a ring, D

�

�
S
i2N S

i a system of denominators of S, and M an
S-module. Fix p 2 N. For a sequence f = (f1; : : : ; fp) 2 Dp := D

�

\ Sp

the set S(f) := fg 2 S : (f1; : : : ; fp; g) 2 Dp+1g � S is multiplicatively
closed. The family

�
MS(f)=(f)MS(f)

�
f2Dp is a directed system of S-modules

where the morphisms are given by the transition determinants, and its colimit,
denoted by Cp

D(M), is called the pth Cousin module of M with respect to D
�

(cf. [Ke], Sect. 2). There is a complex, the augmented Cousin complex,

0 !M
"
�!C0

D(M)
d
�!C1

D(M)
d
�!� � �

of S-modules where �(m) = m
1 and

��
m=g

f1; : : : ; fp

��
=

�
m=1

f1; : : : ; fp; g

�
, where

m 2M and (f1; : : : ; fp; g) 2 D
p+1.

(b) LetS be a ring, andM a finitely generatedS-module. A sequence f1; : : : ; fp 2
Sp (p 2 N) is called M -active if dimSpMp > j for all p 2 SuppSM with
(f1; : : : ; fj) � p and for all 06j6p. A sequence (f1; : : : ; fp) 2 S

p isM -active
if and only if fi is M=(f1; : : : ; fi�1)M -active for all 16i6p. By A

p
S(M)

we denote the set of all M -active sequences of length p. Then A
�

S(M) :=S
p2NA

p
S(M) is a system of denominators of S in the sense of [Ke], Section 1.

Now, let S be local with maximal ideal m and M 6= 0. If we have d :=
dimSM = dimS(M=pM)+dimSp(Mp) for all p 2 SuppSM; then a sequence
(f1; : : : ; fp) inm isM -active if and only if p6d and there exist fp+1; : : : ; fd 2
m such that M=(f1; : : : ; fd)M has finite length. If M is a Cohen–Macaulay
module over S, then a sequence in m isM -active if and only if it isM -regular.

(c) Let (R;m) be a local ring, S an R-algebra, and M a finitely generated S-
module. Then A

�

S=R(M) := A
�

S(M=mM) is a system of denominators of S
in the sense of [Ke], Section 1 and consists of all sequences that are relatively
M -active with respect to S=R (cf. [Ke], (2.10)).

(1.9) LEMMA.
(a) Let S be a ring, N � S a multiplicatively closed subset, and M a finite

S-module. Then there is a canonical isomorphism

C
�

AS(M)(M)N �! C
�

ASN (MN )(MN );

�
m=g

f

�
t

7�!

"
m
t =

g
1

f
1

#

of complexes of SN -modules.
(b) Let (R;m) be a local ring, S an R-algebra such that SpecS ! SpecR is

closed. Further, let M be a finite S-module which is a flat R-module and
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such that M=mM is a Cohen–Macaulay module over S. Then the augmented
Cousin complex

0 !M
"
�!C0

AS=R(M)(M)
d
�!C1

AS=R(M)(M)
d
�!� � �

is exact.
Proof. (a) is clear as the image of AS(M) in ASN (MN ) is a cofinal subsystem

of denominators by the lemma about the avoidance of prime ideals.
(b) Let f 2 A

p+1
S=R

(M) (p 2 N) and p 2 MaxS \ SuppSM with (f)S � p.
Then p \ R = m and by (1.8) f is an Mp=mMp-regular sequence. As Mp is a flat
R-module, f is Mp-regular by [Mat], (20.F), and the assumption follows by [Ke],
(2.8). 2

(1.10) COROLLARY. Let X be a scheme, and F a coherentOX -module.

(a) By (1:8) for any open and affine U � X we have complexes

0 ! F(U)�
"
�!C0

A
OX (U)(F(U))

(F(U))�
d
�!C1

A
OX (U)(F(U))

(F(U))�
d
�!� � �

of OU -modules which by (1:9) glue to a complex

0 ! F
"
�!C0(X;A

�

(F);F)
d
�!C1(X;A

�

(F);F)
d
�! � � � (�)

of quasicoherentOX -modules.
(b) If F is a Cohen–Macaulay (resp. Gorenstein) sheaf, i.e., Fx is a Cohen–

Macaulay (resp. Gorenstein) OX;x-module for all x 2 X , then the above
complex (�) is a resolution (resp. a minimal injective resolution) of the OX -
module F .

Proof.
(a) is obvious. (b) The Cousin complex defines a resolution (resp. injective res-

olution) of F by [Ke], (2.9) at all x 2 X . The minimality of the Cousin complex
follows by the definition of essential extensions. 2

(1.11) Remark. The complex (�) in (1.10) is the Cousin complex ofF with respect
to the sheaf A(F) of systems of denominators of locally F-active sequences, i.e.,

Ap(F(U)) = f(f1; : : : ; fp) 2 OX(U)
p; (f1;x; : : : ; fp;x) 2 A

p
OX;x

(Fx)

for all x 2 Ug

(p 2 N, U � X open) in the sense of [Ke], Section 4.

We are going to apply this mainly to the sheaf of regular differential forms.
Given situation (1.6) and a closed point x 2 X , set y = f(x). Let t; s 2
Ad
OX;x=OY;y

(!r+d
X=Y;x

) with (s) � (t) � mx, and � a transition determinant from

s to t., i.e., � = det (�ij) with �ij 2 OX;x such that si =
Pd

j=1 �jifj , (16i6d).

As X=Y is equidimensional of dimension d and as we have Supp!r+d
X=Y

= X , we
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conclude from (1.8) that t and s are relative systems of parameters for X=Y at x,
hence the residue maps ResX=Y;x

�
t

�
and ResX=Y;x

�
s

�
are defined, and a minor

modification of [HK1], (2.4)
�
see also [Hü2], (2.11)

�
shows that for ! 2 !r+d

X=Y;x

ResX=Y;x

"
!

t

#
= ResX=Y;x

"
�!

s

#
:

From this we conclude

(1.12) THEOREM. In Situation (1:6) for a closed point x 2 X , the residue maps
induce a morphism of OY;f(x)-modules

ResX=Y;x : Cd
A
OX;x=OY;f(x)

(!r+d
X=Y;x

)
(!r+d

X=Y;x
)! b
r

f(x)

called the residue of X=Y at x.

(1.13) Remark. We consider Situation (1.6) with Y = SpecR where R is a local
and complete ring, andX is affine. Furthermore, let Z � X be a closed subscheme
which is finite over Y and whose ideal IZ can locally be generated by d elements
up to radical. Then the relative !r+dX=Y -active sequences contained in IZ induce in a
canonical way a system of denominators, and the above calculations show that the
local residue symbol passes to the limit to defineZ

X=Y;Z
: Hd

Z(X;!
r+d
X=Y )! 
r

called the local integral of X=Y with respect to Z (cf. also [HK1], Sect. 4).

If in Situation (1.6) Y = Spec k for some field k, then by an easy calculation
we get

f�C
q(X;A(!r+d

X=Y
); !r+d

X=Y
) =

M
x2X

dimOX;x=q

C
q

A
OX;x

(!r+d
X=Y;x

)
(!r+d

X=Y;x
);

for all q 2 N. Thus we conclude

(1.14) THEOREM. Given Situation (1:6) with Y = Speck for some field k, the
local residue symbols induce a k-morphismZ

X=Y
: f�C

d
�
X;A(!r+d

X=Y
); !r+d

X=Y

�
! 
r

called the (global) integral of X=Y .
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2. The adjunction morphism for the sheaf of regular differential forms

In this section we will define the adjunction morphism for the sheaf of regular
differential forms. For this we fix the following situation:

(2.1) Situation. Let f : X ! Y be a morphism of noetherian schemes which is
equidimensional of dimension d and generically a complete intersection. Further,
let � : X 0 ! X be a closed immersion such that f 0 := f � � : X 0 ! Y is
equidimensional of dimension d0 and generically a complete intersection. Assume
thatY is universally japanese, the schemesX;X 0 andY have no embedded primary
components, and the conormal sheaf CX0=X := I=I2 ofX 0=X is locally generated
by n := d� d0 elements where I is the ideal sheaf defining the closed subscheme
X 0 of X . Let 
 be an differential algebra on Y such that 
 is admissible for X=Y
andX 0=Y . Let r be the rank of
1. Further, suppose thatX=Y is a locally complete
intersection at x and 
1

X;x is a free OX;x-module for all maximal points x of X 0.

(2.2) LEMMA. In Situation (2:1) the following holds true:

(i) The conormal sheaf CX0=X and thus the normal sheaf NX0=X :=
HomOX0

(CX0=X ;OX0) of X 0=X are locally free OX0-modules of rank n.
(ii) The canonical sequence of OX0-modules (cf. [KD], (4:17))

0 ! CX0=X ! ��
1
X ! 
1

X0 ! 0

is exact and induces an exact sequence of locally free MX0-modules

0 !MX0(CX0=X)!MX0(��
1
X)!MX0(
1

X0)! 0 (2.2.1)

of ranks n, r + d resp. r + d0.
(iii) The exact sequence (2:2:1) induces a canonical isomorphism

�X0=X : MX0(det NX0=X)
MX0(��
r+d
X )

�
�!MX0(
r+d0

X0 )

of MX0-modules.
(iv) There is a canonical isomorphism

MX0(��
X) �=MX0(��!X=Y )

of MX0-modules.
Proof. The statements are local in X and Y . Therefore, we may assume that

X and Y are affine such that CX0=X is generated as an OX0-module by n global
sections.

Set R := OY (Y ), S := OX(X), S0 := OX0(X 0), I := I(X) and 
 :=

(Y ). Then S0 = S=I and I=I2 is generated as an S0-module by n elements. By
assumption, for all minimal prime divisor p 2 SpecS of I we haveS=R is a locally
complete intersection at p and (
1

S)p is a free Sp-module of rank r + d. By [KW],
(3.9) and (3.6) we get (
S)p = (!S=R)p. By assumption, S0 has no embedded
primary components. Therefore the full quotient ring L0 := Q(S0) of S0 has the
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form L0 =
L

q Sq=ISq where q 2 SpecS runs over all minimal prime divisors of
I , and hence L0 
S 
S = L0 
S !S=R and L0 
S 


1
S is a free L0-module of rank

r + d. In particular, there is a canonical isomorphism

MX0(��
X) = (L0 
S 
S)
� �= (L0 
S !S=R)

� =MX0(��!X=Y )

of MX0-modules, and MX0(��
1
X) is a locally free MX0-module of rank r + d.

By assumption, L0 
S0 

1
S0 is a free L0-module of rank r+ d0 and by [KD], (4.17)

we have a canonical exact sequence of S0-modules

I=I2 �
�!S0 
S 


1
S

�
�!
1

S0 ! 0: (2.2.2)

LetM denote the kernel of the canonical map�. Then there is a canonical surjection
I=I2

�M . Thus,M is generated as an S0-modules by n elements, and there is an
exact sequence of L0-modules

0 ! L0 
S0 M ! L0 
S 

1
S ! L0 
S0 


1
S0 ! 0;

where L0 
S 

1
S resp.L0 
S0 


1
S0 are free L0-modules of rank r + d resp. r + d0.

Consequently, L0 
S0 M is a free L0-module of rank n = r + d � (r + d0), and
as M is generated by n elements, M is a free S0-module of rank n. Since I=I2

is generated by n elements, the canonical surjection I=I2
� M is bijective, and

hence � is injective and (2.2.2) induces an exact sequence

0 ! L0 
S0 I=I
2 �L0�!L0 
S 


1
S

�L0�!L0 
S0 

1
S0 ! 0

of free L0-modules of ranks n, r + d and r + d0. Let f1; : : : ; fn be a basis of
I=I2 as an S0-module, and f�1 ; : : : ; f

�
n 2 HomS0(I=I

2; S0) its dual basis. Further,
choose !1; : : : ; !r+d0 2 L

0 
S 

1
S such that �L0(!1); : : : ; �L0(!r+d0) is a basis of

L0 
S 

1
S0 as an L0-module. Then !1 ^ � � � ^ !r+d0 ^ (1
 df1) ^ � � � ^ (1
 dfn)

is an L0-basis of L0 
S 

r+d
S , and there is a unique isomorphism of L0-modules

(L0 
S0 det(HomS0(I=I
2; S0)))
S0 (L

0 
S 

r+d
S )

�
�!L0 
S0 


r+d0

S0 (2.2.3)

which maps (1
(f�1 ^� � �^f
�
n))
(!1^� � �^!r+d0)^(1
df1)^� � �^(1
dfn) to

�L0(!1)^ � � � ^ �L0(!r+d0). This map is independent of the choice of f1; : : : ; fn 2
I=I2 and !1; : : : ; !r+d0 2 L

0
S0 

1
S0 . The L0-linear map (2.2.3) corresponds to an

isomorphism

�X0=X : MX0(det NX0=X)
MX0(��
r+d
X )

�
�!MX0(
r+d0

X0 )

of MX0-modules. 2

Now, we formulate and prove our first main result.

(2.3) THEOREM (Adjunction). In Situation (2:1) there is a unique morphism

ResX0=X : det NX0=X 
OX0
��!r+d

X=Y
�! !r+d

0

X0=Y
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of OX0-modules such that the diagram

det NX0=X 
OX0
��!r+d

X=Y

ResX0=X - !r+d
0

X0=Y

MX0(det NX0=X)
OX0
MX0(��!r+d

X=Y
)

?

can:

MX0(det NX0=X)
OX0
MX0(��
r+d

X )

o

?

id
 can:

�X0=X

�
-MX0(
r+d0

X0
)

can:

?

commutes. It is called the adjunction morphism for the sheaf of regular differential
forms of X 0=X with respect to 
.

Proof. The uniqueness of ResX0=X is obvious. Let a be defined by the commu-
tative diagram

MX0(det NX0=X)
MX0(��!r+d
X=Y

) �
can: det NX0=X 
 ��
r+d

X

MX0(det NX0=X)
MX0(��
r+d
X )

o

?

id
 can:

�X0=X

�
- MX0(
r+d0

X0
)

?

a (2.3.1)

For the existence of ResX0=X it suffices to show Im(a) � !r+d
0

X0=Y
. The statement

is local in X and Y , and we may assume X and Y to be affine. Because of the
local-global principle it is enough to show this for the stalks in the closed points of
X 0.

Let x 2 X 0 be a closed point. We have OX0;x = OX;x=Ix. Since CX0=X;x is
generated as an OX0;x-module by n elements, Nakayama’s lemma implies that
the ideal Ix is generated by n = d � d0 elements. We see that there is a system
of parameters (ti)di=1 of X=Y at x such that td0+1; : : : ; td generate the ideal Ix,
and the residue classes �ti := ti + Ix 2 OX0;x, (1 6 i 6 d0) are a system of
parameters of X 0=Y at x. Possibly after shrinking X , we may assume by (1.2)
that the systems of parameters (ti)di=1 resp. (�ti)d

0

i=1 ofX=Y resp.X 0=Y at x define
quasi-normalizations

g : X ! Q := A dY resp. g0 : X 0 ! Q0 := A d
0

Y

of X=Y resp.X 0=Y .
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SetR := OY;f(x), P := OQ;g(x), P 0 := OQ0;g0(x), S := OX;x, S0 := OX0;x and

I := Ix. LetK1, K 0
1, L1 and L01 the full quotient rings of bP , bP 0, bS and bS0. Further,

let !0 2 
r
f(x) be an R-basis of 
r

f(x).

Then by (1.7), we have bP = bR[[T1; : : : ; Td]] and bP 0 = bR0[[T1; : : : ; Td0 ]] and
isomorphisms

' := '
!0
t1;:::;td

: bS 
S !
r+d
X=Y;x

�
�!HombP ( bS; bP );

'0 := '
!0
�t1;:::;�td0

: bS0 
S0 !
r+d0

X0=Y;x

�
�!HombP 0( bS0; bP 0)

and

� := �!0
�t1;:::;�td0

: L01 
L0 MX0(
r+d0

X0
)x

�
�!HomK0

1
(L01;K

0
1)

of bS-, resp. bS0- resp.L01-modules.
By (2.2), CX0=X;x is free with basis �td0+1; : : : ; �td where �ti := ti + I2 2 I=I2,

(d0 < i 6 d). Therefore we have an isomorphism

��td0+1;:::;�td
: bS0 
S0 det NX0=X;x

�
�! bS0; 1
 �t�d0+1 ^ � � � ^ �t�d 7! 1

of bS0-modules where �t�d0+1; : : : ;
�t�d denotes the dual basis of the basis �td0+1; : : : ; �td

of I=I2. Let J := (Td0+1; : : : ; Td) bP . Then bP 0 = bP=J and bS0 = bS=J bS, and by
(1.7) L01 = K 0

1 
bP 0 bS0. The maps ��td0+1;:::;�td
and '!0

t1;:::;td
induce an isomorphism


 := 

!0
t1;:::;td

: bS0 
S0 (det NX0=X 
OX0
��!r+d

X=Y
)x

�
�!HombP ( bS; bP )=JHombP ( bS; bP )

of bS0-modules.

(2.4) LEMMA. The diagram of bS0-linear maps

bS0 
S0 (det NX0=X 
OX0
��!r+dX=Y )x

�



!0
t1;:::;td

- HombP ( bS; bP )=JHombP ( bS; bP )

L01 
L0 MX0(
r+d0

X0
)x

?

bx:= incl:
ax

�

�
!0
�t1;:::;�td0

- HomK0

1
(L01;K

0
1)

c

?

can:

is commutative.

We suppose, that (2.4) is proved, and finish the proof of (2.3).
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As the canonical map c from (2.4) factors through HombP 0( bS0; bP 0), it follows

with (1.7) that Im(bx) � bS0 
 !r+d
0

X0=Y;x
and as bS0=S0 is faithfully flat, this implies

the assertion. 2

Proof of (2:4). The proof will be done in several steps.

Step 1. Consequences of (1.7).
The algebras bS= bP and bS0= bP 0 are finite, equidimensional of dimension 0 and

generically locally complete intersections. The rings bR, bP , bP 0, bS and bS0 have no
embedded primary components and are universally japanese. We have bP 0 = bP=J ,
J bS = I bS and bS0 = bS=J bS. The algebras L1=K1 and L01=K

0
1 are finite locally

complete intersections, and we have

L1 = K1 
bP bS and L01 = K 0
1 
bP 0 bS0:

If N := bPnSp p where p runs over all minimal prime divisors of J , then

K 0
1 =

bPN�J bPN and L01 =
bSN�I bSN = bSN�J bSN : (2.4.1)

The universally finite extensions e
, resp. e
0 of 
f(x) to bP , resp. bP 0 exist, and we

have e
0 = e
bP 0 . The bP - resp. bP 0-modules e
1 resp. e
01 are free of rank r + d resp.
r + d0. We have

e
bS = bS 
S 
S and e
L1 = L1 
L 
L resp.,

e
0bS0 = bS0 
S0 
S0 and e
0L01 = L01 
L0 
L0 ;

where L := Q(S) and L0 := Q(S0) are the full quotient rings of S and S0. Thene
L1 resp. e
0L01 are free L1- resp.L01-modules of rank r+d resp. r+d0. The module

of regular differential forms of bS= bP with respect to e
 resp. of bS0= bP 0 with respect
to e
0 in the sense of [KW], (Sect. 3) are defined. By [KW], (3.14) and [KW] (3.6)
in connection with [M1], (24.C) we have:

bS 
S !
r+d
X=Y;x

= (!
e
bS=bP )r+d and bS0 
S0 !

r+d0

X0=Y;x
= (!

e
0bS0=bP 0)r+d0 :
Step 2. We prove that bSN= bPN is a finite locally complete intersection, ande
1bSN is a projective bSN -module of rank r + d.

The algebra bSN= bPN is finite. Let n 2 Max( bSN ). Then n\ bPN 2 Max( bPN ) and
therefore contains J bPN . In particular, I bSN = J bSN � n. Hence n\ bS is a minimal
prime divisor of I bS and consequentlym := n \ S is a minimal prime divisor of I .
Set P := n \ P and p := n \ R. As Sp=pSp resp.S0p=pS

0
p are equidimensional of

dimension d resp.d0, and m is a minimal prime divisor of I , we get

dim Sm=pSm = dim(Sp=pSp)� dim(Sp=mSp) = d� d0 = n:
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Analogously, we see that dim(PP=pPP) = n. By assumption and (1.3), bS= bP is a
locally complete intersection at n \ bS and therefore bSN= bPN is locally a complete
intersection at n. Further, (e
1bSN )n = ( bSN )n 
Sm 
1

Sm
. By assumption, 
1

Sm
is a

locally free Sm-module, necessarily of rank r + d, and hence (e
1bSN )n is a locally

free ( bSN )n-module of rank r + d. The assertion follows by (1.5).

Step 3. Now we show a commutative diagram of traces of differential algebras.
We have shown that there is a commutative diagram of ring morphisms

K1
�1- (K1)N �

�2 bPN �3 - K 0
1

L1

?

can:

�1- (L1)N

?

can:

��2 bSN
?

can:

�3 - L01

?

can: (2.4.3)

where the vertical maps are finite locally complete intersections which are induced
by the canonical map bP ! bS by base change. By [KD], (Sect. 16, Tr.3), there is
an associated diagram of differential algebras

e
K1

�1 - e
(K1)N
� �2 e
bPN �3- e
K0

1
= e
0K0

1

e
L1

�L1=K1

6

�1 - e
(L1)N

�(L1)N=(K1)N

6

� �2 e
bSN

�bSN=bPN 6

�3- e
L01
= e
0L01

�L0
1
=K0

1

6
(2.4.4)

where the horizontal maps are the morphisms of differential algebras induced by
the horizontal maps in (2.4.3). The vertical maps are the traces corresponding to
the ring morphisms in (2.4.3) in the sense of [KD], (Sect. 16).

Step 4. Proof of (2.4).

Let ! 2 (!e
bS=bP )r+d. By [KW], (3.10) Step 2 implies

e
bSN = !
e
bPNbSN=bPN = (!

e
bS=bP )N (2.4.5)

and for the image of ! under the canonical map !e
bS=bP ! e
bSN we also write !. By

Step 2 using rank arguments, we see that the canonical sequence (cf. [KD], (4.17))

0 ! I bSN=I2 bSN ! e
1bSN =I e
1bSN ! e
1
L01
! 0
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is an exact sequence of free L01-modules of ranks n, r + d and r + d0. Hence there
is some !1 2 e
r+d0bSN such that in e
r+dbSN

! � !1 ^ dtd0+1 ^ : : : ^ dtd mod I e
r+dbSN = J e
r+dbSN : (2.4.6)

We see from the construction of a
�
cf. (2.4.2)

�
that

bx(�t
�
d0+1 ^ � � � ^ �t�d 
 �!) = �3(!1); (2.4.7)

where �! denotes the residue class of ! in !r+dbS=bP =I !r+dbS=bP .

Let s 2 bS, z := '(!)(s) 2 bP , and let �s resp. �z be the residue class of s resp. z
in bS0 = bS=I bS resp. bP 0 = bP=J .

By the definition of ' (cf. (1.7)) we have in e
r+d � e
r+d
K1

:

z!0 ^ dT1 ^ : : : ^ dTd = �L1=K1
(s!)

and hence in e
r+dbPN � e
r+d
(K1)N

using (2.4.4), (2.4.5) and (2.4.6) we have

z!0 ^ dT1 ^ : : : ^ dTd = �(L1)N=(K1)N (s!)

= �bSN=bPN (s!)
� �bSN=bPN (s!1 ^ dtd0+1 ^ � � � ^ dtd) mod J e
r+dbPN
= �bSN=bPN (s!1) ^ dTd0+1 ^ � � � ^ dTd:

Consequently, in e
r+d0bPN we have the congruence

z!0 ^ dT1 ^ � � � ^ dTd0 � �bSN=bPN (s!1)

modulo J e
r+d0bPN +dTd0+1
e
r+d0�1bPN +� � �+dTd e
r+d0�1bPN :By (2.4.4) and the definition

of � (cf. (1.7)), this implies the equation in e
0K0

1

�z!0 ^ dT1 ^ � � � ^ dTd0 = �3(�bSN=bPN (s!1))

= �L01=K
0

1
(s�3(!1))

= �
�
�3(!1)

�
(�s)!0 ^ dT1 ^ � � � ^ dTd0 :

Therefore, using the definition of 
, we get

(c � 
)(�t�d0+1 ^ � � � ^ �t�d 
 �!)(�s) = �z = �(�3(!1))(�s):

Now (2.4) follows from (2.4.7), the fact that all maps in (2.4) are bS-linear, and
(2.4.1). 2
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(2.5) Remark. (Flat base change).

Given Situation (2.1) and a flat morphism g : Y1 ! Y , there is commutative
diagram of morphisms of schemes

X 0
1

�1 - X1
f1 - Y1

X 0
?

g01

� - X
?

g1

f - Y
?

g

with cartesian squares. Assume that 
1 := g�
 has the structure of a differen-
tial algebra on Y1 such that for open affine sets V � Y and V1 � g�1(V ) the
canonical map 
(V ) ! OY1(V1) 
OY (V ) 
(V ) = 
1(V1) is a morphism of dif-
ferential algebras. If X 0

1, X1 and Y1 have no embedded primary components and
Y1 is universally japanese, then the morphism f1, the closed immersion �1 and the
differential algebra 
1 on Y1 satisfy the conditions of situation (2.1) and there are
canonical isomorphisms

!
1
X1=Y1

�= g�1!X=Y ;

!
1
X0

1=Y1
�= g01

�
!X0=Y ; CX0

1=X1
�= g01

�
CX0=X (2.5.1)

of OX1 - resp.OX0

1
-modules (cf. [KW], (3.13)). The diagram of morphisms of

OX0

1
-modules

g01
�
(det NX0=X 
OX0

��(!
X=Y )
r+d)

g01
� ResX0=X- g01

�
(!
X0=Y )

r+d0

det NX0

1=X1

OX0

1
��1(!


1
X1=Y1

)r+d

o

?

can:

ResX0
1
=X1 - (!
1

X0

1=Y1
)r+d

0

o

?

can:

commutes, where the vertical morphisms are induced by the isomorphisms from
(2.5.1).

The following proposition is sometimes useful to gain results on the adjunction
morphism as is illustrated by the next corollary and examples. It will also be applied
to get the second main result about the adjunction morphism and the local residue
maps.

(2.6) PROPOSITION. In Situation (2:1), let x 2 X 0 be a closed point and (ti)di=1
a system of parameters of X=Y at x such that td0+1; : : : ; td generate the ideal
Ix � OX;x. Via the bOY;f(x)-algebra morphism

P := bOY;f(x)[[T1; : : : ; Td]]! bOX;x =: S; Ti 7! ti:
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S is a finite P -algebra and the residue classes �ti of ti in OX0;x = OX;x=Ix,
(1 6 i 6 d0) are a system of parameters for X 0=Y at x. If J denotes the ideal of
P generated by Td0+1; : : : ; Td, then bOX0;x = S=JS and we have the commutative
diagram of bOX0;x-linear maps

bOX0;x 
 (det NX0=X 
 ��!r+d
X=Y

)x
�



!0
t1;:::;td

- HomP (S; P )=JHomP (S; P )

bOX0;x 
 !r+d
0

X0=Y

?

id
(ResX0=X)x

�

'
!0
�t1;:::;�td0

- HomP=J(S=JS; P=J)

c

?

can:

with bijective horizontal maps which are defined in the proof of (2:3).

(2.7) COROLLARY.
(i) Given Situation (2:1) with n = 1, then the adjunction morphism ResX0=X of

X 0=X with respect to 
 is injective.
(ii) If x 2 X 0 in Situation (2:1) is a closed point such that f : X ! Y at x is

Cohen–Macaulay, then the adjunction morphism ResX0=X is bijective at x.
In particular, ResX0=X is an isomorphism if X=Y is Cohen–Macaulay at all
points of X 0.

Proof. Without loss of generality we may assume X and Y to be affine. Let
x 2 X 0 be a closed point, and t1; : : : ; td 2 OX;x a system of parameters of X=Y
at x satisfying the assumptions of (2.6). With the notions of (2.6), we have

(ResX0=X)x is injective, resp. surjective, resp. bijective if and only if the canon-
ical map

c : HomP (S; P )=JHomP (S; P )! HomP=J(S=JS; P=J)

is injective, resp. surjective, resp. bijective, since bOX0;x=OX0;x is faithfully flat. If
n = 1, then c is injective as Td is a non-zerodivisor of P . If X=Y is Cohen–
Macaulay at x, then by (1.3) S is a finite free P -module and hence c bijective. 2

The statements of Corollary 1 become wrong if we omit the assumption ‘n = 1’
in (i) and if we don’t assume X=Y to be Cohen–Macaulay at x in (ii), as we can
see from the following examples.

(2.8) EXAMPLES. The following examples, which R. Waldi helped us to find,
show that in Situation (2.1), the adjunction morphism is neither surjective nor
injective in general:

Let k be a perfect field of characteristic char(k) 6= 5, and denote byA the Segre
product of k[X0;X1;X2;X3;X4]=(X

5
0 + X5

1 + X5
2 + X5

3 + X5
4 ) with k[Y0; Y1]
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over k. Then A is an integral affine k-algebra of dimension 5 with one and only
one singular point m 2 SpecA, and we have depthAm = 4

�
cf. [SV], Chap. I,

(4.14)
�
. There are f; g 2 m such that f; g form an Am-regular sequence and the

rings Am=fAm and Am=(f; g)Am are normal (cf. [F], (3.3)). By [EGA IV], (6.13)
there is an h 2 Anm such that the rings Ah=fAh and Ah=(f; g)Ah are normal.

Then the k-schemeX := SpecAh, the closed subschemeX 0 := SpecAh=fAh

resp.X 00 := SpecAh=(f; g)Ah ofX and the trivial differential algebra
 = OY on
Y := Spec k satisfy the assumptions of Situation (2.1). By the smoothness criterion
[KD], (8.1),
 is admissible forX=Y ,X 0=Y andX 00=Y . Using (2.6), we will show
that the adjunction morphism ResX0=X resp. ResX00=X at x := mAh=(f; g)Ah 2
X 00 � X 0 is not surjective resp. not injective.

Let S := bAm, and t1; : : : ; t5 2 S a system of parameters of S with t4 = g

and t5 = f . Then S is an isolated singularity
�
cf. [Mat], (21.E)

�
, and S and

P := k[[T1; : : : ; T5]] are complete, equidimensional rings of dimension 5, and S
is a finite P -algebra via the k-algebra morphism P ! S, Ti 7! ti. If p 2 SpecS is
different from the maximal ideal and q := p \ P , then bSp= bPq is a finite algebra of
regular rings of the same dimensions. The Auslander–Buchsbaum formula shows
that bSp= bPq and hence Sp=Pq are flat algebras. Therefore, ST5 resp.ST4 are a finite
flat and hence projectivePT5 - resp.PT4 -modules. Consequently, Ext1P (S; P )T5 = 0.

As H4
mP

(S) = H4
mS
(S) 6= 0, local duality implies Ext1P (S; P ) 6= 0

�
cf. [HK1],

(3.5)
�

and so T5 is a zerodivisor on Ext1P (S; P ). The long exact Ext-sequence of
P -modules

� � � ! HomP (S; P )
�

can:
- HomP (S; P=T5P )

! Ext1P (S; P )
T5- Ext1P (S; P )! � � �

shows that � is not surjective, and consequently, (2.6) implies that (ResX0=X)x is
not surjective.

Set J := (T4; T5)P . We have the canonical exact sequence

0 ! HomP (S; P )=T5HomP (S; P )
can:- HomP=T5

(S=T5; P=T5)! C ! 0

of P=T5P -modules. Since C 6= 0, CT4 = 0 and T4 is a non-zerodivisor on

P=T5P , we have TorP=T5P
1 (P=J;C) 6= 0. Similarly, we see TorP=T5P

1 (P=J;
HomP=T5P (S=T5S; P=T5P ) = 0. With (2.6) we get that (ResX00=X)x is not injec-
tive.

Now, we show the compatibility of the adjunction morphism and the residue
map. To make precise what we mean, we need the following lemma about Cousin
complexes:
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(2.9) LEMMA. Let R be a local ring, S an R-algebra, M a finitely generated
S-module, and I ( S an ideal that is generated by a relative M -active sequence
with respect to S=R of length n 2 N: Set S0 := S=I and M 0 :=M=IM:

(a) There is a unique morphism

�
�

S0=S=R : C
�

AS0=R(M
0)

 
n̂

HomS0(I=I
2; S0)
S0 M

0

!
! C

�

AS=R(M)(M)[n]

of complexes of S-modules with the following property: For an element
(t1; : : : ; tn+p; g) 2 A

n+p+1
S=R

(M) with (t1; : : : ; tn)S = I , m 2 M and

'1; : : : ; 'n 2 HomS0(I=I
2;M 0) we have

�
p
S0=S=R

"
'1 ^ � � � ^ 'n 
 �m=�g

�tn+1; : : : ; �tn+p

#
= (�1)pn

"
sm=g

t1; : : : ; tn+p

#
;

where s 2 S is a representative of det
�
'i(�tj)

�
16i;j6n 2 S

0. Here �m, resp. �ti
are the residue classes ofm, resp.ti inM=IM , resp.S=IS forn+1 6 i 6 n+p
and in I=I2 for 1 6 i 6 n. (If (X

�

; d
�

) is a complex, then X
�

[n] denotes the
complex with X[n]p = Xn+p and d[n]p = (�1)ndn+p for n; p 2 Z.)

(b) If R is a field, I=I2 a free S=I-module of rank n and M a Cohen–Macaulay
S-module, then �

�

S0=S=R is injective and its image is the submodule

AnnI(C
�

AS(M)(M)) of C
�

AS(M)(M).

Proof. (a) is a straightforward computation using the universal properties of
exterior algebras, tensor products and colimits. In (b) (with the notation introduced
in the lemma) (�ti)ni=1 is a basis of I=I2. We can assume that ('i)ni=1 is its dual

basis and s = 1. Then
� m=g
t1; : : : ; tn+p

�
= 0 implies m 2 (t1; : : : ; tn+p)M , hence

'1 ^ � � � ^ 'n 
 �m 2 (�tn+1; : : : ; �tn+p)
n̂

HomS0(I=I
2; S0)
S0 M

0

implying the injectivity of �
�

S0=S=R.

Clearly Im(�
�

S0=S=R) � AnnI(C
�

AS(M)(M)). Assume now conversely that we

have an element
� m=g
f1; : : : ; fn+p

�
2 AnnI(C

�

AS(M)(M)). As

C
n+p
AS(M)(M) =

M
htM (p)=n+p

C
n+p
ASp(Mp)

(Mp)

and as we may replace S by S=AnnS(M), we reduce to the case that (S;m)
is local and f1; : : : ; fn+p is a system of parameters of S. We may assume that
t1; : : : ; tn 2 m as well. Choose tn+1; : : : ; tn+p 2 m in such a way that t1; : : : ; tn+p
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is an active sequence, hence a system of parameters of S as well. Choose � 2 N

such that (t�1; : : : ; t
�
n+p) � (f1; : : : ; fn+p). Then we may write"

m=g

f1; : : : ; fn+p

#
=

"
m0=g

t
�
1 ; : : : ; t

�
n+p

#

for a suitable m0 2M . By the assumption we have that ti �m0 2 (t
�
1 ; : : : ; t

�
n+p)M

for all i 2 f1; : : : ; ng. As t1; : : : ; tn+p and any permutation thereof is anM -regular
sequence, this implies that there exists an m1 2M such that"

m0=g

t
�
1; : : : ; t

�
n+p

#
=

"
m1=g

t1; t
�
2 ; : : : ; t

�
n+p

#

and inductively we proceed to see that there exists an element em 2M with"
m=g

f1; : : : ; fn+p

#
=

" em=g
t1; : : : ; tn; t

�
n+1; : : : ; t

�
n+p

#

and the latter generalized fraction is in the image of �p
S0=S=R

. 2

Now we are in a position to relate the residues on X 0 with the residues on X .

(2.10) THEOREM. Given Situation. (2:1), let x 2 X 0 be a closed point. Set
R := OY;f(x), S := OX;x, and S0 := OX0;x. Then the diagram of R-linear maps

Cd0(det NX0=X;x 
 ��!r+d
X=Y;x

;S0=R)
Cd0 ((ResX0=X)x;S0=R)

- Cd0(!r+d
0

X0=Y;x
;S0=R)

Cd(!r+d
X=Y;x

;S=R)
?

�S0=S=R

b
r
f(x)

?

ResX=Y;x

================================= b
r
f(x)

?

ResX0=Y;x

is commutative where in the first resp. middle row, the Cousin modules are formed
with repect to the system of denominators A

�

S0=R(�
�!r+d

X=Y;x
) = A

�

S0=R(S
0) =

A
�

S0=R(!
r+d0

X0=Y;x
), resp.A

�

S=R(S) = A
�

S=R(!
r+d
X=Y;x

) of S0 resp.S
Proof. We use the notations of the proof to (2.4). Set � := �t�d0+1 ^ : : :^ �t

�
d 
 �!.

Using (2.6) we get

(ResX=Y;x � �S0=S=R)
�� �

�t1; : : : ; �td0

��
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= ResX=Y;x
� !
t1; : : : ; td

�
= '!0

t1;:::;td
(!)(1)(0)!0

= '!0
�t1;:::;�td0

((ResX0=X)x(�))(1)(0)!0

= (ResX0=Y;x � C
d0((ResX0=X)x;S0=R))

�� �
�t1; : : : ; �td0

��
:

This shows the assertion. 2

Our result (2.10) implies in particular residue formula (R3) of [RD], p. 197 for
the local integrals of [HK1]. In fact, using [HK1], (2.7) we obtain

(2.11) COROLLARY. In the Situation of (2:1) let Y = SpecR, X = SpecS and
X 0 = SpecS0 be affine and assume thatX=Y andX 0=Y are smooth. Furthermore
assume that S0 = S=(td0+1; : : : ; td) for some regular sequence td0+1; : : : ; td in S.
Let t1; : : : ; td0 be a regular sequence in S such that S0=(�t1; : : : ; �td0) is finite as an
R-module, and set Z = V(t1; : : : ; td0) � X 0. Then for each ! 2 
d0

X=Y with image

�! 2 
d0

X0=Y we have

Z
X0=Y;Z

"
�!

�t1; : : : ; �td0

#
=

Z
X=Y;Z

"
! � dtd0+1 � � � dtd

t1; : : : ; td

#

(2.12) Remark. Residue axiom (R3) is the only one of Hartshorne’s residue axioms
which has not been shown previously for the local integral of [HK1]. Proving these
axioms was one of Lipman’s original goals in this area.

There are similar formulas to express (2.10) in the general Situation of
(2.1), however they are not as explicit as in general the canonical morphism
MX0(��
r+d0

X=Y
)!MX0(
r+d0

X0=Y
) does not induce a surjection

��!r+d
0

X=Y
! !r+d

0

X0=Y
:

3. Relative duality and adjunction

In this section we prove the theorem relating the relative duality theory of mor-
phisms f : X!Y and � : X 0!X with the duality theory of f � � in the situation
described in the introduction. More precisely, we fix the following

(3.1) Situation. Let X and Y be excellent noetherian schemes without embedded
components, let 
 be an exterior differential algebra on Y such that 
1 is locally
free of rank r and let f : X ! Y be a morphism of finite type, Cohen-Macaulay,
equidimensional of relative dimension d and generically a complete intersection,
and such that MX(


1
X) is locally free as an MX-module of rank r + d. Finally
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let � : X 0!X be a closed immersion such that the composition g := f � � : X 0!Y

is flat and equidimensional of relative dimension d0. Set n := d� d0.

In the above situation, we will express the relation arising from abstract duality
theory in terms of differential forms. In particular in case � is a regular immersion
such that no component of X 0 is completely contained in the non-smooth locus of
f , it is given by the adjunction morphism constructed in (2.3). This will be very
useful in our description of traces on the level of residual complexes (cf. Sect. 4).

(3.2) LEMMA. Given Situation (3:1), we have ExtqOX
(��OX0 ; !r+d

X=Y
) = 0 for

q < n.
Proof. As the assertion is local inX and Y we may assume that Y = SpecR for

some local ring (R;m) andX = SpecS. By [Mat], (3.E) we also may assume that
R is complete. Let X 0 = SpecT , T = S=A and let M 2 MaxS with M \ R = m

andA �M. By [HK1], (4.10) we find (possibly after shrinkingS as a neighborhood
of M) elements t1; : : : ; td 2M such that I = (t1; : : : ; td) satisfies

(i) M is the only maximal ideal of S containing I:
(ii) td0+1; : : : ; td 2 A.
(iii) S=I is finite as an R-module.

Denoting by b I-adic completion and by residue classes mod m we have a
local integralZ

bS=R;I : Hd
I (e!d+rbS=R)! 
r;

(where e!�bS=R denotes the module of universally finite regular differential forms, cf.

[HK1], Sect. 1) which induces by compatibility of Hd
I with base change a mapZ

bS=R;I : Hd
I
(e!r+dbS=R)! �
r:

The Cohen–Macaulay property of S=R implies that the isomorphism

e!d0+rbS=R =I e!d0+rbS=R �! HomR( bS=I;
r)

! 7�!

�
�s 7�!

RbS=R;I � s � !t ��
of [HK1], (3.3) commutes with passing to residue classes mod m, hence the local
duality isomorphism commutes with base change to induce an isomorphism

�M : HombS(M; e!r+dbS=R)! HomR(H
d
I
(M);
r)

from which we conclude formally as in the proof of [HK1], (3.5)(c) that the induced
maps

�iM : ExtibS(M; e!r+dbS=R)! HomR
(Hd�i

I
(M);
r)
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are bijective for all bS-modules M . Thus

ExtqbS(bT ; e!r+dbS=R) �= HomR(H
d�q

I
(bT ); �
r) �= HomR(H

d�q
(t1;:::;td0)

(bS); �
r) = 0

as q < n. By [AK2], (1.8) the canonical map

� : ExtqS(T; !
r+d
S=R

)
R R! Extq
S
(T ; e!dbS=R)

is surjective, and from theR-flatness of !r+d
S=R

and [AK2], (1.9)(i) we conclude that
� is bijective, hence the Nakayama lemma completes the proof of the lemma. 2

In Situation (3.1) the isomorphism f�HomOX
(��OX0 ; ) =

g�HomOX
(��OX0 ; ) e (where F e denotes the OX0-module associated to an

��OX0-module F) of functors on the category CohX of coherent OX -modules
induces by [RD], I.(5.4) an isomorphism in the derived category

Rg� � RHomOX
(��OX0 ; ) e ! R(f�HomOX

(��OX0 ; )):

The associated spectral sequence degenerates sufficiently to yield an edge mor-
phism

' : Rd0g�(Ext
n
OX

(��OX0 ; !r+d
X=Y

) e )! Extdf (��OX0 ; !r+d
X=Y

)! Rdf�!
r+d
X=Y

;

(where Extf denotes the right derived functors of f�HomOX
cf. [Kl]). In case f

is proper, this morphism, combined with the integral of [HK2] and [HS] defines a
local integralZ

X=Y;X0

: Rd0g�
�
ExtnOX

(��OX0 ; !r+d
X=Y

) e �! 
r

and the isomorphism

c�;f : g! = (f � �)! �-
�

! � f! (�)

can be expressed as follows:

(3.3) PROPOSITION. In Situation (3:1) 
ExtnOX

(��OX0 ; !r+d
X=Y

) e ; Z
X=Y;X0

!
�= (g!(
r); tg(


r)):

Proof. First recall that by [RD], III.6 and III.8

�
!(G) = (RHomOY

(f�OX ;G)) e :
For f and g we have by [Li2], (4.5.4) !r+d

X=Y
= f !OY = H�d(f!OY ). Furthermore

Hn(�!!r+d
X=Y

) = ExtnOX
(��OX0 ; !r+d

X=Y
) e and Hq(�!!r+d

X=Y
) = 0 for q < n by (3.2).
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As f is Cohen–Macaulay we know by [RD] V.(9.7) and [HS], main theorem

Hq(f!
r) =

(
!r+d
X=Y

if q = d

0 if q 6= d
:

Thus and by (3.2) the spectral sequence associated to the c�;f of (�) degenerates
sufficiently to yield an isomorphism

c�;f : g!
r �- ExtnOX
(��OX0 ; !r+d

X=Y
) e :

Furthermore the trace Tr� induces a map

t� : Rd0f�(��Ext
n
OX

(��OX0 ; !r+d
X=Y

) e ) �! Rdf�!
r+d
X=Y

making the following diagram commute

Rd0g�(g
!
r)

tg(
r) - 
r

Rd0f�(��Ext
n
OX

(��OX0 ; !r+dX=Y )
e )?

Rd
0

g�(c�;f)

t�- Rdf�!
r+d
X=Y

6R
X=Y

where tg is induced by Trg as in [Li2], (4.5.5). To complete the proof of the
proposition it remains to show that t� = '.

Let !r+d
X=Y

[�d]! I
�

be a resolution by injective quasi-coherentOX -modules.

Then HomOX
(��OX0 ;I

�

) e is a complex of injective, hence ��-acyclic OX0-
modules. Thus

R���
!(!r+d

X=Y
[�d]) �= ��HomOX

(��OX0 ;I
�

) e
and Tr� is the canonical map

��HomOX
(��OX0 ;I

�

) e 
�1
-HomOX

(��OX0 ;I
�

)
ev- I

�

;

where 
 is the obvious isomorphism (cf. [Li2], (4.6.1.1)), and where ‘ev’ is evalu-
ation at 1. Then the following diagram commutes

��HomOX
(��OX0 ;I

�

) e 
�1
- HomOX

(��OX0 ;I
�

)

HomOX
(OX ;I

�

)

via

?


�1

ev - I
�

?

ev
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By (3.2) we have in the derived category for the truncation functors of [Li2],
Section 1

���d0(��HomOX
(��OX0 ;I

�

) e ) �= ��((Ext
n
OX

(��OX0 ; !r+d
X=Y

)[�d0]) e )
and similarly

���d0
�
HomOX

(��OX0 ;I
�

)
�
�= ExtnOX

(��OX0 ; !r+d
X=Y

)[�d0]:

Applying this and Rf� to the above diagram we obtain a commutative diagram

Rf�(��Ext
n
OX

(��OX0 ;I
�

)[�d0] e ) Rf�
�1
- Rf�(Ext

n
OX

(��OX0 ; !r+d
X=Y

)[�d0])

Rf�HomOX
(��OX0 ;I

�

)

via

?


�1

Rf�HomOX
(OX ;I

�

)

?

can

Rf�ev - Rf�I
�

?

Rf�ev

AsRf�HomOX
(��OX0 ;I

�

) = f�HomOX
(��OX0 ;I

�

) and asRf�HomOX
(OX ;I

�

)
= f�HomOX

(OX ;I
�

), by taking H0 of the above diagram we obtain a commuta-
tive diagram

Rd0f�(��Ext
n
OX

(��OX0 ; !r+d
X=Y

) e ) via 
�1
- Rd0f�(Ext

n
OX

(��OX0 ; !r+d
X=Y

))

Extdf (OX0 ; !r+d
X=Y

)

via

?


�1

Extdf (OX ; !
r+d
X=Y

)

can

?
via ev - Rdf�!

r+d
X=Y

via

?

ev

Going around the top of this diagram gives the map t�, whereas going around the
bottom gives ', thus completing the proof of the proposition. 2
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(3.4) Remark. We consider Situation (3.1) where � : X 0 ! X is a regular immer-
sion. Then there is a natural ‘fundamental local isomorphism’

� : ExtnOX
(��OX ; !

r+d
X=Y

) e !HomOX0
(det CX0=X ; �

�!r+d
X=Y

)

= det NX0=X 
 ��!r+d
X=Y

(cf. [AK1], I.(4.5)). Assume in addition that Y = SpecR for some complete local
ring R, and let z 2 X 0 be a closed point. Then there exists an open neighborhood
U = SpecT of z 2 X 0 and t1; : : : ; td0 2 T such that P = V(t1; : : : ; td0) � X 0

satisfies [HK1], (4.8)
�
by [HK1], (4.10)

�
. After shrinking U as an open affine

neighborhood of z we may assumeU = SpecS\X 0 for some open affine SpecS �
X , and the ideal I � S ofU is generated by a quasi-regular sequence td0+1; : : : ; td.
Given an element � 2 Hd0

P

�
X 0; ExtnOX

(��OX0 ; !r+d
X=Y

)
�

we may write

� =

"
�

tn1
1 ; : : : ; t

nd0
d0

#
; ni 2 N+ ; � 2 HomS(det I=I2; !r+d

S=R
=I!r+d

S=R
):

By abuse of notation we denote by�(dtd0+1^� � �^dtd) a preimage of the differential
form �(dtd0+1 ^ � � � ^ dtd) 2 !

r+d
S=R=I!

r+d
S=R in !r+dS=R, and by t1; : : : ; td0 preimages

of t1; : : : ; td0 2 T in S, and we define

ResP (�) :=
Z
X=Y;P

 "
�(dtd0+1 ^ � � � ^ dtd)

tn1
1 ; : : : ; t

nd0
d0 ; td0+1; : : : ; td

#!
;

i.e., ResP is the composition

Hd0

P (X
0;ExtnS(T; !

r+d
S=R

))
can- Hd0

P (H
n
I (!

r+d
S=R

))

"- Hd
P (X;!

r+d
X=Y

)

R
X=Y;P-
r;

where " is the isomorphism arising from the Leray spectral sequence ([LSy],
Sect. 3). Then the following diagram commutes

Hd0

P (ExtnS(T; !
r+d
S=R

)) - Hd0

P (H
n
I (!

r+d
S=R

))
"- Hd

P (X;!
r+d
X=Y

)

Hd0(X 0; ExtnOX
(��OX0 ; !r+d

X=Y
) e )

can

?
' - Hd(X;!r+d

X=Y
)

?

can
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hence we conclude from [HS], residue theorem, that also the following diagram
commutes (‘residue theorem’)

Hd0

P (X
0; ExtnOX

(��OX0 ; !r+d
X=Y

) e ) can - Hd0(X 0; ExtnOX
(��OX0 ; !r+d

X=Y
))

@
@
@
@
@

ResP

R 	�
�
�
�
�

R
X=Y;X0


r

Let f : X!Y and � : X 0!X satisfy the assumptions (3.1), and assume in
addition that f is proper, that X 0 has no embedded components and that the
composition g = f � � : X 0 ! Y satisfies:MX0(
X0) is free of rank r + d0. Then
by [HS], main theorem, and the above there is a canonical isomorphism

 : !r+d
0

X0=Y
! ExtnOX

(��OX0 ; !r+d
X=Y

) e ;
transforming

R
X0=Y into

R
X=Y;X0 . Assume now that � is a regular immersion and

that, whenever z 2 X is the generic point of an irreducible component of X 0,
then X=Y is smooth at �(z), i.e., no irreducible component of X 0 is completely
contained in the singular locus of f . Then we also have an obvious morphism

' := ��1 � (Res
X0=X)
�1 : !r+d

0

X0=Y ! ExtnOX
(��OX0 ; !r+dX=Y )

e
by (2.7) and the fundamental local isomorphism (cf. (3.4)).

(3.5) THEOREM (Adjunction). In the above situation we have ' =  .
Proof. It remains to show that ' satisfies the property uniquely determining  ,

i.e., that the following diagram commutes

Rd0g�!
r+d0

X0=Y

@
@
@
@
@

R
X0=Y

R
Rd0g�(Ext

n
OX

(��OX0 ; !r+d
X=Y

) e )
Rd

0

g�(')

?


r

�
�
�
�
�

R
X=Y

�

Rdf�!
r+d
X=Y

can

?

(��)

To see this we may assume that Y = SpecR is affine, and after replacing R by
Q(R) we may also assume that dim Y = 0 and consists of a single point only.
Hence for each z 2 X 0 we can find an open affine neighborhoodU = SpecS � X
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of z and an ideal J = (�t1; : : : ; �td0) � T := ��OX0(U) such that the assumptions
of [HK1] are satisfied. By t1; : : : ; td0 we denote preimages of �t1; : : : ; �td0 in S and
set J = (t1; : : : ; td0). For each ring A, each ideal A � A and each A-module
M we have a canonical morphism ExtpA(A=A;M)!H

p
A(M). Thus we have (with

K = I + J) a canonical morphism from the spectral sequence

ExtpT (T=J;ExtqS(S=I; !
r+d
S=R

)) =) Extp+qS (S=K;!r+d
S=R

)

to the spectral sequence

H
p
J(H

q
I (!

r+d
S=R

)) =) H
p+q
I+J(!

r+d
S=R

)

implying that the following diagram commutes

Extd
0

T (T=J; !
r+d0

T=R
)

can- Hd0(X 0; !r+d
0

X0=Y
)

Hd0

J (H
n
I (!

r+d
S=R

)) �
can Extd

0

T (T=J;Extn)

via

?

'

can - Hd0(X 0; Extn)

via

?

'

Hd
I+J(!

r+d
S=R

)

?

�

� can ExtdS(S=K;!
r+d
S=R

)

?

�

can - Extd
?

�

@
@
@
@
@

can

R 	�
�
�
�
�

can

Hd(X;!r+dX=Y )

where we write for short Extn = ExtnS(S=I; !
r+d
S=R

), Extn = ExtnOX
(��OX0 ; !r+d

X=Y
)

and Extd = ExtdOX
(��OX0 ; !r+dX=Y ), and where �, � and � are the canonical mor-

phisms arising from the various Leray spectral sequences.
Now let � 2 Extd

0

T (T=J; !
r+d0

T=R
). By the fundamental local isomorphism (cf.

[AK1], I.(4.5)), � may be thought of as a T=J -linear morphism

d0^
(J=J

2
)! !r+d

0

T=R
=J!r+d

0

T=R
; �t1 ^ � � � ^ �td0 7! ! + J � !r+d

0

T=R

for some ! 2 (
d0

S )N with image ! mod I (where N � S is the preimage of the
set of all nonzerodivisors of T ). Thus we see that the image of � inHd0

J
(!r+d

0

T=R
) can

be described by the generalized fraction"
!

t1; : : : ; td0

#
2 Hd0

J
(!r+d

0

T=R
):
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Using the fundamental local isomorphism twice, we see that the image of � by

Extd
0

T (T=J; !
r+d0

T=R
)

via '- Extd
0

T (T=J;ExtnS(S=I; !
r+d
S=R

))
can-Hd0

J (H
n
I (!

r+d
S=R

))

is equal to the generalized fraction2
664
"

!�

td0+1; : : : ; td

#

t1; : : : ; td0

3
775 ;

where !� 2 !r+d
S=R

is some regular differential form of S=R having the same image

in (
r+d
S )N=I � (


r+d
S )N as ! � dtd0+1 � � � dtd. As

�

2
664
"

!�

td0+1; : : : ; td

#

t1; : : : ; td0

3
775 =

"
!�

t1; : : : ; td

#

by [LSy], (3.3.1), theorem (2.10) implies that the following diagram commutes

Hd0

J
(!r+d

0

T=R
)

@
@
@
@
@

R
T=R;J

R
Extd

0

T (T=J; !
r+d0

T=R
)

can
6


r

�
�
�
�
�

R
S=R;I+J

�

Hd
I+J(!

r+d
S=R

)

via

?

'

As the canonical mapM
z2X0 closed

Hd0

fzg(!
r+d0

X0=Y
)! Hd0(X 0; !r+d

0

X0=Y
)

is surjective, we conclude from [HS], residue theorem, that (��) commutes, com-
pleting the proof of (3.5). 2

(3.6) Remark. Suppose in Situation (3.1) that X=Y and X 0=Y are smooth, and
that 
 = OY so that !dX=Y = 
d

X=Y and !d
0

X0=Y
= 
d0

X0=Y
. Then the adjunction map

' may be identified with the obvious isomorphism

!d
0

X0=Y
�-HomOX0

(det CX0=X ; �
�!dX=Y )
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arising from the canonical short exact sequence

0 ! CX0=X ! ��
1
X ! 
1

X0 ! 0

of locally free OX0-modules.

4. Fundamental classes of subschemes

In this section we will apply the adjunction morphism to study morphisms of
residual complexes and subschemes of a given smooth variety over a field of
characteristic 0 and their fundamental classes. Most of the results in this section
are already contained in [EZ2] and to some extend in [Li1], at least from a theoretical
point of view. The presentation given here might however help to clarify some of
the ideas in these papers. An alternative treatment of fundamental classes in terms
of adelic residues is given by Yekutieli [Ye2].

First recall that a residual complex on a noetherian schemeX is a complexK
�

X of
quasi-coherent injective OX -modules, bounded below with coherent cohomology
sheaves, and such that there exists an isomorphism of OX-modulesM

n2N

Kn
X
�=
M
x2X

J(x);

where J(x) is a skyscraper sheaf on the closed set fxg whose underlying OX;x-
module is an OX;x-injective hull of k(x). They are of particular interest as they
are representatives of (pointwise) dualizing complexes on X , but they are hard to
describe in general as injective hulls are unique only up to non-canonical isomor-
phism.

Suppose now that k is a field and that X is a k-variety, i.e., a reduced k-scheme
of finite type, which is Cohen-Macaulay and equidimensional of dimension d.
Furthermore assume that 
 is an exterior differential algebra on Y = Spec k which
is admissible for X=Y and let r := dimk(


1).

(4.1) PROPOSITION. In the above situation !r+dX=Y is a Gorenstein sheaf, and for
each x 2 X we have

dimk(x) ExtiOX;x
(k(x); !r+d

X=Y;x
) =

(
0 for i 6= dim OX;x

1 for i = dim OX;x

:

Proof. As the assertion is local in X we may assume that X = SpecR with
some (reduced and equidimensional) Cohen–Macaulay algebra R=k. As !r+d

X=Y;x
is

a canonical module for OX;x by [KW], (4.11) and [HeK], (5.12) for each x 2 X ,
it is Gorenstein by [HeK], (6.10). Now let x 2 X be a point of X . If x = m is a
closed point of X , and if we set S := Rm then by the local duality theorem [HK1],
(3.4) we have

ExtpbS(k(x); e!r+dS=k
) = Homk(H

d�p
m (k(x));
r) =

(
0 for i 6= dim OX;x

k(x) for i = dim OX;x

;
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implying the claim in this case. For an arbitrary x = p 2 SpecR with height i < d

let

P = k[X1; : : : ;Xd]! R

be a noetherian normalization of R=k such that we have p \ P = (X1; : : : ;Xi).
Setting K 0 = k(Xi+1; : : : ;Xn) and R0 := R 
k[Xi+1;:::;Xn] K

0 we can apply the
above to

f 0 : X 0 := SpecR0 ! SpecK 0 = Y 0

and the point x0 2 X 0 corresponding to x. As x0 2 X 0 is closed we obtain as above

ExtiOX0;x0
(k(x); (!


K0
X0=Y 0;x0

)r+d)) =

(
0 for i 6= dim OX0;x0

k(x0) for i = dim OX0;x0

and the claim follows. 2

Using the notation of Section 1 we writeC
�

X for the Cousin complex (with respect
to the system of denominators of active sequences) C

�
�
X;A

�

(!r+d
X=Y

); !r+d
X=Y

�
of

!r+d
X=Y

if no confusion is likely.

(4.2) COROLLARY. In the above situation C
�

X [d] is a residual complex on X .
Proof. By (1.10)(b) C

�

X is a minimal injective resolution of !r+d
X=Y

, hence the
claim follows from (4.1). 2

From now on suppose that k is a perfect field and that 
 = OY . Then by (1.14)
the global integralZ

X=Y
: �(X; C

�

X [d]
0)! k

is defined and we obtain

(4.3) THEOREM. Suppose that Y = Spec k for a perfect field k and that X=Y
is a proper Cohen–Macaulay variety. Then

R
X=Y induces for each complex F

�

of
quasi-coherent sheaves on X , bounded above, an isomorphism

R Hom
�

X(F
�

; C
�

X [d])! Hom
�

Y (Rf�F
�

; k)

in the derived category D+(X), i.e., (C
�

X [d];
R
X=Y ) is a residue pair in the sense of

[Sas1].
Proof. By local duality

�
[HK1], (3.4)

�
, by (4.2) and by [Sas1], thm. 2 it suffices

to show that
R
X=Y is a morphism of complexes. In [Ye1], A. Yekutieli has used

Beilinson’s theory of higher-dimensional adeles and the residues of Parshin and
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Lomadze to construct a residue pair (K
�

X; trX=Y ), and in [Hü1], Section 2 the second
author has, for U = SpecR � X open and affine, constructed an isomorphism

C
�

X [d](U)! K
�

X(U)

of complexes (see also [SY]). These maps glue to give a global isomorphism
C
�

X [d]! K
�

X , mapping – up to a sign –
R
X=Y to trX=Y , i.e., being compatible with

the local residues, thus implying the theorem. 2

(4.4) Remark. In caseX=k is projective, E. Kunz [Ku] has given a direct proof that
(C

�

X [d];
R
X=Y ) is a residue pair for X .

(4.5) Remark. In the general situation, P. Sastry [Sas2] has used Cousin-complexes
C
�

X on smooth k-varieties X and local embeddings W ,! A nk to give a canonical
construction of residual complexes K

�

X for the family of all k-schemes W of
finite type. In case of a Cohen–Macaulay variety X , Sastry’s residual complex is
canonically isomorphic to the above. Whenever we talk of the residual complex of
a non-reduced k-scheme of finite type, we think of Sastry’s realization.

Assume now that we have a finite morphism f : X ! W of reduced and
equidimensional Cohen-Macaulay k-varieties of dimension d resp. n. In this case
the above description of residual complexes allows an explicit description of the
trace

trf : f�C
�

X [d]! C
�

W [n]

of [RD], VI, Section 4 in the following cases (see also [EZ2]):
(i) Assume that f maps the generic point of each of the irreducible components

of X to the generic point of an irreducible component of W (so that in particular
d = n). Then the trace �X=W on the level of meromorphic differential forms (cf.
[KD], Sect. 16) exists, and it induces a map

Trf : f�C
�

X [d]
�= C

�

(W;A
�

(!nW=Y ); !
d
X=Y )[d]! C

�

W [n]

which in terms of local sections can be described as follows

Trf

"
!=g

f1; : : : ; fl

#
=

"
�X=W (!=g)

f1; : : : ; fl

#
:

Obviously it is a morphism of complexes.
(ii) Let f : X ,! W be a regular immersion, assume that no irreducible

component of X is completely contained in the singular locus of W and set h :=
n� d. By (2.9) we get for each p 2 N a unique map

�
p
X=W

: f�Cp(X;A
�

(OX); det NX=W 
OX
f�!nW=Y )

! Cp+h(X;A
�

(!dX=Y ); !
d
X=Y )
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and we define

Trf : f�C
�

X [d]! C
�

W [n]

to be the composition Trf = �
�

X=W �f�C
�

(X;A
�

(!dX=Y ); (ResW=X)
�1): Note that

Trf is a morphism of complexes, as �
�

X=W is a morphism of complexes.
In the general situation assume that f can be factored as f : X

g
�!Z

h
�!W (at

least locally) with g as in (i) andh as in (ii). Then we define Trf := Trh�h�Trg. This
map is independent of the choice of the factorization by the adjunction formalism
of Section 3, and we obtain

(4.6) THEOREM. The morphism

Trf : f�C
�

X [d]! C
�

W [n]

is the trace of Grothendieck duality theory (cf. [RD], VI, Sect. 4).
Proof. By the transitivity of traces and duality theory for finite and generically

flat morphisms we only need to consider the case that f is a regular immersion. First
we need to show that C

�

X [d] = f4C
�

W [n] in the notation of [RD], VI, Section 4,
i.e., that we have a canonical isomorphism

C
�

X [d]
�= HomOW

(f�OX ; C
�

W [n]) = AnnIX (C
�

W [n])

(viewed as sheaves on X), where IX denotes the ideal of X in W , and then we
have to prove that via this isomorphism Trf can be viewed as the map ‘evaluation
at 1’

ev1 : HomOW
(f�OX ; C

�

W [n])! C
�

W [n]:

From (2.3) and (2.9) we conclude that our Trf identifies C
�

X [d] canonically with
the submodule HomOW

(f�OX ; C
�

W [n]) of C
�

W [n], and in local terms it is now an
easy calculation to verify that via this identification Trf and ev1 coincide. 2

(4.7) Remark. Assume now that f : X ! W maps the generic points of the
irreducible components of X to smooth points of W and that X is generically flat
over its scheme-theoretic image. In this situation we can achieve a factorization as
desired at least generically:

After replacing X by its scheme-theoretic image in W we may assume that f
is a regular immersion. Then by the prime basis theorem

�
cf. [KW], (2.6)

�
there

exists an open subsetU �W ofW , containing the generic points of all irreducible
components of X such that U \X ,! U is a regular immersion.

If in additionW = A nk and char(k) = 0, then the prime basis theorem globalizes
to show that there exists a reduced and equidimensional subscheme Z � W of
dimension dim(X) such that Z [X (in its reduced induced subscheme structure)
is a global complete intersection in W (cf. [Web], (7.4)). In particular we can – in
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this situation – factor f : X ! W globally as desired. If char(k) = p > 0 this is
in general only possible after a suitable field extension k0=k (cf. [Web], (4.5)).

Traces are of great importance in connection with fundamental classes in the
sense of El Zein. For this let us recall the definition of the de Rham-residue complex
according to El Zein [EZ2], Section 3 and Yekutieli [Ye2] first:

Assume from now on that char(k) = 0. Given a scheme X=Y of finite type
with residual complex (K

�

X ; �
�

X) we set

K
p;q
X := HomOX

(

�p
X=Y

;K
q
X):

Denoting by d_ := Dual(dX=Y ) the map on K
�;�

X induced by dX=Y (i.e., the
differential operator dual to dX=Y ) and by � the morphism defined by �

�

X , the

partial derivatives of K
�;�

X are given by

d := (�1)p+1d_ : Kp;q
X ! K

p+1;q
X ; � := (�1)p+q+1� : Kp;q

X ! K
p;q+1
X :

These definitions makeK
�;�

X a double complex, and by (Tot(K
�;�

X );D
�

X) we denote
the associated simple complex. For a finite morphism f : W ! X we let trf :

f�K
�;�

W ! K
�;�

X be the trace map induced by the canonical morphism 

�

X=Y !

f�

�

W=Y and the trace Trf : f�K
�

W ! K
�

X of duality theory
�
cf. (4.6)

�
. Then trf is

a morphism of double complexes. We note that we follow Yekutieli’s conventions
[Ye2], which differ from El Zein’s [EZ2] by a shift in indices and a sign.

(4.8) Remark. Assume that X=Y is smooth and equidimensional of dimension n.
Then K

�

X = C
�

X [n], and the determinantal pairing on 

�

X=Y defines a canonical
isomorphism of complexes

HomOX
(
i

X ;K
�

X)
�= C

�

(X;A
�

X ;

n�i
X=Y

)[n+ i];

where A
�

X denotes the system of denominators of locally OX -active sequences.

According to [EZ2], III, for each k-schemeZ of finite type, there exists a unique
fundamental class cZ 2 K

�;�

Z (see also [Li1], Sect. 3). In case of a reduced and
equidimensional variety Z of dimension d it is given by the canonical map

cdZ=Y : 
d
Z=Y ! !dZ=Y �MZ(


d
Z=Y ) = K�dZ

of [KW], Section 5. In fact in case Z=Y is smooth, cdZ=Y is the canonical map
from holomorphic to meromorphic differential forms, and for general reduced and
equidimensionalZ=Y it satisfies the trace property of [EZ2], (3.1)(ii). Thus by the
unicity of fundamental classes we conclude that cdZ=Y = cZ .

Suppose now that X=Y is smooth and equidimensional of dimension n. To
understand and study subschemes � : W ,! X it is important to know their
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fundamental classes cW and in particular their images tr�(cW ) in K
�;�

X . For this
we may assume that W is reduced and equidimensional, say of dimension d (cf.
[EZ2], (3.1)), and we set h := n � d. In this case tr�(cW ) only depends on a
suitable neighborhood of the generic points of the irreducible components of W
in X . Thus and by the prime basis theorem we may assume that X = SpecR is
affine, W = SpecR=I , and that I is generated by a regular sequence f1; : : : ; fh.
Then

tr�(cW ) : 
d
X=Y ! Ch(X;A

�

X ;

n
X=Y )

is given by tr�(cW )(!) =
� !df1 � � � dfh

f1; : : : ; fh

�
. Hence as an element ofHomOX

(
d
X=Y ; C

�

X)

= C
�

(X;
n�d
X=Y

) we have

(4.9) PROPOSITION. If X = SpecR is affine and smooth over k, and if � : W ,!
X is a regular immersion, given by a regular sequence f1; : : : ; fh, then

tr�(cW ) =

"
df1 � � � dfh
f1; : : : ; fh

#
2 C

�

(X;AX ;

n�d
X=Y

):

Note that for (a not necessarily smooth) X and for each i 2 N we have

Ci(X;A
�

X ; !
n
X=Y )

�=
M

ht(x)=i

Ci
AX;x

(!nX=Y;x)

(viewed as a direct sum of skyscraper sheaves on X), inducing an isomorphism

HomOX
(
d

X=Y ; C
h
X)

�=
M

ht(x)=h

HomOX;x
(
d

X=Y;x; C
h
AX;x

(!nX=Y;x))

and for each x 2 X such that X=Y is smooth at x we have

HomOX;x
(
d

X=Y;x; C
h
AX;x

(!nX=Y;x))
�= Ch

AX;x
(
h

X=Y;x):

Thus any element � 2 K
�d;�d
X may be decomposed as � = (�x)ht(x)=h with

components �x 2 HomOX;x
(
d

X=Y;x; C
h
AX;x

(!nX=Y;x)), resp., for smooth points x

of X=Y , with �x 2 Ch
AX;x

(
h
X=Y;x). We get

(4.10) THEOREM. Let � : W ,! X be an immersion from a reduced and equidi-
mensional k-variety W of dimension d into a reduced and equidimensional k-
variety X of dimension n, and assume that no irreducible component of W is
completely contained in the singular locus of X . Set h := n � d. Then near the
generic points of its irreducible components, W can be cut out by h sections
f1; : : : ; fh, and we have

tr�(cW )x =

"
df1 � � � dfh
f1; : : : ; fh

#
2 Ch

AX;x
(
h

X=Y;x);
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if x is the generic point of an irreducible component of W , and

tr�(cW )x = 0;

otherwise, i.e., if x =2 X or if ht(x) 6= h.
Proof. As tr�(cW ) only depends on an open neighbourhood of the generic points

of W in X , we may assume that X is smooth and that W is regularly embedded.
Now the theorem follows from (4.9). 2

(4.11) Remark. For a smooth k-variety X , El Zein [EZ2] obtains similar formu-
las for the fundamental class of a subvariety, using the description of residual
complexes via local cohomology modules.

(4.12) Remark. In caseX=Y is smooth, the de Rham–residue double complexK
�;�

X

induces an injective resolution of the de Rham complex 

�

X=Y , hence may be used
to calculate the de Rham cohomology of X . In this case the above description of
tr� gives a (for purposes of explicit calculation) very convenient representative of
the (usual) class of W in H

�

DR(X).
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