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ABSTRACT

We construct a two-parameter family of actions wy, of the Lie algebra s[(2,R) by
differential-difference operators on RV\{0}. Here k is a multiplicity function for the
Dunkl operators, and a > 0 arises from the interpolation of the two s[(2, R) actions
on the Weil representation of Mp(N,R) and the minimal unitary representation of
O(N +1,2). We prove that this action wy, lifts to a unitary representation of the
universal covering of SL(2, R), and can even be extended to a holomorphic semigroup
Qk.q- In the k=0 case, our semigroup generalizes the Hermite semigroup studied
by R. Howe (a =2) and the Laguerre semigroup studied by the second author with
G. Mano (a =1). One boundary value of our semigroup €, , provides us with (k, a)-
generalized Fourier transforms #y, ., which include the Dunkl transform % (a = 2) and
a new unitary operator %% (a = 1), namely a Dunkl-Hankel transform. We establish the
inversion formula, a generalization of the Plancherel theorem, the Hecke identity, the
Bochner identity, and a Heisenberg uncertainty relation for .#; ,. We also find kernel
functions for Q, and %, for a=1,2 in terms of Bessel functions and the Dunkl
intertwining operator.
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1. Introduction

The classical Fourier transform is one of the most basic objects in analysis; it may be understood
as belonging to a one-parameter group of unitary operators on L?(R"), and this group may even
be extended holomorphically to a semigroup (the Hermite semigroup) I(z) generated by the self-
adjoint operator A — ||z||?. This is a holomorphic semigroup of bounded operators depending on
a complex variable z in the complex right half-plane, viz. I(z +w) = I(z)I(w). The structure of
this semigroup and its properties may be appreciated without any reference to representation
theory, whereas the link itself is rich, as was revealed beautifully by Howe [How88] in connection
with the Schrodinger model of the Weil representation.

Our primary aim of this article is to give a foundation of the deformation theory of the classical
situation, by constructing a generalization .%}, , of the Fourier transform, and the holomorphic
semigroup % ,(z) with infinitesimal generator ||z[>=%Ay — [|z[|?, acting on a concrete Hilbert
space deforming L?(R™). Here A} is the Dunkl Laplacian (a differential-difference operator).
We analyze these operators %, and % ,(2) in the context of integral operators as well as
representation theory.

An ‘Index to symbols’ used in this paper is given on page 1333.

The deformation parameters in our setting consist of a real parameter a coming from the
interpolation of the minimal unitary representations of two different reductive groups by keeping
smaller symmetries (see Diagram 1.4), and a parameter k coming from Dunkl’s theory of
differential-difference operators associated to a finite Coxeter group; also, the dimension NV and
the complex variable z may be considered as parameters of the theory.

We point out that deformations with k=0 are new and interpolate the minimal
representations of two reductive groups Og(N + 1, 2)~ and Mp(N, R). Notice that these unitary
representations are generated by the ‘unitary inversion operator’ (= %, with a =1, 2, up to a
scalar multiplication) together with an elementary action of the maximal parabolic subgroups
(see [KMO7b] and [KM11, Introduction]).

This article establishes the foundation of these new operators. Our theorems on (k, a)-
generalized Fourier transforms .7, , include:
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[ (k, a)-generalized Fourier transform .7, ,

}ZH wi/2

(k, a)-generalized Laguerre semigroup . o(2) ‘

/ a—1

7l
7— HV N—AJ k—y \\z“—> wi/2

Dunkl transform %y | [Hermite semigroup I(z)| | Laguerre semigroup I,
[Dun89] [Fol89, How88] [KMO7a] (see (5.1))
k—R /—> /2 — m‘/\z\ /~o
|Fourier transform | [Hankel transform |

< ‘Unitary inversion operator’ =

The Weil representation of The minimal representation of
the metaplectic group Mp(V,R) the conformal group O(N + 1,2)

DIAGRAM 1. Special values of the holomorphic semigroup %, 4(2).

— Plancherel and inversion formulas (Theorems 5.1 and 5.3);

— Bochner-type theorem (Theorem 5.21);

— Heisenberg’s uncertainty relation (Theorem 5.29);

— exchange of multiplication and differentiation (Theorem 5.6).

We think of the results and the methods here as opening potentially interesting studies,
such as:

— characterization of ‘Schwartz space’ and Paley—Wiener-type theorem;

— Strichartz estimates for Schrodinger and wave equations;

— Brownian motions in a Weyl chamber (cf. [GY06]);

— analogues of Clifford analysis for the Dirac operator (cf. [#SS09]);

working with deformations of classical operators.

In Diagram 1 we have summarized some of the deformation properties by indicating the
limit behavior of the holomorphic semigroup .# ,(2); it is seen how various previous integral
transforms fit into our picture. In particular, we obtain as special cases the Dunkl transform
Py [Dun92| (a=2, z=mi/2, and k arbitrary), the Hermite semigroup I(z) [Fol89, HowS88]
(a=2, k=0, and z arbitrary), and the Laguerre semigroup [KM05, KM07a] (a =1, k=0, and
z arbitrary). Our framework gives a new treatment even on the theory of the Dunkl transform.

The ‘boundary value’ of the holomorphic semigroup % ,(2) from Re z > 0 to the imaginary
axis gives rise to a one-parameter subgroup of unitary operators. The underlying idea may be
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interpreted as a descendant of Sato’s hyperfunction theory [Sat59] and also that of the Gelfand—
Gindikin program [GG77, HNOO, Ols81, Sta86] for unitary representations of real reductive
groups. The specialization % ,(7i/2) will be our (k, a)-generalized Fourier transform %, , (up
to a phase factor), which reduces to the Fourier transform (¢ = 2 and k£ = 0), the Dunkl transform
Py (a =2 and k arbitrary), and the Hankel transform (¢ =1 and k =0).

Yet another specialization is to take N = 1. This very special case contains (after some change
of variables) the results on the L?-model of the highest weight representations of the universal
covering group of SL(2, R), which were obtained by Kostant [Kos00] and Ranga Rao [Rao77] by
letting sly act as differential operators on the half-line (see Remark 3.32).

The secondary aim of this article is to contribute to the theory of special functions,
in particular orthogonal polynomials; indeed, we derive several new identities, for example
the (k, a)-deformation of the classical Hecke identity (Corollary 5.20) where the Gaussian
function and harmonic polynomials in the classical setting are replaced respectively with
exp(—(1/a)||z||*) and polynomials annihilated by the Dunkl Laplacian. Another example is the
identity (4.41), which expresses an infinite sum of products of Bessel functions and Gegenbauer
functions as a single Bessel function.

In the rest of the Introduction, we describe a little more the contents of this article.

In §§1.1 and 1.2, without any reference to representation theory, we discuss our
holomorphic semigroup % ,(z) and (k, a)-generalized Fourier transforms %, as a two-
parameter deformation of the classical objects, that is, the Hermite semigroup and the Euclidean
Fourier transform.

In §1.3, we introduce the basic machinery of the present article, namely, to construct triples
of differential-difference operators generating the Lie algebra of SL(2, R), and see how they are
integrated to unitary representations of the universal covering group.

One further aspect of our constructions is the link to minimal unitary representations. For
the specific two parameters (a, k) = (1,0) and (2, 0), we are really working with representations
of much larger semisimple groups, and our deformation is interpolating the representation spaces
for the minimal representations of two different groups. We highlight these hidden symmetries
in §1.4.

Let us also note that there is in our theory a natural appearance of some symmetries
of the double degeneration of the double affine Hecke algebra (sometimes called the rational
Cherednik algebra); see §5.6. Here a =2 and k is arbitrary and, in particular, we recover the
Dunkl transform.

1.1 Holomorphic semigroup % (z) with two parameters k and a

Dunkl operators are differential-difference operators associated to a finite reflection group on the
Euclidean space. They were introduced by Dunkl [Dun89]. This subject was motivated partly
from harmonic analysis on the tangent space of the Riemannian symmetric spaces, and resulted in
a new theory of non-commutative harmonic analysis ‘without Lie groups’. The Dunkl operators
are also used as a tool for investigating an algebraic integrability property for the Calogero—
Moser quantum problem related to root systems [Hec91]. We refer to [Dun08] for an up-to-date
survey of various applications of Dunkl operators.

Our holomorphic semigroup % ,(2) is built on Dunkl operators. To fix notation, let € be the
Coxeter group associated with a root system Z in RY. For a ¢-invariant real function k = (k,)
(multiplicity function) on %, we write Ay for the Dunkl Laplacian on RY (see (2.10)).
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We take a >0 to be a deformation parameter, and introduce the following differential-
difference operator:
A = 12l — |1z, (1.1)
Here ||z| is the norm of the coordinate z € RY, and ||z||* in the right-hand side of the formula
stands for the multiplication operator by [|z||*. Then Ay, is a symmetric operator on the Hilbert
space L2(RN, ¥}, ,(z) dr) consisting of square integrable functions on RY against the measure
Uk,q(x) dz, where the density function ¥y 4(x) on RY is given by

Ora(z) =[] T 1 2)|*. (1.2)
aEX

Then ¥y, 4(2) has a degree of homogeneity a — 2 + 2(k), where (k) := 3 >, ka is the index of
k= (kq) (see (2.3)).

The (k,a)-generalized Laguerre semigroup 9 q(z) is defined to be the semigroup with
infinitesimal generator (1/a)Ay 4, that is,

o) =200, (13)

for z € C such that Re z > 0. (Later, we shall use the notation . ,(2) = € 4(7-) in connection
with the Gelfand-Gindikin program.)

In the case a =2 and k=0, the density 9 ,(z) reduces to ¥p2(x) =1 and we recover the
classical setting where

N 2 N

Ago = Z 88x2 - Z x?, the Hermite operator on L?(RY),
j=1 j=1

#0,2(z) = the Hermite semigroup I(z) (see [Fol89, How8§]).

In this article, we shall deal with a positive a and a non-negative multiplicity function k& for
simplicity, though some of our results still hold for ‘slightly negative’ multiplicity functions (see
Remark 2.3). We begin with the following theorem.

THEOREM A (See Corollary 3.22). Suppose a >0 and a non-negative multiplicity function k
satisfy a + 2(k) + N —2 > 0. Then:

(1) Ay, extends to a self-adjoint operator on L2(RN, ¥y, ,(z) dx);
(2) there is no continuous spectrum of Ay, 4;
(3) all the discrete spectra are negative.

We also find all the discrete spectra explicitly in Corollary 3.22.

Turning to the (k, a)-generalized Laguerre semigroup % ,(2) (see (1.3)), we shall prove the
following theorem.

THEOREM B (See Theorem 3.39). Retain the assumptions of Theorem A.

(1) Hi.q(2) is a holomorphic semigroup in the complex right half-plane {z € C:Re z > 0} in
the sense that .9 ,(z) is a Hilbert-Schmidt operator on L*(RN, ¥ o(2) dz) satisfying

/;w(zl) ©) jk7a(22) = fk,a(zl + 22) (Re 21, Re 29 > 0),

and that the scalar product (%, 4(2)f, g) is a holomorphic function of z for Re z >0, for any
f7 g € LQ(RNa ﬁk,a(x) dl‘)
(2) Hka(2) is a one-parameter group of unitary operators on the imaginary axis Re z = 0.
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In §4.3, we shall introduce a real analytic function .# (b, v; w; cos ¢) in four variables defined
on {(b,v,w,p) Ry xR x C x R/27Z:1+ bv > 0}. The special values at b= 1, 2 are given by

(1, v;w;t) = et (1.4)
w(l +1)'/?

T (2, v;w; t)—l“(u—i—;)fy_%(\/i). (1.5)

Here I, (2) = (2/2)*I5(z) is the (normalized) modified Bessel function of the first kind (simply,
I-Bessel function). We notice that these are positive-valued functions of ¢ if w € R.

We then define the following continuous function of ¢ on the interval [—1, 1] with parameters
r,s>0and z € {z€C:Rez>0}\irZ by

exp(—(1/a)(r® 4+ s*) coth(z)) 2 2(k) + N -2 2(rs)*/? ;
sinh(z)@k)+N+a-2)/a a’ 2 "asinh(z)’ )’

higa(r, 85 2;t) =

where (k) =3 3, c ka (see (2.3)).

For a function h(t) of one variable, let (Vih)(z, y) be a k-deformation of the function h({(z, y))
on RN x RN, (This k-deformation is defined by using the Dunkl intertwining operator Vj;
see (2.6).)

In the polar coordinates x = rw and y = s, we set

Ak,a(x7 Y; Z) = ‘7/4: (hk,a(ra S5 Z;3 ’))(w7 77)

For a > 0 and a non-negative multiplicity function k, we introduce the following normalization

constant:
1 -1
Chya i= (/ exp(—Ha:Ha>19k7a(x) dm) . (1.6)
RN a

The constant ¢y, , can be expressed in terms of the gamma function owing to the work by Selberg,
Macdonald, Heckman, Opdam [Opd93], and others (see Etingof [Eti10] for a uniform proof).

Here is an integration formula of the holomorphic semigroup 7 o(2).

THEOREM C (See Theorem 4.23). Suppose a > 0 and k is a non-negative multiplicity function.
Suppose Re z > 0 and z ¢ inZZ. Then %, ,(2) = exp((z/a)Ay q) Is given by

Fual @) = i [ 0Nl 3 2) i) (17)

The formula (1.7) generalizes the k = 0 case; see Kobayashi-Mano [KMO07a] for (k, a) = (0, 1),
and the Mehler kernel formula in Folland [Fol89] or Howe [How88] for (k, a) = (0, 2).

1.2 (k, a)-generalized Fourier transforms .7,

As we mentioned in Theorem B(2), the ‘boundary value’ of the (k, a)-generalized Laguerre
semigroup %, ,(%) on the imaginary axis gives a one-parameter family of unitary operators. The
case z =0 gives the identity operator, namely, .# ,(0) = id. The particularly interesting case is
when z =7i/2, and we set

i ) _
Fuai= a5 ) = comp(JelalP 00~ 1)

by multiplying by the phase factor ¢ = !(7/2((2k)+N+a=2)/a) (gee (5.2)). Then the unitary
operator Zy, , for general a and k satisfies the following significant properties.
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THEOREM D (See Proposition 3.35 and Theorem 5.6). Suppose a >0 and k is a non-negative
multiplicity function such that a + 2(k) + N — 2 > 0.

(1) Zk,q is a unitary operator on L2(RN, Vo) dz).

(2) FrooE=—(E+N+2k)+a—2)0F,.
Here E = Z;VZI xj0;.

(3) Fraollzll* =—ll2]* Ak 0 Fa and Fya o (||2]*~*Ak) = —[|2[|* © Fi.a-

(4) Fiq is of finite order if and only if a € Q. Its order is 2p if a is of the form a = p/q, where
p and q are positive integers that are relatively prime.

We call ., o a (k, a)-generalized Fourier transform on RY. We note that F, o reduces to the
Euclidean Fourier transform % if k=0 and a = 2; to the Hankel transform if k=0 and a = 1;
and to the Dunkl transform %, introduced by Dunkl himself in [Dun92] if £ > 0 and a = 2.

For a = 2, our expressions of .#;, , amount to

F = ™ N exp %(A — lz|I?) (Fourier transform),

D = e CRFN/A oy %(Ak — ||lz||*)  (Dunkl transform).

For a =1 and k =0, the unitary operator
Foa =N exp (T a - )

arises as the unitary inversion operator of the Schrodinger model of the minimal representation of
the conformal group O(N + 1, 2) (see [KMO05, KM07a]). Its Dunkl analogue, namely, the unitary
operator #j, , for a =1 and k > 0, also seems interesting; however, it has never appeared in the
literature, to the best of our knowledge. The integral representation of this unitary operator,

. T . T
A, = Ty = ez(”/Q)(2<k>+N—1)jk71 <2> — im/2)(2(k)+N-1) exp<2HxH(Ak — 1)>,

is given in terms of the Dunkl intertwining operator and the Bessel function due to the closed
formula of (b, v; w;t) at b=2 (see (1.5)).

On the other hand, our methods can be applied to general k and a in finding some basic
properties of the (k, a)-generalized Fourier transform .%} 4, such as the inversion formula, the
Plancherel theorem, the Hecke identity (Corollary 5.20), the Bochner identity (Theorem 5.21),
and the following Heisenberg inequality (Theorem 5.29).

THEOREM E (Heisenberg-type inequality). Let || ||z denote the norm on the Hilbert space
L2(RN, 9 o(x) dz). Then

2(k)+ N +a—2

12112 f @) ||, ]| 1612 P f ©)]] > 5 17 ()3

for any f € L2*(RY, Yy q(z) dx). The equality holds if and only if f is a scalar multiple of
exp(—cl||z||*) for some ¢ > 0.

This inequality was previously proved by Résler [R6s99b] and Shimeno [Shi01] for the a =2
case (that is, the Dunkl transform ). In physics terms, we may think of the function where
the equality holds in Theorem E as a ground state; indeed, when a =c=1, N =3, and k£ =0, it
is exactly the wave function for the hydrogen atom with the lowest energy.
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1.3 sla-triple of differential-difference operators
Over the last several decades, various works have been published that develop applications of
the representation theory of the special linear group SL(2,R). We mention particularly the
books of Lang [Lan85] and Howe-Tan [HT92], and the research papers of Vergne [Ver79] and
Howe [How80]. These and other contributions show how the symmetries of sly can offer new
perspectives on familiar topics from inside and outside representation theory (character formulas,
ergodic theory, Fourier analysis, the Laplace equation, etc.).

The basic tool for the present article is also the SLo theory. We construct an sls-triple of
differential—difference operators with two parameters k& and a, and then apply representation

—~—

theory of SL(2,R), the universal covering group of SL(2,R). The resulting representation
is a discretely decomposable unitary representation in the sense of [Kob98], which depends
continuously on the parameters a and k.
To be more precise, we introduce the following differential-difference operators on RV\{0}
by
i i 2
Ef, = Szl B, = —|z|? Ay, Hyq:= - > @it +

a X
=1

N+2k)+a—2

With these operators, we have

alpq = Z(El::a — E,;a)
The main point here is that our operator Ay, can be interpreted in the framework of the
(infinite-dimensional) representation of the Lie algebra s((2, R).

LEMMA F (See Theorem 3.2). The differential-difference operators {Hy,, E; . E; ,} form an
slo-triple for any multiplicity function k and any non-zero complex number a.

In other words, taking a basis of s[(2, R) as

0 1 0 0 10
+ - _ —
=(o0) =00 = )

we get a Lie algebra representation wy , of g =sl(2, R) with continuous parameters k and a on
functions on RY by the following mapping:

+ + - -
h—H,, e '—>Ek7a, e »—>Ek7a.

The main result of §3 is to prove that the representation wy, , of s[(2, R) lifts to the universal

covering group SL(2, R).
THEOREM G (See Theorem 3.30). If a>0 and k is a non-negative multiplicity function

such that a+2(k) + N —2>0, then wy, lifts to a unitary representation of SL(2,R) on
LA(RN, Vg o(2) da).

Theorem G fits nicely into the framework of discretely decomposable unitary
representations [Kob98, Kob00]. In fact, we see in Theorem 3.31 that the Hilbert space
LY(RYN, ¥ o(x) dz) decomposes discretely as a direct sum of unitary representations of the direct

product group € x SL(2, R):

2m—|—2<k>—|—]\7—2>7 (1.8)

L2(RY, 9y o (z) dz) =~ Z@ %’jgm(]RN)qu ® 7r<
m=0 a
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where %m(RN ) stands for the representation of the Coxeter group € on the eigenspace of the
Dunkl Laplacian (the space of spherical k-harmonics of degree m) and w(v) is an irreducible

unitary lowest weight representation of SL(2,R) of weight v + 1 (see Fact 3.27). The unitary
isomorphism (1.8) is constructed explicitly by using Laguerre polynomials.

For general N > 2, the right-hand side of (1.8) is an infinite sum. For N =1, (1.8) is reduced
to the sum of two terms (m =0, 1).

The unitary representation of SL(2,R) on L?*(RM, ¥ .(z) dz) extends furthermore to a
holomorphic semigroup of a complex three-dimensional semigroup (see § 3.8). Basic properties of
the holomorphic semigroup % (z) defined in (1.3) and the unitary operator .%}, , can be read
from the ‘dictionary’ of sl(2, R) as follows:

01 z
wris (1) o2
T (0 —1
wo=expo | o) Fra (up to the phase factor),
Ad(wp)et =€~ —— Fpqo0llz]|* = —[[z[|* *ArFk.ar
Ad(wp)e” =et «— Fp 40 ||z]|> Ak = —||2||* Pk 0

1.4 Hidden symmetries for a =1 and 2

As we have seen in § 1.1, one of the reasons that we find an explicit formula for the holomorphic
semigroup % ,(z) (and for the unitary operator %y ,) (see §1.1) is that there are large ‘hidden
symmetries’ on the Hilbert space when a =1 or 2.

We recall that our analysis is based on the fact that the Hilbert space LE(RN | 9y o(x) da)
has a symmetry of the direct product group € x SL(2,R) for all k£ and a. It turns out that this
symmetry becomes larger for special values of k and a. In this subsection, we discuss these hidden
symmetries.

First, in the case k =0, the Dunkl Laplacian A becomes the Euclidean Laplacian A and,
consequently, not only the Coxeter group € but also the whole orthogonal group O(N) commutes
with Ay, = A. Therefore, the Hilbert space L2(RY, 9 () dz) is acted on by O(N) x SL(2, R).
Namely, it has a larger symmetry

¢ x SL(2, R) € O(N) x SL(2, R).

Next we observe that the Lie algebra of the direct product group O(N) x SL(2, R) may be
seen as a subalgebra of two different reductive Lie algebras sp(N, R) and o(N + 1, 2):
o(N)®sl(2,R) ~o(N) @ o(1,2) Co(N+1,2),
o(N) ®sl(2,R) ~o(N) ®sp(l,R) Csp(N,R).
It turns out that they are the hidden symmetries of the Hilbert space L?(RY, v 4(z) dx) for
a=1,2, respectively. To be more precise, the conformal group O(N + 1,2)p (or its double
covering group if N is even) acts on L2(RY, 9 ;(z) dz) = L2(RY, ||z||~! dx) as an irreducible
unitary representation, while the metaplectic group Mp(N, R) (the double covering group of the
symplectic group Sp(NV, R)) acts on L2(RY, 9 »(z) dz) = L?(RY, dz) as a unitary representation.
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In summary, we are dealing with the symmetries of the Hilbert space L2(RN, 9y () dx)
described by Diagram 1.4.

O(N +1,2)
— — a—1
¢ x SL(2,R) | ==%, |O(N) x SL(2,R)
(k, a: general) a— 2
Mp(N,R)

DIAGRAM 1.4. Hidden symmetries in L2(RY, 9 ,(x) dz).

For a =2, this unitary representation is nothing but the Weil representation, sometimes
referred to as the Segal-Shale-Weil representation, the metaplectic representation, or the
oscillator representation, and its realization on L?(R”) is called the Schrédinger model.

For a=1, the unitary representation of the conformal group on L2(RY |z|~'dz) is
irreducible and has a similar nature to the Weil representation. The similarity is illustrated
by the fact that both of these unitary representations are ‘minimal representations’, that is,
their annihilators of the infinitesimal representations are the Joseph ideals of the universal
enveloping algebras and, in particular, they attain the minimum of their Gelfand—Kirillov
dimensions.

In this sense, our continuous parameter a >0 interpolates two minimal representations
of different reductive groups by keeping smaller symmetries (that is, the representations of

—_—

O(N) x SL(2,R)). The (k, a)-generalized Fourier transform .%}, , plays a special role in the global
formula of the L?-model of minimal representations. In fact, the conformal group O(N + 1, 2)
is generated by a maximal parabolic subgroup (essentially, the affine conformal group for the
Minkowski space R™V'!) and the inversion element Iyy12=diag(l,...,1,—1, —1). Likewise,
the metaplectic group Mp(N, R) is generated by the Siegel parabolic subgroup and the conformal
inversion element. Since the maximal parabolic subgroup acts on the L?-model on the minimal
representation, we can obtain the global formula of the whole group if we determine the action of
the inversion element. For the Weil representation, this crucial action is nothing but the Euclidean
Fourier transform (up to the phase factor), and it is the Hankel transform for the minimal
representation of the conformal group O(N + 1, 2) (see [KMO5], see also [KM07b] and [KM11,
Introduction| for some perspectives of this direction in a more general setting).

A part of the results here has been announced in [BK(?09] without proof.
Notation. N={0,1,2,...}, Ny ={1,2,3,... }, Ry ={z €R |z >0}, and Ryo={t e R: ¢t > 0}.

2. Preliminary results on Dunkl operators

2.1 Dunkl operators

Let (-, -) be the standard Euclidean scalar product in RY. We shall use the same notation for its
bilinear extension to CN x CN. For z € RV, denote ||z| = (z, z)1/2.

For o € RV\ {0}, we write r,, for the reflection with respect to the hyperplane (a)* orthogonal
to a defined by

ro(z) =2 — 2<Ha”x2>a, reRY.
a
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We say a finite set % in RV\{0} is a (reduced) root system if:
(R1) ro(#) =% for all a € %#;
(R2) ZNRa={+ta} for all a € Z.

In this article, we do not impose crystallographic conditions on the roots, and do not require
that # spans R"V. However, we shall assume Z is reduced, namely, (R2) is satisfied.

The subgroup € C O(N,R) generated by the reflections {r,:a € %} is called the finite
Coxeter group associated with #Z. The Weyl groups such as the symmetric group &y for the type
Apn_1 root system and the hyperoctahedral group for the type By root system are typical exam-
ples. In addition, Hs3, Hy (icosahedral groups) and I3(n) (symmetry group of the regular n-gon)
are also Coxeter groups. We refer to [Hum90] for more details of the theory of Coxeter groups.

DEFINITION 2.1. A multiplicity function for € is a function k: % — C which is constant on
¢-orbits.

Setting ko := k(«) for a € #Z, we have kpo, = kq for all h € € from the definition. We say k is
non-negative if k, > 0 for all a« € Z. The C-vector space of multiplicity functions on & is denoted
by £ . The dimension of % is equal to the number of €-orbits in Z.

For £ € CN and k € %, Dunkl [Dun89] introduced a family of first-order differential-difference
operators T¢(k) (Dunkl’s operators) by

Tk (@) = Oef@) + 3 kada, 6T =I00T) 0 p vy, (2.1)

aERT <a’ 33‘>

Here 0¢ denotes the directional derivative corresponding to §. Thanks to the €-invariance of the
multiplicity function, this definition is independent of the choice of the positive subsystem Z 7.
The operators T¢(k) are homogeneous of degree —1. Moreover, the Dunkl operators satisfy the
following properties (see [Dun89]):

(D1) L(h)oTg(k) o L(h)~! = Tye(k) for all h € €;

(D2) Te(k)T, (k) =T, (k)T¢(k) for all £, n € RY;

(D3) Te(k)fg) = gTe(k)f + fTe(k)g if f and g are in C'(RM) and at least one of them is
C-invariant.

Here we denote by L(h) the left regular action of h € € on the function space on R :
(L) f)(x) = fF(h - ).

Remark 2.2. The Dunkl Laplacian arises as the radial part of the Laplacian on the tangent
space of a Riemannian symmetric space. Let g be a real semisimple Lie algebra with Cartan
decomposition g =€ @ p. We take a maximal abelian subspace a in p, and let (g, a) be the set
of restricted roots and m, the multiplicity of a € (g, a). We may consider (g, a) to be a
subset of a by means of the Killing form of g. The Killing form endows p with a flat Riemannian
symmetric space structure, and we write A, for the (Euclidean) Laplacian on p. Put Z := 2%(g, a)
and k, = % ZBEEJFﬂRa mg. We note that the root system # is not necessarily reduced. Then
the radial part of A,, denoted by Rad(A,) (see [Hel84, Proposition 3.13]), is given by

Rad(A)f = Apf

for every €-invariant function f € C*°(a), where Ay is the Dunkl Laplacian which will be defined
in (2.10).
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Remark 2.3. Some of our results still hold for ‘slightly negative’ multiplicity functions. For
instance, when ko, =k for all a € Z, we may relax the assumption k>0 by k> —1/dpax,
where dpax is the largest fundamental degree of the Coxeter group € (see [Etil0, Theorem
3.1]). However, for simplicity, we will restrict ourselves to non-negative multiplicity functions

k= (ka)ae,%’-

Let 94 be the weight function on RY defined by
O(a):= [ Ko z)*e, zeRV. (2.2)
aERT

It is C-invariant and homogeneous of degree 2(k), where the index (k) of the multiplicity

function k is defined as
1
(ky:= E ko = B E ke, (2.3)

aeRt aEA

Let dz be the Lebesgue measure on R with respect to the inner product (, ). Then the Dunkl
operators are skew symmetric with respect to the measure 95 (x) dz (see [Dun89]). In particular,
if f and g are differentiable and one of them has compact support, then

/RN (Te(R) ) (2)g(2)Ok(x) dr = — | f(x)(Te(k)g)(x)0k(x) dz. (2.4)

RN

It was shown in [Dun91] that for any non-negative root multiplicity function k there is a
unique linear isomorphism Vj, (Dunkl’s intertwining operator) on the space 2 (R™) of polynomial
functions on RY such that:

(1) Vi(Zm(RY)) = 2,,(RY) for all m € N;
(I3) Te(k)Vi = Vi 0 for all € € RV,
Here 2,,(RY) denotes the space of homogeneous polynomials of degree m. It is known that Vj

induces a homeomorphism of C(RY) and also that of C°(R") (cf. [Tri02]). See also [DJO94]
for more results on V; for C-valued multiplicity functions on Z.

For an arbitrary finite reflection group €, and for any non-negative multiplicity function k,
Rosler [R6s99a] proved that there exists a unique positive Radon probability measure p* on RV
such that

V@) = [ 1O ko). (25)

The measure p* depends on x € RV and its support is contained in the ball B(|z|):=
{€ e RN 1 ||¢|| < ||z||}. Moreover, for any Borel set S CRY, g€ €, and r >0, the following
invariant property holds:

1 (S) = uk,(9S) = pk,(rS).

In view of the Laplace-type representation (2.5), Dunkl’s intertwining operator Vi can be
extended to a larger class of spaces. For example, let B denote the closed unit ball in RY.
Then the support property of ,uf; leads us to the following.
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LEMMA 2.4. For any R >0, V}, induces a continuous endomorphism of C(B(R)).

Proof. Let f € C(B(R)). We extend f to be a continuous function fon RY. Then kavis given
by the integral

Wi = [ o dbo.

Suppose now x € B(R). Then Supp p* € B(||z||) € B(R). Hence, (ka)|B(R) is determined by

the restriction f = f| B(r)- Thus, the correspondence f — (V} f )|B(r) is well defined, and we get
an induced linear map Vj: C(B(R)) — C(B(R)), by using the same letter.

Next suppose a sequence f; € C(B(R)) converges uniformly to f € C(B(R)) as j — co. Then
we can extend f; to a continuous function f; on RY such that fj converges to f on every compact
set on RY. Hence, V}, fj converges to Vj f, and so does V}. f; to Vi f. a

For a continuous function h(t) of one variable, we set

hy()i=h((y)) (yeRY)
and define

(Vih)a) = (V) @) = [ h((6, ) i) (26)

Then (Vh)(x,y) is a continuous function on (z,y) € RY x RY.
We note that if k=0, then
(Voh)(z, y) = h((z, 9)).
If h(t) is defined only near the origin, we can still get a continuous function (Vih)(z,y) as

far as |(x, y)| is sufficiently small. To be more precise, we prepare the following proposition for
later purpose. For simplicity, we write B for the unit ball B(1) in RV,

PROPOSITION 2.5. Suppose h(t) is a continuous function on the closed interval [—1,1]. Then
(Vih)(x,y) is a continuous function on B x B. Further, V.h satisfies

[Vih|| oo (8x By < 1Bl oo ((-1.17): (2.7)

(Veh)(z,y) = (Vih)(y, z). (2.8)

Proof. We extend h to a continuous function h on R. It follows from Lemma 2.4 that the values

(Vkh)(z,y) for (z,y) satisfying |(z, y)| <1 are determined by the restriction h = h|_; ;j. Hence,
(Veh) (. y) = (Vih)(z.y), (v.y)€Bx B

is well defined.

Since ,u];” is a probability measure, we get an upper estimate (2.7) from the integral
expression (2.6).

By the Weierstrass theorem, we can find a sequence of polynomials h;(t) (j =1,2,...) such
that h;(t) converges to E(t) uniformly on any compact set of R. Then thj converges to Vih
uniformly on B x B. Thanks to [Dun91, Proposition 3.2], we have (thj)(x, y) = (thj)(y, x).
Taking the limit as j tends to infinity, we get (2.8). Hence, Proposition 2.5 is proved. O

Aside from the development of the general theory of the Dunkl transform, we note that
explicit formulas for V} have been known for only a few cases: € = ZY, ¢ = S3, and the equal-
parameter case for the Weyl group of Bs (see [Dun08] for a recent survey by Dunkl).
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2.2 The Dunkl Laplacian

Let {&1,..., &N} be an orthonormal basis of (R, (-, -)). For the jth basis vector &;, we will use
the abbreviation T¢, (k) = T;(k). The Dunkl-Laplace operator or, simply, the Dunkl Laplacian,
is defined as

N
A=Y Tyj(k). (2.9)
=1

The definition of Ay, is independent of the choice of an orthonormal basis of RY. In fact, it was
proved in [Dun89] that Ay, is expressed as

def(o) = a5+ Y kof T pop LI g

aERT > < %
where V denotes the usual gradient operator.

For k=0, the Dunkl-Laplace operator Aj reduces to the Euclidean Laplacian A, which
commutes with the action of O(N). For general k, it follows from (D1) and (2.9) that Ay
commutes with the action of the Coxeter group €, that is,

L(h)oApoL(h) ™' =Ag, Vhecd. (2.11)

DEFINITION 2.6. A k-harmonic polynomial of degree m (m € N) is a homogeneous polynomial p
on RY of degree m such that Ayp = 0.

Denote by ,%”km(RN ) the space of k-harmonic polynomials of degree m. It is naturally a
representation space of the Coxeter group €.

Let do be the standard measure on SV =1, 9 the density given in (2.2), and dj, the normalizing

constant defined by
-1
d = </ () da(w)> . (2.12)
SN-1

We write L2(S™V ™1, 9y (w) do(w)) for the Hilbert space with the following inner product ()
given by

Faei=de [ T)g@0uw) dofe).

For k=0, d;l is the volume of the unit sphere, namely,
L'(N/2)
orN/2
Thanks to Selberg, Mehta, Macdonald [Mac82], Heckman, Opdam [Opd93], and others, there is

a closed form of dj in terms of Gamma functions when £ is a non-negative multiplicity function
(see also [Etil0]).

As in the classical spherical harmonics (that is, the £ =0 case), we have (see [Dun88, p. 37])
the following fact.

do =

(2.13)

Fact 2.7. (1) A (RN)|gv-1 (m=0,1,2,...) are orthogonal to each other with respect to (, ).
(2) The Hilbert space L?(SN ™1, ¥y (w) do(w)) decomposes as a direct Hilbert sum:

L2(SN L O (w Z S RN g1 (2.14)

meN
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We pin down some basic formulas of Aj. We write the Fuler operator as

N
E:=)"x;0;. (2.15)
j=1
LEMMA 2.8. (1) The Dunkl Laplacian Ay is of degree —2, namely,
[E, Ay] = —2A,. (2.16)
(2)
N
> (2 Ti(k) + Tj(k)x;) = N + 2(k) + 2E. (2.17)
j=1

(3) Suppose 1(r) is a C* function of one variable. Then we have
[Ar, p(ll2]|)] = a? (|2 2¢" ([ «]|*) + allz||* ¢ (|z]|*) (N + 2(k) + a — 2) + 2E). (2.18)

Proof. See [Hec91, Theorem 3.3] for (1) and (2).

(3) Take an arbitrary C™ function f on RY. We recall from the definition (2.1) and (D3)
that

Tj(k)g = 959,
T;(k)(fg) = (Ti(k)f)g + f(959)
if g is a ¢-invariant function on RY. In particular,
Ti (k) (|| ]|*) = azjll]*4 (2],
Ti (k) (f (@) ([l2]*) = (Ty (k) f (@) ([|2]|*) + az; f (@) ]| (2]|).
Using (D3) again, we get

Ti(k)*(f(2)e(ll=]") = (T;(k)* f (@) (| 2]*)
+allal| 72 () *) (o (T (k) £ (2)) + T (k) (2 f ()
+af ()2 T (k) (|2~ (l=]))-

Taking the summation over j, we arrive at

Ap(f(@)o(llz]) = (Arf(@)e(llz]®) + allzl|*7*¢' (] *)(2E + N + 2(k)) f(x)
+af(@) Bl (l2]|).
Here we have used the expression (2.9) of Ay, (2.17), and (2.19). Now (2.18) follows from the

following observation: in the polar coordinate = rw, the Euler operator E amounts to r(9/0r),
and r (d/dr)(r* =2y (r®)) = (a — 2)r* 29’ (r%) + ar?*=2¢" (r®). O

(2.19)

To end this section, we consider a ‘(k, a)-deformation’ of the classical formula
elol® o Ao e IlPI® = A 4 4)jz)|? — 2N — 4E.
LEMMA 2.9. For any v € C and a # 0, we have
eW/alel® o |z 272 A, 0 e /DN = | 2]1272 A, + v2||2]|* — v((N + 2(k) + a — 2) + 2E). (2.20)

Proof. The proof parallels that of Lemma 2.8(3). By the property (D3) of the Dunkl operators,
we get

T (k) (N1 h(2)) = (T3 (k)N 1) () + XV Ty (k) ().
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Then, substituting the formula

Tj.(]f)ekllxlla — 3].6/\\\96”" — )\axijHa—%Alle“’
we have

eI o Ty (k) 0 X" h(z) = Aaz ]| h(@) + T; (k)h(x). (2.21)
Iterating (2.21) and using
Ti(k) el *7? = (a = 2)zj]lx|*7,
we get
e Mo Ty (k) 0 A" = (Nazj2]| 2 + T (k)?
= )\2a2x§|\x||2a_2 + Aa|]az\|“_2(:ﬂj7}(k) +T;(k)xj)
+ Xa(a — 2):6?\\33”“74 + Tj(k)2

Summing them up over j, we have
N
e Ml o AL o M = AL + X202 |22 + Aal|z]|* 2 <a 2+ (a;Ty(k) + Tj(k)xj)> . (2.22)
j=1

The substitution of (2.17) and A = —v/a into (2.22) shows the lemma. O

3. The infinitesimal representation wy , of sl(2, R)

3.1 sl; triple of differential-difference operators

In this subsection, we construct a family of Lie algebras which are isomorphic to sl(2,R) in
the space of differential-difference operators on RY. This family is parametrized by a non-zero
complex number a and a multiplicity function k& for the Coxeter group.

We take a basis for the Lie algebra s((2, R) as

N T () o)

The triple {eT, e, h} satisfies the commutation relations
[ef,e]=h, [h,ef]=2e", [h,e]=—2e . (3.2)

DEFINITION 3.1. An sly triple is a triple of non-zero elements in a Lie algebra satisfying the
same relation with (3.2).

We recall from § 2 that Ay is the Dunkl Laplacian associated with a multiplicity function k£ on
the root system, and that (k) is the index defined in (2.3). For a non-zero complex parameter a,
we introduce the following differential-difference operators on R™V:

1

. N
iy ia _ a N+2k)+a—2 2
E;a = EH‘TH ) Ekz,a = 7”'1;”2 Ag, Hk,a = a + a § z;0;. (33)
=1

a
The point of the definition is the following theorem.

THEOREM 3.2. The operators E;‘a, E, ., and Hy, , form an sly triple for any complex number
a # 0 and any multiplicity function k.
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Proof of Theorem 3.2. The operator EZ . is homogeneous of degree a, and E, is of degree
(2—a) —2=—a by Lemma 2.8(1). Let £ = Z;VZI xj0; be the Euler operator as in (2.15). Since
Hy, o, is of the form (2/a)E + constant, the identity [Hy, 4, Efa] = j:QEfa is now clear.

To see [Eza, E, ,] = Hy 4, we apply Lemma 2.8(3) to the function v (r) = r. Then we get

Ag o flz]|* = [l2]* Ak = a(N + 2(k) + a = 2)||2[|*"* + 2al|z||*>E. (3.4)
Composing with the multiplication operator ||z|*~%, we have
|2]> Ay o [|z]|* — [|«]*Ax = a(N + 2(k) + a — 2) + 2aE.

In view of the definition (3.3), this means that [Eza, Ey ol =Hia-

Hence, Theorem 3.2 is proved. O
Remark 3.3. Theorem 3.2 for particular cases was previously known.

(1) For a=2 and k=0, {E/_,E; ,.,Hy,} is the classical harmonic sl triple {(i/2)z|?,
(i/2)A, N/2 + >, x;0;}. This sly triple was used in the analysis of the Schrédinger model
of the Weil representation of the metaplectic group Mp(N,R) (see Howe [How88] and
Howe-Tan [HT92]).

(2) For a=2 and k > 0, Theorem 3.2 was proved in Heckman [Hec91, Theorem 3.3].

(3) For a=1 and k=0, {E{_,E; ,,Hg,} is the sl triple introduced in Kobayashi and
Mano [KMO05, KM07a], where the authors studied the L2-model of the minimal representation
of the double covering group of SOg(N + 1, 2). (To be more precise, the formulas in [KM07a] are
given for the sly triple for {2E; , $E, . Hj .} in our notation.)

(4) For k=0, the deformation parameter a was also considered in Mano [Man0§].

The differential-difference operators (3.3) stabilize C°°(R™\{0}), the space of (complex-
valued) smooth functions on R¥\{0}. Thus, for each non-zero complex number a and each
multiplicity function & on the root system, we can define an R-linear map

Wk : 512, R) — End(C*(RN\{0})) (3.5)
by setting
wra(h) =Hya, wrale™)= E:,a’ wra(e”) =Eg,. (3.6)
Then Theorem 3.2 implies that wy, , is a Lie algebra homomorphism.

We denote by U(sl(2,C)) the universal enveloping algebra of the complex Lie algebra
s[(2,C) ~sl(2, R) ®g C. Then we can extend (3.5) to a C-algebra homomorphism (by the same
symbol)

Wra : U(sl(2, C)) — End(C>®(RY\{0})).

We use the letter L to denote by the left regular representation of the Coxeter group € on

CoRM\{0}).

LEMMA 3.4. The two actions L of the Coxeter group € and wy, of the Lie algebra sl(2, R)
commute.

Proof. Obviously, L(h) commutes with the multiplication operator E} = (i/a)|/z[%. As we saw
in (2.11), L(h) commutes with the Dunkl Laplacian. Hence, it also commutes with E, . Finally,
the commutation relation [E ,E, ]=Hy, implies L(h) o Hy, , = Hy 4 o L(h). O
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We consider the following unitary matrix:

e ;5 <_i f) . (3.7)

su(l, 1) = {X €5((2,C): X* <(1) _?) n ((1) _(1’> X:O} ,

another real form of s[(2,C). Then Ad(c) induces a Lie algebra isomorphism (the Cayley

We set

transform)
Ad(e) : sl(2, R) — su(1, 1).
We set
— 1
k = Adeh=i (0 "N =liet—e), (3.80)
1 0 7
1 P 1 1 1
+ — A +_ - ——(—hn At A .
n d(c)e 5 (_1 —i> 2i< + -e + P >, (3.8b)
_ 1= -1\ 1 1, 1
Correspondingly to (3.8a)—(3.8¢c), the Cayley transform of the operators (3.6) amounts to
. a __ 2faA 1
Hk,a = Wk,a(k) = Hx” ”;UH k— _EAk,aa (3.9&)
~ 2E + (N + 2(k —2) — [Jz]* Ay, — ||z
B, = ) = 22OV 200 0= 2 e - ol o
~ 2E + (N +2 -2 2maN @
]E];a — wk’a(n—):_i +( + <k7>+(1 )+HZL‘H K+ HIEH ) (39C)

2a
Here F = Ef\il x;0; is the Euler operator.

Since Ad(c) gives a Lie algebra isomorphism, {IE;; o ]EI; w ]ﬁlka} also forms an sly triple of
differential-difference operators. Putting v = +1 in Lemma 2.9, we get another expression of the
triple {E;a, E, ., Hiq} as follows.

LEMMA 3.5. Let INEza, INE,;a, and ]ﬁl;w be as in (3.9a)-(3.9c). Then we have

Bf, = wha(0®) = =g el o a0y 0 eI, (3.100)
Ep,=wha(n) = _ie—llzlla/a o [l Ay o el=l/a. (3.10b)
~ o 2—a "
Hk,a = wk,a<k) = e_”x“ /a o (Hk,a _ H$||Ak> o e||$H /a
a
1 a
=~ o (N - 2(k) + 0.~ 2) + 25 — 2> A)
5 elzl*/a (3.100)

3.2 Differential-difference operators in the polar coordinate

In this subsection, we rewrite the differential-difference operators introduced in § 3.1 by means
of the polar coordinate.
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We set

2m+2(k) + N —2
Akam = .

; (3.11)

We begin with the following lemma.
LEMMA 3.6. Retain the notation of § 2.2. For all 1y € C*°(Ry) and p € 4™ (RY), we have

Hya(p(@)([l2]) = {(Akam + D(ll2l|*) + 2l (|2(1*) }p(2), (3.12)
Ax(p(@)e (1) = {a®Aram + Dllzl|* 20" (J2]1) + a||l2[** 20" ([lz]|*) }p(e).  (3.13)

Proof. The first statement is straightforward, because the Euler operator E is of the form r(9/0r)
in the polar coordinates = =rw. To see the second statement, we apply (2.18) to p(x). Since
Ep=mp and Agp =0, we get the desired formula (3.13). O

We consider the following linear operator:
T, C=(RY) @ C%(Ry) — CRM\{0}), (p, ¥) > ple)ib(2]]*). (3.14)

LEMMA 3.7. Via the linear map T, the operators Hy g, E;a, and E,  (see (3.3)) take the
following forms on S™(RY) ® C*°(R):

d
HiqoTy=Tso <id ® <27“ 7+ Qe + 1)) ) (3.15a)
Ef, 0T, =Ty o <id @27«), (3.15b)
- . ([ d? d
EpqoTa =Too0 (id ®ai roa + (Meam +1) o)) (3.15¢)
Proof. It is clear from Lemma 3.6 and the definition (3.3) of Hj, 4, E; wand Ep o O

The point of Lemma 3.7 is that the operators Hy, 4, IEZ o and E;- act only on the radial part
¢ when applied to those functions p(z)y(||z[|*) for p € H4™(RY).
For a > 0, we define an endomorphism of C*°(R;) by

Uns C(R) = C¥(Re), gl Uag) 1) i=exo( 17 ) 2r).

a

Clearly, U, is invertible. Composing with T, (see (3.14)), we define the following linear operator
Sa by

Sa =T, 0 (id ®U,).

That is, S, : C®°(RY) @ C®(R,) — C>®(RN\{0}) is given by

Lo\ (20
509 9)(a) i=p(a) exp el ) 2l ). (3.16)
We set
Pyt L a1 L (3.17)
tA dtQ k,a,m dt- .

Here A stands for Ay 4 ,,. Then Lemma 3.7 can be formulated as follows.
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LEMMA 3.8. Via the map S,, the operators Hy, q, E,Ia, and [, take the following forms on
H(RY) © C(R,):

d
Hk’aoSa:Sao<id®<2tdt (/\kﬂ,m—l—l—t))),
Elj:_ao a_SaO<id®;t>a

t
]E];ao a:SaO<id®i <2Pt,)\+2_>\k,a,m_1>)-

Proof. This is immediate from Lemma 3.7 and the following relations:

d 2/d 1
-1 a _4(a 2
a0 dr °Ua a(dt 2>’

Ua_IOT’OUa:%t. a

Similarly, by using (3.8a)—(3.8¢c), the actions of f[-v]lk,a, INE:Q, and IE,;G (see (3.92)—(3.9c)) are
given as follows.

LEMMA 3.9. Let P, be as in (3.17). Then, through the linear map S, (see (3.16)), Hy, a Ek o
and Ek , take the following forms on ™ (RY) @ C*°(R4):

ﬁk,a 0 Oqg = Sa o (1d & (_2Pt,)\ + Ak,a,m + 1)))

EZaO a:SaO<id®<_i<Pt,>\_t;lt+t_)\k,a,m_1>>>7
_ , d
Ek@o a:SaO<1d®<_Z(Pt/\+tdt)>)

3.3 Laguerre polynomials revisited

In this subsection, after a brief summary on the (classical) Laguerre polynomials, we give a
‘non-standard’ representation of them in terms of the one-parameter group with infinitesimal
generator t(d?/dt?) + (A + 1)(d/dt) (see Proposition 3.11).

For a complex number A € C such that Re A > —1, we write Lé)‘) for the Laguerre polynomial
defined by

zf: DITA++1) 7

C—PNTA+j+1) 4"

¢
) ,(A+1e j

j =
Here (a)m :=ala+1)---(a+m — 1) is the Pochhammer symbol.

We list some standard properties of Laguerre polynomials that we shall use in this article.

Fact 3.10 (See [AAR99, §6.5]). Suppose Re A > —1.

(1) LEA) (t) is the unique polynomial of degree ¢ satisfying the Laguerre differential equation

2
< 52 ()\+1—t)j+£)f()zo (3.18)
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and
F90) = (-1)". (3.19)
(2) (Recurrence relation)
d
(5 ot At 1>L§’\) () = (e+ 1)L, (1), (3.20a)
(e —t jt) LYty = e+ ML, 1), (3.20b)
(3) (Orthogonality relation)
N N TN yr et g s LAFLEHT)
L L = 21
| 0ot a = st (3.21)
(4) (Generating function)
- rt = A
(1—r)> 1exp<r_1) =SVt (<) (3.22)

=0

(5) {Lg)‘)(t) : £ € N} form an orthogonal basis in L?(R,, t*e™" dt) if A is real and A > —1.
Finally, we give a new representation of the Laguerre polynomial.

THEOREM 3.11. For any c#0 and £ € N,

exp<—c<t j; +(A+1) i))tf = (=)t (Z) (3.23)

Since the differential operator

d? d
Bii=t—+A\+1)—
vt T DG
is homogeneous of degree —1, namely, B; = ¢B, if x = ct, it is sufficient to prove Theorem 3.11

in the case ¢ = 1. We shall give two different proofs for this.

Proof 1. We set
d d?

Ai=t— —t B:

d
=1 — 1) —.
7 tdt2+(>\+ )

dt
It follows from [A, B] = —B that
AB"™ = B"A — nB"

for all n € N by induction. Then, by the Taylor expansion e=8 =3 /((—1)"/n!)B", we get

Ae B =e¢"BA+ Be ",
Since At' =0, we get (B — A)(e”Pt!) =0, namely, e Bt’ solves the Laguerre differential
equation (3.18). On the other hand, e Btl is clearly a polynomial of ¢ with top term tf. In
view of (3.19), we have e Bt! = (1)L (1), O

Proof 2. A direct computation shows

Bt = ((\ + 0L,
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Therefore, B7t* =0 for j > ¢ and

G_Btezzf:(-1)3’@(5_1)-.-(e—j+1)(x+e)(x+e—1).--(A+£—j+1)

VA
]!

j=0

B i DAROT (A + €4 1) tF
=

WITA+k+1) Kl

o

Hence, Theorem 3.11 has been proved. o

3.4 Construction of an orthonormal basis in L?(RY, 9y 4(z) dz)
We recall from (1.2) and (2.2) that the weight function ¥y , on RY satisfies

Iale) = [l T e, @) = [la]|* 205 ().

aeRt

Therefore, in the polar coordinates z = rw (r >0, w € SV~1), we have

Vo) doe = PRI N3, (W) dr do(w), (3.24)
where do(w) is the standard measure on the unit sphere. Accordingly, we have a unitary
isomorphism:

LSV 94 (w) do(w)) & LRy, r2FHN+a=3 gpy =, 2RV, Vo) dz), (3.25)

where @ stands for the Hilbert completion of the tensor product space of two Hilbert spaces.

Combining (3.25) with Fact 2.7, we get a direct sum decomposition of the Hilbert space:

ST RN gvor) © L2 Ry, 2R N840y 2L L2RN, 9y () d). (3.26)
meN

In this subsection, we demonstrate the irreducible decomposition theorem of the sl
representation on (a dense subspace of) L*(RY, ¥y ,(z)dz) by using (3.26) and finding an
orthogonal basis for L?(R.., r2k)+N+a=3gp),

For £,m € N and p € 7™(R"), we introduce the following functions on R¥:

B (p, ) = Sa(p© LY ™). (3.27)

Here S, : C®(RY)® C®(Ry) — C*(RN\{0}) is a linear operator defined in (3.16), Agam =
(1/a)(2m + 2(k) + N — 2) (see (3.11)), and LEA) (t) is the Laguerre polynomial. Hence, for
r=rweRYN (r>0,we SN, we have

¥ ) = )£ (2ol ) exp( =L o)
— p(w)r mL“’”"”(g >exp<—(11ra>. (3.28)

We define the following vector space of functions on RV by

Wio(RY) := C-span{®\” (p,-) : L €N, m €N, p € #"(RV)}. (3.29)
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PrOPOSITION 3.12. Suppose k is a non-negative multiplicity function on the root system % and
a > 0 such that

a+2(k)+ N —2>0. (3.30)
Let £,s,m,n €N, pe s#™RYN), and g € 7 (RY).

(1) & (p, 2) € CRN) N L2(RY, Vg o) da).

@ | #0009, 2)ala) da

e T (Mam + £+ 1) -
2 eam (0 + 1) /SNl p(w)g(w)dg(w) do(w).

(3) Wio(RYN) is a dense subspace of L>(RY | 9y, . () dx).

Remark 3.13. The special values of our functions @éa) (p, ) have been used in various settings,

= 6m,n l,s

including
, see [Dun08, § 3],
, N=1, see [Kos00],

a=2
k=0
k=0, a=1, see[KMO0T7a, §3.2].
3

Remark 3.14. The condition (3.30) is automatically satisfied for a >0 and a non-negative
multiplicity & if N > 2.

Proof. Our assumption (3.30) implies
Meam > —1  for any m € N,

and thus <I>E,a) (p, ) is continuous at z = 0. Therefore, it is a continuous function on x € RV of
exponential decay. On the other hand, we see from (3.24) that the measure ¥y, 4(x) dx is locally

integrable under our assumptions on a and k. Therefore, @éa) (p, z) € L2 (RN, ¥}, o (z) dz). Hence,
the first statement is proved.

To see the second and third statements, we rewrite the left-hand side of the integral as

/oo L(/\k’,a,m) gra Lg)\k,a,n) g,r_a, exp _gra Tm+n+2<k)+N+a—3 dr
0o ¢ a a a
X ( / ()7 (@) e (w) da(w))
SN—l

in the polar coordinates x = rw. Since k-harmonic polynomials of different degrees are orthogonal
to each other (see Fact 2.7), the integration over SN~=! vanishes if m # n.

Suppose that m = n. By changing the variable t := (2/a)r®, we see that the first integration
amounts to

Ak,a,m 0
PIES T / LMam) (g L) (1) P et g, (3.31)

By the orthogonality relation (3.21), we get
arkamT (N gm + €+ 1)
21+/\k,a,m1—‘(£ + 1)

Hence, the second statement is proved. The third statement follows from the completeness of
the Laguerre polynomials (see Fact 3.10(4)). O

(3.31) = dys
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We pin down the following proposition, which is already implicit in the proof of
Proposition 3.12.

ProposITION 3.15. We fix m € N, a > 0, and a multiplicity function k satisfying

2m +2(k) + N +a—2>0.

A +1 1/2
(@) (. (2o T+ ) myOkam) (2 a 14
fom(r) = <a)\k’a’mr()‘k,a7m i) r™L, Tt expl ——r for e N.  (3.32)

Then {fg(‘;)1 () : £ € N} forms an orthonormal basis in L?(R ., r2*)+N+a=3 gp),

Remark 3.16. Let cg,c1,... be a sequence of positive real numbers. Fix a parameter o > 0.
Dunkl [Dun03] proved that the only possible orthogonal sets {Léa)(cw") exp(—3cer)}52, for the
measure r*# dr on Ry, with pu >0, are the two cases (1) p=0, ¢, =co for all ¢; (2) u=1,
cag=cla+1)/(a+20+1).

For each m € N, we take an orthonormal basis {hg-m)}je J,, of the space S™(RY)|gn-1.
Proposition 3.12 immediately yields the following statement.

COROLLARY 3.17. Suppose that a > 0 and that the non-negative multiplicity function k satisfies
the inequality (3.30). For {,m € N and j € J,,,, we set

a m T a
) (2):= ><)fé,,l<||x||>.

]

Then the set {‘bgaqllj :LeN,meN,j € J,} forms an orthonormal basis of L*(RY | 9y, ,(x) dz).

Remark 3.18. A basis of 74™(RY) was constructed in [DX01, Corollary 5.1.13].

3.5 slz representation on L2(RYN, 9y 4(z) dx)

Now we are ready to exhibit the action of the sly triple {k,n™, n~} on the basis (I)éa) (p, )
(see (3.8a)—(3.8¢c) and (3.28) for the definitions). We recall from (3.9a)—(3.9¢) that Hj, , = wy o (k),
By, =wka(nt), and By, = wye(n").

THEOREM 3.19. Let Wy o(RY) be the dense subspace of L*(RY, 9y, ,(x) dx) defined in (3.29).
Then Wy, o(RY) is stable under the action of s[(2, C). More precisely, for each fixed p € %m(RN),
the action wy, 4 (see (3.9a)—(3.9c)) is given as follows:

wk,a(k)q)éa) (pv CC) = (26 + Ak,a,m + 1)(1)2@ (]9, l‘), (333&)
wha(00)R( (p, 7) = i(C+ 1) DY, (p, @), (3.33b)
Wra(07) (p, ) = (€ 4 Apam) 0L (p, 2), (3.33¢)

where @ga) (p, x) is defined in (3.28) and A qm = (2m + 2(k) + N — 2)/a (see (3.11)). We have

used the convention (IJ(f% =0.
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n- n-

DiacrAM 3.5. Raising and lowering operators.

Theorem 3.19 may be visualized by Diagram 3.5 below. We see that for each fixed k, a, and
p € A (RY), the operators wy o(n") and wy .(n™) act as raising/lowering operators.
(a)(

Here the dots represent wyq(k) eigenvectors @,
eigenvalues, from left to right.

p,x) arranged by increasing wy 4(k)

Proof of Theorem 3.19. For simplicity, we use the notation

2

d
]Dt,)\ Cl2 ()\kam+1_t)dt

as in (3.17), where A stands for Ay g ,,. By the formula @éa) (p,")=Sa(p® Lé)‘)) (see (3.27)) and
by Lemma 3.9, it is sufficient to prove

(=2Pia+ A+ 1)L = @+ a+ 1)LV, (3.34a)
<—¢<PM —t % Ft— A 1>)L§” =i(0+1)LYY, (3.34b)
—i <PM +t i) LY =i+ 0L, (3.34c)

Since the Laguerre polynomial LEA) (t) satisfies the Laguerre differential equation
PaLY (8) = —eL (1)

(see (3.18)), the assertion (3.34a) is now clear. The assertions (3.34b) and (3.34c) are reduced to
the recurrence relations (3.20a) and (3.20b), respectively. O

Remark 3.20. An alternative proof of (3.33a) will be given in §5.4 (see Remark 5.17).

By using the orthonormal basis {fg(‘:r)L(r)} (see (3.32)), we normalize @éa) (p,z) as
o (p, @) = fi (r)p(w)

PeentI0(E+1) N
- (a)\k’a’mF(Ak7a,m+€+].)> q)é (pa $) (335)

for x =rw (r >0, w € S¥~1). Then Theorem 3.19 is reformulated as follows.

THEOREM 3.21. For any p € 4™ (RY), we have

koK) (p, ) = (20 + Mam + DO (p, 2), (3.36a)

k() B (0, 2) = iy /(€ + 1) M + £+ 1) B (b, 2), (3.36b)

wram7)B (p, 7) = i/ Mg + O L, (p, ). (3.36¢)
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We recall that an operator 7' densely defined on a Hilbert space is called essentially self-
adjoint if it is symmetric and its closure is a self-adjoint operator.

COROLLARY 3.22. Let a >0 and k be a non-negative multiplicity function satisfying (3.30).
(1) The differential-difference operator Ay , = ||z||*7*Ag — ||z||* is an essentially self-adjoint
operator on L2(RN, ¥y, ,(z) dz).
(2) There is no continuous spectrum of Ay, 4.

(3) The set of discrete spectra of —Ay,, is given by

{2a0+2m +2(k) + N —2+a:{,meN} (N >2),
{2af +2(k) +a£1:£c N} (N=1

Proof. In light of the formula (3.9a)
Ak,a = _awk,a(k)y

the eigenvalues of Ay, are read from Theorem 3.19. Since Wk,a(]RN ) is dense in
L*(RN, ¥y o(x) dz) (see Proposition 3.12), the remaining statement of Corollary 3.22 is
straightforward from the following fact. O

Fact 3.23. Let T be a symmetric operator on a Hilbert space s with domain D(7T'), and let
{fn}n be a complete orthogonal set in 7. If each f,, € D(T) and there exists u,, € R such that
T fr, = pin fn, for every n, then T is essentially self-adjoint.

Remark 3.24. We shall see in Theorem 3.30 that the action of s[(2, R) in Theorem 3.21 lifts
to a unitary representation of the universal covering group SL(2, R) and that Corollary 3.22(1)

is a special case of the general theory of discretely decomposable (g¢, K)-modules (see [Kob98,
Kob00]).

3.6 Discretely decomposable representations

Theorem 3.19 asserts that Wy ,(RY) is an sl(2, C)-invariant, dense subspace in L*(RY,
Upa(x) dz). For N >1, this is a ‘huge’ representation in the sense that it contains infinitely
many inequivalent irreducible representations of s((2, C).

By a theorem of Harish-Chandra, Lepowsky, and Rader, any irreducible, infinitesimally
unitary (gc, K)-module is the underlying (g, K)-module of a (unique) irreducible unitary
representation of G (see [KN95, Theorem 0.6]). This result was generalized to discretely
decomposable (gc, K)-modules by the second-named author (see [Kob00, Theorem 2.7]).

In this section, we discuss the meaning of Theorem 3.19 from the point of view of discretely
decomposable representations.

We begin with a general setting. Let G be a semisimple Lie group, and K a maximal
compact subgroup of G (modulo the center of G). We write g for the Lie algebra of G, and
gc for its complexification. The following notion singles out an algebraic property of unitary
representations that split into irreducible representations without continuous spectra.

DEFINITION 3.25. Let (w, X) be a (g¢, K)-module.
(1) [Kob98, Part I, §1 ] We say w is K-admissible if dim Homg (7, @) < oo for any 7 € K.
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(2) [Kob98, Part III, Definition 1.1] We say w is discretely decomposable if there exist a
sequence of (g¢, K')-modules X; such that

oo
{O}ZXOCX1CX2C"‘, X:UX]',
j=0

X;/X;_1 is of finite length as a (g¢, K)-module for j=1,2,.. ..
(3) We say w is infinitesimally unitarizable if there exists a Hermitian inner product (, ) on
X such that
(w(Y)u,v) = —(u,w(Y)v) foranyY €g,and any u, v € X.

We collect some basic results on discretely decomposable (g¢, K)-modules.

Fact 3.26 (See [Kob98, Kob00]). Let (w, X) be a (g¢, K )-module.

(1) If w is K-admissible, then w is discretely decomposable as a (g¢, K )-module.

(2) Suppose w is discretely decomposable as a (gc, K)-module. If w is infinitesimally
unitarizable, then w is isomorphic to an algebraic direct sum of irreducible (g¢, K)-modules.

(3) Any discretely decomposable, infinitesimally unitary (gc, K)-module is the underlying
(gc, K )-module of a unitary representation of G. Furthermore, such a unitary representation is
unique.

We shall apply this concept to the specific situation where g = s[(2, R) and G is the universal
covering group SLf(i,/R) of SL(2, R).

We recall from (3.8a) that

k=i <(1) _(1)> =i(e” —eT)esl(2,C).

Let £:=R(e” —e") =iRk and K be the subgroup of G with Lie algebra €. Since G is taken to
be simply connected, the exponential map

R — K, t~ Exp(itk)

is a diffeomorphism.
For z € iR, we set

v, := Exp(—zk) = Exp (_(;Z Zg) € K. (3.37)

Since {k,n™, n™} forms an sly triple, we have
Ad(y.)nT =e #n",  Ad(y.)n” =e*n".
Then it is easy to see that the subgroup
C(G)={yri:ne€l}~7 (3.38)

coincides with the center of G.
Next we give a parametrization of one-dimensional representations of K >~ R as

~

K~C, x,<p (3.39)

by the formula x,(v.) = e™#* or, equivalently, dx, (k) = p.
We shall call x,, simply the K-type p.
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Let (w, X) be a (g¢, K)-module. A non-zero vector v € X is a lowest weight vector of weight
u € C if v satisfies

wn )v=0 and w(k)v=pw.
We say (w, V) is a lowest weight module of weight u if V' is generated by such v. For each

A € C, there exists a unique irreducible lowest weight (g¢, K)-module, to be denoted by mx (A),
of weight \ + 1.

With this normalization, we pin down the following well-known properties of the (g¢, K)-
module mx () for g =sl(2, R).
Fact 3.27. (1) For a real A with A > —1, there exists a unique unitary representation, denoted
by m(A), of G = SL(2, R) such that its underlying (g¢, K)-module is isomorphic to mx ().

(2) m(—1) is the trivial one-dimensional representation.

(3) For A >0, 7(\) is a relative discrete series representation, namely, its matrix coefficients
are square integrable over G modulo its center C(G).

(4) m(3) ®m(—3) is the Weil representation of Mp(1,R), the two-fold covering group of
SL(2, R).

(5) i (see (3.37)) acts on m(\) as a scalar e~ ™A +1),

(6) m(A) is well defined as a unitary representation of Mp(1, R) if A € 3Z, of SL(2, R) if A € Z,
and of PSL(2,R) if A € 2Z + 1.

(7) For A# —1,-3,—5,...,7x(A\) is an infinite-dimensional representation. For A > —1,
we fix a G-invariant inner product on the representation space of 7(A). Then we can find an
orthonormal basis {v,: £ € N} such that

T (A)(K)ve = (20 + A + L)vy,
mie (N (0 )og =i/ (E+ 1) (A + £+ 1) vy,
(A (07 )ve =i/ (A + 0)€ vy

Here we set v_1 = {0}. In particular, 7x (\) has the K-type {\ + 1, A+ 3, A+ 5, ... } with respect
to the parametrization (3.39).

(8) For A=—m (m=1,2,...), mg(\) is an m-dimensional irreducible representation of
sl(2,C).
By using Fact 3.27, we can read from the formulas in Theorem 3.21 the following statement.

THEOREM 3.28. Suppose a Is a non-zero complex number and k is a non-negative root
multiplicity function satisfying the inequality (3.30), that is, a + 2(k) + N — 2 > 0.

(1) (Wka, Wra(RY)) is a € x (g¢, K)-module.

(2) As a (gc, K)-module, wy, is K-admissible and hence discretely decomposable (see
Definition 3.25).

(3) (Wh.a» Wi.o(RY)) is decomposed into the direct sum of € x (g¢, K)-modules as follows:
Wia(RY) ~ P A4 (RY) 51 @ 7rc Ak a.m)- (3.40)
m=0
Here A\.qm = (2m 4 2(k) + N —2)/a (see (3.11)). The Coxeter group € acts on the first factor,

and the Lie algebra s[(2, R) acts on the second factor of each summand in (3.40).
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Proof of Theorem 3.28. We fix a non-zero p € jﬁfm(RN ). Then it follows from Theorem 3.19 and
Fact 3.27 that sl(2, R) acts on the vector space

C—span{@éa) (p,-): L €N}
as an irreducible lowest weight module 7 (Ag,q,m). By (3.26), we get the isomorphism (3.40) as

(g¢, K)-modules.

On the other hand, the Coxeter group € leaves %’jj”(RN ) invariant. Furthermore, as we saw
in Lemma 3.4, the actions of € and s[(2, R) commute with each other. Hence, the first and third
statements are proved.

It follows from the decomposition formula (3.40) that wy, is K-admissible because the
K-type of an individual 7 (\) is of the form {A\+1, A+ 3, ...} by Fact 3.27, Ay o, increases
as m increases, and dim %fm(RN ) < co. Hence, the second statement is also proved. O

For f, g € LA2(RYN, ¥y o(x) dx), we write its inner product as
(o= [ | F@)a@) drala) do (3.41)

ProposITION 3.29. Suppose that a > 0 and that k is a non-negative multiplicity function such
that a + 2(k) + N — 2> 0. Then the representation wy, , of s((2, R) on Wy, ,(RY) is infinitesimally
unitary with respect to the inner product { , ), namely,

(wra(X)f ghe = = (/s wr,a(X) gD
for any X € sl(2,R) and f, g € Wy o(RY).

Proof. As we saw in (2.4), the Dunkl operators are skew symmetric with respect to the measure
Uk (z) dz. In view of the definitions of A (see (2.9)) and E;, = (i/a)||z||*"*Ag (see (3.3)), we see

that B, is a skew-symmetric operator with respect to the inner product (-, -);. Likewise for ]E; .

Further, the commutation relation Hj, , = [E,‘: o Er a] shows that Hj, , is also skew symmetric.
Thus, for all X € sl(2,R), wy (X) is skew symmetric. O

3.7 The integrability of the representation wy o

Applying the general result on discretely decomposable representations (see Fact 3.26) to our
specific setting where G is the universal covering group of SL(2,R), we get the following two
theorems.

THEOREM 3.30. Suppose a >0 and k is a non-negative multiplicity function satisfying
a+2(k)+ N —2>0. (3.42)

Then the infinitesimal representation wy, , of sl(2, R) lifts to a unique unitary representation, to
be denoted by Qi 4, of G on the Hilbert space L*(RY, ¥y o(z) dx). In particular, we have

d
wi,a(X) = pn Qra(Exp(tX)), Xeg
t=0

on Wy o(RY), the dense subspace (3.29) of L*(RN, ¥ (z) dz). Here we have written Exp for the
exponential map of the Lie algebra s((2, R) into G.
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THEOREM 3.31. Retain the assumption of Theorem 3.30. Then, as a representation of the direct
product group € x G, the unitary representation L?(RY 9 ,(x) dx) decomposes discretely as
oo
&
LARY, Oy a(z) do) = 3% (7 (RY) | sv-1) & 7(Apaim). (3.43)
m=0

Here we recall that € is the Coxeter group of the root system, G is the universal covering
group of SL(2,R), and A\, qm = (2m + 2(k) + N —2)/a (see (3.11)). The decomposition (3.43)
of the Hilbert space L*(RY, ¥, o(z) dx) is given by the formula (3.26) and m()\) (A > —1) is the

—_—

irreducible unitary representation of SL(2, R) described in Fact 3.27. In particular, the summands
are mutually orthogonal with respect to the inner product (3.41) on L?>(RY, Vo) dz).

Remark 3.32 (The N =1 case). In [Kos00], Kostant exhibited a family of representations with
continuous parameter of s[(2,R) by second-order differential operators on (0, c0). He used
Nelson’s result [Nel59] to study the exponentiation of such representations. See also [Rao77].

In the N =1 case, the decomposition in Theorem 3.28 (and hence in Theorem 3.31) is reduced
to a finite sum because #™(RY) =0 if m >2 and N =1. Indeed, there are two summands
according to even (m =0) and odd (m = 1) functions. We observe that the difference operator
in (2.10) vanishes on even functions of one variable, so the Dunkl Laplacian Ay collapses to the
differential operator d?/dz? + (2k/x)(d/dx). Thus, our generators (3.3) acting on even functions
on (0, co) take the form

2 d  2k+a-1 i i ? 2k d
Hyo= o 22 T07 0 gt _lpa g g2 L D)
ho= T T a v ke T T Fhe T 7 (daz2 T dar)

We may compare these with the generators in Kostant’s paper [Kos00], where his generators
on (0, co0) are

PR VAN (P S
i — ily— +—— —
which by the substitutions y= (1/a)z® and ¢(y) =2*""2p(x) become our operators

{Hk,q, E;a, E, .} with 7 = (2k — 1)/a. Note that our generators acting on odd functions do not
appear in Kostant’s picture.

Remark 3.33. The assumption a + 2(k) + N — 2 > 0 implies
Akam > —1  for any m € N,

whence there exists an irreducible, infinite-dimensional unitary representation m(Agqm) of G
such that its underlying (g¢, /)-module is isomorphic to mx (Mg q.m) by Fact 3.27(1).

By the explicit construction of the direct summand in Theorem 3.19, we have the following
corollary.

—_—~—

COROLLARY 3.34. As a representation of SL(2,R), minimal K-types of the irreducible
summands in (3.43) are given by

ey exp (el ), e A ERY)

As we have seen, wy, o lifts to the unitary representation €2y, , of the universal covering group

—~—

G =SL(2,R) for any k and a with certain positivity (3.42). On the other hand, if k£ and a satisfy
a certain rational condition (see below), then Q , is well defined for some finite covering group
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of PSL(2, R). This representation-theoretic observation gives an explicit formula of the order of
the (k, a)-generalized Fourier transform %y , (see §5). We pin down a precise statement here.

PropPoOSITION 3.35. Retain the notation of Theorem 3.30, and recall the definition of the index
(k) from (2.3). Then the unitary representation )y, o of the universal covering group G of SL(2, R)
is well defined also as a representation of some finite covering group of PSL(2, R) if and only if
both a and (k) are rational numbers.

Proof. It follows from Fact 3.27(5) that the central element v,r; € C(G) acts on m(Ag q,m) by the

scalar
) N + 2(k -2
e—wzn()\k’aym—i-l) = exp (_n . 27rmz> eXp(_ + < > +a 7’L7T7,> .
a

a

This equals 1 for all m if and only if

n(2(k) + N —2+a)
a

€ 2Z.

EEZ and
a

It is easy to see that there exists a non-zero integer n satisfying these two conditions if and
only if both a and (k) are rational numbers. For such n, €y, , is well defined for G/nZ. Hence,
Proposition 3.35 is proved. O

We recall from (3.38) that we have identified the center C'(G) of the simply connected Lie

P

group G = SL(2, R) with the integer group Z. Then we have
PSL(2,R)~G/Z, SL(2,R)~G/2Z, Mp(1,R)~G/4Z.
As a special case of Proposition 3.35 and its proof, we have the following remark.

Remark 3.36. Let €, , be the unitary representation of the universal covering group G.
(1) Suppose a = 2.

(a) Qg2 descends to SL(2, R) if and only if 2(k) + N is an even integer.

(b) €2 descends to Mp(1, R) if and only if 2(k) + N is an integer.

This compares well with the Schrédinger model on L?(R¥Y) of the Weil representation 2

of the metaplectic group Mp(NV, R) and its restriction to a subgroup locally isomorphic to
SL(2,R) (cf. [HT92, Wei64]).

(2) Suppose a = 1.

(a) Q1 descends to PSL(2, R) if and only if 2(k) + N is an odd integer.
(b) €1 descends to SL(2, R) if and only if 2(k) is an integer.
(c) Q1 descends to Mp(1, R) if and only if 4(k) is an integer.

The case k =0 corresponds to the Schrodinger model on L2(RY, dz/||z||) of the minimal

representation o1 of the conformal group and its restriction to a subgroup locally
isomorphic to SL(2, R) (cf. [KO03]).

Remark 3.37. Dunkl reminded us of that the parity condition of 2(k) + N appeared also in a
different context, that is, in [DJO94, Lemma 5.1], where the authors investigated a sufficient
condition on k for the existence and uniqueness of expanding a homogenous polynomial in terms
of k-harmonics.
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3.8 Connection with the Gelfand—Gindikin program
We consider the following closed cone in g = s[(2, R) defined by

W::{(a b):a2—l—bc<0,b>c}.
c —a

Then W is SL(2, R)-invariant and is expressed as
W =i Ad(SL(2, R))R>ok.

We write expe : gc — SL(2, C) for the exponential map. Its restriction to iW is an injective
map, and we define the following subset I'(W) of SL(2, C) by

(W) :=SL(2, R) expc(iWV).

Since W is SL(2, R)-invariant, I'(W) becomes a semigroup, sometimes referred to as the Olshanski
semigroup.

—_~—

Denote by I'(W) the universal covering semigroup of I'(WW), and write

Exp:g+iW —T'(W)
for the lifting of expc|griw : g+ iW — I'(W). Then H\WT) = SL/(i,/R) Exp(iW) and the polar
map

—_~ e/~

SL(2,R) x W =T(W), (g,X)+ gExp(iX)
is a homeomorphism.
Since W is an Ad(SL(2, R))-invariant cone, I'(IV) is invariant under the action of SL(2, R)

from the left and right. Thus, the semigroup I'(W) is written also as
I'(W) =SL(2, R) expc(—Rs0k) SL(2, R).
Its interior is given by
I'(W?% = SL(2, R) exp(—R, k) SL(2, R).
See [HN93, Theorem 7.25]. Accordingly, we have

—_—— P

T(W) = SL(2, R) expg(—Rsok)SL(2, R).

By Theorem 3.19, Qy , is a discretely decomposable unitary representation of SL(2, R) on
LX(RN, ¥y o(x) dz). Tt has a lowest weight (2(k) + N +a — 2)/a. It then follows from [HNOO,

Theorem B] that €, , extends to a representation of the Olshanski semigroup I'(W), denoted by
the same symbol (2, ,, such that:

—_—~—

(P1) Qo :T(W)— B(L?) is a strongly continuous semigroup homomorphism;
(P2) for all f € L2(RY, 9y o(x) dz), the map v — (Q.o(7)f, f)x is holomorphic in the interior
of T(W);
(P3) Qa(7)* = Qpa(7*), where 4# = Exp(iX)g~! for v = g Exp(iX).
Here we have denoted by %(L?) the space of bounded operators on L?(RY, 9 ,(x) dx).

Remark 3.38. The Gelfand—Gindikin program [GGT77] seeks for the understanding of a
‘family of irreducible representations’ by using complex geometric methods. This program
has been particularly developed for lowest weight representations by Olshanski [Ols81] and
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Stanton [Sta86], Hilgert—Neeb [HN93], and some others. The study of our holomorphic semigroup
Qo by using the Olshanski semigroup I'(W) may be regarded as a descendant of this program.

Henceforth, we will use the notation Ct:={z € C: Re(z) > 0} and C*":={z € C: Re(z) > 0}.

For z € Ct, we extend the one-parameter subgroup 7, (z € iR) (see (3.37)) holomorphically
as

—_~—

v, = Exp(—zk) = Exp <iz (_(1) é)) e(W). (3.44)
Then the operators Qj ,(7.) have the following property:

Qe (V21) U0 (V22) = o (Vo1 425), V21, 22 € CF,
Qpa(r:)" =Q(yz), 2€CT,
Qp,a(y0) =id.
Following the formulation of [KMO0T7a, Proposition 3.6.1] (the case k=0, a/f/l), we summarize

basic properties of the holomorphic representation €, , of the semigroup I'(W).

THEOREM 3.39. Suppose a > 0 and k is a non-negative multiplicity function on the root system
satisfying (3.30), that is, a + 2(k) + N —2 > 0.

(1) The map

F(W) X L2 (RNa ﬁk,a(x) dl’) I L2 (RN7 ﬁk,a(x) dl‘), (’75 f) = Qk‘ﬂ(V)f
is continuous.
(2) Foranyp e %”k(m) (RV) and ¢ € N, <I>§a) (p, -) (see (3.28)) is an eigenfunction of the operator
Qk,a(’)/z) = exp(wk,a(_Zk)):
Qk,a(’)/z)q)y) (p, x) _ e*Z()\k,a,m‘f’l‘i’Qg)@éa) (p, JJ),

where A\ q.m = (1/a)(2m + 2(k) + N — 2) (see (3.11)).
(3) The operator norm ||Q 4 (72)|lop is exp(—(1/a)(2(k) + N 4+ a — 2) Re z).
(4) If Re(z) >0, then Q 4(7:) is a Hilbert-Schmidt operator.
(5) If Re(z) =0, then Q (v2) is a unitary operator.
)

—~—

6) The representation )y, o is faithful on I'(W) if at least one of a or (k) is irrational, and

P

on I'(W)/D for some discrete abelian kernel D if both a and (k) are rational.

Proof. The second statement follows from (3.33a). The fifth statement is a special case of
Theorem 3.30. The proof of the other statements is parallel to that of [KM07a, Proposition 3.6.1],
and we omit it. O

4. The integral representation of the holomorphic semigroup Qg o(7z)

We have seen in Theorem 3.39 that € (7.) is a Hilbert-Schmidt operator for Re z >0 and
is a unitary operator for Re z = 0. By the Schwartz kernel theorem, the operator € ,(7,) can
be expressed by means of a distribution kernel Ay, o(x,y; 2). If we adopt Gelfand’s notation on
generalized functions, we may write the operator Q 4(v.) on L2(RY, ¥y ,(2) dz) as an ‘integral
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transform’ against the measure 9y, ,(z) dz:

001 (0) = [ Mol s 2)£0)ialy) do (@)

Here we have normalized the kernel Ay, ,(z, y; z) by the constant ¢y , that will be defined in (4.47).
In light of the unitary isomorphism

N

LA(RY, Vpa(2) dz) = L*(RY, dz), f(x) = f(2)Ira(2)2,

we see that A (2, y; z)ﬁk@(x)%ﬂk’a(y)% is a tempered distribution of (z,y) € RY x RV,

The goal of this section is to find the kernel Ay ,(z, y; z). The main result of this section is
Theorem 4.23.

4.1 Integral representation for the radial part of Qg q(v)

By Lemma 3.7, the sla-action wy, , on C*°(RM\{0}) (see (3.5) for definition) can be described in a
simple form on each k-spherical component %fm(RN ), namely, it can be expressed as the action
only on the radial direction. Accordingly, we can define the ‘radial part’ of the holomorphic
semigroup Q,(:Z) (72) (see (4.4) below for definition) on L?(R,, 72k +N+a=3 gr) The main result

of this subsection is the integral formula for ng)('yz), which will be given in Theorems 4.4

and 4.5.

4.1.1 Radial part of holomorphic semigroup. Recall that %”km(RN) is the space of
k-harmonic polynomials of degree m € N. Let
o\ A RN g1 @ L2 (R, p20ENHa73 gy J2RY ) o(x) der)
be a linear map defined by

m xz _
o220 1)) =p( 75 ) 1) for pe AT @ gros and € LR 0N ),

e

Summing up a,(gr;), we get a direct sum decomposition of the Hilbert space:
LA (RN, 0y o(z) dz) = Z@ S (RY) | gv-1 @ LA(R .y, p2RIHN+a=3 gy, (4.2)
meN

—_—~—

It follows from Theorem 3.31 that the unitary representation €, of SL(2,R) on the Hilbert
space L2(RN 9y () dr) induces a family of unitary operators, to be denoted by Q;C?('yz)
(z €iR,m €N), on L*(R,, r2F+N+a=3 gry such that

o™ (p© U (12)()) = Qa(1:) (0 (0 ® 1)). (4.3)

As in Theorem 3.39 for Qj 4(72), the unitary operator Q,(:Z) (72) extends to a holomorphic

semigroup of Hilbert-Schmidt operators on L?(R, 72 +N+6=3 qp) for Re(z) > 0. Further, there

exists a unique kernel A,(;Z) (r, s; z) for each z and m € N such that

ngw;) (v2)f(r) = /0 f(s)Ag’? (r, s; z)s?KIFN+a=3 g (4.4)

holds for any f € L(R,, r2k)+N+a=3 gp.),
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According to the direct sum (4.2), the semigroup €y, 4(7.) is decomposed as follows:

S m
Qo) = > idpmeny @ A (32). (4.5)
meN

Comparing the integral expressions (4.1) and (4.4) of Qj 4(72) and Q,(f;) (vz), respectively, we
see that the kernels Ay o(x, y; 2) and Ag?(r, s; z) satisfy the following identities:

o [ Muates 2w (i) 100000t dy=p(57) [ FN 0 2p

(4.6)
for any p € %(m) (RN) and f € L2(Ry, r2R)+N+a=3 gp),
In light of the following formula for the measures
Iraly) dy = Ox(n)s*F N3 do () ds
with respect to polar coordinates y = s, we see that (4.6) is equivalent to
[, Al st () i) o) = p) AL 1, 5:2) (17)

Therefore, the distribution Ay , is determined by the set of functions AI(JZ) (m € N) as follows.

PROPOSITION 4.1. Fix z € C with Re z > 0. Then the distribution Ay . (z,y; z) on RN x R s
characterized by the condition (4.7) for any p € ™(RY) and any m € N.

The relation between Ay, and A,(:;) (m e N) will be discussed again in Theorem 4.20 by
means of the ‘Poisson kernel’.

4.1.2 The case Re(z) > 0. Suppose Re(z) > 0. Then Q( )(fyz) is a Hilbert—Schmidt operator
on L2(R+,r2<k>+N +ta=3 dr) and, consequently, the kernel A,g a)(-, -;2) is a square integrable

function with respect to the measure (rs)2*)+N+a=3 g ds.
We shall find a closed formula for A,(CTZ)(T, s; z). Let us fix m € N (as well as k and a) once
and for all. We have given in Proposition 3.15 an explicit orthonormal basis { fz(?%(r) : £ € N} of

L2(R,, r2#)+N+a=3 gp)  On the other hand, it follows from Theorem 3.39(2) that &)éa) (p,z) =
fz(;)i(r)p(w) (see (3.35)) is an eigenfunction of the Hilbert-Schmidt operator €, 4(72):

Qk,a(’}/z)ci)ﬁa) (p, ) = —2(204+ Ak a m+1)q)( )(p’ z).
Using the identity (4.3), we deduce that
Q) (1) £10) (r) = e Meam 1) £0) (1) (4.8)

where the constant Ay 4., is defined in (3.11). Hence, the kernel A,(:;) (r,s; z) in (4.4) is given by
the following series expansion:

o0
(r, 5 2) Zfa Yo O m 1420,
=0

)
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In view of the definition (3.32) of fz(f;)l(r) Al (r, s; z) amounts to

' ka
e—z()\k,a,m-i-l) (rs)me—(l/a)(ra—i—sa) [e§) F(f + 1) —2ZzL(/\k wm) 2 a L()\k am) 2 a
e Y =T o s .
a/\k,a,mzf()‘k,a,m‘kl) 1—0 F()\k’,aﬂn + E + ]-) ¢ a ¢ a

In order to compute this series expansion, we recall some basic identities of Bessel functions.
Let Iy be the I-Bessel function defined by

In(w) := e~ /22 1, (e(7/2)igy)),

It is also convenient to introduce the normalized I-Bessel function by

~ w\ o0 w
In(w) := <2> In(w) = % 220 (A + (+ 1) (4.9)

1 1
= m /1 evt(1 —tH)*z2 at. (4.10)

We note that Iy(w) is an entire function of w € C satisfying

~ 1
I0) = ————=.
=TT
Now we can use the following Hille-Hardy identity [AAR99, (6.2.25)]:
s F(H+ 1) ()\) ()\) 1 (u—l—v)w 7/\/2 2/ uvw
il Ul L Fo = exp -l I 2
;F(A—i—ﬁ%—l)L“ (W)L (v)w 1—w P 1—w (wow) M1 —w

T (1 —w) I exp(‘ 1—w

Here the left-hand side converges for |w| < 1. Hence, we get a closed formula for A,(:;) (r, s; 2):

1 (u+v)w>]v)\<21\/ﬁ)‘

(m) ooy )TV s coth(e) 7 2 (rs)*?
Ak,a (r,872) = sinh(2) € Masm \ sinh(z)
m a/2
= — .(TS) e—(l/a)(r“—f—sa) coth(z)'f i (2 (TS) / ) . (4.11)
a\k,a,m (Slnh(z)))‘k,a,m+1 A a Slnh(z)

Next let us give an upper estimate of the kernel function A,(;Z) (r, s; z). For this, we recall
from [KMOT7a, §4.2] the following elementary lemma.

LEMMA 4.2. For z =z + iy, we set

a(z) = sinh(2x) ’
cosh(2z) — cos(2y)
cos(y

8(z) = )

cosh(zx)’
Then we have
(1) Re coth(z) = a(z), (4.12)
1
Re () =a(2)B(z). (4.13)
1300
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(2) If z € Ct\inZ, then we have cosh(2z) — cos(2y) > 0, and

a(z) 20 and |B(z) < 1.
(3) If Re z >0, then a(z) > 0.

We set
1
a)\k,a,m]:‘()\k7a7m + 1)|Sinh(2)‘>\k,a,m+1 .

With this notation, we have the following lemma.

C(k,a,m;z):=

(4.14)

LEMMA 4.3. For z € CT\inZ, the kernel function Agna) (r, s; z) has the following upper estimate:
1

a

|A,2’72<r,s;z>\<c<k,a,m;z><rs>mexp( <ra+sa>a<z><1—w<z>r>). (4.15)

Proof. By the following upper estimate of the I-Bessel function (see [KM07a, Lemma 8.5.1])
1L,(w)| <T(v+ 1) el for v > —Land weC, (4.16)

we get
(m) . < . m _l a a _ 1
|Ak,a (r,s;2)| < C(k,a,m; z)(rs) exp< a(r + s )<Re coth(z) — [Re Snh(2) >> (4.17)

Here we have used r% 4 s > 2(rs)%2. Then the substitution of (4.12) and (4.13) shows the
lemma. O

We are ready to complete the proof of the following theorem.

THEOREM 4.4. Let v, =Exp (iz (_{{)) be an element Ofm (see (3.44)), and A,(:Z) (r,s; 2)
the function defined by (4.11). Assume m € N and a > 0 satisfy

2m+2(k) + N +a—2>0. (4.18)

Then, for z € CTT, the Hilbert-Schmidt operator ng";) (v.) on L*(Ry, r2R+N+a=3 gry js given
by

Q;:ZL) (v2)f(r)= /0 Agz) (r, s; 2) f(s)s2FIHNFa=3 g, (4.19)

The integral in (4.19) converges absolutely for f € L*(R,, s>F)+N+a=3 gg),

Proof. We have already proved the formula (4.11) for A,(;Z) (r,s; z). The convergence of the

integral (4.19) is deduced from the Cauchy—Schwarz inequality because A,(an;)(r, -3 z) belongs

to L2(R,, s2F+N+a=3 gs) for all z € CH if (4.18) is fulfilled. 0

4.1.3 The case Re(z) =0. The operator ng) (72) is unitary if Re(z) = 0. In this subsection,
we discuss its distribution kernel.

We note that the substitution of z =iy into (4.11) makes sense as far as p ¢ 7Z, and we get
the following formula:

(m) » _ _ﬂ (TS)_<k)_N/2+1
e e S T
i e 2(7“3)“/2
X exp(a(r +s )cot(u)) I am <a g ) (4.20)

Here we have used the relation Iy(z/i) = e="/2.]y(z).
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In this subsection, we shall prove the following theorem.

THEOREM 4.5. Retain the notation and the assumption (4.18) as in Theorem 4.4. For p € R\nZ,

the unitary operator Q,(Cma) (viu) on L?(Ry., r2R+N+a=3 gp) js given by

Ql(w (Vi) f / f(s (ry,s;ip)s 2k)+N+a=3 gq (4.21)

The integral on the right-hand side of (4.21) converges absolutely for all f in the dense subspace,
in L2(Ry, r2*)+N+a=3 g1 spanned by the functions {fz(?r)z}@EN (see (3.32) for definition).

Proof. Let € >0 and p € R\nZ. By Theorem 4.4, we have

Q,(C"é) (Yetip) f / f(s (r, s; € + ip) 2RI HNFa=3 g (4.22)

As € — 0, the left-hand side converges to Q( )(%#) by Theorem 3.39(1).
On the other hand, the addition formula

, csch(e)esch(ip)
h =
esch(e +ip) coth(e) + coth(ipu)
gives
|esch(e +ip)| < |esch(ip)]. (4.23)

Hence, it follows from Lemma 4.3 that we have

(M) () gt i) (rs)™ (rs)™
]Ak’a (r, 83 e+ip)| < C(k, a,m;ip)(rs)™ < CW

2
LEAk,a,m) <asa> ‘

Now we can use the dominated convergence theorem to deduce that the right-hand side
of (4.22) goes to

for some constant C. In view of (3.32), we get

() (1 g e o) O ™ exp(=(1/a)s®) om
|Ak,a (T’ s; €+ Zlu)fl,m(s)’ < Cc’ ‘Sin(u)’/\k’a‘erl 5

/ f(s A,(m(rszu) k) +N+a=3 g
as € — 0. Hence, the theorem has been proved. a

As a corollary of Theorem 4.5, we obtain representation-theoretic proofs of the following two
classical integral formulas of Bessel functions.

COROLLARY 4.6. (1) (Weber’s second exponential integral [GR80, 6.615] see also [KMO07a,
Corollary 4.5.1])

e~ J,(2a o~ (/0) 252 (200
/O Jo(2aVT)J,(28VT) dT 5 +I<5>

where |arg(d)| < /2 and v >0
(2) (See [GRS0, 7.421.4))

> o7 (v) v/2 (5—04)%V —B2/45 1 (v) 04»32
/0 L (o)1, (BT dT = = g™ 0Ly o (4.24)

for Re(6) > 0 and Re(v) > 0.
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Proof (Sketch). (1) The semigroup law Q,in;) ('yzl)Q(m) (V2) = Q,gn;) (V2q+2,) yields
/ A (r, s; zl)A( )(s P 2g) 2RI HNFa=3 ds:AgZ)(r, s 21 + 22). (4.25)

Using the expression (4.20) of A,(:ZL), we get the identity (1).
(2) The identity (4.8) (in terms of group theory, this comes from the K-type formula (3.34a))
can be restated as

| AL s 2 s)2 S = R At D ) ),
O Pl )

in terms of the integral kernels by Theorem 4.4. After some simplifications and by putting
constants together, we get the identity (4.24). O

Remark 4.7. (1) The operator m(Agqm)(72) acts on the irreducible representation m(A g1, ) of

SL(2, R) as a scalar multiplication if z € inZ, that is, if v, belongs to the center (see Fact 3.27).
Correspondingly, the kernel function A,(;'Z)(

delta function as e goes to 0 if u € 7Z.

r, 8; € + ip) approaches a scalar multiple of Dirac’s

2) Of particular interest is another case where p € 7(Z + 1). For simplicity, let p= /2.
2
Then the formula (4.20) collapses to

Agz) (T, s; 7;2) = eXp(_ﬂ;(Ak,a,m + 1)) (rs)*<k>*N/2+1J>\k,a’m <C2L(rs)a/2).

For a =1, 2, we have
m G —i(m m - —(k)—
AQY (75 ) = M ) Ny (V) (0= 1),

m i —i(m/2)(m —(k)—
Ay (r,s; 2) = ¢RI () =N g enyaa(rs) (a=2).

We shall discuss the unitary operator Q(vy;/2) = lime—o Q(Y(eri)/2) in full detail, which we
call the (k, a)-generalized Fourier transform %y, , (up to a phase factor) in §5.

4.2 Gegenbauer transform

In this section, we summarize some basic properties of the Gegenbauer polynomials and the
corresponding integral transforms.

4.2.1 The Gegenbauer polynomial. The Gegenbauer polynomial C¥,(t) of degree m is defined
by the generating function

(1 —2rt 4 72 E Cr (t)r™. (4.26)
To be more explicit, it is given as
" 20)m 9 1 d™ 1
Crt)=|—-=] —— 1)V — (1 —H)ymtra, 4.27
20=(3) 0= - (a:27)

If we put t = cos 8, and expand

(1 —2rcosf+ 7‘2)*” =((1- rew)(l _ Tefio))fy
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by the binomial theorem, then we have
v - 4
Cy (cos0) = Z (k' cos( — 2k)6. (4.28)
k=0
Then the following fact is readily seen.
Fact 4.8. (1) C},(t) is a polynomial of ¢ of degree m, and is also a polynomial in the parameter v.
(2) CY(t) =0 for any m > 1.
(3) Cy(t) =1, CY(t) =2vt.
(4) Cr(1)=(T(m+2v))/(m!T'(2v)).
In this subsection, we prove the following lemma.

LEMMA 4.9. Fix v € R. Then there exists a constant B(v) > 0 such that

1
sup Cf?’l(t)’ < B(yv)m* 1 for any m € N,. (4.29)
-1tV
Remark 4.10. (1) For v > 0, it is known that the upper bound of |C¥, ()| is attained at ¢ =1,
namely,
I'(m + 2v)
cr=0cy(l)=——=.
sup (G (0] = Ch(1) = S
This can be verified easily by (4.28) or, alternatively, by the following integral expression for
v>0:
T(v+ DT (m+2v) (7
Cr(t) = 2 t+ /> —1cos )™ sin® " 6 db. 4.30
m(t) = = T2 /0 (t+ cos )" (4.30)

(2) For v =0, the left-hand side of (4.29) is interpreted as the L>-norm of lim,_o(1/v)C}, (1),
which is a polynomial in ¢ by Fact 4.8(2).

(3) Our proof below works also for all v € C.

Before proving Lemma 4.9, we prepare the following estimate claim.

CLAIM 4.11. Let A € R. Then there exists a constant A(\) > 0 such that

NESL0

O[T SANKMY for any ke N.

Proof. We recall Stirling’s asymptotic formula of the Gamma function:

[(z) ~To(z) asz— oo,

where Tg(z) := V272 e, In light of the following ratio:

Lo(k+A) 11 E Ak £+ 14 A /\71617,\

Do(k+1) 1+1/k k ’
we get

. DA+ k)
e
Thus, the claim follows. O
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Proof of Lemma 4.9. By (4.28), we have

V—i-k (m—k+v)
ET(v) (m—Fk)T(v)|

m
sup [C4(1)] < Z‘

—1<t<1

We note that there is no pole in the Gamma factors on the right-hand side. We now use
Claim 4.11, and get

m 2v-2
sup |Cy(t Z AW’ Y (m — k)P < AW (m + 1) <T;> .
—1<t<1 Py

Hence, (4.29) is proved for v # 0.
For v =0, we use (4.28), and get

1 1
lim —CV 0)=— —2m)0 0). 4.31
lim VCm(cos ) m(cos(n m)6 + cos nb) (4.31)
Hence, the inequality (4.29) also holds for v = 0. Thus, we have proved Lemma 4.9. O

4.2.2 The Gegenbauer transform. We summarize L2-properties of Gegenbauer polynomials
in a way that we shall use later.

Fact 4.12 (See [AAR99] and [DBO07, ch. 15]). Suppose v > —1.

(1 ) {C’”( ):m €N} is an orthogonal basis in the Hilbert space %, :=L%((—1,1),
(1— 2% di).

2) [, Cn)?(1 - £2)~2dt = (al(2v +m)) /(2% (m + 1)(m + v)T(1)?).

(3) We set a normalized constant by, ,, by

22V (m + DI (v)T (v + 1)

bym = 4.32
’ ml'(m + 2v) (4:32)
Then the Gegenbauer transform defined by
1
Gom(h) = by / WECE ()1 = 275 dt for he A, (4.33)
-1
has the following inversion formula.
1 [e.e]
h=— vm(h)Ch (t). 4.34
VmZ::O(mﬂLV)‘f, (h)Cr(t) (4.34)
The orthogonality relation in Fact 4.12 can be restated in terms of the Gegenbauer transform
as follows:
v
(n=m),
Com(Cr) = m+V (4.35)
0 (n#m).

The Gegenbauer transform %, ,, arises also in a Dunkl analogue of the classical Funk-Hecke
formula for spherical harmonics as follows.

Fact 4.13 (See [Xu00, Theorem 2.1]). Let h be a continuous function on [—1,1] and p €
HA(RY). Then we have

o /SNI(V"”}L)(LU’ mMp()Ox(n) do(n) = Gy (v—2)/2.m(Mp(w),  we SV (4.36)
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Here dy is the constant defined in (2.12), and Vih is defined in (2.6) by using the
Dunkl intertwining operator V. For k=0, (Vih)(n,w)=~h((n,w)) and ¥%(n) =1, so that
the identity (4.36) collapses to the original Funk-Hecke formula.

4.2.3 Ezxplicit formulas of Gegenbauer transforms. In this subsection, we present two explicit
formulas of Gegenbauer transforms 4, ., (see (4.33)). These results will be used in describing
the kernel distributions Ay 4(z, y; ) for a =1, 2 (see Theorem 4.24).

LEMMA 4.14. Suppose a € C, Re(v) > —% and m € N.
(1) Gom(@, 1 (@1 +1)2)) = 22 "7 20> T (v + 1) Fomy20(V2 )

T (2v +1)
= W Izm+2u(\f04)

(2) Gomn(e®) = 27" + D)y ().

This lemma is an immediate consequence of the following integral formulas and the duplication
formula of the Gamma function:

T(2v) = 2% a2 T (V)T (v + 1). (4.37)

LEMMA 4.15. For o, v € C such that Re(v) > 0, the following two integral formulas hold:

(1)
b 1 vl o 27l (m+2v) [« 2m
/1 I,_1(a(l+1)2)Cp(t)(1 = t*)" "2 dt = T+ 1)) (\/5> Tomyan(V20). (4.38)

! 27t (2u +m) |, +
AU (#)(1 — 122 dt = " Iym(a). 4.39
| ecnma-#) e (). (439
Proof of Lemma 4.15. (1) This identity was proved in [KM07a, Lemma 8.5.2].

(2) The integral formula (4.39) is well known (see for instance [Vil68, p. 570]). However, for
the convenience of the reader, we give a simple proof. Using (4.27), we have

1 Fv+1)  T(m+2w) Logm
othV (1 — t2 I/—% dt = 2 / at 1— t? m+v—z dt
/_1 e O =) T(2v) 2mmiT(m + v+ 1) J ., dim (7)1 =)

1 1
_ F(V + 5) F(m + 21/) : o™ / eat(l ¢ )eruf— dt.
[(2v) 2mm!T(m+ v+ 3) _1

Now (4.39) follows from the integral representation (4.10) of I,,(w). O

Remark 4.16 (Expansion formulas). Applying the inversion formula of the Gegenbauer
transform (see Fact 4.12), we get the following expansion formulas from Lemma 4.14:

e =T'(v) (v+m) <1;)> Iy (w)CY (1), Re(v) >0, (4.40)
0

[e.9]

~ w(l 4+t 1/2 221/F 2m ,
Iu—1/2< (\/§) ) mZﬂ)l/—i—m( > Dt (w)Cr (),  Re(v)>0 (4.41)
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or, equivalently,

~ w(l + t)1/2 29T (1)
WQVJV1/2< ( \J;ﬁt) )‘ \/7»5 )mz:o(—l)m(v—i—m)JQVHm(w)CZ@(t).

The first formula (4.40) is Gegenbauer’s expansion (see for instance [WG89, 7.13(14)]), whereas
the second expansion formula (4.41) was proved in Kobayashi-Mano [KMO07a, Proposition 5.7.1].

4.3 Integral representation for Qp o(72)

In this section, we find the integral kernel Ay 4(z, y; z) of the operator Qy 4(v,) for z € CT\inZ.
The main result is Theorem 4.23.

4.3.1 The function 7 (b, v;w;t). In this subsection, we introduce a function .# (b, v; w; t) of
four variables, and study its basic properties.

Let Iy(w) = (w/2) " I\(w) be the normalized I-Bessel function (see (4.9)), and C% () the
Gegenbauer polynomial. Consider the following infinite sum:

00 bm
i) =LY 040 (5 ) T w)Ci0) (.42
m=0

We note that v =0 is not a singularity in the summand because C9 (t)=0 for m >1 (see
Fact 4.8(2); see also (4.31)). In this subsection, we prove the following lemma.

LEMMA 4.17. (1) The summation (4.42) converges absolutely and uniformly on any compact
subset of

U:={(bv,w,t) eRy x Rx C x[~1,1]:1+bv > 0}. (4.43)
In particular, % (b, v; w;t) is a continuous function on U.

(2) (Special value at w=0)
J(b v;0;t) =1 (4.44)
(3) (Gegenbauer transform) For v > —1,

bm
Gy (I (b, v;w; ) =T(1+ bv) (;)) Iymyvy(w)  for m € N.

Proof. (1) It is sufficient to show that for a sufficiently large mg, the summation over m(=my)
converges absolutely and uniformly on any compact set of U. We recall from (4.16) and (4.29)

that
,IV . e|Rew|
| A(w)| < m,
1
‘C;;z(t)‘ < B(v)ym?~1  for any m > 1.
v
Then
bm__ e bm |Re w|,,2v—1
v (m+v)B(v)w’™e m
1 Z (m+v < > Ib(m+u)(w)0m(t)‘ <Y ’ T o+ b 1)
m=m m=mg
2u b\ m
el Rewl i (1+v/m)m w
Cbm+bv+1)\|2 ’
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Since b > 0, I'(bm + bv + 1) grows faster than any other term in each summand as m goes to
infinity and, consequently, the last sum converges. Furthermore, the convergence is uniform on
any compact set of parameters (b, v, w). Hence, we have proved the first assertion.

(2) Since b > 0, the summand in (4.42) vanishes at w = 0 for any m > 0, and therefore
I'(bv+1) ~

F(b,v;0;t) = v - Iy, (0) - C (1)
v
=1.
Thus, the second assertion is proved.
(3) This is an immediate consequence of Fact 4.12 on the Gegenbauer transform 6, ,,. O

FEzample 4.18. The special values at b =1, 2 are given by
I (1, v;w; t) =™, (4.45)

I (2, v; w; t) :F<u+ ;)TV_; <w(1}2tﬁ> (4.46)

Proof of Example 4.18. First, let us prove the identity (4.45). By Lemma 4.17(3), we have
bm
Com(F (b, v;w; ) =T(1+ bv) (Z) Iy(m4v)(w)  for all m € N.

By Lemma 4.14(2), we have

Gl =T(140)(5 ) Toam(o)
This shows that
6v,m(left-hand side) = 6, ,,, (right-hand side) for all m € N

with regard to the identity (4.45). Since the Gegenbauer polynomials form a complete orthogonal
basis in the Hilbert space L?((—1,1), (1 — t2)l’7% dt) (see Fact 4.12), we have proved (4.45).

The proof for the identity (4.46) goes similarly by using Lemma 4.14(1). Thus, Example 4.18
has been shown. a

4.3.2 The normalization constant. For a >0 and a multiplicity function k& on the root
system Z, we introduce the following normalization constant:

Chn = ( /R ) exp(—i\|x”a> o a() da:>_1, (4.47)

where 9y, , is the density defined in (1.2). Using the polar coordinates, we have

Cl;; = / / eXp(—1Ta> 7’2<k>+N+a7319k(w) do(w) dr
’ 0 SN—1 a
e /°° et(at) N 2R -D/a gy
0

Here d; ! is the k-deformation of the volume of the unit sphere (see (2.12)). For a non-negative
multiplicity function k, the integral converges if 2(k) + N +a — 2 > 0, and we get

-1
e :a—<<2<k>+N—2>/a>r(2<"’> + N +a- 2) dr. (4.48)
’ a
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For k =0, we have dy ! = 2n¥/2/T(N/2) (see (2.13)) and, in particular,

O T(Nf2) 1 _ !
T 2VPT(N 1) @m-DRT(N - 1)/2) T @)

€o,1

4.3.3 Definition of hyq(r,s;2;t) and Apq(x,y;2). We now introduce the following
continuous function of ¢ on the interval [—1, 1] with parameters r, s > 0, and z € C*\inZ:

- exp(—=(1/a)(r® + s*) coth(z)) 2 2(k) + N -2 2(rs)/? _
Pia(ry 53 23 1) = sinh(z)@k)+N+a=2)/a 7 a’ 2 "asinh(z)’ t): (4.49)
We observe that, for p € R\nZ, the substitution z =ip in (4.49) yields
o expl(i/a)(r + 57) cot(u)
h o, 55 015 ) = (@R +N+a=2)/20)7i gi ;) (2(k) +N+a~2)/a

2 2 N —2 2(rs)*/?
X S| -, (k) + ; (7’3) it ). (4.50)

a 2 at sin(p)

We recall from (4.3) that A,(Cm) (r, s; z) is the integral kernel of the operator Q,(:Z) (72) on the Hilbert

,a
space L2(Ry, r2F)+N+a=3 4y Up to a constant factor (independent of m), the Gegenbauer
(

transform of hy , coincides with AkW;) (r, s; 2).

LEMMA 4.19. Suppose 2(k) + N > 1. Then, for every m € N, we have

di \ (m
Gy +(v/2)—1,m (i a(T, 8525 1)) = C: Afw) (r, s; 2)
a )

Proof. We observe

2(k N -2 2
14+ bv= (k) + aa+ and  Aggm = 5(m +v)
if b=2/a and v=(2(k) + N —2)/2. Then Lemma 4.19 follows from Lemma 4.17(3) and the
definition (4.11) of A](:Z) (r, s; 2). O

We are ready to define the following function on RV x RY x (C*\inZ) by
M a(rw, s 2) = (Vehaa(r, 55 2 )) (@, 1), (4.52)

where V}, is introduced in (2.6) by using the Dunkl intertwining operator Vi, and hy o(r, s; 2; t)
is defined in (4.49).

4.3.4 Expansion formula. For a > 0, we will derive a series representation for the kernel Ay ,
in terms of A,(:'Z) and the Poisson kernel of the space J4™(RY).

In light of the definitions of .# (b, v; w;t) (see (4.42)) and A,(:Z)(r, s; z) (see (4.11)), we may
rewrite (4.49) as

hia(r, 51 2; ) = o ZEHN=2)/a)p <2<k> TN Fa 2)

a

X AL z>(<’f><]j>7j = 2‘)/23/ 2)0,31;>+<N—2>/2<t>. (453)
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The above expansion formula (4.53) is the series expansion by Gegenbauer polynomials
(Fact 4.12) corresponding to Lemma 4.19.

Now, applying the operator \7k to (4.53), we get the following theorem.

THEOREM 4.20. For a >0 and z € C*\inZ, we have

Aka(z, s 2) —a“2<’“>*N2)/a)F<2<k> AL ) S AT, 53 2) Pom(w, ),
meN

where x = rw, y = sn, and

Pym(w, ) = (<k><]:; :’3 ?;\T(JXQ_)/22)/2> (V Clf+(N= 2)/2> (w,m). (4.54)

In Theorem 4.20, the function Py ,,(w,n) on SN=1 % SN=1 is the Poisson kernel, or the
reproducing kernel, of the space of spherical k-harmonic polynomials of degree m, which is
characterized by the following proposition.

PROPOSITION 4.21. Py, (w,n) is the kernel function of the projection from the Hilbert space
L2(SN=L 9k (n) dn) to ™(RY), namely, for any p € A (RY),

i [ | Poonleo. ) 01(n) o) = {g(“’) o

Ezample 4.22. For N =1, SN~! consists of two points (£1), and ™ (RY) = 0 if m > 2. In this
case, it is easy to see that

1 (m = 0)7
sgn(wn) (m=1).
Proof of Proposition 4.21. By the Funk-Hecke formula in the Dunkl setting (see Fact 4.13), we
have
dy /S (VORI @, mp(m)dk(n) do(n) = Gy (v-2) /20 (O D )p(w)

(k) + (N —2)/2 _
Lt @ —gpre r=mh

Here we have used Fact 4.12 and (4.35) for the last equality. Hence, Proposition 4.21 follows. O

4.3.5 Integral representation of Qi 4(7.). We are ready to prove the main result of this
section. Recall from Theorem 3.39 that € ,(7.) is a holomorphic semigroup consisting of
Hilbert-Schmidt operators on L?(RY, Uo(z) dz) for Re z > 0, and is a one-parameter subgroup
of unitary operators for z € ¢ R. Here is an integral representation of Qy 4(72).

THEOREM 4.23. Suppose a >0 and k is a non-negative multiplicity function on the root
system % satisfying

2(k) + N > max(1,2 — a). (4.55)
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(1) Suppose Re z > 0. Then the Hilbert-Schmidt operator Q 4(v.) on L2(RYN, 9y o(x) dz) is

given by
Oa0:)1() = | S0kl 2)a(0) ds (4.56)
where ¢y, is the constant defined in (4.47) and the kernel function Ay (z,y;z) is defined
in (4.52).
(2) Suppose z =iy (1 € R\7wZ). Then the unitary operator Q q(yiy) on L*(RY, 9y, o(z) dz)
is given by
) () = [ SOkl ) ) ds (457

Proof. Thanks to Proposition 4.1, it suffices to show the following identity:

Cha /S o Akalrw, sm 2)p(m)du(n) do(n) = A (1, 5; 2)p(w)

for all p € 7™ (RY) and m € N. This follows from Theorem 4.20, Proposition 4.21, and (4.48).
Hence, Theorem 4.23 is proved. O

4.4 The a =1, 2 case
As we have seen in Theorem 4.23, the kernel function Ay, 4(x, y; z) for the holomorphic semigroup
Q. a(72) is given as

A o(rw, sm; z) = (thk@(r, s;2; ) (w, m).
See (2.6) for the definition of Vi.. In this section, we give a closed formula of hi.a(r, s; 23 t) for
a=1,2, and discuss the convergence of the integral (4.56) in Theorem 4.23.

4.4.1 Explicit formula for hyq(r, s; z;t) (a=1,2). When a =1, 2, the series expansion in
(4.53) can be expressed in terms of elementary functions as follows.

THEOREM 4.24. Let (k) be defined in (2.3), and I,, the normalized I-Bessel function (see (4.9)).
Then, for z € CT\inZ, we have

exp(—(1/a)(r® 4+ s*) coth(z))

hk’a(r’ 5 % t) - sinh(z)(2<k>+N+a—2)/a
N -1\~ V2(rs 3 1

F<<k> + 2>I<k>+(N3)/2 <sn(1h,z*(1 + t)2> (a=1),

X (4.58)
rst

=2).

P (sinh z) (a=2)
Proof. In view of the definition (4.49) of hy, 4(r, s; 2; t), Theorem 4.24 follows from formulas (4.45)
and (4.46) for . (a, v; w;t) in Example 4.18. O

4.4.2 Absolute convergence of integral representation. By using Theorem 4.24, we shall give
an upper bound for Ay ,(z, y; 2). We begin with the following lemma.

LEMMA 4.25. Forb=1, 2,
|7 (b, v; w; )] < elRe v (4.59)
for any t € [-1,1], v >0, and w € C.

1311

https://doi.org/10.1112/50010437X11007445 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X11007445

S. BEN SAID, T. KOBAYASHI AND B. )RSTED

Proof. We have seen in (4.45) and (4.46) the explicit formulas of .# (b, v;w;t) for b=1, 2.
Then (4.59) is obvious for b= 1, and follows from the upper estimate (4.16) of the I-Bessel
function for b= 2. O

PROPOSITION 4.26. Suppose b is a positive number, for which the inequality (4.59) holds. Let
a:=2/b. Then the function Ay q(x,y; z) (see (4.52)) satisfies the following inequalities.

(1) For Re z > 0, there exist positive constants A, B depending on z such that
[Aka(@,y; 2)| < Aexp(=B(||z[|” + [[y|)) for any ,y € RY. (4.60)
(2) For z=ip+e (neR\7Z,e>0),

1
|Sin(,u,) | (N+2(k)+a—2)/a"

Remark 4.27. By Lemma 4.25, the assumption of Proposition 4.26 is fulfilled for b =1, 2. We
do not know if (4.59) holds for b other than 1 and 2.

Ak, ysip+e€)| < (4.61)

Proof. Suppose the inequality (4.59) of Z(b,v;w;t) holds. Then, by the definition of
hio(r, 55 25 t) in (4.49), the inequality (4.59) brings us to the following estimate:

1 1 2
o _ ~a a “ a/2
ia(ros 01 € s o0 (4 07+ 7o) ) exp( 2 2a(2)806) )

Here we have used the functions a(z) and ((z) defined in Lemma 4.2. Since r® 4 s > 2(rs)%/2,

we have obtained

1 1 . a
|hk,a(r7 87 Z7 t)| < |Sinh(z)‘(]\/’+2<k>+a_2)/a exp(—a(T + S )O[(Z)(]. - |ﬂ(2)‘)> *

We recall that Ay ,(z, y; 2) is defined by applying the operator Vi to hia(r, s;2; ) (see (4.52)).
Then it follows from Proposition 2.5 that

|Ak7a(l’, Y Z)| < ||hk,a(rv S5 25 ')HLOO

1 1 o a

e o (g el + a0 - 3E).
Suppose now that Rez>0. Then a(z) >0 and |B(z)| <1 by Lemma 4.2. Hence, we have
proved (4.60).

On the other hand, suppose z=iu+e (u€R\nZ,e>0). Then a(z) >0, [5(2)]<1 by
Lemma 4.2, and, as we have seen in (4.23),

<

|sinh z| > [sin p|.
Hence, we have shown (4.61). O
Now we are ready to prove the following corollary.
COROLLARY 4.28. Suppose we are in the setting of Theorem 4.23. Let a =1, 2.

(1) For Rez >0, the right-hand side of (4.56) converges absolutely for any f & L?>(RY,
Vo) dz).

(2) For z=1iu€i (R\nZ), the right-hand side of (4.57) converges absolutely for all f €
(LN L) (RN, 9y o () dx).
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Proof. (1) It follows from Proposition 4.26(1) that
Ak‘,a(x7 Y; Z) € L2(RN X RN: ﬁk,a('x)ﬁk,a(y) dx dy)
for Re z > 0. Therefore, the corollary is clear from the Cauchy—Schwarz inequality.

(2) We shall substitute z by € + iu in (4.56) and let e go to 0.
For the left-hand side of (4.56), we use Theorem 3.39(1), and get

11_% Qk,a ('76+i,u) = Qk,a (Viu)'
For the right-hand side of (4.56), thanks to Proposition 4.26(2), we see that
lim / Ao, ysip+€) f(y)Oha(y) dy = / Apa(,y; i) f(y)Or.a(y) dy
el0 JrN RN

for f € LY (RN, ¥4 q(y) dy) by the Lebesgue dominated convergence theorem. Hence, we have
shown that

Oal ) )e) = [ o) F(0)Dalw) do

and the right-hand side converges for any f € (L' N L?)(RY, 9 .(y) dy). Hence, Corollary 4.28
has been proved. O

4.5 The rank-one case

For the one-dimensional case, the only choice of the non-trivial reduced root system % is
# ={x1} in R up to scaling, corresponding to the Coxeter group € ={id, o} ¥ 7Z/2Z on R,
where o(z) = —z. Here (k) = k. In this section, we give a closed form of Ay ,(z, y; z) for N =1.

First of all, for N =1 and a > 0, we note that we do not need Lemma 4.19, for which the
assumption was 2(k) + N > 1. Hence, instead of (4.55), we simply need the following assumption:

a>0 and 2k>1-a. (4.62)

The goal of this section is to find a closed formula of the kernel function Ay ,(z, y; 2) (see (4.52))
for all @ > 0 and for an arbitrary multiplicity function subject to (4.62).

PROPOSITION 4.29. Let N=1,a>0, k>0, and 2k > 1 — a. For 2 € C*\irZ, the holomorphic

semigroup Q. o(7z) on L3(R, |z|?***=2 dz) is given by

2k +a—1
a

-1
Qpa(72) f(2) :2—1a—((2k—1)/a)r‘< ) / FW)Aa(z, y; Z)|y’2k:+a—2 dy,
R

where

2%k +a — 1\ e~ (/o) (|z|*+[y|*) coth(z)
> sinh(z)@k+a-1)/a

~ 2 |yl 1 2y - 2 |zy|/?
X (I(Qk_l)/a<asinh(z) + L2 Sinh(z)Q/aI(QkH)/a asinh(z) ) (4.63)

Here I,,(w) denotes the normalized Bessel function (4.9).

Apolz,y; 2) = T(

a

Proof. By Theorem 4.20, the kernel Ay ,(z,y; z) can be recovered from a family of functions

{Al(:;) (r,s;2) :m €N}. In the rank-one case, SY consists of two points and, correspondingly,
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Theorem 4.20 collapses to the following.
—1

Cka 4 (0 1
Arale,ys2) = (A (2], yl: 2) + Ao (e, lyl; =) sen(ay))
-1 —(1 a+ a th
_ %kace ( /a)(lvf\ ly|*) coth(2) g HHO72)
2 sinh(z)

2 |wy|"/? 2 |ay|/?
L, (2 L, (2
% (A’“’“’()(a sinh(z) T a sinh(z) sgn(zy)

~L—(1/a)(|z|*+|y|*) coth(z)

_ kat
2 sinh(z)
1 ~ 2 a/2 - 2 a/2
X A B I)\k o\ = |xy‘ + A oy 2 I)\k 1\ = |J"y’ )
(a sinh(z))*a0 %9\ g sinh(z) (a sinh(z))Mwa1 "M a sinh(z)
where
2k —1 2k + 1 2k -1
)\k,a,O = ) )\k’,a,l = + 5 C,;i = 2a((2k_1)/“)f‘ (+ a > .
a a ’ a

Here we have used Example 4.22 for the first equality, and the formula (4.20) of A,(:ZL) for the
second equality. This finishes the proof of Proposition 4.29. O

5. The (k, a)-generalized Fourier transforms .7 ,

The object of our study in this section is the (k, a)-generalized Fourier transform given by
fk = 6(7ri/2)((2(k>+N+a—2)/a) exp <7ri(||x||2—aAk o HxHa)) '
’ 2a

This is a unitary operator on the Hilbert space L2(RN, ¥y ,(z) dz).

As we mentioned in the Introduction, the unitary operator .#j, includes some known
transforms as special cases:

— the Euclidean Fourier transform [How88] (a =2, k=0);
— the Hankel transform [KMO07a] (a =1, k=0),
— the Dunkl transform % (a =2, k> 0).

In this section, we develop the theory of the (k, a)-generalized Fourier transform .%j, , for general a
and k by using the aforementioned idea of sls-triple. The point of our approach is that we interpret
F1q DOt as an isolated operator but as a special value of the unitary representation €y, , of the

e~ —

simply connected, simple Lie group SL(2, R) at v,/ (see (3.37)), or as the boundary value of the
holomorphic semigroup. Then we see that many properties of the Euclidean Fourier transform
can be extended to the (k, a)-generalized Fourier transform %, by using the representation

theory of SL(2, R). Our theorems for .%#}, , include the inversion formula, a generalization of the
Plancherel formula, the Hecke formula, the Bochner formula, and the Heisenberg inequality for
the uncertainty principle.

As in Diagram 1.4 of the Introduction, the Hilbert space L?(RY, ¥y ,(z)dz) admits

P

symmetries of € x SL(2,R) for general (k,a), and even higher symmetries than € x SL(2, R)
for particular values of (k,a). In fact, if k=0, then the Hilbert space L2(RY, ¥y (z) dzx) is
a representation space of the Schrodinger model of the Weil representation (see [Fol89] and
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references therein) of the metaplectic group Mp(N, R) for a = 2, and the L?-model of the minimal
representation (see [KO03]) of the conformal group O(N + 1, 2) for a = 1. The special value a = 2
has a particular meaning also for general k in the sense that .7}, o is equal to the Dunkl transform
Px. How about the a =1 case for general k7 The unitary operator

% = ng (51)

may be regarded as the Dunkl analogue of the Hankel-type transform .%y; (see Diagram 1 of
the Introduction). As we have seen in §4.4, this unitary operator %4 can be written by means
of the Dunkl intertwining operator Vj, and the classical Bessel functions (see §5.3).

5.1 1 as an inversion unitary element
The (k, a)-generalized Fourier transform Z, on L2(RY, 9y ,(x) dx) is defined as

ﬁk Y= ei(Tr/Z)((2(k)+N+a72)/a)Qk a(f)/iﬂ/2)- (52)
Here we recall from (3.37) that

T T (0 —1
ea(30)-en (5 )

—_~—

is an element of the simply connected Lie group SL(2,R) and, from Theorem 3.30, that €, , is

a unitary representation of SL(2, R) on the Hilbert space L*(RN, ¥y o(z) dz).

In this subsection, we discuss basic properties of .7, , for general k and a, which are derived
from the fact that v,/ is a representative of the non-trivial (therefore, the longest) element of
the Weyl group for sls.

THEOREM 5.1. Let a > 0 and k be a non-negative multiplicity function on the root system %
satisfying the inequality a + 2(k) + N > 2 (see (3.30)).

(1) (Plancherel formula) The (k, a)-generalized Fourier transform Fy, o : L>(RY | 9, o () dx) —
LY(RN, 9 o(x) dz) is a unitary operator. That is, Fy,, is a bijective linear operator satisfying

k.a k= k lor aly » Vk,a\l) G ).
[ Fka(Dlle =71k f f e L*(RY, Oy o(x) dx)
(2) We recall from (3.28) that <I>1ga) (p, ) is a function on RN defined as

a Ae.am 2 a 1 a
o ) =)L) (2l ) exp (<L lel ). weRY

a
for £,m € N and p € 5,"(RY). Then @éa) (p, -) is an eigenfunction of F}, 4:
e%k,a(@éa) (p, ")) = e*”(”’"/a)tbéa) », ). (5.3)

Proof. Since the phase factor in (5.2) is of modulus one, the first statement is an immediate

consequence of the fact that  , is a unitary representation of SL(2, R) (see Theorem 3.30).
To see the second statement, we recall from Proposition 3.12(1) and Theorem 3.19 that

@éa)(n -) is an eigenfunction of wy (k). Then the integration of (3.33a) leads us to the
identity (5.3). O

COROLLARY 5.2. The (k, a)-generalized Fourier transform %}, , is of finite order if and only if
a € Q. If a is of the form a = q/q’, where q and ¢’ are positive integers, then

(o) = id.
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Proof. We recall from Proposition 3.12(3) that
Wia(RY) = C-span{®{”(p,-) : £ € N, m € N, p € A" (R")}
is a dense subspace in L2(RY, 9}, ,(z) dz). Hence, it follows from (5.3) that the unitary operator

Fk.a is of finite order if and only if a € Q. If a = ¢/¢/, then ()7 acts on @éa) (p, ) as a scalar
multiplication by
(efiw(Zer/a))Zq -1

for any m € N and any p € #™(R"). Thus, we have proved (F ,)% = id. O

Corollary 5.2 implies particularly that 7, := %1 (see (5.1)) is of order two, and the Dunkl
transform 7, = %, o is of order four. We pin down these particular cases as follows.

THEOREM 5.3 (Inversion formula). Let k be a non-negative multiplicity function on the root
system .

(1) Let r be any positive integer. Suppose 2(k) + N >2 —1/r. Then # . is an involutive
unitary operator on L*(RYN, ¥} 1/,(x) dz). Namely, the inversion formula is given by

(ﬁk,l/r)il = Fk1/r (5.4)

(2) Let r be any non-negative integer. Suppose

2{k N >2— .
<>+ = 2r+1

Then Fy, 2/(2r41) 18 a unitary operator of order four on L*(RN, Vk,2/(2r+1)(7) dx). The inversion
formula is given as

(f,ggl/(gm)f)(w) = (Fk2/@r+1)f)(—T). (5.5)

Proof. The first statement has already been proved. In the second statement, we remark that the
inversion formula (5.5) is stronger than the fact that (Fy ,)* = id for a = 2/(2r + 1). To see (5.5),
we use (5.3) to get

(Fa) @ (p, ) = exp(—m(2r + 1)) dL (p, )
= (-1)"2(p. )

if a=2/(2r + 1). Since p(—z) = (—=1)™p(x) for p € ™ (RY), we have shown that (5.5) holds
for any f € W o(RY). Since Wy o(RY) is dense in L2(RY, ¥ 4(2) dz), we have proved (5.5). O

Remark 5.4. Theorem 5.3(2) for r =0 (that is, .#j 2 = %}, the Dunkl transform) was proved in
Dunkl [Dun91], and followed by de Jeu [Jeu93], where the author proved the inversion formula for
C*-valued root multiplicity functions k. Our approach based on the SLs representation theory
gives a new proof of the inversion formula and the Plancherel formula for .%}, , even for a = 2.

Remark 5.5. We recall from Theorem 3.31 that L2(RY, 9 ,(x) dx) decomposes into a discrete

P

direct sum of irreducible unitary representations of G = SL(2,R). Hence, the square (Fy,)?
acts as a scalar multiple on each summand of (3.43) by Schur’s lemma because v; is a central
element of G (see (3.38)) and (P 4)? = (k) +NFa=2)/a)qy,  (~ 1) by (5.2). Since yx; acts on
the irreducible representation (g 4.n) as a scalar e~ M.am+1) by Fact 3.27(5), F2Z, acts on it
as the scalar 7

eiﬂ'((2(k)+N+a72)/a)efm'()\kya,erl) _ 672m7ri/a.

This gives us an alternative proof of Corollary 5.2.
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Next we discuss intertwining properties of the (k, a)-generalized Fourier transform %, , with
differential operators. Let E = Z;\le 7;0; be the Euler operator on RY as before.

THEOREM 5.6. The unitary operator %, satisfies the following intertwining relations on a
dense subspace of L*>(RY | 9y, , () dx).

(1) FreoE=—(E+N+2k)+a—2)0F,.
(2) Fraollz]® =—lz]*" Ak 0 Fpa.
(3) Frao 2> Ar = —||z]|* 0 Fpa.

These identities hold in the usual sense, and also in the distribution sense in the space of
distribution vectors of the unitary representation of G on L*(RN, ¥y, o(z) dz).

If we use ¢ (instead of z) for the coordinates of the target space of %y ,, we may write
Theorem 5.6(2) and (3) as

Falll - 1°F)(€) = ~IEIP* ArFral(£)(E), (5.6a)
Fialll- [P AF)(E) = €1 Fra(£)(E)- (5.6b)

Proof of Theorem 5.6. We observe that 7.2 is a representative of the longest Weyl group
element, and satisfies the following relations in sls:

Ad(Vri2)h=—h, Ad(ym)e” =—e7, Ad(yrij2)e” =—e"
(see (3.1) for the definition of e™, €™, and h). In turn, we apply the identity
Q0 (9)wh a(X)a(9) ™" = wra(Ad(9)X) (9€G, X €g)
to Eza =wpa(e’), By, =wia(e”), and Hy o = wgq(h) (see (3.6)). Then we have

gk,a o Hk,a = _Hk,a o yk,aa
t(}\k,a © E—ki_,a = _E];a © ﬁk,aa (57)
yk,a o E];a = _E;a o <9fk;,a

because .F}, , is a constant multiple of Q 4(7Vri/2) (see (5.2)). Now Theorem 5.6 is read from the

explicit formulas of E;:,a’ Ey. ., and Hy o (see (3.3)). O

5.2 Density of (k, a)-generalized Fourier transform %y,

By the Schwartz kernel theorem, the unitary operator %, can be expressed by means of a
distribution kernel. By using the normalizing constant c, (see (4.47)), we write the unitary
operator .y , on L2(RY 9y ,(z) dz) as an integral transform:

Feal©) = cna | | Brol€ ) (@)0ia(a) do. (53)

Comparing this with the integral expression of € ,(7.) in Theorem 4.23, we see that the
distribution kernel By, o (¢, ) in (5.8) is given by

Bk,a(xa y) = em((2<k>+N+ai2)/2a)Ak,a (xa Y, Z;) (59)

because Fy, , = ek FNTa=2/20)Q, (v, o) (see (5.2)).
Now Theorem 5.6 is reformulated as the differential equations that are satisfied by the
distribution kernel By, o(z, &) as follows.
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THEOREM 5.7. The distribution By, 4(+, -) solves the following differential-difference equation on

RN x RN:
Eka,a(ﬁv .’L‘) - EEBk,a(& x)v (5.10&)
I€°~* AL Br.a(§, ) = — ||| Br.a(é, ), (5.10b)
|2]*~*Af Br.a(§, 2) = —[|€]|* Br.a (&, ). (5.10¢)

Here the superscript in E*, Ay, etc indicates the relevant variable.

Remark 5.8. For a =2, Theorem 5.7 was previously known as the differential equation of the
Dunkl kernel (cf. [Dun89]).

Proof of Theorem 5.7. First we use the identity (5.7) as operators on RY for any a > 0 and k.
It is convenient to write

1
Hk@ = E(f + 2E)7
where E is the Euler operator and ¢:= N + 2(k) + a — 2. Then, by (5.8), the identity (5.7)
implies
[+ 2B @) Bl 0ol da == [ @)+ 2B Bra(€ 0)ha(a) e (510
for any test function f(z) (that is, f(z)dg(z)"/? € Z(RN)).

Now we recall that the density ¥ 4(z) (see (1.2) for the definition) is homogeneous of degree
a—2+2(k)(=¢— N), and we have

E*kq(x) = (0 = N)Upa(). (5.12)
On the other hand, it follows from Z;Vzl xj(0/0x;) — Zé\le(a/axj)a:j = —N as operators that
we have
/ (B f)(0)g(@) do=— | f(2)(N + E*)g(x) da. (5.13)
RN RN

Combining (5.12) and (5.13), we have

the left-hand side of (5.11) = — (x)(Bya(&, ) + 2E* By (&, ) Vg o(x) dz.
RN

Hence, the identity (5.11) implies that the distribution kernel By, ,(, ) satisfies the differential
equation

EmBk,a(&v l’) = EgBk,a(ga l’) (514)

Next the identity (5.6a) implies

/ By.a(&; 2)||2]|* f () U ax) dw——\lﬁHz_“Ai/ By.a(§; 2) f (2)01,0(2) dx
RN RN

for any test function f. Hence, the second differential equation (5.10b) follows.
Finally, by the identity (5.6b), we have

/‘Bm@wxwwaawwm%mwm——ww/iBM@JV@Mm
RN RN
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Since ||z]|2~*A% is a symmetric operator on L?(RY, ¥y ,(x) dz), the left-hand side is equal to

/RN |2]1*~ (A Bra (€, 2)) f (2)0,a(x) da.

Hence, the third differential equation (5.10c) is proved. O

We continue with basic properties of the kernel By, o(&, ) of the (k, a)-generalized Fourier
transform.

THEOREM 5.9. Let By (-, ) be the distribution defined in (5.8). Then By, o(-, -) satisfies:
(1) Bia(Az, &) = By oz, X§) for A > 0;
( Bk,a(h$a hé) = Bk,a(:l:a 5) for h € 67

2)
(3) Bk,a(é.v l‘) = Bk,a(xv g);
(4) Byq(0,z)=1.

Proof. (1) This statement follows from the differential equation (5.10a) given in Theorem 5.7.

(2) Since #}, , commutes with the action of the Coxeter group €, the second statement follows
from the fact that ¥y o(x) dz is a €-invariant measure.

(3) Putting p=7/2 in (4.50), we get

. a/2
h (r . m.t) _ o mi((2(k)+N+a2) /20) j(2 2k) + N —2 2(rs)/ -t) (5.15)
al '’y 9 97 ) ’ ’ ’ ’

a 2 at

T e
Pk q <T, 5 t) =hpq (87 e t> :

In view of (4.52) and Proposition 2.5, we conclude that

Iy ™
Ak,a <$, Y; 2) = Ak,a <y7 xz; 2> .

Hence, the third statement has been proved.

(4) By Lemma 4.17, hy o(r, 0; 7i/2; t) = e (k) +N+a=2)/20) "Gince the Dunkl intertwining
operator Vj, satisfies V(1) =1 (1 is the constant function on RY) (see (I2) in §2), it follows
from (4.52) that Ay, (z,y; 7i/2) = e (k) +NFa=2)/20) Finally use (5.9). ]

In particular, we have

5.3 Generalized Fourier transform .7 , for special values at a =1 and 2

In this subsection, we discuss closed formulas of the kernel By ,(z,y) of the (k, a)-generalized
Fourier transform %}, , (see (5.8)) in the case a =1, 2. The (k, a)-generalized Fourier transform
F.q reduces to the Dunkl operator 7, if a =2, and gives rise to a new unitary operator J,
the Dunkl analogue of the Hankel transform, if a = 1.

We renormalize the Bessel function J,, of the first kind as

_ w\ Y e —1)q2¢
To(w):= (2) T (w) = 1; 22fe!(r(u)+e+ ) (5.16)

Then, from the definition (4.9) of I,(z), we have
Jy(w) = I,(—iw) = I, (iw).
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By substituting z = 7i/2 into (4.58), we get the following formula:

T
Nia (7“, S5 t)

N-1 —(m -7
LR+ —5— e T/BCEEIN Ty s (v-52(V2(rs) 21+ 1)2) (a=1),

ef(m'/Q)(<k>+N/2)efirst (a _ 2)
Together with (5.9) and (4.52), we have the following proposition.

PROPOSITION 5.10. In the polar coordinates x = rw and y = s, the kernel By, ,(x,y) is given

by
() + 25 ) Tl ooV F D) (= 1),
By o(rw, sn) = 2 (5.17)
(Vi(e™™))(w, ) (a=2).
As one can see from (5.17), the kernel By 2(x, y) coincides with the Dunkl kernel at (x, —iy)
(cf. [Dun92]).

THEOREM 5.11. Let k be a non-negative root multiplicity function, a =1 or 2, and z,y € RY.
Then ’Bk‘,a(:va y)‘ <L

Proof. Theorem 5.11 follows from the special case, that is, pu=m/2, of Proposition 4.26(2)
because | By (2, y)| = |Ag oz, y; i7/2)| by (5.9). O

Remark 5.12. For a = 2, it was shown that | By a(z, y)| is uniformly bounded for z, y € R first
by de Jeu [Jeu93| and then by Rosler [R6s99a] by 1.

We note that Theorem 5.11 implies the absolute convergence of the integral defining % ,,
for a=1,2, on (L' N L) (RN, ¥y () dz), as we proved in Corollary 4.28.

5.4 Generalized Fourier transform .%p , in the rank-one case
This section examines %}, , and its kernel By, o(x, y) in the rank-one case.

Suppose N =1, a >0, k > 0, and 2k > 1 — a. Then, by the explicit formula of the kernel Ay,
(see Proposition 4.29), followed by the formula (5.9), we get

By a(z, y) = e™/2(Chta-D/a) y <x W-W)
;A\ ,a s I )

2k +a—1 a T ~ "
:P<a> <‘](2k 1)/ ( |zy| /2) ﬁj(2k+1 ( |zy| /2>>,(5.18)

where J,(w)=1I,(—iw) is the normalized Bessel function given in (5.16); here the
branch of i2/% is chosen so that 12/¢ =1. Thus, for a >0, k€ R" such that 2k >1—a,
and f € L*(R, |z|?*t9=2 dx), the integral transform .7} , takes the form

Feafly) =271 a~(ZE=D)/a) /f ( (2k—1)/ < |~”Uy\a/2)

Ty 7 a a—
=+ WJ(2k+1)/a<a‘$y| /2>>$|2k+ 2 da.
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Remark 5.13. If we set

1
B (e, ) = 5[Bra(e. y) + Brale, —y)

2k4+a—1Y\ ~ 2 a
= F<>J(2k—1)/a <|93Z/| /2>7
a a

then the transform % ,(f) of an even function f on the real line specializes to a Hankel-type
transform on R;.

Let us find the formula (5.18) by an alternative approach. First, for general dimension RN,
by composing (5.9), (4.52), and (5.15), we have

Byo(e.y) = <‘7’“’¢(Z’ 2(k)+ N —2 2(7«5)3/2; ‘)>(<w7 ")

2 i
in the polar coordinates z = rw, y = sn. Furthermore, in the N = 1 case, a closed integral formula
of the Dunkl intertwining operator Vj is known:

Lk+3) !
(Vif)(e) = ka;(i [ seasoo-eytas (5.19)

see [Dun91, Theorem 5.1]. Hence, we might expect that the formula (5.18) for the kernel
By, o(z,y) could be recovered directly by using the integral formula (5.19) of V. In fact, this is
the case. To see this, we shall carry out a computation of the following integral:

Nk+1 1 k — rs)%/?
Bk,a(x,y)zr((k)::é))/lf<2,2 L 2(rs) ;t(w,n)>(1+t)(1—t2)k1dt (5.20)

a 2 at

for v =rw, y=sn (r,s >0, w,n==+1).

We notice that the summation (4.42) for . (b, v; w;t) is taken over m =0 and 1 if N =1.
Hence, we have

_ a/2
PEESETETIN

a 2 at

2k+a—1\ /[~ 2|ay|*/? (2k + 1)tey ~ 2|ay|*/?
=TI <a > (J(le)/a < a + (ai)2/a J(2k+1)/a a .

On the other hand, by using the integral expression of the Beta function and the duplication
formula (4.37) of the Gamma function, we have

T(k+3) (', N (m =0),
oS )/0 (14 1) (1 = £2)F gt = 2k1+1 )

Substituting these formulas into the right-hand side of (5.20), we have completed an alternative
proof of (5.18).

N[

5.5 Master formula and its applications

5.5.1 Master formula. We state the following two reproducing properties of the kernel By, ,
of basic importance.
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THEOREM 5.14 (Master Formula). Suppose a > 0 and k is a non-negative multiplicity function
satisfying 2(k) + N > max(1, 2 — a).

(1) For z,y € RN, we have
7
cha | exp(nuna) B, ) Bia (1, 9)Va()
RN a
3 — a i a a
— im((2(k)+N+a—2)/ )exp<—a(||a:|] + |yl ))B;w(x,y). (5.21)

(2) Let p be a homogeneous polynomial on RN of degree m. Then we have

I B 1 O e R e T [ e e
— el exp (<o) exp (551128 )p ) o) (5.22)

Remark 5.15. For a =2, the reproducing properties (5.21) and (5.22) were previously proved in
Dunkl [Dun92, Theorem 3.2 and Proposition 2.1]. In that case, these properties played a crucial
role in studying Dunkl analogues of Hermite polynomials (see [RV98, § 3]), the properties of the
heat kernel associated with the heat equation for the Dunkl operators (see [RV98, §4]), and the
construction of generalized Fock spaces (see [BO06, §3]).

5.5.2 Proof of Theorem 5.14. We begin with the proof of (5.21). From the semigroup law

Qk,a('yzl)Qk,a ('YZQ) = Qk,a ('7z1+ZQ) for Y15 Vzp € F(W)’
the integral representation of Q 4(7.) (see Theorem 4.23) yields

cka/ Aka(:z,u;iﬂ>Aka(u,y;iﬂ>29ka(u)du:Aka<x,y;iF>. (5.23)
@ Jan 1) 1 )"k : 2

p=2(ky+N+a—2.

In view of (4.49), a simple computation shows

hie.o(r, ;i /45 1) (z >
a\" 2 ’ _ 2u/2a Ya ay
hi.a (2107, 83 i /25 ) P a(r +57)

We set

Applying Vi, and using (4.52), we get

Aol 2w 20} = 20720 o [ L (1|21 + Jul|®) ) A | 27/ %2, u; =
’ 4 a ’ 2
= e exp( Ll + ) Ba@ im0, (620)
a
In the second equality, we have used (5.9). By substituting (5.24) and (5.9) into (5.23), we get

27
ck,a/ exp(HuH“)Bk’a(Ql/“a:, ) Br.o (2Y %, y) Vg o (u) du
RN a
v
a

— e oxp( =L (12 + ")) Bua(o. )
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Since By o(2'/%x, u) = Byq(z, 2/%u) (see Theorem 5.9(1)) and 9}, 4(u) du is homogeneous of
degree N + 2(k) + a — 2 = p, the left-hand side equals

24000 [ exp( Ll ) BraCe ) Bl )0na(u)
RN a

Hence, (5.21) is proved.

The remaining part of this subsection is devoted to the proof of the second statement of
Theorem 5.14.

We recall from (3.3) and (3.6) that

01 1
Bu =k (§ o) = 2l

B 0 0\ i, .o
Ek:,a = Wk,a <1 O> = 5”'%“ aAk

—_—

are infinitesimal generators of the unitary representation €, of SL(2, R) on L?(RY, ¥y, o(z) d).

We set
(0 1 t (0 0
co:=Expi <0 0) Exp 3 (1 0) , (5.25)
and introduce the operator
. T 1 1 _
By, = exp(i E:a) eXp<2Ek7a> = exp (—aHxHa) exp (—QanHQ aAk> . (5.26)
Then, the following identity in slo,
1 1 o\t
2 Y1 (1 o0 5 ! 0 1
Ad(co)h= | 2 2 =i —k, (5.27)
1 0 —1 1 -1 0
-1 -1
2 2
leads us to the identity of operators:
%k,a 9] wk’a(h) = u)k,a(k) o %k,a- (528)

Since Hy, 4 = wy o(h) acts on homogeneous functions as a scalar (see (3.3)), we know a priori
that homogeneous functions applied by %, are eigenfunctions of wy (k). Here is an explicit
formula.

PROPOSITION 5.16. For ¢, m € N and p € 7" (RY),

L
Bualpla)l1) = (-5 ) 00 ..

Proof. We recall from Lemma 3.7 that the linear map
T, : C*(RY) ® C®(Rs) — CF(RY\{0}),  (p,¥) = p(a)y(||z[|")
RY) ® C%(R,):

T ) a( d? d
exp §Ek,a (e} Ta = Ta o ld [ exp —5 TW + (}\k,mm =+ 1) % . (529)

A~~~ ~—

satisfies the following identity on ;™
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Applying (5.29) to p ® ¢, and using Theorem 3.11, we get

exp(;Eha>o]}@?@rﬁ@@rz]}(p@>(—;y}UéM“mﬂ<zr>>ﬂﬂ

a\’ Oeam) [ 2
k,a,m a
= (-5) @zl (2pale).

Hence,
al P e Z _ ¢
Bralple)ol®) = exp BL) exp( 5, ) Tulp o )
‘
1 2
— (-3) ewta) exp (= Hlol ) ) (1)
a\
- <_> 03 (p, ).
2
Thus, Proposition 5.16 has been proved. o

Remark 5.17. Let p € ™(RY). By (3.3), wgq(h) acts on p(x)||z[* by the multiplication of

the scalar Ay m + 14 2¢. Hence, wy, q(k) acts on @éa) (p, x) as the same scalar Ay g, + 14 27.
This gives an alternative proof of the formula (3.33a) in Theorem 3.19.

We now introduce the vector space
Py (RY) := C-span{p(z)|z||* : p € 4™ (RY) for some m € N, £ € N}. (5.30)
For a = 2, 225(RY) coincides with the space Z(R") of polynomials on R" owing to the following
algebraic direct sum decomposition (see [BO06, Theorem 5.3)):

]
PN = @ @ a4 ®Y).

m=0 (=0
We introduce an endomorphism of Z,(RY), to be denoted by (e~/%)*, as
(e ™) (p(a)||2]|*) = e/ OTp(z) 2|, for p€ A" (RY) and £ € N. (5.31)

Remark 5.18. The notation (e~*/%)* stands for the ‘pull-back of functions’ on the complex
vector space CV given by

(™™ f(2) = fle™™ ).

However, taking branches of multivalued functions into account, we should note that (e=¥7/@)*
1

id for a=3.

The next proposition is needed for later use.

PROPOSITION 5.19. For a > 0, the following diagram commutes.

By w
Po(RN) Y L2RY, O () da)
(e—iﬂ/a)*l igzk’a
%jk’,a
P(RY) L2(RN, Vp.a(x) dz)
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Proof. The identity (5.28) in sly lifts to the identity
%ha o Qk’a(EXp t h) = Qkﬂ(EXp t k) o %k,m
and in particular
%k,a o} Qk,a <EXp ;h) = Qk,a <EXp ;k) o e@kva
i i
on Z,(RY), where both sides make sense. In terms of the (k, a)-generalized Fourier transform
Fr.a (see (5.2)), we get
mi2(k) + N +a—2

<%k’,a oexp\ Qk:,a Exp Eh = yk,a © <@k’,a'
2 a 21

On the other hand, we recall from (3.6) that

N

2 N+ 2(k)+a—2

wia(h) =~ > w05+ - :
j=1

and therefore its lift to the group representation is given by

(Upa(Exp £ b) f)(z) = exp (N el ras Qt) f(e¥/az) (5.32)

Substituting ¢t =7/2i, we get %k,ao(e*i“/“)*:ﬂk’ao%k,a. This completes the proof of
Proposition 5.19. O

When £=0 and a =2, %p2 coincides with the inverse of the Segal-Bargmann transform
restricted to Z(RY) = P 5(RY) (cf. [Fol89, p. 40]). We may think of %y, as a (k, a)-generalized
Segal-Bargmann transform. We are ready to prove the second statement of Theorem 5.14.

Proof of Theorem 5.14(2). In view of Proposition 5.19, we have Fj 40 By o(p) = PBrao
(e=*™/2)%(p). Since (e~"™/*)*p(x) = e~"™"/%p(z) for a homogeneous polynomial of degree m, we
get

yk,a © t@k,a<p) = e—imw/a%k’a(p)‘

Hence, the reproducing property (5.22) is proved. O

5.5.3 Application of master formula. As an immediate consequence of the master formula
(see Theorem 5.14), we have the following corollary.

COROLLARY 5.20 (Hecke-type identity). If in addition to the assumption in Theorem 5.14(2),
the polynomial p is k-harmonic of degree m, then (5.22) reads

fk,a(e_” M apy (&) = et/ ame=(/aliEl" g, (5.33)

Corollary 5.20 may be regarded as a Hecke-type identity for the (k, a)-generalized Fourier
transform %}, ,. An alternative way to prove this identity would be to substitute 0 for £ in (5.3).

The identity (5.33) is a particular case of Theorem 5.21 below. For this, we will denote by
H, , the classical Hankel transform of one variable defined by

H, ,(¥)(s):= /000 @/}(T)i, <Z(r3)a/2> S Vs (5.34)

for a function ¢ defined on R.. Here .J,, is the normalized Bessel function J, (w) = (w/2)~" J, (w)
(see (4.9)). Then the (k, a)-generalized Fourier transform .7}, , satisfies the following identity.
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THEOREM 5.21 (Bochner-type identity). If f € (L' N L?)(RY, 9, ,(x) dx) is of the form f(x) =
p(2)¢(||z) for some p € 5,(RY) and a one-variable function 1 on R, then

Fralf)(E) = a (@mA2k)FN=2)/a)=i(m/aym, ¢) H, omt2)+n5—2)/a(0)IE]])-
In particular, if f is radial, then .#y, o(f) is also radial.

Remark 5.22. The original Bochner identity for the Euclidean Fourier transform corresponds to
the case a =2 and k£ =0. For a =2 and k£ > 0, Theorem 5.21 corresponds to the Bochner identity
for the Dunkl transform, which was proved in [Ben07]. For a =1 and k=0, it is the Bochner
identity for the Hankel-type transform on RV (see [KM07a]).

Proof of Theorem 5.21. It follows from (4.20) that
- . . o 9
Al(c,a) <7a7 S 7;) = €xXp (_T;()‘k,a,m + 1)) (7"8) k) N/2+1J)\k,a,m (a(rs)a/2>

7 ~ 2
Ot + 1) B (209072). 539

We set 1y, (r) :=r™)(r). Since p is homogeneous of degree m, we have

p(>wm<||xu> = p(@)e(|lz]).

]

= g Mkam (rs)™ exp (

m)

From the definition of the unitary operator Q,(€ o (72) (see (4.3)), we get

Qe a(72) (@) = p() ]| ™ ()12

:p(l')HxH_m/O AI(J,Z)(WH,S, Z)U}m(s)52<k>+N+a—3 ds.

Substituting (5.35) into the above formula with z = 7i/2, we get
_>\k a,m 7TZ
Qk,a(rYWi/Q)f(x) =a T exp *?()‘k,a,m + 1) p(SU)
* = 2 a m a—
[T B Cllall otz
_ i
= a Mkam exp <—2()\k,a7m + 1)>p(x)Ha7>\k’a’m (W) (J|z]))-
Now Theorem 5.21 follows from (5.2). O

5.6 DAHA and SLs-action

In this subsection, we discuss some links between the representation €2 , of SL(2, R) in the a =2
case and the (degenerate) rational DAHA (double affine Hecke algebra). To be more precise, we

shall see that our representation €252 of SL(2,R) induces the representation of SL(2,C) on
the algebra generated by Dunkl’s operators, multiplication operators, and the Coxeter group
(see (5.42) below). This induced action on the operators coincides essentially with a special
case of the SL(2, Z)-action discovered by Cherednik [Che95] and that of the SL(2, C)-action by
Etingof and Ginzburg [EG02]. Note that our approach (but not the result) is new in that we use
our action on functions to derive the action on the operators in the Hecke algebra. The authors
are grateful to E. Opdam for bringing their attention to this link.
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We begin with an observation that if {2 is a representation of a group G on a vector space W,
then we can define an automorphism of the associative algebra End(W) by

A Q(9)AQ(g)"Y, geG. (5.36)

We shall consider this induced action for G = SL(2, R), Q = Q. 5 (see Theorem 3.30), W being
the vector space consisting of appropriate functions on RV,

Remark 5.23. We do not specify the class of functions here. Instead, we shall use the
formula (5.36) to define algebraically the G-action on a certain subspace of End(W). The point
here is that the G-action on such a subspace will be well defined even when the group G may
not preserve W.

We begin with a basic fact on Dunkl operators on RV. For ¢ € RV, we define the multiplication
operator M by

M f(x) := (&, ) ().

Choose an orthonormal basis &1, . .., &y in RV, As in § 2.2, we will use the abbreviation T} (k)
for Dunkl operators T¢, (k), and M; for M. Then we have the following commutation relations:

[Ti(k), M;] =65 + 2 Z ke (o, ng HOQ[ gj)ra for any 1 <1i,j < N. (5.37)
aeA+

Since the formula (5.37) is symmetric with respect to i and j, we have
[Ti(k), M;] = [Tj(k), M;] for any 1 <1i,j<N. (5.38)
Furthermore, we have the following formulas.
LEMMA 5.24. Let ¢ € RY and s € C. Then:
(1) [Ak, Me] = 2T¢(k);
(2) es2k Mee 2% = Mg + 25T¢ (k).
The first statement is due to Dunkl [Dun89, Proposition 2.2], but we give its proof below for the

reader’s convenience.

Proof. (1) It is sufficient to prove the formula for { =¢; (j=1,...,N).
By using (5.37), we have

(T2(), Me,) = Ti(K)[T3(K), Mj) + [Ti(k:), MIT:(k)
Tk 2 Y kS £|f HO; (@8O &) (7 oy 4 roTi(R)).
aERT

Summing them up over i, and using the following relations:
N

> (o, &)Ti(k) = Ta(k),

i=1
To(k)ra +roTa(k) =0 (see (D1)in §2.1),
we get
(A, Me,] = 2T (k).

(2) The second statement is straightforward from the first statement. O
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Let us consider the induced action of G on End(W) (see Remark 5.23).

PROPOSITION 5.25. We fix a non-zero £ € RV,

(1) The induced action of Q9 by (5.36) preserves the two-dimensional subspace
C? := CM¢ + CTy(k).

—_~—

(2) The resulting representation of SL(2,R) on (Cg descends to SL(2,R), and extends
holomorphically to SL(2, C).

(3) Via the basis {M¢, T¢(k)}, the representation of SL(2, C) on (Cg is given by
A B A —iB
: 2
¢ :SL(2, C) — GL¢(Cy), <C D) — <iC’ D ) : (5.39)
Proof. (1) Since SL/@,/]R) is generated by Exp(te™) and Exp(te™) (¢t € R), it is sufficient to prove

that the subspace CM¢ + CT¢(k) is stable by the induced action of these generators. In light of
the formula (3.3), we have

it
a(xp ") = BxpltEL,) = exp 5 o] ).

Obviously, this action commutes with the multiplication operator M¢. On the other hand,
applying (2.21) with a =2 and A = —it/2, we get

it it .
exp (Gl ) o (0 0 exp (= ) =Te(h) — e

Hence, Exp(tE; ,) preserves the two-dimensional subspace CM¢ + CT¢(k), and its action is
given by the following matrix form:

Exp(te™) (3 1“) (5.40)

with respect to the basis {M¢, T¢(k)}.
Next we consider the action

. it
Qe o(Exp(te”)) = Exp(tEj ) = exp (;Ak> .

Obviously, it commutes with Dunkl’s operator T¢ (k). On the other hand, applying Lemma 5.24(2)
with s =it/2, we get

it it
exp <Z2Ak> o M¢ o exp <—Z2Ak> = Mg +itTe (k).
Hence, Exp(tE, ,) also preserves the subspace CM¢ + CT¢(k), and its action is given as
_ 1 0
Exp(te™) — <it 1> . (5.41)

Thus, we have proved the first statement.

—_—

(2) The center of SL(2,R) consists of the elements Exp(intk) (n € Z) (see (3.38)). Let us
compute the action of Exp(tk) on Cg = CM;¢ + CT¢(k). For this, we recall from (5.27) that

Exp(tk) = co Exp(th)c, ' for t € C.
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In view of the formulas (5.40) and (5.41), the element ¢ = Exp i (3 §) Exp(i/2) (9) (see (5.25))
acts on (Cg as
1 0
o <1 z>
0 , =
0 1 1

L
2

N | =

N | .

It follows readily from the formula

(a®rp(th)) ) =exp 2 feta)

(see (5.32)) that the action of Exp(th) on (Cg is given by

et 0
EXp(th) = <O €t> .

Therefore, Exp(tk) acts on (Cg by the formula

. 1 -t
i b

e 0 2 [ cosh(t) —isinh(?)
Fxp(tk) — . (O e‘t) . N (z sinh(t) cosh(t) )
2 2

N

~.
~.

e

In particular, if ¢ = inm, then Exp(inrtk) acts as (—1)" id on (Cg. Thus, the action of SL(2, R)

descends to SL(2,R)/27Z ~ SL(2, R). Then, clearly, this two-dimensional representation extends
holomorphically to SL(2, C). Hence, the second statement is proved.

(3) Since a representation of SL(2, C) is uniquely determined by the generators Exp(tet) and
Exp(te™) (t € C), the third statement follows from (5.40) and (5.41). O

Let HH be the algebra generated by
{Me, T; € eRV}UC, (5.42)

where € is the Coxeter group. Its defining relations are given by the commutativity of the Dunkl
operators T¢(k) (see (D2) in §2), the commutativity of the multiplication operators Mg, the
commutation relations (5.37), and the following €-equivariance:

hoTe(k)oh™t =The(k), hoMgoh™ =My forany hee, ¢cRY

(see [CMO02, EG02]).

We recall from Proposition 5.25(3) that the matrix representation of the SL(2, C)-action
on (Cg = CM; + CT¢(k) does not depend on ¢ € RV\{0}. Then a simple computation relying
on (5.38) yields

lg - Ti(k), g - Tj(k)] = 0= g - [Ti(k), T;(K)],
for any 1 <14, j < N and for any g € SL(2, C). Likewise, we get from (5.37)

—_—~—

Furthermore, the representation Qj , of SL(2, R) commutes with the action of the Coxeter
group €. Therefore, the action of SL(2,C) on (Cg (€ e RM\{0}) and the trivial action on the
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Coxeter group € extend to an automorphism of HH because all the defining relations of HH are
preserved by SL(2, C).

Hence, we have proved the following theorem.

P

THEOREM 5.26. The representation Qo of SL(2, R) induces the above action of SL(2, C) on
the algebra HH as automorphisms.

Remark 5.27. The SL(2, C)-action on the algebra HH is essentially the same as the one given
in [EG02, Corollary 5.3].

Remark 5.28. As we saw in the proof of Proposition 5.25, the center (_é _9) of SL(2, C) acts
on Cg as — id. Therefore, PSL(2, C) acts on HH as projective automorphisms.

In order to compare the SL(2, Z)-action on HH defined by Cherednik [Che95], we consider
the following automorphism of SL(2, C):

1:SL(2,C) — SL(2, C), @ g>H<ifé _Z)B> (5.43)

and twist the SL(2, C)-action on HH (see Theorem 5.26) by ¢. This means that the new action
takes the form

0 1:SL(2,C) — GLe(C), @ g)H(_é _g> (5.44)

on the generators (Cg = CM¢ + CT¢(k) (see (5.39)).
We write 71 and 75 for the automorphisms of HH corresponding to the generators ({ 1) and
(19) of SL(2,Z). Then, by (5.44), 71 and 72 are given by
TltMgHMg, T§D—>T£—M§, h'—>h,
Tg:TgHTf, MgHMg—Tg, h'—>h,
which coincide with the one given in [Che95].
Of particular importance in Cherednik [Che95] is the automorphism

o= 7175171 = 75171751,

which corresponds to the action o (7(1) (1)) The automorphism o is characterized by
(Me)

f
o(Te)=—M¢, o(M¢)=1Te, and o(h)=h forall hed.

From our viewpoint, these automorphisms on HH can be obtained as the conjugations of the
action on the function space (see (5.36)). In view of the formulas (see (5.43))

01 0 —i i
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we may interpret that 7, 7o, and ¢ are given by the conjugations of
) 1
Oua(Bxp(-ie")) = exp 3llel).

Q. 2(Exp(ie™)) = exp <—;Ak> ,

)

FLG = €%||x||2 o eXP(;Ak> o €%||x||2 = exp<;Ak> o e%“l’HQ o exp<;Ak> (5.45)

e
= Qg (EXP 2h> Qk2(Vris2),

respectively. Recalling the formulas
j (N + 2(k
(90 (Bx0 n) 7)) =TT

(,2(Vrij2) f) () = exp

we have
T f(x) = Fpaf(iv).

Hence, 0 may be interpreted as an algebraic version of the Dunkl transform. We notice that the
formula (5.46) fits well into the master formula (5.22) for a = 2, which we may rewrite as

1
cha [ il (exp (—QAk)p> (u) Bya(i, ) T o e du =51 p(c).
RN

aEA

5.7 The uncertainty inequality for the transform fk,a
The Heisenberg uncertainty principle may be formulated by means of the so-called Heisenberg
inequality for the Euclidean Fourier transform on R. Loosely, the more a function is concentrated,
the more its Fourier transform is spread. We refer the reader to an excellent survey [FS97] for
various mathematical aspects of the Heisenberg uncertainty principle. In this section, we extend
the Heisenberg inequality to the (k, a)-generalized Fourier transform .%j, , on RN,

Let || - ||x be the L2norm with respect to the measure 9, ,(x) dr on RY (see (1.2)). The goal
of this subsection is to prove the following multiplicative inequality.

THEOREM 5.29 (Heisenberg type inequality). For all f & L*(RN, Y. (z)dx), the (k,a)-
generalized Fourier transform .7, , satisfies

k a—
- 12 - 12 Za £, (2< p+ N+ 2) T (5.46)

2

The equality holds if and only if the function f is of the form f(x) = X exp(—c||z||*) for some
AeC and ceRy.

Remark 5.30. The inequality (5.46) for k=0 and a =2 is the original Heisenberg inequality
for the Fuclidean Fourier transform. The inequality for £ > 0 and a = 2 is the Heisenberg-type
inequality for the Dunkl transform, which was proved first by Rosler [R6s99b] and then by
Shimeno [Shi01]. In physics terms, we can think of the function f(x)= Aexp(—c||z||*), where
the equality holds in the above theorem as a ground state; indeed when a=c=1, N =3, and
k =0, it is exactly the wave function for the hydrogen atom with the lowest energy.
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In order to prove Theorem 5.29, we begin with the following additive inequality.

LEMMA 5.31. (1) For all f € L*(RY, 9y o(x) dz),

a 2 a 2
122l + M 12 P (Dl = 206) + N +a = 2| £} (5.47)
(2) The equality holds in (5.47) if and only if f(x) is a scalar multiple of exp(—(1/a)||z||*).

Proof. By Theorems 5.6(3) and 5.1(1), we get

- 172 Zkaf 1 = (21 FPrafs Fraf s
= ~(Fra2P*Akf), Praf I
= —(lll*~*Axf, -
Hence, the left-hand side of (5.47) equals
(el = ll=1P=* AR f Fhe = (—Draf Fe. (5.48)

It then follows from Corollary 3.22 that the self-adjoint operator —Ay, , has only discrete spectra,
of which the minimum is 2(k) + N — 2 + a. Therefore, we have proved

(5.48) > (2(k) + N — 2 +a)||f|?.

Thus, the inequality (5.47) has been proved. Further, the equality holds if and only if f is
an eigenfunction of —Ay , corresponding to the minimum eigenvalue 2(k) + N — 2 + a, namely,
f is a scalar multiple of exp(—(1/a)||x||*) (that is, by putting £ =m = 0 in the formula (3.28) of

@éa) (p, z)). Hence, Lemma 5.31 has been proved. O

Proof of Theorem 5.29. Now, for ¢ >0, we set f.(x):= f(cx). Using the fact that the density
Uk q is homogeneous of degree 2(k) + a — 2, we get
2 ok _-N_ 2
HH . Ha/2fCHk —c 2(k)—N 2a+2H” . Ha/ZfHk
and
[ fellf = 207N =2 £,

Furthermore, we lift the formula in Theorem 5.9(1) to the formula

(Frafola) = 027, (1),
from which we get
10172 Zialfe) [ = 22 12 Fa ()]
Thus, if we substitute f. for f in Lemma 5.31, we obtain
12 F 1+ - 12 Fra( ][} > @0k + N +a— 2)[ £]17-
Obviously, the minimum value of the left-hand side (as a function of c€ Ry) is

2011 12 - 1 o ()]
Hence, Theorem 5.29 has been proved. O
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