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ABSTRACT

We construct categorical braid group actions from 2-representations of a Heisenberg
algebra. These actions are induced by certain complexes which generalize spherical
(Seidel-Thomas) twists and are reminiscent of the Rickard complexes defined by
Chuang—Rouquier. Conjecturally, one can relate our complexes to Rickard complexes
using categorical vertex operators.
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1. Introduction

Let D(0) and D(1) be graded, triangulated categories and let P: D(0) — D(1) and Q: D(1) —
D(0) be bi-adjoint functors up to a grading shift (which we take to be equal to 2 for convenience).
If QoP=1p(—1) ®1¢p(1), where 1y denotes the identity functor of D(0), then P is called a
spherical functor. This notion is due (in various levels of generality) to Seidel-Thomas [STO01],
Horja [Hor05], Anno [Ann07] and Rouquier [Rou04].

The general theory of spherical twists states that X :=Cone(PoQ(—1)—1;) is an
autoequivalence of D(1). One important reason to consider equivalences coming from spherical
functors is that if {P;} is a configuration of spherical functors (meaning that there is one P; for
each node 7 of a simply laced Kac-Moody graph D and Hom*(P;, P;) is either one-dimensional
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or zero-dimensional depending on whether or not i and j are joined by edge), then the associated
autoequivalences ¥; will define an action of the corresponding braid group Brp on D(1).

The notion of a spherical twist was generalized in [CK12, CRO08| to that of categorical g
actions, with g a symmetric Kac-Moody algebra. Such categorical g actions can be used to
construct further examples of braid group actions. Another generalization of spherical twists,
which replaces the role of the Kac—-Moody algebra by a Heisenberg algebra, is the subject of the
current paper. Namely, fix a simply laced Kac—-Moody Dynkin diagram D with vertex set I. For
each n > 0, suppose that we have a collection of additive categories D(n) together with bi-adjoint
functors

P,:D(n) = D(n+1) and Q;:D(n+1)— D(n)
for any ¢ € I which give a 2-representation of a particular Heisenberg algebra (see §4). Roughly
speaking, this means that we have isomorphisms

QioP;=PioQ; &1,(—1) & 1,(1), (1)

along with a precise collection of natural transformations of functors. Such a 2-representation
generalizes the notion of a spherical functor since P; and Q; are spherical functors between D(0)
and D(1).

However, the data of a Heisenberg 2-representation contains more than just a spherical
functor. For instance, the action by natural transformations includes an action of the symmetric
group S on the composition Pf. This splits Pf into a direct sum of indecomposable functors

PE’\) corresponding to irreducible representations of S (QiC also splits analogously). We may then

form a complex

i1, = { = @PYAM (a1, — P PN (—d+ 1)1, — = PiQi{- 1)1, — 1,
AHd AFd—1
(2)

(we have omitted the symbol o for composition of functors in the above, as we will do for the
remainder of the paper). Theorem 1.1 of the current paper states that these complexes define
a categorical action of the associated braid group on the homotopy category of each D(n). In
particular, each ¥; defines an equivalence of categories.

An important example where the setup above holds is the following. Let A be the skew zig-zag
algebra (defined in §2.3), which is the quadratic dual of the deformed preprojective algebra of a
quiver. For n > 0, we let A" denote the wreath product of A with the group algebra of S, (by
convention, we take Al = C). By a formal construction, the braid group action of [HK01, KS02]
on the homotopy category Kom(A-mod) by spherical twists lifts to a braid group action on
Kom(Al"-mod) for each n.

On the other hand, from the point of view of representation theory of infinite-dimensional
algebras, it is natural to consider the categories Kom(A™-mod) together. In particular, in [CL12]
we define 2-representations of a Heisenberg algebra on €, AlM_mod. Thus, there are two
algebraic objects of interest: the braid group action (which is somewhat complicated) and the
Heisenberg action (which is simpler). The constructions of the current paper explain precisely the
relationship between these two actions. In particular, we prove that integrable 2-representations
of the Heisenberg algebra always induce braid group actions.

There is also a geometric version of this setup, where the algebra A is replaced by a surface
X, the algebra A is replaced by the Hilbert scheme X [™ of n points on X, and the triangulated
category Kom(A[M-mod) is replaced by the derived category of coherent sheaves D(X["). Then,
as studied by Ploog [P1o07], if a group G acts on D(X) then there is an induced action of G
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on D(X[™). In particular, if G is an affine braid group of simply laced type, one can take

the surface X to be the minimal resolution CQ//\F , where I' C SL(C) is the finite subgroup
associated to the affine quiver by the McKay correspondence. A 2-representation of the associated
Heisenberg algebra on @, D(X[") was defined in [CL12], and Theorem 6.1 then describes
the relationship between this 2-representation and the associated affine braid group action on
D(x).

In the remainder of the introduction we will give a more detailed exposition of the content
in this paper.

1.1 Heisenberg actions and braid groups

To any simply laced Dynkin diagram D one can associate a quantum Heisenberg algebra b.

(n) Q(n)
7

This algebra has generators P; satisfying relations described in §3. A representation V
of this algebra breaks up into weight spaces V = @,y V (¢) with

PM V(@) = V(e +n) and QM :V(l+n)— V().

In [CL12] we define a 2-category H whose Grothendieck group is isomorphic to 6 A
2-representation of H consists of graded, additive categories D(¢) where ¢ € N and, for any
partition A, functors

PN D) =D+ |Al) and QY :D(¢ +[A]) — D(¢)

satisfying various relations described in §§4.1 and 4.2.

Now, in the homotopy category Kom(H) of H one can define complexes as in (2) where the
differentials are given by certain explicit 2-morphisms described in §4.5. Given a 2-representation,
each ¥;1,, defines an endofunctor of Kom(D(n)). The following is the main result of this paper.

THEOREM 1.1. For each neN, the map o;+— ¥;1, defines a morphism Br(D)—
Aut(Kom(D(n))) where Br(D) denotes the braid group associated with the Dynkin diagram
D and the o; are its standard generators.

Now, if we take A to be the zig-zag algebra from [HKO01], then, following [CL12], we can define
a 2-representation of h where D(n) = A"-mod. Theorem 1.1 above then gives us a morphism
Br(D) — Aut(Kom(A"-mod)). Applying Theorem 6.1 (see also Remark 6.4) this also gives us
a morphism Br(D) — Aut(D(AM-mod)).

When n =1 this gives the braid group action of Khovanov—Seidel [KS02] via spherical
twists. For n>1 we recover the action on D(AM-mod) induced from that on D(A-mod)
(see Theorem 5.3).

1.2 Another braid group action
The complexes ¥; also act on the 2-category Kom(H) by conjugation. It would be interesting to
describe this braid group action explicitly.

While we do not address the conjugation action on the entire category Kom(H) here, in §7
we define another braid group action on Kom(H) and conjecture (Conjecture 8.4) that it agrees
with the conjugation action. This additional action is defined explicitly by describing how each
generator JZ?H of the braid group acts on the generating 1- and 2-morphisms.

Although conjecturally related to conjugation by the complexes of Theorem 1.1, §7 is
independent of the rest of the paper. The proofs of §7 are postponed until Appendix A.
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1.3 Lie algebra actions and braid groups

The story above closely parallels (and is directly related to) that of quantum groups. Recall
that for any Dynkin diagram D one has the associated quantum group Ug(g). One can consider
2-representations of g, which consist of various additive categories D()\) indexed by weights A
and functors

ENV1y: D) - DA +ra;) and 1,F DA 4 ray) — D(N).

These functors satisfy certain relations lifting those in U,(g). For more details see [CL11a, KL09,
KL10, KL11, Laul0, Rou0g].

In analogy with (2), one can then define the Rickard complexes

Tidy = [ o FOeTIED gyg o pledtDE qyq, o plbed)q )

i

These complexes define a morphism Br(D) — Aut(€D, Kom(D(X))) just like that in Theorem 1.1.
See [CK12, CKL13, CRO8] for more details.

The relationship between 2-representations of H and 2-representations of g is given by the
vertex operator constructions from [CL11b]. Thus, we expect to have the following diagram.

categorical braid group actions

Theorem 1.1 using complexes ¥; from (2) Rickard complexes

vertex operator complexes

2-representations of § 2-representations of g

As the above diagram indicates, we should be able to deduce Theorem 1.1 as a consequence of
the braid group actions arising from 2-representations of g [CK12] (this essentially amounts to
checking that the diagram above commutes). However, there are several technical details required
to give a proof in this way (see §8 for more details), so in this paper we choose to give a direct
construction of the left arrow.

2. Preliminaries

We will always work over a base field k of characteristic zero.

2.1 Dynkin data

Let D be a finite graph without edge loops or multiple edges between vertices. This means that
D is associated with a symmetric simply laced Kac-Moody algebra. We let I denote the vertex
set of D, and E the edge set. We define a pairing (-, ) : I x I — Z by (i, j) := C; j where C; ; is
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the Cartan matrix associated to our Dynkin diagram. More precisely:
2 ifi=j
(i,j) =< —1 if i # j are joined by an edge
0 if ¢ # j are not joined by an edge.

Associated to this data there is the braid group Br(D) which is generated by {o;}ics subject
to the relations o;0; = ojo; if 7, j € I are not joined by an edge, and o;0;0; = 0;0;0; if they are

joined.

Fix an orientation € of D. For ¢, j € I with (i, j) = —1, we set ¢;; = 1 if the edge is oriented
i — j by € and €;; = —1 if oriented j — i. If (7, j) =0, then we set €;; = 0. Note that in both cases
we have €ij = —€j4-

2.2 Partitions

Let A= (A1 > X2 >+ > \; > 0) be a partition. We denote the size of A by || :== ", A\i; we write
A Fn if ) is a partition of n, and denote the transposed partition by A!. If the number of \; = k is
a, we also write A = (1%1,2% ... s% ...). For example, in this notation, (n)! = (1"). We write
N CXIf N if A = X for all i.

We denote by k[S,] the group algebra of the symmetric group and sx = (k,k+1)€ S,
the simple transposition. Since the characteristic of k is zero, k[S,] is isomorphic to a direct
sum of matrix algebras, k[S,] = @,.,, Ms, (k). Here {h)}\-, are positive integers, and M, (k)
is the algebra of s x s matrices over k. For any partition A of n, we denote by ey € k[S,] a
minimal idempotent (a matrix unit) in the matrix algebra M}, corresponding to A\. We denote
by 7:k[S,] — k[S,] the involution which sends s; — —s; for all ¢ € I. The minimal idempotents
e may be chosen so as to have 7(ey) = ey.

2.3 Zig-zag algebras

Let ¢D denote the doubled quiver, with the same vertex set as D and with two oriented edges
(one in each orientation) for each edge of D. Let k[dD] denote the path algebra of dD. A path
in dD is described as a sequence of vertices (i1|ia| - - - |i;,) Where ig and ig4q are connected by
an edge in D. If D has more than two nodes then we define B to be the quotient of C[dD]
by the two sided ideal generated by:

— (alble) if a # ¢; and
— eap(albla) — €4c(alc|la) whenever a is connected to both b and c.

In the above, e; denotes the constant path which starts and ends at the vertex ¢ € I. If D
consists of the single vertex only, we let BP be the algebra generated by 1 and z with 22 = 0.
If D consists of two points joined by a single edge, we dene B to be the quotient of k[dD] by
the two-sided ideal spanned by all paths of length greater than two. Note that B is Z-graded
by the length of the path (we denote the degree of a path by | - |). The Zs-grading induced from
the Z-grading makes BP into a Z-graded superalgebra.

Remark 2.1. The algebras BP first appeared in [HKO01] in the context of categorifying the adjoint
representation of the Lie algebra associated to D.

For n >0, we define Z-graded superalgebras B (n):= (BED)®n x k[Sy]. As a vector space,
we have BP(n) = (B£)®n ®k k[Sp], but for the algebra structure the tensor product is in the
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category of superalgebras (see [CL12, §9.1]). Thus,
(a®b)-(a' @) =(=1)Fl"(ad"  bb),
while S, acts by superpermutations sj - (b; @ - @by @ bpr1 @ - - @ by) = (=1)rllbenlp; @
c @ bpy1 @b, @ - - - @ by. By convention, B”(0) = k. To shorten notation we will write
eim=1® @1l - -®1,1)€ BP(n)

for the idempotent where e; occurs in the mth tensor factor on the right-hand side. The Z-grading
on BP(n) is induced from that on B with the factor k[S,] placed in degree 0.

Remark 2.2. All of the constructions in the remainder of the paper will involve Z-graded
superalgebras over k and graded supermodules or superbimodules over such superalgebras. For
simplicity, we will write ‘algebra’, ‘module’ and ‘bimodule’, omitting the understood prefixes
‘Z-graded’ and ‘super’.

2.4 The wreath functor (-)[™

If Ais a algebra, then we can define a new algebra A := A®" x Kk[S,]. The grading and
superstructure on A" are inherited from that on A, with the understanding that S, acts on A
by superpermutations and that the subalgebra k[S,] C Al is in degree 0. Similarly, if A; and

Ag are algebras and M is an (Ag, Aj)-bimodule, then we can define the (Agb}, A[ln})-bimodule
M= M® s k[S,].

To describe (-)[”] as a functor, it is convenient to use the language of 2-categories. Let C,
be the 2-category whose objects are algebras, 1-morphisms are bimodules and 2-morphisms are
bimodule maps. Composition of 1-morphisms is the tensor product of bimodules and composition
of 2-morphisms is composition of bimodule maps.

LEMMA 2.3. The map (-) — ()" defines a 2-functor
() Co — Can

Proof. For M is an (Ag, Aj)-bimodule and My is an (As, Az) bimodule, we define MQM ® gt
Ml[n} — (Mg ®A, Ml)[n] by

/

(M1 @ @M, 0) @ (M) @ ®@my, o) = (M1 @My 1) @+ @ (My @My (), 007).

It is not difficult to check that this map is an isomorphism. Thus, (-) — (~)M respects composition
of 1-morphisms. It is also clear that (-) — (-)["! intertwines compositions of 2-morphisms, because
if f: My — M> is a map of bimodules, then

fMi=(fe @ f,1): MP" ) K[S,] — ME™ x k[S,)]
is a morphism Ml[n] — Z[n} with (fa 0 f1)" = Q[n} o fln}. O

The functor (-)[" is somewhat subtle. In particular:

— ()" is not linear: if f, g € Hom(Mj, Ms), then both (f + ¢) and fI") + gl") are well-
defined elements of Hom(Ml[n], MQ["]) but in general they are not equal to each other;

— (')[”] is not additive: in general (M; & Mg)[”] and Ml[n} e, MQ[n] are not isomorphic (this is
already clear at the level of vector spaces via a dimension count); subsequently, (-)["}
is neither left exact nor right exact.
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However, (~)[”] behaves well with respect to homotopies of complexes. Suppose M, =
My — ---— My is a complex of (Aj, Az)-bimodules. Then the complex M.[n] is a complex of
(A[ln], A[Qn])—bimodules. The slightly subtle part of this definition is the definition of the boundary
map in the complex M.[n]; the easiest way to define it is to consider M, as a supermodule

over the superalgebra A ®y k[d]/d?, where d has superdegree one. Then M i naturally an
(A @y k[d]/d*)l") = Al"] ®Ok(S,] (k[d]/d?)!™ supermodule. Now the coproduct
A k[d]/d? — (k[d]/d*)®" C (k[d]/d*)!"
given by
Ad=101®---9d)+(10do1® - 1)+ - +dR®1®---®1)

embeds A @, k[d]/d*> as a subalgebra of (A®yk[d]/d*)". Thus, the (A @y k[d]/d?*)M
supermodule M.M can be restricted to A ®y k[d]/d?, and thus M.[n] may be considered as
a complex of A™-modules.

An important point to keep in mind is that, because all constructions take place in the
category of supermodules, the action of k[S,] on an n-fold tensor product of graded vector

spaces is via superpermutations. Thus, spelling this out, the action of the simple transposition
s; on the complex M.M is

where deg(m;) = |m;| + |mi|n, where |m;| denotes the inner graded degree of m; and |m;|;, denotes
the homological degree of m;.

Now, the following lemma shows that the functor (-)” behaves well with respect to
homotopies. (This is not immediately obvious since (-)" is not linear and chain homotopies
involve linear combinations of maps.)

LEMMA 2.4. Let Co, Dy be complexes of (Aj, Az)-bimodules, and suppose that f, g: Ce — D,
are homotopic maps. Then f", gl : C’.["] — Din] are homotopic.
Proof. By assumption, there exists a chain homotopy h with f — g =dph + hdc. We set
W= Y (fTeheg¥ ).
itj=n—1
Then one can check that f* — ¢l = dp b/ + W dowm. O

2.5 Graded 2-categories

By a graded category we will mean a category equipped with an auto-equivalence (1). A graded
additive k-linear 2-category K is a category enriched over graded additive k-linear categories.
This means that for any two objects A, B € K the Hom category Homy (A, B) is a graded additive
k-linear category. Moreover, the composition map Homg (A, B) x Homg (B, C') — Homy (A, C)
is a graded additive k-linear functor.

Ezample. Suppose that B,, is a sequence of graded k-algebras indexed by n € N. Then one can
define a 2-category K whose objects (0-morphisms) are indexed by N, the 1-morphisms are graded
(B, Bp)-bimodules and the 2-morphisms are maps of graded (B,,, By)-bimodules.

A graded additive k-linear 2-functor F': K — K’ is a (weak) 2-functor that maps the Hom
categories Homy (A, B) to Homy (F A, FB) by additive functors that commute with the auto-
equivalence (1).
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An additive category C is said to be idempotent complete when every idempotent 1-morphism
splits in C. Similarly, we say that the additive 2-category I is idempotent complete when the
Hom categories Homy (A, B) are idempotent complete for any pair of objects A, B € K (so that
all idempotent 2-morphisms split).

2.5.1 The homotopy 2-category. If K is an additive k-linear 2-category then one can define
its homotopy 2-category Kom(K) as follows. The objects are the same. The 1-morphisms are
unbounded complexes of 1-morphisms in K while the 2-morphisms are maps of complexes. T'wo
complexes of 1-morphisms are then deemed isomorphic if they are homotopy equivalent.

Ezample. Denote by C, the 2-category of algebras. Then in Kom(C,):
— objects are algebras over k;
— l-morphisms from A to B are complexes of (A4, B)-bimodules;

— 2-morphisms are chain maps up to homotopy.
Combining Lemmas 2.3 and 2.4 implies the following.

PROPOSITION 2.5. For each n € N, the 2-functor (-) — ()" defines an endofunctor of the 2-
category Kom(C,).

Remark 2.6. The above endofunctors appeared earlier in [KhoO6], which emphasized their
relevance for constructing group actions on categories.

2.5.2 Triangulated 2-categories. A graded triangulated category is a graded category
equipped with a triangulated structure where the autoequivalence (1) takes exact triangles to
exact triangles. We denote the homological shift by [-] where [1] denotes a downward shift by
one.

A graded triangulated k-linear 2-category K’ is a category enriched over graded triangulated
k-linear categories. This means that for any two objects A, Be€ K’ the Hom category
Homy (A, B) is a graded additive k-linear triangulated category.

Ezample. If K is a k-linear 2-category, then Kom(K) is a triangulated 2-category. In the remainder
of the paper this extra triangulated structure of Kom(XC) will not play a role and will usually be
ignored.

3. Quantum Heisenberg algebras

Here we recall the quantum Heisenberg algebra E and its Fock space representation. We will
denote the quantum integers by [n]:= (" —¢t")/(t —t~!). This means that if n >0 then
)=ttt 443 4o =3 4= and [—n] = —[n).

The traditional presentation for the quantum Heisenberg algebra is as a unital algebra over
k[t, t~!] generated by a;(n), where i € I and n € Z\{0}. The relations are

ol

(3)

When ¢t =1, this presentation specializes to the standard presentation of the non-quantum
Heisenberg algebra.

a;(m)a;j(n) — aj(n)a;(m) = Om,—n[ni, j)]
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For our purposes, a more convenient presentation of H takes as generators {P,L-(n)7 an)}ie I,n>0
subject to the following relations:

PP = PP and QMQI™ = QIMQ™M foralli,je,

)

STk+URRQIY ifi=j

(n) p(m) _ ) "7
QP = PJ(m)Ql(n) n I,ngf1)Q§n71) it (i, ) = —1
P if (i, j) = 0.

By convention Pi(o) = QEO) =1and Pi(k) = Q(k) = 0 when k£ < 0 so the summations in the relations

7
above are all finite. Note that H has a natural Z-grading where deg Pi(n) =n and deg an) = —n.
An explicit isomorphism between these two presentations is given in [CL12] and [CL11b, § 3.1].

3.1 The Fock space
Let Hi Cf]\ denote the subalgebra generated {an)}ieLn)o. Let trivp denote the trivial (one-

dimensional) representation of b, where all an) (n > 0) act by zero. Then Viyex := Ind %’ (trivo)

is called the Fock space representation of H

The Fock space has a basis given by elements of the form PZ-(ZZ’“) e Pi(lm)(v) where v is a

vector spanning trivo. This gives a decomposition Vioek = €D,,50 Vrock(n). To simplify notation,
we will denote Pz(kn’“) e Pi(lnl)(v) by Pi(kﬁ’“) e Pi(lnl).

For any partition A Fn on can define Pi()‘) using Giambelli’s formula as the determinant
Ae+l—Fk
[P} = dety[ P 7Y).

For example, PZ.(IQ) =P,P, — Pi(2). See [CL12, § 7] for more details.

3.2 The braid group action on Vggck
We now describe a braid group action on Vgoek. Since Vgoer is multiplicatively generated by
elements Pi(n) it suffices to describe this action on these generators and extend multiplicatively.

On generators, the action is given by

(_t72)npi(1n) if 7 :j
ai(P{7) = A (=PRI i i) = -1
k=0
) if (i, j) =
) yJ) =
and (7t2)n‘Pi(1n) ifi = J
o (P = (= PP i ) = 1
k=0
P i (i, j) = 0.

ProprosiTION 3.1. The endomorphisms o; and ai_l for i € I define a representation of the braid
group Br(D) on each weight space Viocx(n) of the Fock space.

Proof. This is a consequence of Proposition 8.1 and Remark 8.2 following it. O
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It is already interesting to see this braid action on various basis vectors, as in the example
below.

LEMMA 3.2. Suppose i, j, k € I are different with (i, j) = —1 = (j, k) and (i, k) = 0. Then

O'iO'jO'i(f)i(n)) = t_3nP(1n)

<

oj0i05(P") = » a(—l)bt‘Q("‘“)+bP,§“)Pj(b)P}”“"b),
a=0 b=0
Proof. By definition we have
n n—a
gioyri(P) = (472 307 (et 2t O pl,
a=0 b=0

This simplifies to give t_3”Pj(1n) if we use the identity Pi(m) Pi(ln) = Pi(m’ln) + Pi(m+1’1n71) (see for
instance [CL11b, Proposition 1]). The second identity is similar but more involved so we omit
the proof. O

The action of aiﬂ on the usual generators aj(—n) of the Fock space has a somewhat
easier description. The proof is a straightforward calculation using the generating functions in

[CL12, §2.2.1]:
—t_Q"ai(—n) ifi=j
oi(a(—n)) = 3 a(—n) + (<1 ai(-n) i G, J) = ~1
a;j(—n) if (i,7)=0
and
—t2"q;(—n) if i = j
o (aj(=n)) = q aj(=n) + (=1)"t"a;(=n) if (i, j) = —1
a;(—n) if (i, j) =0.

4. 2-representations of B and the braid complex

In this section we review some facts about 2-representations of 6 and define the braid complex
>i1,.

4.1 The 2-category H
In [CL12] we introduced a 2-category H! associated to any finite subgroup I' C SLy(C). In our
current language this 2-category is associated to the pair (D, €) where D is the affine Dynkin
diagram corresponding to I' by the McKay correspondence and € is an appropriately chosen
orientation of D.

That definition generalizes with no effort to give a 2-category HP associated to any simply
laced Dynkin diagram D and orientation e. More precisely, H? is the (idempotent closure of)
the additive, graded, k-linear 2-category where:

— 0-morphisms (objects) are indexed by the integers Z;

— 1l-morphisms consist of the identity 1-morphisms 1,, of n € Z and compositions, direct sums
and grading shifts of P;1,:n—n+1and 1,Q;:n+1—mn for i € I;
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— the 2-morphisms are generated by adjunction maps, making P; and Q; bi-adjoint up to
shift, together with certain maps X; € Hom(P;, P;) and T;; € Hom(P;P;, P;P;) satisfying a
series of relations.

The generating 2-morphisms and their relations were described diagrammatically
in [CL12] and reviewed in [CL11b, § 3.2]. In the interest of space, we have elected not to spell them
out again. However, the essential algebraic structure of these 2-morphisms is straightforward to
summarize, and is enough for the purposes of the current paper.

— The 1-morphisms P; and Q; are left and right adjoint to one another, up to a grading shift.
— For each n > 0, there is a natural injective map
n
BP(n) — End ( (@ Pi) ) .
el
In particular, for each i€ I there is an embedding k[S,] — End(P?). Since HP is

idempotent complete, for any partition AFn we can define the 1-morphism PE)‘) as the

image of the idempotent ey € k[S|y] acting on PLM.

From hereon we will fix D and € and denote HED simply by H in order to simplify notation.

4.2 2—representati0r/1\ of H

A 2-representation of h consists of a graded, idempotent complete k-linear category K where:
— O-morphisms are graded, k-linear, additive categories D(n);
— l-morphisms are (certain types of) functors between these categories;
— 2-morphisms are natural transformations of these functors;

together with a 2-functor H — K. We also require that the space of 2-morphisms between any

two 1-morphisms in I be finite-dimensional and that Homy (1, 1,(¢)) is zero if £ <0 and one-
dimensional if ¢ = 0.

The fact that the space of maps between any two 1-morphisms is finite-dimensional means
that the Krull-Schmidt property holds. Thus, any 1l-morphism has a unique direct sum
decomposition (see [Rin84, §2.2]). Note that if IC satisfies the Krull-Schmidt property then
so does Kom(K).

A 2-representation of 6 is said to be integrable if 1, =0 are zero for n < 0. For example,
in [CL12] we constructed an integrable 2-representation where n corresponded to the category

of coherent sheaves on the Hilbert scheme of points Hilbn(@ ) where I' C SLo(C) is the finite
subgroup associated to our Dynkin diagram.

4.3 The 2-representation Kgock
The 2-representation g categorifies the Fock space representation Vgyck. It consists of:

— 0-morphisms: n indexes the category of projective BP (n)-modules;

— l-morphisms: (BP(n), BP(n'))-bimodules which are direct summands of tensor products of
the bimodules P;1,(s) and 1,,Q;(s) for arbitrary shifts (s);

— 2-morphisms: all degree-preserving maps of bimodules.

The 2-functor H — Kpoex was defined in [CL12, §9].
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4.4 Some technical facts R
We gather some useful facts about 2-representations of .

LEMMA 4.1. For an arbitrary partition A we have

QP =P @ QM (-1,1) and QPP =PMa @ PM(-

NCA NCA
where the sums are over all N C X\ with |N'| = |\ — 1.
Proof. See Lemma 3.3 of [CL11b]. O

LEMMA 4.2. Suppose that A\, X, u and p' are partitions such that |\ > |N| and |u| > |//|.
Then dim Hom(PE’\)QZ(.“), PEA )Ql(.“ )<1>) < 1 with equality if and only if N C X\ and y/ C p with
Al =|N|+1 and |u| = || + 1. In this case, the map is spanned by the composition

PQ\)Q(H) _ P P QzQ(M _ P( )Q(H )<1>

3 (2

where the second map is given by adjunction.
Proof. See Lemma 3.4 of [CL11b]. O
LEMMA 4.3. Consider partitions A\, X', u, i’ such that |\| — |N| =2 = |u| — |¢/|. Then

Hom(PM Q[ PQ)(2)) (4)
is zero unless N C A and y/ C p in which case its dimension is equal to

2 if A\\X and p\p' both consist of two boxes in different rows and columns,
0 if A\ consists of two boxes in same row (respectively column)
while p\ ' consists of two boxes in same column (respectively row),

1  otherwise.
Remark 4.4. Here A\\X and p\p' are skew partitions.

Proof. First one notes that a map in (4) consists of a composition of two degree 1 maps. Since the
only degree 1 maps involving only vertex i are induced from the adjunction map P;Q; — id(1),
if follows that any map in (4) factors

)\)Qz('#)_>PL/\|_1QL“|_1<1>_’Pz('/\/)Qz('u/)<2>-

Since PL/\‘_IQL“ |_1<1> is isomorphic to a direct sum of indecomposable terms PZ(X')Qg” ”)<1> for
partitions A\, 1", we see that the space of maps in (4) is spanned by maps which factor through
some PEX’)QE” ”)<1>. Subsequently, by Lemma 4.2, it follows that (4) is zero unless A C A and
' C p.

Now, we proceed by induction on |A| + |x|. We prove the first case above, the others follow
similarly.

First, suppose that there exists some \' ¢ v C A. Then P; P(V) = PO‘) @ P(.W). Subsequently

Hom(P{Q", PYQ1")(2)) = Hom(PiP[ Q" P Q1" (2))

since, for all v in the sum above, Hom(P(.AY)Q(.“)7 p )Ql(” )<2>) =0 because X' ¢ v. Hence,

(2 1

(4) = Hom(PQ, Qz Q’”< >)
~ Hom(P( Q" PYQQ (1)) B Hom(P'Q™, P\ (0, 2)).

pCN
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The left term above is zero since X' ¢ v. Using induction, every term in the summation on the
right is also zero with the exception of the p which satisfies p C v. The result now follows by
induction.

Now, suppose that no such v as above exists. Thus means that X is a partition whose Young
diagram is a union of at most two rectangles, as illustrated by the following diagram.

e

Now, we choose v C A but this time A" C v so that once again we have P; P( ¥) o PO‘) @7 ng). On
the one hand, we have

HOm(PiP,EV)QEM), PgA,)QEMI)< g @ Hom P(W)Q(M) P()\ )Q < >)
il
~ (4) @ k2#0}

where the second line follows by applying the first step above and then induction. On the other
hand, by adjunction

Hom(P»P(V)Q(“) PE)\/)QgM/)<2>)
~ Hom(P{"'Q{", QP Q" (1))
=~ Hom(P{"'Q{", P >QiQ§“/><1>> P Hom(PQ{™, PPQ!)(0,2))
pCN
=~ (kg k) @ (kK2H#D gk @ k)

where the last line requires a quick case by case analysis of the possible p. Comparing these two
expressions gives us that (4) = k? and the induction is complete. O

COROLLARY 4.5. Suppose v C u C A are partitions with |A\| = |u| + 1= |v| 4+ 2 such that \\v
consists of two boxes which are not in the same row or column. Then the composition

PRI — PRI (1) — PQI (2) (5)

1 (2

consisting of maps from Lemma 4.2 is nonzero.
Proof. Fix A\, v as above. Any map P Q(/\ — P(V)Q(V )<2> must factor as
PVQM — PPPQiQiQ) — PIQI ) (2)
where the rightmost map is given by two adjunctions. Now, since
Hom(PP'Q{"”, 1(2)) =0 = Hom(P{"Q{*), 1(2))
this map factors as

Q) pUIpAIQRIQ) & pMp( Q)  pg) ()

(2 K3 K3

Now,

Hom(PEA)Q(.)‘t), P( (2 2)Q ) k 22 Hom(PE/\)Qg)‘t)7 Pz(u) PEP)QEP)QE’”))

and, by Lemma 4.3, dimy Hom(P( )Q( ), PgV)Ql( )<2>) = 2. Hence, the compositions
pNQ) _, p) p Q(2 Q R P(V)Q(Vt)<2>
pNQ*) _, p®p ( )Q(12)Q(Vt) R P(V)Q(Vt)<2>

K3 Z

—
(2
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are both nonzero. Fortunately, the unique map P,E)‘) — PEV) PZ@) factors through PZ(»” ) P, and
likewise QEM) — QEQ)QZW) factors through QiQ(“) for any v C u C A. Hence,

P — PWP,QQ") — PYP,PQ:Q:Q" — PMQ(2)

is nonzero and the result follows since this composition is the same as that in (5). a

4.5 The braid complex X;1,

Suppose that K is some integrable 2-representation of 6 The main object of study in this paper
is the following complex of 1-morphisms

Til, = [~~—>@P(A)QX A1, — P PN (—d+ 1)1, — - = PQi(~1)1, — 1,

Ard Ard—1
(6)

which lives naturally in Kom(K). The right-hand term 1,, of this complex is in cohomological
degree zero. Note that since K is integrable this complex is finite.

The differential in (6) is defined as the composition

P — PP,Q:Q!) — PMQ!) (1) (7)

7

where the first map is inclusion and the second is given by adjunction (note that we must
have p C A in order for this map to be nonzero). The inclusion map is unique but only up to
multiple. Likewise, by Lemma 4.2, the composition is unique but only up to multiple. Fortunately,
Proposition 4.7 and Remark 4.8 below shows that there is a unique way (up to homotopy) to
choose these multiples in order to get an indecomposable complex.

Remark 4.6. Note that we did not check directly that the compositions in (7) define a differential
(i.e. square to zero). It is possible to check this directly by generalizing the statement in
Lemma 4.3 but we avoid doing this extra work because later we will conclude for free that
there exists an indecomposable complex with terms as in (6). Then Proposition 4.7 will tell us
that the differentials are indeed given by (7).

PROPOSITION 4.7. Any complex whose terms are the same as those of ¥; and which is
indecomposable in Kom(KC) is homotopic to ¥;.

Proof. Let us fix n€Z and look at ¥;1,. For any A, u such that Hom(Pg)‘)QE’\t)ln,

PE“)qut)1n<1>) =1 fix a spanning map fy ,. A complex as in (6) will have differentials of the
form ay , fy, for some scalars ay , € k. We need to show that:

(i) if the complex in (6) is indecomposable, then ay , # 0;

(ii) if {ax,} and {a) ,} are two choices of scalars then they are equivalent via some homotopy.

Proof of (1). We proceed by (decreasing) induction on the cohomological degree. The base case is
the map a1 f1,1:PiQi1,(—1) — 1,. Clearly a; 1 # 0 because otherwise ¥;1,, would decompose.
Now suppose ag o # 0 for all 8 with || > ¢ (for some £).

Cram. If ay , = 0 for some A with |A\| = £ then all differentials out of P Q( 1,, are zero.
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To see this consider another differential ay , f . These two maps are part of a unique
skew-commutative square as follows.

P(# ( ) n<1>
Pl PQ1,(2) (8)
w a;ﬂ,uf;/,u
#O1,(1)

By induction the right two maps are nonzero, which means that a,, = 0 since fy , fx .+ # 0 by
Lemma 4.3. This proves our claim.

Now, since X; is indecomposable and all maps out of PE)‘)QE)‘t)ln are zero there must

be a sequence of nonzero differentials which connect PE/\)QZ(»)‘t)ln to some other PE“ )QEM t)ln.
Such a path is depicted by the solid arrows in the following diagram.

PE”QE”%EO
0

By assumption, in the path connecting Pl(-)‘) QE/\t)ln and PE“ )Qi“ )1n, the outward differentials
(and in particular the map g at the end) are assumed to be nonzero. Without loss of generality
we may assume that the path is minimal with respect to the area to its right. Now consider the
square formed by fo, g0, f1, 91 (note that fi, g1 are uniquely determined by fo, go). The skew-
commutativity of this square means that f; and g; are either both zero or both nonzero. If they
were both nonzero then one would obtain a smaller path which uses f1, g1 in place of fy, go. So
we must have f =0=g;.

Now, the skew-commutativity of the subsequent squares means that g1 =0=¢g=0=---=
gr = 0 which is a contradiction. Thus, ay , # 0 and we are done.

Proof of (2). By (1) we know that aj; #0# a} ;. So we can rescale P;Q;1, (the second term
from the right in ¥;1,) so that a1,1 =a} ;. Now suppose by induction that aas=aj, 4 for all

|B| > ¢. For any A with |\| = ¢ and differential P Q(/\ PE“)QE“t)ln we can rescale PE’\)QEM)
so that ay , = a/\u.

CramM. For any other differential out of PZ(’\)QZO‘t) we have ay = ah e To see this consider again

the square in (8). By induction we know that a,, = u ,and ayr, = aiﬂ’y. Then by the rescaling
above we also have ay , = a) SO the skew-commutativity of the square also gives ay ,» = a W
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Thus, we can continue this way and scale things so that ay, = a) " for all p C A (which
proves (2)). O
Remark 4.8. To define the differentials in (6) one can choose arbitrary nonzero maps ay ,fi,

PZ(’\)Qg/\t)ln — PE“)QZW)ﬂ)ln and then rescale them as in the proof above to obtain a complex
(i.e. so the square in (8) is skew-commutative).

5. The braid relations

5.1 The braid relations in Kgock

We first work with the 2-category Kom(Kfoe). To simplify notation we will denote B := BP(1)
and B;:= Be;; and ;B :=e¢; 1B the natural (B, k) and (k, B) bimodules. Define the complex
¥;1; of (B, B)-bimodules as

Yil1 = B; ®k zB<_2> — B
where the map is multiplication (or equivalently given by a cap) and the right-hand term B is
in cohomological degree zero. Similarly, we define

2;111 := B — B; ® ;B(2)
where the map is given by a cap and the left-hand term B is in cohomological degree zero.
PROPOSITION 5.1. The complexes ;11 satisfy the braid relations of Br(D) where the inverse

of ¥;11 is the complex 2;111. In other words, in the homotopy category of (B, B)-bimodules
we have the following homotopy equivalences:

- %211 51y and 27181 S 1y

— SN S SN if (i, 5) = —1;

- 581 58y if (i, j) =0.
Proof. These relations are proven in [HK01], following earlier work [KS02] in type A. a
COROLLARY 5.2. In the homotopy category Kom(Kpgok) we have the following homotopy
equivalences:

- SPEhL, 21, and (57HPRML, S 1,

- sliglizlly, > sislsl, i @, ) = -1

- sz, = sisi, i 6, ) =o.
Proof. This is an immediate consequence of the naturality of the wreath functor (-) — (-)[" as
discussed in §2.4. For example, the homotopy equivalence 21_12111 =51, induces

S, 2 (s ) S () =1, O
The next theorem relates El[n}ln and the complex ¥;1,, defined in (6).
[

@ PE)\)QZ(N)<_H>1” RN @ PZQ)QE/\t)<_d>1n — = PiQi(-1)1, — 1, (9)
AFn Ard
defined in §4.5.

", is isomorphic to the complex of (BP (n), BP (n))-bimodules

THEOREM 5.3. The complex ¥
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5.2 Proof of Theorem 5.3

The statement of the Theorem 5.3 only involves one vertex of the Dynkin diagram D. To simplify
notation we will assume that D contains only one vertex so that BP =k[z]/z%. Note that
degx =2 so BY is commutative (not supercommutative). We will use the notation B := B
and B, := BP(n) = B®" x k|[S,]. Thus, £1; = B’ — B as a (B, B)-bimodule where we denote
B =B XK B.

By definition the term of the complex EZM in cohomological degree —d is @, By x k[S,]
where £ = ({1, ...,03) with 0 < ¢y <---</ly<n and By is a tensor product over k of B and B’
where the B’ occur exactly in positions £, . . ., £4. For example,

B(273) =B ®xk B’ Rk B’ Rk B where n = 4, d=2.

Remark 5.4. The tensor product above is that of supervector spaces where deg B =0 and
deg B’ = 1. So, for instance, the involution (23) € Sy acts on By 3) by

(23) - (b1 ® by ® b3 ® ba) = —(b1 @ b3 © by @ ba)
while (12) € Sy acts as a map B(y 3y — B(13) by
(12) - (b1 ® by @ b3 ® by) — (ba ® by ® b3 @ by).

PROPOSITION 5.5. There is an isomorphism of (By,, B,,)-bimodules

@ Bne)\ ®Bn—d e)\tBn L @ Bﬁ X k[Sn]
A-d ¢
where B,,_4 acts on B,, via the embedding
B U5p @ Qbyg—10 - Q10 Q- ®b,_q € BE"

and ey € k[Syq] C By C B,, acts on the first d factors (so it commutes with By,_g).

Proof. Consider the map ¢ : B, ®@p, , B, — @, Be x k[Sy] given by
1% 1)@ (19", 1) = (1% @ 19" 1) € By, a4 = (B)®*® B C By.
This map is well defined since if (b ® - - - ® b,—g4, 0) € Bj,—q, then
(1% Qb @ @by_g,0) (1%, 1)) = (1% @b @ - @ bp_qg, 0)
=o((1°", 1)@ (1% @b & @ by_g,0)).

Moreover, since (199 @ 1974 1) € B(1,2,..,4) generates By as a (By, By,)-bimodule ¢ is also
surjective.

Now,

~ dxady
B, ®p,_, Bn = @ (Brex®,_, eXBn)® A
ANEd

where d) (respectively dy/) is the dimension of the irreducible k[S;]-module V) (respectively Vi)
indexed by the partition A (respectively \'). Now, for s; € Sy we have

P17, 51) @ (197, 1)) = —(1%7, 53) = (17", 7(s4))
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where the minus sign is because s; acts on B’ @, B’ by s; - (1® 1) = —(1 ® 1). Subsequently,
(197, e)) @ (1%, ex)) = (1%, T(en)en) = Oae n (197, exe).
This means that Bpey ®p, , ex By is in the kernel of ¢ unless X' = At. We conclude that
¢ @D Brex ®p,_, ex:Bn — € By x k[S,)] (10)
AFd 4

is surjective.

To show that the map in (10) is an isomorphism we compute the dimensions over k of both
sides. On the one hand, dimy By = (dimy B')%(dimy B)"~% = 492"~4. Thus,

(Z) gntdp), (11)

dimy, (D By » k[S])
4

On the other hand,
dimy V) 2"n! dimy V)
a d!
and likewise dimg(ex:By,) = (2"n! dimy Vy)/d!. Since Bpey and ey: By, are free B,,_4 modules it
follows that

dimg (Bpey) = dimg B, -

1 2%nln!(dimy Vy)? dimy V4)2
dimy (Bnex ®p,_, ex-Bn) ninl(dimg V5)" _ (n) gty (4 VA)™

~ dimy B, 4 dld! d d!

Summing over all At d and using that >, ,(dimyg V)? = d! we get the same dimension as in
(11). Thus, (10) must be an isomorphism. O

Theorem 5.3 now follows by combining Proposition 5.5 with Proposition 4.7 which says that
any indecomposable complex such as that in (9) is unique up to homotopy.

COROLLARY 5.6. In Kom(Kpock) the complexes from (9) satisfy the braid relations of Br(D).

5.3 The braid relations in integrable 2-representations

We now consider an arbitrary integrable 2-representation IC of f)\ and prove Theorem 1.1 using
Theorem 5.3. We will show that ¥;%;'1,, = 1,, in Kom(H) (the proof of the other braid relations
is similar).

The composition ;3 11, isa (finite) complex of 1-morphisms in H. Decompose each term in
this complex into indecomposables of the form PE’\)QEM ) (0)1,, where ¢ € Z and A, p are partitions.
Since Endk(Pg)‘)QE“) (0)1,,) is zero if k < 0 and one-dimensional if k = 0 we can restrict ;%; '1,,
to these terms to obtain a complex of the form PZQ‘)QE“ ) (0)1,, @k Vo where V, is a complex of
vector spaces.

Using the cancellation Lemma 5.7 it suffices to show that V, is exact (unless A = =0 and
¢=0 in which case V4, should have one-dimensional cohomology in degree zero). To see this
consider the image of ziz;11n in Kom(Kpock). By Theorem 5.3 this complex is homotopic to
1,. Thus, the image of V, is exact and so V, must also be exact.

LEMMA 5.7. Let X,Y, Z, W, U,V be six objects in an additive category and consider a complex

sUSxeyLzew v .. (12)
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where f = (é B) and w,v are arbitrary morphisms. If D : Y — W is an isomorphism, then (12)
is homotopic to a complex

LUl x ASBDIC pvle (13)

Proof. The following result is a slight generalization of a lemma which Bar-Natan [Bar07] calls
‘Gaussian elimination’. For a proof see [CL11b, Lemma 6.2]. O

6. Convolution in triangulated 2-representations and Hilbert schemes

Consider an affine Dynkin diagram where I" C SLo(C) is the finite subgroup associated to it

via the McKay correspondence. Let X = C2/T" be the minimal resolution and Xan} the Hilbert
scheme of n points.

In [CL12] we constructed a Heisenberg 2-representation on the derived categories of coherent
sheaves €P,,.o Dcx (Xan}). Subsequently, Theorem 1.1 induces an action of the affine braid group

on Kom(D¢x (Xan])) We would like to explain now how this action descends to one on Dex (X an])

The main result we prove is the following.
THEOREM 6.1. For each n > 0, the complexes ¥;1, have a unique convolution
Conv(ZiL,) € Dexwex (XM x XTI,
[n]

These convolutions define an action of the affine braid group on Dcx (X}").

The existence of such an affine braid group action is known by combining [Plo07, ST01]. The
convolutions above give another interpretation of this action by showing that it arises from a
categorical Heisenberg action.

6.1 Convolutions
Let Ay = Ag f—1>A1 UL N A, be a sequence of objects and morphisms in a triangulated
category D such that f;11 o f; = 0. Such a sequence is called a complex.

A (right) convolution of a complex A, is any object B such that there exist:

(i) objects Ay = By, Bi,...,Bn_1, B, = B; and
(ii) morphisms g;: Bj—1 — Aj, hj: Aj — B; (with hg =1id);
) h
such that B; 5, A; = Bj is a distinguished triangle for each ¢ and g; o hj_1 = f;. Such a
collection of data is called a Postnikov system. We will denote B,, by Conv(A4,). When n =1
then B,, is isomorphic to the usual cone.
PROPOSITION 6.2 (Cautis and Kamnitzer[CK08, Proposition 8.3]). Consider a complex A,.

(i) If Hom(A;[k], Ajix+1) =0 for all j >0,k > 1, then any two convolutions of (A, f.) are
isomorphic.

(ii) If Hom(A;[k], Ajyry2) =0 for all j >0,k > 1, then (A, fo) has a convolution.

PROPOSITION 6.3. Suppose that D is a triangulated category which satisfies the Krull-Schmidt
property. If Ay is a complex of objects in D which is homotopic to zero, then Conv(As) = 0.

Proof. The proof is by induction on the length of the complex. The base case is trivial.

Now, if Aq = Ag EiN Ay — B, is homotopic to zero, then there exists a map g1 : A1 — Ag
such that g; o fi =idg4,. Since D is Krull-Schmidt this means that A; = Ay @ A} and we can
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rewrite A, as

A (fl?f ) AO@A/ —>B

where f] is an isomorphism. Now, if we take the first cone we obtain a commutative diagram

Ao (f1.f1) Ao Al h B.
J{(a,ﬁ) lid
0 Cone(f1, f1) - B,

u

where u is some map. Note that Conv(As) = Conv(Cone(f], f{') — Bs) so, by induction, it
suffices to show that Cone(f], fI') < B, is homotopic to zero.

Since f] is an isomorphism this means (3 is an isomorphism. Thus, precomposing with 3 we
get

(Cone(ff, ) * Ba] = [4; “2 B.). (14)
Note that by commutativity of the square u o G = h.

On the other hand, using the cancellation lemma (Lemma 5.7)

(f17f1

(Ap L Ay Al M B0 — A, L Bl

Thus, combining this with (14) we get that Cone(f], f) = Bs is homotopic to zero. a

6.2 Proof of Theorem 6.1
First we show that 3;1, has a unique convolution. By Proposition 6.2 it suffices to check that
for any partitions A, p, v with |A| — |u] > 2 and || — |v| > 3 we have

Hom(PMQM, PWQ) (1)) = 0 = Hom(PM QM PM Q") (2)) (15)

where (1) = [1]. In the 2-category H this is clear because any map in the first (respectively second)
Hom space above, must contain two (respectively three) adjunction maps and must therefore
have degree at least two (respectively three). On the other hand, this can also be seen by using
adjunction and the commutation relations in ‘H to reduce the statements above to the statement
that End(1p, 19(s)) =0 for s <0. Since this is also true in our 2-representation consisting of
coherent sheaves on X%n] the vanishing of (15) holds there too.

It remains to show that these unique convolutions Conv(%;1,) satisfy the affine braid
relations. This follows from the affine braid relations satisfied in Kom(H). We illustrate this
by proving that

Conv(%;1,) o Conv(X; '1,) = 1,,.

First, we have that >;1, o Ei_lln =1, in the homotopy category. This means that we have a
map ;1,0 E;lln — 1, whose cone is homotopic to zero. By Proposition 6.3 we know that any
convolution of this cone is zero and hence there is an isomorphism

Conv(%;1,0%;'1,) = 1,

for any choice of convolution (we do not know that it has a unique convolution). On the other
hand, Conv(3;1,) o COHV(Ei_l].n) is some convolution of ¥;1,, o Zi_lln. Thus,

Conv(¥;1,) o Conv(¥;'1,) = Conv(¥;1, 0 X; '1,) 2 1,

and we are done.
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Remark 6.4. Although Theorem 6.1 involves the triangulated category of coherent sheaves on a
surface, the same proof works to show that the conclusions in that theorem hold for any (graded)
triangulated category where

0 if£<0
Hom(1,,1,(¢) =< C if ¢=0

finite-dimensional if ¢ > 0.

6.3 A larger group

As mentioned in the introduction, Dcx (Xr) carries an action of the affine braid group defined
using Seidel-Thomas twists [ST01]. The affine braid group action constructed above coincides

with its 1ift from Dex (X1) to Do« (X[) using the results in [Plo07].

On the other hand, there is actually a larger group acting on Dcx (X%n]). It is generated
by certain complexes very similar to our 3;1,. These complexes are briefly discussed in §8.3
(equation (21) is an example of such a complex). However, the autoequivalence such a complex
generates is not the lift of any automorphism of Dc¢x (X1). It would be interesting to give a more
geometric description of these equivalences.

7. A braid group action on Kom(H)

In this section we define an abstract action of Br(D) on Kom(H’) where H' is the full subcategory
of H generated by the P;. The quotient of H’ by the ideal generated by 1, for n <0 may be
thought of as another categorification of Fock space.

Recall that the 2-category H contains generating 2-morphisms X ]k : Pj — Pi(1) for (j, k) = —1
and Tji: P;Py — PyP; for any j, k € I. In [CL12] we encode these maps diagrammatically as a
dot and a crossing respectively. To define a braid group action on H’ we need to explain how the
generators JZ?H act on 1-morphisms P; and Q; as well as on 2-morphisms X Jk and T)ji. We will
then extend this action monoidally; for example, o;(P;P;) = o;(P;)o:(P;).

In Appendix B we will prove the following result.

THEOREM 7.1. The actions of az?tl defined in §§ 7.1-7.5 induce 2-endofunctors of the 2-category
Kom(H') which satisfy the braid relations of Br(D).

One can extend the results of this section to describe an action of Br(D) on the entire category
Kom(H), rather than on just the upper half Kom(H’). However, this would require checking even
more relations and our interest in this paper is to understand braid group actions arising from
integrable 2-representations of H. For this purpose, Theorem 7.1 is sufficient.

7.1 The action of a';tl on 1-morphisms

As usual, we will use [k] to denote a cohomological shift to the left by k and (k) to denote the
internal grading shift of H.

We define
P2y P, X p, =T
0i(Pj) =14 pi(—1) XL p; if (i, j) = —1
Pj if (i, j) =0
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where the right-hand terms are all in homological degree zero. Likewise, we define

P, LX) p Py ifi=jel
—1 L X
o (Pj) =194 p; 25 py1) if (i, j) = —1
P; if (i, j) =0

where this time the left-hand terms are all in degree zero.

7.2 The action of o; on X
Suppose (i, j) = —1. We define

0i(Pi(=1)) = Pi(=3) @ Pi(-1) ————Pi(-1)

ai(xg’)l Q ml lxg’
D¢

aPy) = P(~1) 1 i

oi(Pj(-1)) = Pi(~2) —— > Py(~1)

gi(x;)l (ei1s 0)l | lX}
aP) = P(-2epLllp,

where the rightmost columns are both in cohomological degree zero.

Next, suppose further that j # k and (j, k) = —1, (i, k) = 0. Then define

ci(Py(~1)) = Pi{—2) L Py(-1)
Uz‘(Xf)i l le
oi(Px) = 0—— Py
oi(Px) = 0——Pr(-1)
ai,(X{;)J/ l _ lXi
oilPy) = Pl =P

where again the rightmost columns are in cohomological degree zero.

An unusual situation is when i, j, k form a triangle, meaning (i, j) = (j, k) = (i, k) = —1. In
this case we define

X}
O‘i(Pj) == Pi<—1> — Pj
Uz(XJk)l io iX]k
X}
oi(Pr) =  P;—=P(1)

where the rightmost column is in cohomological degree zero.

Finally, if (i, j) = (i, k) =0, then o;(X}) = X
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7.3 The action of 0'1._1 on X
Suppose (i, j) = —1. We define

ol P = P11y e Py
lo‘il(Xg) le l(o €ij1;)
-1 X;
o, (Py) = Pj ———————Py(1)
1 X;
o, (Py(-1)) = Pj(-1) ———P;
ial(XJ) lx; i(l 0)
oL (Py) - P, p g p2)

where the leftmost columns are in cohomological degree zero.
In the case when i, j, k form a triangle so that (i, j) = (j, k) = (i, k) = —1 we define

. X
o, (Pj(=1)) = P;(=1)—=P;
\Lo‘il(X]’f') J/X]’? lo
X
o' (Py) = Pr—=Pi(1)

where the leftmost column is in cohomological degree zero.
Next, suppose (j, k) = —1, (i, j) = —1, (i, k) = 0. Then define

U P-1)) = Py—1)tp,
|t lx& l
o (Py) = P, ——0
o7 H(Pr(=1)) = Pi(-1)—0
J{a#(Xi) iXﬁ l
X
o (P)) = Pj —P;(1)

where the leftmost columns are in cohomological degree zero.
Finally if (i, j) = (i, k) = 0, then define Ui_l(XJ’-“) = X]’-“.

7.4 The action of o; on T
We define o;(T;;) as the map of complexes

PiP;(—4, -2, —2,0) —2> P;P;(~2,0, —2,0) — >~ P;P;

(2
T; 0 0 0 0 0 Ty 0
o o T oo 0 0 0 Tl |
0 T 0 0 Ty 0 0 0
0 0 0 Ty 0 Ty 0 0
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where, for instance, P;P;(—4, —2, —2,0) is shorthand for P;P;(—4) & P;P;(—2) & P,P;(—2) &
P;P; and the rightmost column is in homological degree zero. The maps A and B are

given by
-1, X! =11 0 0
A 0 0 —LXI -1
X 0 L1 0
0 -XiI; 0 ine

B=(X/1; Ll; LiX! 11).

Now suppose (i, j) = —1. Then we define ;(7;;) by

0i(PiP)) = PiPi(=8) @ PiPy(—1) <> PiP;(2) & P;P; & PPy(—1) — = PP,
T.; 0 O
22 0 0 iz‘vlj
oi(P;P) = PiPi(=3) @ P;P;(—1) -~ P,Pi(—2) & P;P; @ P;P;(—1) — 2~ P;P;
where the rightmost column is in cohomological degree zero and
~LXF 0 Xk, 0
A= 0 -1,XF|, C= 0 XM |,
X, L1 -LXP -1
B= (X1, L1, LXF), D=(LX/ L1, XF1L).
Likewise, if (i, j) = —1, then we define o;(T};) by
oi(P;P) = PiPi(=3) @ P;P;(—1) 2= P,;Pi(—2) & P,P; ® P;P;(—1) — 2~ P;P;
Tii 0 0
ai(Ty:) <_OT” _OT”) ( 0 Tj O ) Ty
0 O 0 E
0i(PiP)) = PiPi(=8) @ PiPy(~1) C> PiP(=2) & P;P; & PPy(—1) — = PP,

where the rightmost column is in cohomological degree zero and

X1, 0 ~L,X! 0

B=(1,X! 1;1; XJ1;), D=(X/1; 11; 1L;X)).
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On the other hand, if (i, j) =0 then o;(Tj;) is given by
(xi1;  1.1y)

O'l(PzP]) = P1PJ<—2> D PIP] PZPJ
Ti; 0O
i(Lij Ti;
oi(Ts5) ( 0 E])
(LX) 1)
O'Z(P]PZ) = PJPZ<—2> D P]PZ _— P]PZ
where the rightmost column is in cohomological degree zero.
Likewise, if (i, j) =0, then 0;(T};) is given by
(1.7‘Xf 1_711')
O',L(PJP,L) = P]Pl<—2> (&) PJP,L P]Pl
oi(Tji) Ty 0O Ty
0 Tji

(xi1; 11y)
Ui(PZ‘Pj) = PZ‘P]‘<—2> [S2) PZ'P]' P

(]
where the rightmost column is in cohomological degree zero.
Next, suppose (i, j) = —1 = (i, k). Define o;(T}i) by

() (xie 1,x)

oi(Tjx) T (,19 1;)”) T
(;’5(1> (xF1; 1.x7)

O'Z'(Pjpk) = PZ‘PZ'<—2>—>Pin<—1>@PkPi<—1>—>PkPj

where the rightmost column is in cohomological degree zero.
On the other hand, if (i, j) = —1 and (i, k) = 0 then o;(7};) is defined by

c(PPr) =  PiPu—1) EPp,
ai(Tjk)l lTik le
oi(PePy) = PuPi—1) X PP,
while o;(T};) is defined by
oi(PeP;) = PuPi(—1) 2N PP,
. (Tkj)l lT lTH
GiPiPE) = PiP(-1) AP

where both the rightmost columns are in cohomological degree zero.
Finally, if (i, j) = 0= (i, k), then 0;(T}x) = Tj.
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7.5 The action of ai_l onT

We define o; *(T};) as a map of complexes:

0 0 Ty O Ty 0 0 0
- 0 0 0 Ty o o T o
T; 0 0 0 0 T 0 0
0 T 0 0 0 0 0 Ty

P,;P; *>A P,P; ® Psz<2> @® P,P; ® Psz<2> PiPi<07 2,2, 4>

where the leftmost column is in cohomological degree zero. The maps A and B are given by

LX! | o n1, -LXxP 0
A=l | &4 B=1xi, o 0 -1
X1, 0 X/, 0 —L;X]
Now suppose (i, j) = —1. Then we define o, 1(Tij) as a map of complexes by
o7 (PiP;) = PP, A= PP & PiP;(2) @ PiPi(1) —E = P;Pi(1) @ P;P,(3)
Ti; 0 0
o (Tyy) Tis ( 0 Ty 0 ) (__31’ -—21’)
0 0 rf” i
a{l(PjPi) = P]'Pi —>C PjPi D PjPi<2> D P@Pl<1> D PZP@<1> O] PZPZ<3>

where the leftmost column is in cohomological degree zero and

1;1, :
| —LXE 0 1L
A= | X1, |, B:( ik , >
Xt 0 —LXI Xl
1,15 ;
. Xil, 0 -1
C=|1x7], D:( S )
xin 0 Xil; —1,X!

Likewise, if (i, j) = —1 then we define o7 *(T};) by

Ty 0 0
o (T3) Ty ( 0 T 0 ) (_oT Z —(7]7)
0 0 Ty i
oY (PP) = PiPj-S=PiP; @ PiP;(2) @ PiPi(1) —— P;Pi(1) & PiPi(3)
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where the leftmost column is in degree zero and
1:1;
]

; X; 0 =11
A — 1 XZ , B — gt ’ 7 ’L‘) ,
i, ( 0 Xl —1,X]
1,1, :
. “LXE 0 1
— [ xi1. — J o
¢ f;f D < 0 —LXi XiL)
g
On the other hand, if (i, j) = 0, then o; *(T};) and o; !(T};) are given by
o WPy = PP K ppapp o)
o (Tiy) i 0 T’z]
11 1;X!
PPy = Pp Lp;P; @ PP (2)
;1 1, X7
o H(P;P) = pp; & LP,PiaPPi2)
. ) Tji 0

1;1; Xflj
O'Z_I(PZP]) — P,LPJ ( )

where the leftmost columns are in cohomological degree zero.
Next, suppose (i, j) = —1 = (i, k). Define o; ! (Tj) by

1 (XL 1;X5) (LXP XjL)
o, (PiPr) = PiPr——————PiPr(1) & P;Pi(1) PiP;(2)
TN, T; 0 Ty T
o, (Tjk) ik 1_,2 0 L

-1 (Xi1l; LeX)) (LX} XiL)
o (PeP;) = PPj——————=PiP;(1) @ P4Pi(1) PiPi(2)

where the leftmost column is in cohomological degree zero.
On the other hand, if (i, j) = —1 and (i, k) = 0 then o; ' (T}1,) and o; ' (T};) are defined by

o; ' (PjPy) = PPy il P;P(1)
iail(Tjk) lTjk lTik
GTUPP) = PP R
TP = PPt ppi()
ioi H(Tis) lTw J{Tk
o; ' (PPk) = PijﬂPiPMD

where both leftmost columns are in cohomological degree zero.
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Finally if (i, j) =0 = (i, k), then o; *(Tjx) = Tji.

PROPOSITION 7.2. The definitions above give well-defined endomorphisms of the 2-category
Kom(H).

7.6 Some homotopy equivalences

Some of the definitions above can be simplified, as we now explain. The reason we do not use
these simpler definitions is that in practice they are more difficult to work with when checking
the braid relations in the next section.

The complex o;(P;) is homotopy equivalent to P;(—2)[1] via the maps vp, and vp, defined as

follows.
oi(Pi) - Pi(-2) & P; ., P;
V,,ii (1, O)l l
Pi-2)[1] = ooy
i (1 —X:)l i
oi(Pi) - Pi(-2) & P; ., P;

Clearly vp,p, is the identity map. On the other hand, vp vp, is homotopic to the identity using
Likewise, o; 1(P;) is homotopy equivalent to P;(2)[—1] via the maps ¢p, and (p, defined by

(L X3)

i ——P; & Pi(2)

gl l i(—xz 1)
Pi(2)[1] = 0 ———Pi(2)
Cp, l (0 1)

l ) P (L X}) l

O';l(Pi

Using these homotopy equivalences one can simplify some of the definitions above. In
particular, if (i, j) = —1, then we get the following diagrams.

vp,0i(Pi(=1)) = Pi(—3) ——0
Ui(Xf)oypii J{—X;‘ ‘ J{
7i(P;) = PP
aPi(-1) = P2 T Py(-)
w0 m(x;:)l il i
vp,0i(P:) = P{-2)——0

Moreover, it is easy to check that

(I/inpi) o O'Z(Tu) o (ﬁpiﬂpi) =—-T5: PiPi<—4> [2] — PZ‘P,'<—4> [2]
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while if (i, j) = —1, then

—1X

(vp,0i(P:))oi(P;) = PiPi(=3) —=PiP;(-2)
(Loyioyyve,) © (04(Tiy)) 0 (upiwp,.))l i_Tii lT
i(P)pai(P)) = PPi{-3) S PPi(-2)
0i(P;) (vp,0i(P:)) - P,Pi(—3) 1 PPi(—2)
(i 1oy py) 0 (03 (T5i)) © (1ai<Pj>l7Pi)l i—Tu lT;L
poiP))o(P) = PP{=3) L PPy(-2)

where the rightmost columns are in cohomological degree —1.
Finally, if (i, j) =0, then

Livp, o 0i(T35) o vp,1;="T;; :P;P;j(—2)[1] — P;P;(—2)[1]
vp,1j o 0i(Tj) o 1;vp, =Tj; :PjP;(=2)[1] — P;P;(-2)[1].

There are similar simplifications involving o, ! which we omit.

8. Some remarks and conjectures

8.1 The action on 1-morphisms in Kom(H’)
The action of Br(D) on Kom(H’) from §7 was defined explicitly only on I-morphisms P;. On
some more general 1-morphisms it acts as follows.

PROPOSITION 8.1. The braid group action from § 7 on the 2-category Kom(H') acts on Pg-n) by

P (—2n)[n] ifi=j
ai(P) = 4 P (=n) =PI VP {on 1) = = PP (1) — PPV i () = -1
P if (i,5) =0
where the rightmost term is in cohomological degree zero and by
Pgln) (2n)[—n] ifi=j
o Py = (P = PYTUP(1) = = PP (1) = P )] (i) = 1
P§n) if (i,7) =0

where the leftmost term is in degree zero. The differentials in the complexes are the unique
morphisms (up to a scalar) given by the compositions

Pgr)Pgn—r) —>P§T_1)PZ~P§"_T) IXIT (r— 1)P P(n r)< 1) —plr™ )P(n r+1)<1>

s P

p! (
IX;I ET)P P(n r— 1)< >_>P£r+1)P(n r— 1)< >

(M p(n—r) )p .p(n—r=1)
Pir Pgn ) _, PET Pjpjn r
Proof. In order to compute ai(P§n)) one must compute o;(P’) and determine the image of o;(e(,))
where e(,,) is the trivial idempotent in S, acting on n strands colored by j.

The case that (i,j) =0 is trivial since 0;(P}) =P} and 0;(7};) = T};. Thus, the image of

oi(€(n)) on P7 is Pg-n) by definition.
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If i = j, then, up to homotopy, o;(P}') = P}(—2n)[n] and oi(e(,)) = e(1n since o(T3;) = —Ti;.
Thus, the image of o;(e(,)) on 0;(P}) is Pl(1 (—2n)[n].

If (i,5)=—1 ,then 0;(P;) =[P;(~1) — P;] which means that o;(P}) is now a complex.
To simplify notation, for a sequence d =(dy,...,d,) where each entry is ¢ or j we denote
Pa="Pg, ---Pg,. Then the term in 0;(P}) lying in cohomological degree —r (where r > 0) is
@4 Pa(—r) where r of the entries of d are i and n —r are j.

Since S,, permutes the entries of d we may consider the subgroup Sq C S, which stabilizes d.
Let d’ be another sequence where r of the entries are 7 and n — r are j. Then, using the definition
of 0i(T};) from §7.4, the 2-morphism o;(e(,)) induces a map Pgq(—r) — Pq/(—7) which (up to a
nonzero scalar) is the sum over all elements in the coset of S,,/Sq which transforms d to d’.

Since for any d,d’ as above there is an isomorphism ¢: Pq — Pgq: such that oi(e(n))“:d =
oi(em))p, © ¢ it suffices to consider the compute the image of o;(e(,)) on P(j;) where (i, j) :=
(A A )}

—_— e S —
s n—r

So consider now Ji(e(n))‘p(il’j) Py — D4 Pa- We must show that the image is isomorphic to
PE )Pg-nfr). Let w(jj),q be a minimal length representative in this coset. The component of this
map P(; ;) — Pq is a sum over all elements in the coset of Sn/Sr X Sp—p which transforms (i, j)
to d.

Consider the composition P; ;) — g Pa — Dq Paj) Where the first map is the restriction
of oi(e(n)) and the second map is the isomorphism Py w ) . The composition is the diagonal
map where each entry is the sum over all elements in S, x Sj,—,. Thus, the image of o;(e(,)) in

Peiy) is PV PO
For example, take r = 2, n = 3 so that (i, j) = (i, 4, j). Then the restriction of o;(e(3)) to P(;; j
is the map
1+ s
sz s2810 | Phig) = Plaig) © Paga © P

518251 + 5182

where the s, so are the standard transpositions. Composing this map with

1
-1 .
D uwiha= 52 Pliig) ©Pgi) ® Pl = Pliig) @ Pig) @ Py
d 5281
we obtain
14 51
Ltsi | 2 Pliig) = Peaig) @ Pliig) © Pig)-
1451
The computation of o; 1(Pg-n)) is similar so we omit it. O

Remark 8.2. It was shown in [CL12] that Kpock categorifies Vrock (the Fock space). This means
that there exists an isomorphism

P KU(Kom(ICFock)) = KO(ICFock) — Viock

which takes Pgn)lo — Pl-(n) in the notation of §3.2. Subsequently, Proposition 8.1 induces the
action of Br(D) on Vo described in Proposition 3.1.
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Remark 8.3. Consider the zig-zag algebra B of Dynkin type Ag. In [KS02, §4], a complex
of finitely generated, projective B-modules is associated to any ‘admissible’ curve in the
k-punctured disk. Equivalently, this is a complex of P in Kom(H’) (for example P1(—1) — P5). It
would be interesting to generalize that result as follows: to any ‘admissible’ n-tuple of curves in
the k-punctured disk, associate a complex of elements in H’ where each term is a sum of a product
of exactly n P (for example, the complexes appearing in the statement of Proposition 8.1).

8.2 A conjectural intertwiner
At this point we have two braid group actions; one is via the complexes ¥; and the other is
directly on the 2-category Kom(H). We conjecture that these two actions are related as follows.

CONJECTURE 8.4. Consider a 2-representation I of H and denote by R an arbitrary 1-morphism
in Kom(H). Then o;(R) o X; 2%, oR.

In particular, this means that the braid group action on Kom(H) from § 7 is just conjugation
using the complexes %;.

8.3 Vertex operators and braid groups

In this section we suppose that our Dynkin diagram D is of affine type (and still simply laced).
Denote by g the associated affine Lie algebra. In [CL11a] we defined what it means to have
a 2-representation of g. Roughly, this consists of a 2-category where the objects are indexed
by weights of g, 1-morphisms are generated by EET) and FET) where i € I, r € N and there are
various 2-morphisms with relations. This definition is analogous to the one from this paper for
2-representations of b.

Suppose that K is a integrable 2-representation of /b\ In [CL11b] we showed that Kom(K) can
be given the structure of a 2-representation of g. This categorifies the Frenkel-Kac—Segal vertex
operator construction. Roughly, we did the following.

— We defined 1) — 1,, if A = w - Ag — nd for some Weyl element w and 1) — 0 otherwise. Here
A is a weight, Ag is the fundamental weight corresponding to the affine node and § is the
imaginary root.

— We mapped E;, F; as follows

1k+l) 1k+1)

"
Eidy— [ —PYQM =)y . =P (1) — QM) (16)

Lo PY) = Py - - P — -] (17)

if k:= (X, ;) +1 >0 (and to similar complexes if k < 0).

We argued that this action extends to give a 2-representation of g. This means that there
also exist complexes for divided power Egr)l » and 1 ,\Fgr). We gave the following conjectural
explicit description of these complexes (proven when r =1, 2). Although we did not identify
these complexes explicitly (apart from the cases r =1, 2) we did conjecture that, in general, if

k:=(\ a;) +r >0, then

Egr)lx . [ L @ Pl(ut)Ql(T")u)<_l> N PiQZ(-rk’l)<—1> — Qgrk)] <_ <;>> [(;)]

w(p)<r =1
(18)

for certain explicit differentials. Here the direct sum is over all partitions p of size || which fit
in a box of width r (w(u) denotes the width of ;). We also conjectured similar formulas if k£ <0

and likewise for 1, Fgr).
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8.3.1 Associated braid group actions. Given any 2-representation of g, we considered
in [CK12] the Rickard complex defined by

Tily:=[--— (=X +s) F§8)<—s>1 NN E(_<)\7ai>+1)Fi<—1>1A R E(_O"ai))l,\] (19)

i A i i
if (A, o) <O (and similarly if (A, o) > 0). We then showed [CK12, Theorem 2.10] that these
complexes satisfy the braid relations in Br(D). Note that the domain and range of T;1) are
given by
Ti1yx: A—s;- A where s; - A=\ — (A, ;).
If 1) — 1, under the map from [CL11b], then it is easy to check that 1,5 — 1,. Thus, if we

compose the complexes for T; from (19) with those for E and F (from (16) and (17)) then
we obtain complexes T; € Kom(K) with domain and range n.

Ezample 1. Suppose 1 — 1,, under the map from [CL11b] with (A, o) = —n. Then, the complex
from (18) with £ =0 and r = n gives the following expression for ™1 A

i

[. = P PR (D1, PQi(- 1)1, — 1n] <— <Z>> [(Z)] . (20)

(w)<n, =l

Note that the terms in (20) are zero if |u| >n so the extra condition that w(u) <n is not
(n)
i

not difficult to check that in this case FZ(.S)I A =0 for any s> 0. Thus, the expression in (19)

necessary. Subsequently, E:"“1, is the same as our complex ¥;1,. On the other hand, it is

simplifies to give T;1) = Egn)l A- Thus, T;1, = X¥;1, and, using [CK12], we recover the braiding
of the ¥;1,, (Theorem 1.1).

Ezample 2. Suppose (A, ;) =1 and that, under the map in [CL11b], 1 + 12. Then
Tily = [FPE(—1)1, 5 Fily]: A — s - A
Using the definitions in [CL11b], one can check that
Fily > [1o — PiQi(1)12 — P{QP (2)1,]
FP1y 0, = PP [-1]1g and E;j1y— Q1.
Combining this together gives that
PEYQ 1112 — 12 — PiQu{1) 12 — PQ{ (2)1].
This collapses to give a complex of the form
PEIQP1, @1, — PiQi (1)1, — PPQM ) (2)1]. (21)
Note that this complex is not of the form of ¥;1s.

9. Conclusion

Using [CK12], and assuming the conjectural expressions for EET) and FET) from [CL11b] (such as
that in (18)) we recover the main result in this paper. On the other hand, as Example 2 above
illustrates, the full categorical action from [CL11b] and the braid group action it induces via
[CK12] gives us a larger collection of complexes in Kom(H) which satisfy the braid relations
(equation (21) is an example of one such complex). It would be interesting to explicitly identify
all of these complexes in Kom(H) directly.
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Appendix A. Proof of Proposition 7.2

What one needs to check is that the image of any two equivalent 2-morphisms (i.e. related by
some 2-relation) under any 0'?:1 are identical.

There are many 2-relations so we will not check all of them in this paper. We illustrate by
checking one of the most difficult relations, namely

0i(Tj;15) 0 0:(1;T}5) 0 0i(Tj515) = 04(1;T45) 0 0:(Tj515) 0 0i(1;Tj;5)

whenever (i, j) = —1.

By direct computation, o;(7};1;) o 04(1;T};) o 03(Tj;1;) is the following map of complexes:

P;P:P;(—2) P,P,;P;(—1)
® @
P;PiP;(—3) —%> P;P;P;(—2) —> P;P;P;(—1) —= P,P;P;
@ @
P,P;P;(—2) P;P,P;(—1)
A B C D
P;P;P;(—2) PiP;P;(—1)
e @ ;
P;PiP;(—3) —1> P;P;P;(—2) —> P,;P;P;(—1) —> P,P,P;
® @
P;P;Pi(—2) P;P;P;(—1)
where
1,1, X7 1,X71; 1;1;X] 0 } ' '
a = 12ijlz y b= Xz] 0 1J12le s Cc= (ijljlj 1injlj 1]1]ij> )
X711 0 X/1;1, 1,X/1
1,X71, LX) LX), 0 | | |
d= 1111X1J s e = Xz] AO 1inJlZ: N f: <Xz']1j1j ljleg 1nglj) ;
X711, 0 X/1,1; 1;1,X)
A= ((Ty1s) o (1Ty) o (Tyls))
0 (Tjili) o (1;Ty) o (Tij1:) 0
B= 0 0 (Tiilj) o (L:T}i) o (Tjils) |
(Tij1i) o (1T55) o (Tiil;) 0 0
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0 0 (Tji15) o (1;Ty:) o (T);1:)
C = | (Tj;1;) o (1;T3) o (Ti515) 0 0 ,
0 (Ti515) o (1:Tj5) o (Ti15) 0

D = ((Tj315) o (1;T5) © (T3;1;))-
Similarly, 0;(1,Tj;) 0 0;(T}51;) 0 05(1;T};) is a map of complexes:

PiP:P;(—2) P:P;P;(—1)
® ®
P;P;P;i(—3) —%> P;P;P;(—2) —"> P,P,P;(—1) —>P,P,;P;
@ ®
P,;PiP;(—2) P,;P,;Pi(—1)
A/ B/ C/ D/
P.P:P;(~2) P.P;P;(—1)
® ® ;
P;P;iP;(—3) —> P;P;P;(—2) —> P;P,P,;(—1) —> P,;P;P;
® ®
P;P:Pi(~2) P;P,P;(—1)
where
A" = ((1iTy) o (Tli) o (1T3))
0 (LiTij) o (Tiilj) o (1)) 0
B'= 0 0 (1:T5i) o (Tyili) o (1;T) |
(1;T) o (T351;) o (1,T35) 0 0
/ 0 0 (LiT5j5) o (T5i15) o (1;T5)
C' = | (1;Tij) o (Ti1;) o (1,Tj5) 0 0 ,
0 (1;Ti) o (Tj514) o (1;T55) 0

D' = ((1;Ty;) o (T3;15) o (1;T};)).
Equalities of matrices A= A’, B=B', C =C’', D = D’ follow from the three-strand relation in
the category.

Appendix B. Proof of Theorem 7.1

To prove Theorem 7.1 one needs to fix isomorphisms o;0, M- M O, laiM — M, oi0i410;M —

0i+10i0i+1M on all generating 1-morphisms of Kom(H’) and then show that these isomorphisms
are natural with respect to all generating 2-morphisms.

B.0.2 Reidemeister 2-relations on 1-morphisms. Recall the homotopy equivalences
vp, . O'l(Pz) l> Pz<_2>[1] and Cpi : JZ_I(PZ) L Pz<2>[_1]
We can use these to define isomorphisms

o7 i(Pe) T T P2 1)) S5 Py and i (P) T ay(Pu2)[-1]) 2 P
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On the other hand, if (i, j) = —1, then we use the following maps

J i X’ 0 —e
oloPy) = Pl X pogp 1y e pn) L p,1)
l l la _xt o) l
oloi(Py) = P g P -1 @ P > ~L (1)

where the rightmost column is in cohomological degree one. The vertical composition is

Pj D Pi<_1> D Pi<1>

lo / l% / io

Pi(—1) P; ® Pi(—1) @ P;(1) Pi(1)
where
1 -x/ 0
w=| 0 0 0

e X! —Xi 0
Here Dy = (0 —1 0) and Dy = (0 0 ¢;;) give a homotopy between this composition and the identity
map.

B.0.3 Reidemeister 3-relations on 1-morphisms.
PROPOSITION B.1. For (i, j) = —1 there is an isomorphism
P, : 05050i(P;) — 0j0;0(P;).

Proof. One checks that the map of complexes 3: ¢;0;(P;) — P;(—1) given by

—€ij
0
X7

] ot 0 1

0 P;

0
is a homotopy equivalence with inverse map 3. Then 3o o;0,(vp,): oi0;0:(P;) — P;j(—3)[2] is a
homotopy equivalence.
Similarly vp, 0 0;(8p,): 0j0i0;(P;) — Pj(—=3)[—2] is a homotopy equivalence. Finally, we
define

P = _Ui+1(BPi+1) OUp,,, 0 ﬂPi+l © Ui0i+1(ypi)‘ o
PRrOPOSITION B.2. For (i, j) = —1 there is an isomorphism
T, 0i00i(Pj) = 0joio;(Pj).

Proof. The proof of this is similar to that of Proposition B.1. O
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Next, if (i, j) = —1=(j, k) and (i, k) =0 one needs to write down a homotopy equivalence
0;00;(Px) — 0j0;0;(Pg). A direct calculation shows that

X7 Xy
UinUi(Pk) = [Pz’<_2> - Pj<_1> - Pk]

0;0105(Pi) = [Pj{~3) 2 P3(=3) @ P;(~1) & P;(~2) £ Pj(—1) @ Pj(—1) < Py]

where

. 0 -1 0
A=(1 0 Xi), B:<X; : Xij-), o= (xF XxH),

It is not difficult to check that the following maps are homotopy equivalences.

0i0;0i(Pk) = P;(—3) 2> P;(=3) & P;(~1) & P(—2) 2> P;(~1) & P;(~1) -~ Py,
\L(j) l J{(—X} 0 1) » l(l 1) ll
ojoioj(Pe) = 0 Pi(—2) at P;j{—1) - Py
liﬁ l l(o -X7 1 l(l 0) il
0iojoi(Py) = Pj(=3) 2= P;(=3) & P;(=1) & Pi(=2) -Z~ P;(—1) & P;(~1) -%> P,

Finally, if i, j, k form a triangle then there is a more complicated homotopy equivalence
0;0;0;(Pg) — 0;0;0;(Py) which we omit (the interested reader can contact the authors for more
details).

B.0.4 Reidemeister 2-relations on 2-morphisms. First, assuming (j, k) = —1, one needs to
check that the following diagrams commute

_ o tou(XY) _ o071 (XY]) _
0; lai(Pk<_1>) =0, lgi(Pj) 0,0, I(Pk<_1>) = 0,0, 1(Pj)
Pr(=1) Pj Pr(-=1) P;

where the vertical maps are those from the previous section.

Next, for any i, j, k, one needs to check the commutativity of the following squares.

o o (T _ _ a,07  (Tj _
o7 0u(PyP) T o (PP 0.0 (PiP) T o (PP
PPy gl PP PP oL PPy
B.0.5 Reidemeister 3-relations on 2-morphisms. First, assuming (i, j) = —1 and (I, k) = —1,

one needs to check that the following diagram commutes.

U'i0i+10'i(X}€)

0;050;(Pp(—1))

|

0joi0;(Pr(—1))

UinUz'(Pl)

|

0005 (X})
ojoio;(Pp)
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Next, for any 4, j, k,I with (i, j) = —1, one needs to show that the following diagram

commutes.
UiO'jUi(le)
0i0;0i(PiPL) oi0;0;(PLP;)
l’yplvpk l’ypk 'YPl
0005 (Tik)
0j0i05(PiPk) ojoi05(PLP;)

Checking that all of these diagrams commute breaks up into many cases. Each case, although
not difficult, is a bit tedious (the interested reader can contact the authors for more details about
these calculations).
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