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Klyachko Models for General Linear
Groups of Rank 5 over a p-Adic Field

Chufeng Nien

Abstract. This paper shows the existence and uniqueness of Klyachko models for irreducible unitary

representations of GL5(F), where F is a p-adic field. It is an extension of the work of Heumos and

Rallis on GL4(F).

1 Introduction

In 1984, A. A. Klyachko [Kl] initiated the investigation of a class of models for GL(n)
over a finite field, which we refer to as Klyachko models (also known as Whittaker–

symplectic models). These models consist of a series of representations Mn, k, 0 ≤
k ≤ [ n

2
] with the following properties.

1. Existence of models: every irreducible representation of GL(n, Fq) is a subrepre-

sentation of Mn, k for some k.

2. Uniqueness of models: for each irreducible representation, the multiplicity in
Mn, k is at most one.

3. Disjointness of models: Mn, i and Mn, j are disjoint for i 6= j, that is, no irre-
ducible representation can be embedded in both Mn, i and Mn, j, for i 6= j.

These models generalize the usual Whittaker models by adding a symplectic compo-

nent to the inducing subgroup. When k = 0, Mn, 0 is the famous Whittaker model,

a representation induced from a generic character on the unipotent radical of stan-
dard Borel subgroups of GLn. When n is even and k =

n
2
, Mn, n

2
is induced from the

trivial character of Spn and is called a symplectic model. The other “mixed” models

Mn, k, 0 < k < [ n
2

] are induced from characters of subgroups with smaller unipotent
and symplectic components.

Klyachko’s work was followed by that of Michael J. Heumos and Stephen Rallis

[HR] who in 1990 considered the realization of these models on GLn over p-adic
fields. At first, as in the finite fields case, disjointness and uniqueness of these models

are expected for all irreducible representations, but soon after they found an irre-

ducible non-unitary representation of GL3(F) which does not have any such models.
Then they restricted the discussion to irreducible unitary representations, and proved

the uniqueness of the symplectic models and the disjointness for unitary represen-

tations of the different models. Moreover, for n ≤ 4 they proved that any unitary
irreducible representation admits a unique Klyachko model. Following their work,
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a unique model for each irreducible unitary representation of GL5(F) is explicitly
classified in Theorem 5.7.

O. Offen and E. Sayag [OS] showed that a certain family of irreducible unitary

representations of GL2n has symplectic models by embedding a local problem into a
global setting. Recently, they further proved that every irreducible unitary represen-

tation of GLn admits a Mk model for a unique 0 ≤ k ≤ [ n
2

].

2 Notation and Terminology

For notation and terminology, we follow [HR, BZ1, BZ2]. Throughout, F denotes a

p-adic field, and Gn denotes GL(n,F).

The standard (upper triangular) parabolic subgroups of Gn are parameterized by
ordered partitions (n1, . . . , nk) of n = n1 + · · ·+ nk. Let Pn1 ,...,nk

denote the associated

parabolic subgroups and Nn1 ,...,nk
denote its unipotent radical. Jn denotes the 2n × 2n

matrix ( 0 In

−In 0 ) and the associated symplectic form J(x, y) =
txJn y is denoted by

J. The symplectic groups Sp2n are the set of elements preserving the form J in G2n.

Let Un denote the group of upper triangular unipotent matrices in Gn. With Un−2k

embedded in the upper left and Sp2k in the lower right, let Mk = (Un−2k × Sp2k)Nk,
where Nk = Nn−2k,2k.

We denote by ν the homomorphism g 7→ | det g| and by δP the modular function of

the group P. A character (one-dimensional representation) of Gn is of the form g 7→
χ(det g) for some character χ of F∗. We sometimes write χn to indicate the group

Gn involved. Induction is always normalized unless otherwise stated, with Ind (ind
respectively) denoting full (compact respectively) induction. Given representations σi

of Gni
, i = 1, . . . , k, extend σn1

⊗ · · · ⊗ σnk
to Pn1 ,...,nk

, so that it is trivial on Nn1,...,nk
.

Denote

Ind
Gn1+···+nk

Pn1 ,...,nk
σn1

⊗ · · · ⊗ σnk
by σn1

× · · · × σnk
.

Given a unipotent radical Nn1,...,nk
and a representations π of Gn, the Jacquet func-

tor rn1 ,...,nk
is defined to be the functor mapping π to the quotient space

Vπ/{π(n)v − v|v ∈ Vπ, n ∈ Nn1 ,...,nk
}.

The quotient space is a Gn1
× · · · ×Gnk

module and is called the Jacquet module of π.

Let r̃ denote the normalized Jacquet functor (refer to [BZ2]). Let ψ be any nontrivial,

complex, additive character of F. Define the character ψn of Un by

ψn(u) = ψ(u1,2 + · · · + un−1,n), u = (ui j).

A generic (or nondegenerate, Whittaker) character is a character which is nontrivial
on all the simple root groups in Un. For 1 ≤ k ≤ [ n

2
], define a series of models

for Gn to be representations Mn,k = IndGn

Mk
(ψn−2k ⊗ 1 ⊗ 1). Denote ψn−2k ⊗ 1 ⊗

1 by ψ̂n−2k. When n is understood, we simply write Mk. We call M0 a Whittaker

model. The Whittaker models for any two Whittaker characters are equivalent, since

the diagonal torus of Gn normalizes Un and acts transitively on the set of Whittaker

characters. The Weyl group of Gn is the symmetric group Sn, and we use cycle forms
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(i1, i2, . . . , ik) of permutations to denote the corresponding Weyl elements in W. For
example, in G4,

(1, 2, 3) =




0 0 1 0

1 0 0 0

0 1 0 0
0 0 0 1


 .

We also use the notations Indn1+···+nk

n1,...,nk
= Ind

Gn1+···+nk

Gn1
×···×Gnk

, r̃n1+···+nk
n1 ,...,nk

= r̃
Gn1+···+nk

Gn1
×···×Gnk

, and

Homn1,...,nk
= HomGn1

×···×Gnk
.

3 Known Results on GLn

Denote by AlgG the set of all smooth representations of an algebraic group G.

Proposition 3.1 (Proposition 1.9 [BZ2]) Let M,U be closed subgroups of Gn such

that M normalizes U , M ∩U = {e}, and the subgroup P = MU ⊂ Gn is closed. Then

1. The functors IndP, indP are exact.

2. The functor r̃M is left adjoint to IndP, that is, HomM (̃rM(π), ρ) ≃ HomGn
(π, IndP).

3. Induction by stages: let S,T be subgroups of M and H = ST such that the functors

IndH, indH : AlgS 7→ AlgM and r̃S : AlgM 7→ AlgS are well defined. Then

indGn

P ◦ indM
H = indGn

H , IndGn

P ◦ IndM
H = IndGn

H , r̃M
S ◦ r̃Gn

M = r̃Gn

S .

Theorem 3.2 (Jacquet’s Theorem [BZ1]) Let π ∈ AlgGn be irreducible. Then there

exists a parabolic triple (P,M,U ) of Gn and an irreducible cuspidal representation ρ ∈
AlgM such that π can be embedded into indGn

P (ρ). In particular, π is admissible.

Let α = (n1, . . . , nr) be an ordered partition of n, and let Gα = Gn1
× · · · × Gnr

be the subgroup of Gn, embedded as the subgroup of block-diagonal matrices. By

blocks of α we mean the sets of indices

I1 = {1, . . . , n1}, I2 = {n1 + 1, . . . , n1 + n2}, . . . , Ir = {n1 + · · · + nr−1 + 1, . . . , n}.

For two partitions β, γ with blocks I1, . . . , Ir and J1, . . . , Js respectively, set

W β,γ
= {w ∈ W | w(k) < w(l) if k < l and both k, l belong to the same Ii ;

w−1(k) < w−1(l) if k < l and both k and l belong to the same J j}.

Let Fw = ind
γ
γ∩w(β) ◦ w ◦ r̃

β
β∩w−1(γ)

.

Theorem 3.3 (Theorem 1.2 [Ze]) The functor F = r̃n
γ ◦ indn

β : AlgGβ 7→ AlgGγ is

glued together from those Fw where w ∈ W β,γ . That is, for π a representation of Gn and

β, γ partitions of n the set of composition factors of r̃n
γ ◦ indn

β(π) is {Fw(π)|w ∈ W β,γ}.
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In the following, C∞
c (X) denotes the space of smooth, compactly supported func-

tions on a p-adic space X, and D(X) denotes the space of complex-valued linear

functionals on C∞
c (X). Elements of D(X) are called distributions. Given a Lie group

G, define the left and right translations lg and rg on G; C∞
c (G) and D(G) as the fol-

lowing:

lg · x = gx; rg · x = xg−1;

(lg · f )(x) = f (g−1x); (rg · f )(x) = f (xg);

(lg · T)( f ) = T(lg−1 · f ); (rg · T)( f ) = T(rg−1 · f ),

where g, x ∈ G; f ∈ C∞
c (G) and T ∈ D(G).

Lemma 3.4 (Bernstein’s localization principle, Theorem 6.9 [BZ1]) Assume that

a p-adic group G acts on a p-adic space X by q : X 7→ X constructively, which means

that the graph {(x, gx) | g ∈ G, x ∈ X} of G is the union of finitely many locally closed

subsets of X×X. If every fiber Xy = q−1(y) is G-invariant and if D(Xy)G
= 0 for every

y ∈ X, then D(X)G
= 0.

A segment △ is a representation of Gn of the form of ρ× νρ × · · · × νkρ , where

k ∈ N,mk = n and ρ is an irreducible cuspidal representation of Gm. We write

△ = [ρ, νkρ] to indicate the beginning and the end of a segment. Two segments
△1,△2 are linked if △1 6⊂ △2,△2 6⊂ △1, and △1 ∪ △2 is also a segment. Let

△1 = [ρ1, ν
sρ1],△2 = [ρ2, ν

tρ2]. △1 precedes △2 if △1 and △2 are linked and

ρ2 = νmρ1 for some m > 0.
If π is a representation, we denote by 〈π〉 (respectively L(π)) the unique irreducible

submodule (respectively the unique irreducible quotient module) of π, when it exists.
A sufficient condition for existence is explained in the following theorem, and, in

many useful cases, unique submodules and unique quotients do exist.

Theorem 3.5 (Theorem 6.1, [BZ2]) Let △1, . . . ,△r be segments of Gn such that for

each pair of indices i < j, △i does not precede △ j . Let the same condition hold for

segments △ ′
1, . . . ,△

′
s .

1. The representation 〈△1〉 × · · · × 〈△r〉 has a unique irreducible submodule, denoted

by 〈△1, . . . ,△r〉.
2. 〈△1, . . . ,△r〉 and 〈△ ′

1, . . . ,△
′
s 〉 are isomorphic if and only if the sequences of seg-

ments {△1, . . . ,△r} and {△ ′
1, . . . ,△

′
s} are equal up to a chain of transpositions of

two non-linked neighbors.

3. Any irreducible representation in AlgGn is isomorphic to some representation of the

form 〈△1, . . . ,△r〉.
4. The representation 〈△1〉× · · ·× 〈△r〉 is irreducible if and only if △i and △ j are not

linked for each pair i, j = 1, . . . , r.

Theorem 3.6 (Theorem 1.2.5, [Ku]) Let △1, . . . ,△r be segments of Gn such that for

each pair of indices i < j, △i does not precede △ j . Let the same condition hold for

segments △ ′
1, . . . ,△

′
s .

1. The representation L(△1) × · · · × L(△r) has a unique irreducible quotient, denoted

by L(△1, . . . ,△r).
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2. L(△1, . . . ,△r) and L(△ ′
1, . . . ,△

′
s ) are isomorphic if and only if the sequences of

segments {△1, . . . ,△r} and {△ ′
1, . . . ,△

′
s} are equal up to a chain of transpositions

of two non-linked neighbors.

3. Any irreducible representation in AlgGn is isomorphic to some representation of the

form L(△1, . . . ,△r).

4. The representation L(△1) × · · · × L(△r) is irreducible if and only if △i and △ j are

not linked for each pair i, j = 1, . . . , r.

Theorem 3.7 (Theorem 9.3, [Ze]) An irreducible representation π in AlgGn is quasi-

square-integrable if and only if it is isomorphic to L(△) for some segment△ = [ρ, νmρ],
where ρ is an irreducible cuspidal representation of Gk, km = n, k,m ∈ N. That is, it is

the unique quotient of some segment. In particular, every irreducible cuspidal represen-

tation of Gn is quasi-square-integrable.

Lemma 3.8 (Lemma 3.2, [Ta1]) Let △1,△2 be two segments.

1. If △1 and △2 are not linked, then L(△1) × L(△2) = L(△1,△2).
2. If △1 and △2 are linked, then

L(△1) × L(△2) = L(△1,△2) + L((△1 ∩△2), (△1 ∪△2)),

where the summation is in the sense of semi-simplification (i.e., L(△1,△2) and

L((△1 ∩△2), (△1 ∪△2)) are composition factors of L(△1) × L(△2).)

Theorem 3.9 (Theorem 9.7, [Ze]) 1. For any k segments △1, . . . ,△k, the represen-

tation π = L(△1)×· · ·×L(△k) has a nontrivial Whittaker functional. In particular,

every irreducible quasi-square-integrable representation of Gn is generic.

2. Any generic representation π of AlgGn can be decomposed as a product

π = L(△1) × · · · × L(△k),

for some segments △1, . . . ,△k, such that no two of them are linked. Moreover the set

{△1, . . . ,△k} is uniquely determined by π up to isomorphisms of representations.

Theorem 3.10 (Theorem 2, [Ro]) Let πi be irreducible representations of Gni
, i =

1, . . . , k, and n = n1 + · · · + nk. Then

Homn(π1 × · · · × πnk
,Mn,0) ≃ Homn1,...,nk

(π1 ⊗ · · · ⊗ πnk
,Mn1,0 ⊗ · · · ⊗ Mnk,0).

Now we recall the classification of irreducible unitary representations of Gn due to

M. Tadić [Ta2].
Let D0(n) denote the set of isomorphism classes of irreducible representations of

Gn which are square-integrable modulo the center and D0 =

⋃
n≥0 D0(n). Let D(n)

be the set of representations of the form ναδ, where α is real and δ ∈ D0(n); let
D =

⋃
n≥0 D(n) and let M(D) be the collection of all finite (unordered) multisets

on D.

For ρ an irreducible cuspidal representation and n ∈ N, let

△[n]ρ = ν
−n+1

2 ρ× ν
−n+3

2 ρ× · · · × ν
n−1

2 ρ.
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That is, △[n]ρ is a segment with exponents of ν symmetric around 0.
Given a = (δ1, . . . , δn) ∈ M(D), δi = ναiδi

0, δ
i
0 ∈ D0, we may assume that α1 ≥

· · · ≥ αn. The induced representation δ1 ×· · ·× δn has a unique irreducible quotient
L(a).

Given an irreducible representation σ, let σ+ denote its Hermitian (complex con-

jugate) contragradient. Set
∏

(σ, α) = νασ × ν−ασ+ for α positive. For a positive
integer n and δ ∈ D0, set u(δ, n) = L(ν pδ × ν p−1δ × · · · × ν−pδ), where p =

n−1
2

.

Thus if δ is a representation of Gm, u(δ, n) is a representation of Gnm. We sometimes

write u(δm, n) to emphasize the rank of δ.

Theorem 3.11 (Theorem 7.5, [Ta2]) Let

B = {u(δ, n),
∏

(u(δ, n), α)|δ ∈ D0, 0 < α < 1
2
},

a(n, d)ρ = (ν
n−1

2 △[d]ρ, ν
n−3

2 △[d]ρ, . . . , ν
n+1

2 △[d]ρ),

where n, d ∈ N, and ρ is an irreducible cuspidal representation.

1. If σ1, . . . , σr ∈ B, then σ1 × · · · × σr is irreducible and unitary.

2. If π is an irreducible unitarizable representation then there exist τ1, . . . , τs ∈ B,
unique up to permutations, such that π = τ1 × · · · × τs.

3. L(a(n, d)ρ) = 〈a(d, n)ρ〉 = u(δ(ρ, d), n), where δ(ρ, d) = L(△[d]ρ).

For this part of notation and results, we refer to [KV] and [Wa]. Let G denote a
unimodular p-adic group.

Definition 3.12 Let the Frechet spaces Vπ1
,Wπ2

be representations of G. A sepa-

rately continuous bilinear form B : Vπ1
×Wπ2

7→ C is said to be a (π1, π2)-intertwining

form if B ◦ (π1 ⊗ π2)(g) = B, g ∈ G. We denote the linear space of these forms by

I(π1, π2).

If Wπ2
admits an inner product 〈 · , · 〉π2

, we define

BT(v,w) = 〈Tv,w〉π2
, v ∈ Vπ1

,w ∈ Wπ2

for any given intertwining operator T ∈ HomG(Vπ1
,Wπ2

). Then BT ∈ I(π1, π2), and

dim HomG(Vπ1
,Wπ2

) ≤ dim I(π1, π2).

Theorem 3.13 (Theorem 4.7, [KV]) Assume that G is a unimodular p-adic group

and R,Q are closed subgroups of G. Let π1 = indG
Rχ1, π2 = indG

Qχ2, where χ1 (respec-

tively χ2) is a character of R (respectively Q). Then there exists a linear isomorphism

between the linear space I(π1 ⊗ π2) and the linear space D(G)R×Q of R × Q-invariant

distributions on G. Here the R × Q-action on T ∈ D(G) is given by

(r, q) · T = (δR(r)δQ(q))−1χ−1
1 (r)χ2(q)(lr ◦ rq) · T,

for r ∈ R, q ∈ Q.
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Proposition 3.14 Assume that G is a unimodular p-adic group and R,Q are closed-

unimodular subgroups of G. Let π1 = IndG
Rχ1, π2 = IndG

Qχ2, where χ1 (respectively

χ2) is a character of R (respectively Q). Then dim HomG(π1, π2) ≤ dim D(G)R×Q.

Proof The result follows the above theorem and the following facts:

1. HomG(IndG
Rχ1, IndG

Qχ2) ∼= HomG(Ĩnd
G

Qχ2, Ĩnd
G

Rχ1).

2. Ĩnd
G

Qχ2
∼
= indG

Qχ
−1
2 , when Q is unimodular (refer to [BZ1], 2.25).

4 The Work of Heumos and Rallis

For G2, there are only three types of irreducible representations: cuspidal represen-
tations, submodules of segments [ρ, νρ], and quotients of segments [ρ, νρ], where ρ
is an irreducible cuspidal representation on G1 = F∗. Submodules of segments are

in fact characters, and hence have symplectic models (refer to Lemma 5.5). Cuspidal
representations and quotients of segments both satisfy the criterion of Theorem 3.7

and admit Whittaker models. Therefore for G2 every irreducible representation has

either a Whittaker model or a symplectic model.

Theorem 4.1 (Theorem 2.4.2, [HR]) Let π be an irreducible representation of G2n,

then dim Hom2n(π,Mn) ≤ 1.

Theorem 4.2 (Theorem 3.2.2, [HR]) An irreducible representation of Gn cannot have

both a Whittaker model and a symplectic model.

Theorem 4.3 (Theorem 3.1, [HR]) Let π be an irreducible unitary representation of

Gn. Then Homn(π,Mi) is nonzero for at most one integer i, 0 ≤ i ≤ [ n
2

].

Theorem 4.4 (Theorem 9.1.1, [HR]) Let I=Ind3
2,1〈1× ν〉⊗ ν

−1. The representation

〈I〉 (the unique irreducible submodule of I) has neither a Whittaker model nor a mixed

model.

Theorem 4.5 (Theorem 8.1, [HR]) Let π be an irreducible unitary representation of

G3. Then π can be uniquely embedded as a submodule of Whittaker model M0 or mixed

model M1.

Theorem 4.6 (Theorem 11.5, [HR]) Let π be an irreducible unitary representation

of G4. Then π can be uniquely embedded as a submodule of Whittaker model M0, mixed

model M1, or symplectic model M2.

Theorem 4.7 ([OS]) Let π = σ1 ×· · ·×σt ×τt+1 ×· · ·×τs be an irreducible unitary

representation of GL2n(F), with σi = u(δki
, 2mi) ∈ B and τi =

∏
(u(δki

, 2mi), αi) ∈
B. Then π admits a symplectic model.

In the same paper, Offen and Sayag also made the following conjecture.

Conjecture 4.8 ([OS]) If π is an irreducible unitary representation of GL2n(F) ad-

mitting a symplectic model, then π = σ1 × · · · × σt × τt+1 × · · · × τs for some

σi = u(δki
, 2mi) ∈ B and τi =

∏
(u(δki

, 2mi), αi) ∈ B.
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5 Klyachko Models on GL5

Lemma 5.1 For i 6= j, HomG4
(Mi,M j) = 0.

Proof By Proposition 3.14, it suffices to show the following claim: if a distribution

T on G4 satisfies

ψ̂4−2i(mi)ψ̂
−1
4−2 j(m j)T((lmi

◦ rm j
) · f ) = T( f )

for all f ∈ C∞
c (G4), mi ∈ Mi , m j ∈ M j , i 6= j,

(5.1)

then T is trivial.

First note that all Mi , i = 0, 1, 2 involved here are unimodular.
Let H = Mi × M j , for i 6= j. The action of H on G4 is given by

(mi,m j) · g = migm−1
j for (mi,m j) ∈ H, g ∈ G4.

This action is constructive by Theorem A in 6.15 of [BZ1]. Then by Bernstein’s
localization principle (Lemma 3.4), it is enough to show that Tx is trivial for all

x ∈ Mi\G4/M j , where Tx is a distribution on MixM j satisfying equation (5.1).

Define a character ψH on H by

ψH(mi ,m j) = ψ̂4−2i(mi)ψ̂4−2 j(m j) for (mi,m j) ∈ H

and the action of (mi,m j) ∈ H on C∞
c (G4) by

(m1,m2) · η(g) = ψ−1
H ((m−1

1 ,m2))η(m−1
1 gm2), for η ∈ C∞

c (G4).

Let Tx be a nonzero H-invariant on an H-orbit Yx = MixM j , i.e.,

Tx((mi,m j) · η) = ψ−1
H ((m−1

1 ,m2))Tx((lmi
◦ rm j

) · η) = Tx(η)

for (mi,m j) ∈ H and η ∈ C∞
c (Yx). Equivalently, Tx satisfies equation (5.1). Let

Hx denote the stabilizer of x in H. Then Yx
∼
= H/Hx. Note that C∞

c (Yx) ∼
= indH

Hx
1

(un-normalized compact induction) and

Tx ∈ HomH(indH
Hx

1, ψH) ∼= HomHx
(δHδ

−1
Hx
,ResHx

ψH)

by Frobenius reciprocity, where δH (respectively δHx
) is the modular function of H

(respectively Hx). Since the absolute value ofψH ≡ 1 and δHδ
−1
Hx

is positive, by Schur’s
Lemma we have

dim HomHx
(δHδ

−1
Hx
,ResHx

ψH) = 0 or δHδ
−1
Hx

= ResHx
ψH ≡ 1.

Proposition 1.3 in [Kl] shows that there are no admissible double cosets between

(Mi, ψ̂4−2i) and (M j, ψ̂4−2 j), so ResHx
ψH 6= 1 and HomHx

(δHδ
−1
Hx
,ResHx

ψH) = 0 for
all x ∈ Mi\G4/M j . Therefore D(G4)H

= 0 and HomG4
(Mi,M j) = 0 follows.

https://doi.org/10.4153/CJM-2009-011-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2009-011-2


230 C. Nien

Theorem 5.2 M4,i and M4, j are disjoint for i 6= j. That is, an irreducible represen-

tation of G4 cannot have both a nontrivial Mi model and a nontrivial M j model for

i 6= j.

Proof M0 and M2 are disjoint by Theorem 4.2 and it remains to show that M0 and

M1 (respectively, M1 and M2) are disjoint. Let π be an irreducible representation of

G4. Assume that π have both M0 (Whittaker) model and M1 model. By Proposition
3.2.1 of [HR], the contragradient π̃ of π also admits a Whittaker model. The dual of

HomG4
(π̃,M0) 6= 0 gives HomG4

(indG4

M0
ψ̂−1

4 , π) 6= 0 (refer to [GK] or [BZ1]). The
composition of nontrivial

T1 ∈ HomG4
(indG4

M0
ψ̂−1

4 , π) and T2 ∈ HomG4
(π,M1)

produces a nontrivial intertwining operator (since π is irreducible) in

HomG4
(indG4

M0
ψ̂−1

4 ,M1).

The right action of M1 on M0\G4 is constructive by [BZ1, Theorem A, 6.15]. The

restriction of T to the coset M0wM1 is associated with indM1

M1∩w−1M0w
ψ̂−w

4 , where

ψ̂−w
4 (g) = ψ̂−1

4 (wgw−1), for g ∈ M1 ∩ w−1M0w. Frobenius reciprocity gives

HomM1
(indM1

M1∩w−1M0w
ψ̂−w

4 , ψ̂2) ∼= HomM1∩w−1M0w(ψ̂−w
4 , ψ̂2).

By the result of [Kl], there exists no admissible double coset for the pair (M0, ψ̂
−1
4 )

and (M1, ψ̂2), so HomM1∩w−1M0w(ψ̂−w
4 , ψ̂2) = 0 for all w ∈ G4. Hence by Bernstein’s

localization principle

HomG4
(indG4

M0
ψ̂−1

4 , IndG
M1
ψ̂2) = 0,

which contradicts our assumption. And this contradicts the result of Lemma 5.1 that
HomG4

(M0,M1) = 0. Hence π cannot possess both an M0 model and an M1 model.

The proof for the disjointness of M1 and M2 follows the same argument, since π̃ also
admits a symplectic model if π does.

Lemma 5.3 For k 6= ±2, ρ, τ unitary representations of G1, the representation νkρ×
χ3 = νkρ× 〈ν−1τ × τ × ντ〉 has a unique M1 model.

Proof By reciprocity,

Hom4

(
Ind4

1,3ν
kρ⊗ χ3, IndG4

U2×Sp2×N1
ψ2 ⊗ 1 ⊗ 1

)
≃

Hom2,2

(
r̃4

2,2Ind4
1,3ν

kρ⊗ χ3, IndG2

U2
ψ2 ⊗ IndG2

Sp2
1
)
.

Let β = {1, 3}, γ = {2, 2}. In the notation of Theorem 3.3,

Wβ,γ
= {w0 = id,w1 = (1, 3, 2)}.
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For w0 = id, β ′
= β ∩ w−1

0 (γ) = {1, 1, 2}, and γ ′
= γ ∩ w0(β) = {1, 1, 2},

Fw0
= Ind

2,2
1,1,2 ◦ id ◦ (̃r

1,3
1,1,2ν

kρ⊗ 〈ν−1τ × τ × ντ〉)

= (Ind2
1,1ν

kρ⊗ ν−1τ) ⊗ 〈τ × ντ〉.

Because the representation Ind2
1,1ν

kρ ⊗ ν−1τ has a unique Whittaker model and

〈τ × ντ〉 = ν
1
2 〈ν−

1
2 τ × ν

1
2 τ〉 has a unique M2,1 model, νk × χ3 has at least one

M1 model.
For w1 = (1, 3, 2), β ′

= β ∩w−1
1 (γ) = {1, 2, 1}, and γ ′

= γ ∩w1(β) = {2, 1, 1},

Fw1
= Ind

2,2
2,1,1 ◦ w1 ◦ r̃

1,3
1,2,1ν

kρ⊗ 〈ν−1τ × τ × ντ〉

= 〈ν−1τ × τ〉 ⊗ (Ind2
1,1ν

kρ⊗ ντ).

The representation Ind2
1,1ν

kρ⊗ ντ is irreducible and has a Whittaker model. There-

fore Fw1
has no M0 ⊗ M2,1 model, and νk × χ3 has a unique M1 model.

Lemma 5.4 For k 6= t ± 1, and k, t 6= ± 3
2
; ρ, δ, τ unitary representations of G1, the

representation νkρ× νtδ×χ2 = νkρ× νtδ× 〈ν−
1
2 τ × ν

1
2 τ〉 has a unique M1 model.

Proof By reciprocity,

Hom4

(
Ind4

1,1,2ν
kρ⊗ νtδ × χ2, IndG4

U2×Sp2×N1
ψ2 ⊗ 1 ⊗ 1

)
≃

Hom2,2

(
r̃4

2,2Ind4
1,1,2ν

kρ× νtδ × χ2, IndG2

U2
ψ2 ⊗ IndG2

Sp2
1
)
.

Let β = {1, 1, 2}, γ = {2, 2}. Then

Wβ,γ
= {w0 = id,w1 = (2, 3),w2 = (1, 3)(2, 4),w3 = (1, 3, 2)},

and the quotient

Fw0
= (Ind2

1,1ν
kρ⊗ νtδ) ⊗ χ2.

Since Ind2
1,1ν

kρ ⊗ νtδ is irreducible and has a unique Whittaker model and χ2 has a

unique M2,1 model, νkρ× χ3 has at least one M1 model. Note that

Fw1
= (Ind2

1,1ν
kρ⊗ ν−

1
2 τ) ⊗ (Ind2

1,1ν
tδ ⊗ ν

1
2 τ),

and Ind2
1,1ν

tδ ⊗ ν
1
2 τ is irreducible and has a Whittaker model. Therefore Fw1

has no

M0 ⊗ M2,1 model.

Since Fw2
= χ2 ⊗ (Ind2

1,1ν
kρ⊗ νtδ), and Ind2

1,1ν
kρ⊗ νtδ is irreducible and has a

Whittaker model, Fw2
has no M0 ⊗ M2,1 model.

Also Fw3
= (Ind2

1,1ν
tδ ⊗ ν−

1
2 τ) ⊗ (Ind2

1,1ν
kρ ⊗ ν

1
2 τ), and (Ind2

1,1ν
kρ ⊗ ν

1
2 τ) is

irreducible and has a Whittaker model. Therefore Fw3
has no M0 ⊗ M2,1 model, and

νkρ× νtδ × χ2 has a unique M1 model.
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Lemma 5.5 If χ is a character of Gn, n ∈ N, then χ has a unique M[ n
2

] model.

Proof There are two cases.

1. n=2k: Since SL2k is the commutator subgroup of G2k and characters are trivial on
the commutator subgroup, χ admits an embedding in IndG2k

SL2k
1 and also in

Mk = IndG2k

Sp2k
1 = IndG2k

SL2k
IndSL2k

Sp2k
1.

2. n=2k+1: Similarly χ admits an embedding in IndG2k+1

SL2k+1
1, hence an embedding in

Mk = IndG2k+1

U1×Sp2k×N1
1 = IndG2k+1

SL2k+1
IndSL2k+1

U1×Sp2k×N1
1.

The embedding is unique since χ is one-dimensional.

Lemma 5.6 In Gn = Gm+2k, if (π,Vπ) has a unique Mk model, then so does

π ′
= νt ⊗ π, t ∈ R.

Proof The existence of an Mk model for (π,Vπ) means that for x ∈ Vπ, there exists

a function fx : G 7→ V, such that

1. fx(ug) = ψm(u) fx(g), for u ∈ Um × Sp2k × Nk, g ∈ Gn.
2. fax+by = a fx + b fy, for a, b ∈ C, x, y ∈ Gn.
3. π(s) fx = fπ(s)x. That is fx(gs) = fπ(s)x(g), for g, s ∈ Gn, x ∈ V.
4. fx is locally constant. (That is, there exists open compact subgroup K fx ⊂ Gn such

that fx(gk) = fx(g), for k ∈ K fx , g ∈ Gn. )

Let W = {hx | hx(g) = fνt(g)x(g), ∀x ∈ V, g ∈ Gn}. Then W is a Mk model of π ′,

upon the verification of the following facts:

1. hx(ug) = fνt(ug)x(ug) = fνt(g)x(ug) = ψm(u) fνt(g)x(g) = ψm(u)hx(g).
2. hax+by(g) = faνt(g)x+bνt(g)y(g) = a fνt(g)x(g) + b fνt(g)y(g) = ahx(g) + bhy(g).
3. π ′(s)hx(g) = hx(gs) = fνt(gs)x(gs) = fπ(s)νt(gs)x(g) = fνt(g)νt(s)π(s)x(g) = hπ ′(s)x(g).
4. Because ν : Gn 7→ R>0 is a homomorphism, ν(K) = 1 for all compact subgroup

K of Gn. Given any fx, there exists an open compact subgroup K fx in Gn such

that fx(gk) = fx(g), for k ∈ K fx . Then hx(gk) = fνt(gk)x(gk) = νt (g) fx(gk) =

νt (g) fx(g) = fνt(g)x(g) = hx(g).

By the above construction, if π ′ admits two different models Mk, Mk ′ , then so

does π = ν−t ⊗ π ′. This shows the uniqueness.

Let δi , ρi, τi be square integrable representations of Gi , let χi be characters of Gi

(we omit the subscript i if i = 1), and let α, λ ∈ (0, 1
2
) be real numbers.

Theorem 5.7 Any unitary representation on G5 has one of the following expressions

and indicted models:

1. δ5, a square integrable representation of G5, has a unique Whittaker model.

2. u(δ, 5) = L(ν2δ × νδ × δ × ν−1δ × ν−2δ), a character of G5, has a unique M2

model.
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3. Unitary representations induced from P1,4:

(a) δ×δ4 has a unique Whittaker model, since δ and δ4 both have Whittaker models.

(b) δ × χ4 has a unique M2 model.

(c) δ × L(ν
1
2 δ2 × ν−

1
2 δ2) has a unique M2 model.

4. Unitary representations induced from P2,3:

(a) δ2 × δ3 has a unique Whittaker model, since δ2 and δ3 both have Whittaker

models.

(b) δ3 × χ2 has a unique M1 model.

(c) δ2 × χ3 has a unique M1 model.

(d) χ2 × χ3 has a unique M2 model.

5. Unitary representations induced from P1,1,3:

(a) δ × τ × δ3 has a unique Whittaker model, since δ, τ , and δ3 all have Whittaker

models.

(b) δ × τ × χ3 has a unique M1 model.

(c) ναδ× ν−αδ× δ3 has a unique Whittaker model, since δ and δ3 both have Whit-

taker models.

(d) ναδ × ν−αδ × χ3, has a unique M1 model.

6. Unitary representations induced from P1,1,1,2:

(a) δ × ρ × τ × δ2 has a unique Whittaker model, since δ, ρ, τ , and δ2 all have

Whittaker models.

(b) δ × τ × ρ× χ2 has a unique M1 model.

(c) ναδ × ν−αδ × τ × δ2 has a unique Whittaker model, since δ, τ , and δ2 all have

Whittaker models.

(d) ναδ × ν−αδ × τ × χ2 has a unique M1 model.

7. Unitary representations induced from P1,2,2:

(a) δ× δ2 × δ ′2 has a unique Whittaker model, since δ, δ2, and δ ′2 all have Whittaker

models.

(b) δ × δ2 × χ2 has a unique M1 model.

(c) δ × χ2 × χ ′
2 has a unique M2 model.

(d) δ × ναδ2 × ν−αδ2 has a unique Whittaker model, since δ and δ2 both have

Whittaker models.

(e) δ × ναχ2 × ν−αχ2 has a unique M2 model.

8. Unitary representations induced from P1,1,1,1,1:

(a) δ × τ × ρ× δ ′ × τ ′ has a unique Whittaker model, since δ, τ , ρ, δ ′, and τ ′ all

have Whittaker models.

(b) ναδ × ν−αδ × τ × ρ × ρ ′ has a unique Whittaker model, since δ, τ , ρ, and ρ ′

all have Whittaker models.

(c) ναδ × ν−αδ × νλτ × ν−λτ × ρ has a unique Whittaker model, since δ, τ , and

ρ all have Whittaker models.

Proof 3(b): Set χ4 = 〈ν−
3
2 ρ× ν−

1
2 ρ× ν

1
2 ρ× ν

3
2 ρ〉, where ρ is a unitary represen-
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tation of G1. By reciprocity,

Hom5

(
δ × χ4, IndG5

U1×Sp4×N2
ψ1 ⊗ 1 ⊗ 1

)
≃

Hom1,4

(
r̃5

1,4Ind5
1,4δ ⊗ χ4, IndG1

U1
ψ1 ⊗ IndG4

Sp4
1
)
.

For β = {1, 4}, γ = {1, 4}, Wβ,γ
= {w0 = id,w1 = (1, 2)}, and the quotient

Fw0
= δ⊗χ4 has a unique M0 ⊗M4,2 model. Fw1

has no M0 ⊗M4,2 model, because

Fw1
= ν−

3
2 ρ⊗ Ind4

1,3δ ⊗ ν
1
2 〈ν−1ρ× ρ× νρ〉

= ν−
3
2 ρ⊗ ν

1
2

(
Ind4

1,3ν
− 1

2 δ ⊗ 〈ν−1ρ× ρ× νρ〉
)

and the representation Ind4
1,3ν

− 1
2 δ ⊗ 〈ν−1ρ × ρ × νρ〉 has an M4,1 model (refer to

Lemma 5.3). Hence δ × χ4 has a unique M2 model.

3(c): By reciprocity,

Hom5

(
δ × L(ν

1
2 δ2 × ν−

1
2 δ2), IndG5

U1×Sp4×N2
ψ1 ⊗ 1 ⊗ 1

)
≃

Hom1,4

(
r̃5

1,4Ind5
1,4δ ⊗ L(ν

1
2 δ2 × ν−

1
2 δ2), IndG1

U1
ψ1 ⊗ IndG4

Sp4
1
)
.

For β = γ = {1, 4}, we have Wβ,γ
= {w0 = id,w1 = (1, 2)}, with quotient

Fw0
= δ ⊗ L(ν

1
2 δ2 × ν−

1
2 δ2). Because L(ν

1
2 δ2 × ν−

1
2 δ2) has a unique M2 model by

[HR, Theorem 11.1], Fw0
has a unique M0 ⊗ M2 model. For

Fw1
= Ind

1,4
1,1,3 ◦ w1 ◦ r̃

1,4
1,1,3δ × L(ν

1
2 δ2 × ν−

1
2 δ2),

with δ2 either (i) supercuspidal or (ii) Steinberg:

(i) When δ2 is supercuspidal, Fw1
=0 has no M0 ⊗ M2 model.

(ii) When δ2 is Steinberg, set

π = L(ν
1
2 δ2 × ν−

1
2 δ2) = L(L(△1) × L(△2)),

where δ2 = 〈ν
1
2 ρ× ν−

1
2 ρ〉, and segments △1 = [ρ, νρ],△2 = [ν−1ρ, ρ].

By Lemma 3.8, L(△1) × L(△2) = 〈νρ × ρ〉 × 〈ρ × ν−1ρ〉 has two constitutions,
L(L(△1) × L(△2)) = π and

L(△1 ∪△2,△1 ∩△2) = L(△1 ∪△2) × L(△1 ∩△2)

= L([ν−1ρ, ρ, νρ]) × ρ.

First, r̃4
1,3Ind4

2,2〈νρ × ρ〉 × 〈ρ × ν−1ρ〉 has two constitutions, Fw ′

0
and Fw ′

1
, where

Fw ′

0
= νρ⊗(Ind3

1,2ρ×〈ρ×ν−1ρ〉) and Fw ′

1
= ρ⊗(Ind3

2,1〈νρ×ρ〉⊗ν
−1ρ) are obtained

from Wβ ′,γ ′

= {w ′
0 = id,w ′

1 = (1, 2, 3)}, with β ′
= {2, 2} and γ ′

= {1, 3}.
Next, r̃4

1,3Ind4
3,1〈νρ× ρ× ν−1ρ〉 ⊗ ρ also has two constitutions, Fw ′ ′

0
and Fw ′ ′

1
, where
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Fw ′ ′

0
= νρ⊗

(
Ind3

2,1〈ρ× ν−1ρ〉 ⊗ ρ
)

and Fw ′ ′

1
= ρ⊗ 〈νρ× ρ× ν−1ρ〉 are obtained

from Wβ ′ ′,γ ′ ′

= {w ′′
0 = id,w ′′

1 = (1, 2, 3, 4)}, with β ′ ′
= {3, 1} and γ ′ ′

= {1, 3}.
Since

r̃4
1,3L(ν

1
2 δ2 × ν−

1
2 δ2) = r̃4

1,3Ind4
2,2〈νρ× ρ〉 × 〈ρ× ν−1ρ〉 − r̃4

1,3〈νρ× ρ× ν−1ρ〉 × ρ

= ρ⊗
(

Ind3
2,1〈νρ× ρ〉 ⊗ ν−1ρ

)
− ρ⊗ 〈νρ× ρ× ν−1ρ〉

= ρ⊗ L(〈νρ× ρ〉 × ν−1ρ),

we have

Fw1
= Ind

1,4
1,1,3 ◦ w1 ◦

(
δ ⊗ ρ⊗ L(〈νρ× ρ〉 × ν−1ρ)

= ρ⊗
(

Ind4
1,3δ ⊗ L(〈νρ× ρ〉 × ν−1ρ)

)
.

We claim that Ind4
1,3δ ⊗ L(〈νρ× ρ〉 × ν−1ρ) has an M4,1 model. The quotient of

r̃4
2,2Ind4

1,2,1δ ⊗ 〈νρ× ρ〉 ⊗ ν−1ρ

is λ = Ind2
1,1(δ⊗νρ)⊗Ind2

1,1(ρ⊗ν−1ρ). Because Ind2
1,1δ⊗νρ has a Whittaker model

and the quotient L(ρ × ν−1ρ) of Ind2
1,1ρ ⊗ ν−1ρ has a symplectic model, λ has an

M4,1 model and so does Ind4
1,2,1δ⊗〈νρ×ρ〉⊗ν−1ρ. Since Ind4

1,2,1δ⊗〈νρ×ρ〉⊗ν−1ρ

consists of two irreducible constitutions, Ind4
1,3ρ⊗〈νρ×ρ×ν−1ρ〉 (with a Whittaker

model) and Ind4
1,3δ ⊗ L(〈νρ × ρ〉 × ν−1ρ), the M4,1 model must be supported in

Ind4
1,3δ ⊗ L(〈νρ× ρ〉 × ν−1ρ). This proves the claim.

By the disjointness of M4,1 and M4,2, Ind4
1,3δ ⊗ L(〈νρ × ρ〉 × ν−1ρ) has no M4,2

model, and we conclude that Fw1
has no M0⊗M2 model. Hence δ×L(ν

1
2 δ2×ν

− 1
2 δ2)

has a unique M2 model.

4(b): Set χ2 = 〈ν−
1
2 ρ× ν

1
2 ρ〉. By reciprocity,

Hom5

(
δ3 × χ2, IndG5

U3×Sp2×N1
ψ3 ⊗ 1 ⊗ 1

)
≃

Hom3,2

(
r̃5

3,2Ind5
3,2δ3 ⊗ χ2, IndG3

U3
ψ3 ⊗ IndG2

Sp2
1
)
.

For β = γ = {3, 2}, Wβ,γ
= {w0 = id,w1 = (2, 4)(3, 5),w2 = (3, 4)}, and the

quotient Fw0
= δ3 ⊗ χ2 has a unique M0 ⊗ M1 model. For Fw1

= Ind
3,2
1,2,2 ◦ w1 ◦

r̃
3,2
1,2,2δ3 ⊗ χ2, with δ3 either (i) supercuspidal or (ii) Steinberg:

(i) When δ3 is supercuspidal, Fw1
=0 has no M0 ⊗ M1 model.

(ii) When δ3 is Steinberg, set δ3 = 〈ντ × τ × ν−1τ〉. Then

Fw1
= (Ind3

1,2ντ ⊗ χ2) ⊗ 〈τ × ν−1τ〉.

Since 〈τ × ν−1τ〉 has a Whittaker model, Fw1
has no M0 ⊗ M1 model.

For Fw2
= Ind

3,2
2,1,1,1 ◦ w2 ◦ r̃

3,2
1,2,2δ3 ⊗ χ2, with δ3 either supercuspidal or Steinberg:
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(i) When δ3 is supercuspidal, Fw2
=0 has no M0 ⊗ M1 model.

(ii) When δ3 is Steinberg,

Fw2
=

(
Ind3

2,1〈ντ × τ〉 ⊗ ν−
1
2 ρ

)
⊗

(
Ind2

1,1ν
−1τ ⊗ ν

1
2 ρ

)
.

The representation Ind2
1,1ν

−1τ ⊗ ν
1
2 ρ has a Whittaker model, so Fw2

has no

M0 ⊗ M1 model. Hence δ3 × χ2 has a unique M1 model.

4(c): Set χ3 = 〈ν−1ρ× ρ× νρ〉. By reciprocity,

Hom5

(
δ2 × χ3, IndG5

U3×Sp2×N1
ψ3 ⊗ 1 ⊗ 1

)
≃

Hom3,2

(
r̃5

3,2Ind5
2,3δ2 ⊗ χ3, IndG3

U3
ψ3 ⊗ IndG2

Sp2
1
)
.

For β = {2, 3}, γ = {3, 2},

Wβ,γ
= {w0 = id,w1 = (1, 4, 2, 5, 3),w2 = (2, 4, 3)}.

The quotient Fw0
=

(
Ind3

2,1δ2⊗ν
−1ρ

)
⊗〈ρ×νρ〉 has a unique M0⊗M1 model, and

Fw1
= χ3 ⊗ δ2 has no M0 ⊗ M1 model. Note that Fw2

= Ind
3,2
1,2,1,1 ◦ w2 ◦ r̃

2,3
1,1,2,1δ2 ⊗

〈ν−1ρ× ρ× νρ〉.

(i) When δ2 is supercuspidal, Fw2
=0 has no M0 ⊗ M1 model.

(ii) When δ2 is Steinberg, set δ2 = 〈ν
1
2 τ × ν−

1
2 τ〉. Because

Fw2
=

(
Ind3

1,2ν
1
2 τ ⊗ 〈ν−1ρ× ρ〉

)
⊗ Ind2

1,1ν
− 1

2 τ ⊗ νρ

and Ind2
1,1ν

− 1
2 τ⊗νρ has a Whittaker model, Fw2

has no M0⊗M1 model. Hence

δ2 × χ3 has a unique M1 model.

4(d): Set χ3 = 〈ν−1τ × τ × ντ〉, χ2 = 〈ν−
1
2 ρ× ν

1
2 ρ〉. By reciprocity,

Hom5

(
χ3 × χ2, IndG5

U1×Sp4×N2
ψ1 ⊗ 1 ⊗ 1

)
≃

Hom1,4

(
r̃5

1,4Ind5
3,2χ3 × χ2, IndG1

U1
ψ1 ⊗ IndG4

Sp4
1
)
.

For β = {3, 2}, γ = {1, 4}, Wβ,γ
= {w0 = id,w1 = (1, 2, 3, 4)}, and the quotient

Fw0
= ν−1τ ⊗ (Ind4

2,2〈ν
−1τ × τ〉 ⊗ 〈ν−

1
2 ρ × ν

1
2 ρ〉). By [HR, Proposition 11.4],

〈ν−1τ × τ〉 × 〈ν−
1
2 ρ× ν

1
2 ρ〉 has a unique M2 model, so Fw0

has a unique M0 ⊗ M2

model.

By the disjointness of M4,1 and M4,2 and the fact that Ind4
3,1χ3 ⊗ ν

1
2 ρ has an M4,1

model,

Fw1
= ν−

1
2 ρ⊗

(
Ind4

3,1χ3 ⊗ ν
1
2 ρ

)

has no M0 ⊗ M2 model. Hence χ3 × χ2 has a unique M2 model.
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5(b) and (d) are both in the form of νkδ× νtτ ×χ3, for k 6= t ± 1, and k, t 6= ±2.
Now we want to show that νkδ×νtτ×χ3 has a unique M1 model. Set χ3 = 〈ν−1ρ×
ρ× νρ〉. By reciprocity,

Hom5

(
νkδ × νtτ × χ3, IndG5

U3×Sp2×N1
ψ3 ⊗ 1 ⊗ 1

)
≃

Hom3,2

(
r̃5

3,2Ind5
1,1,3ν

kδ ⊗ νtτ ⊗ χ3, IndG3

U3
ψ3 ⊗ IndG2

Sp2
1
)
.

For β = {1, 1, 3}, γ = {3, 2},

Wβ,γ
= {w0 = id,w1 = (1, 4, 2, 5, 3),w2 = (2, 4, 3)},

and the quotient Fw0
= (Ind3

1,1,1ν
kδ ⊗ νtτ ⊗ ν−1ρ) ⊗ 〈ρ× νρ〉. Since Ind3

1,1,1ν
kδ ⊗

νtτ ⊗ ν−1ρ and Ind2
1,1ν

kδ ⊗ νtτ both have unique Whittaker models by Theorem

3.10, Fw0
has a unique M0 ⊗ M1 model, and Fw1

= χ3 ⊗
(

Ind2
1,1ν

kδ ⊗ νtτ
)

has no

M0 ⊗ M1 model. Since Ind3
1,2ν

kδ ⊗ 〈ν−1ρ× ρ〉 is irreducible and has an M1 model,

Fw2
=

(
Ind3

1,2ν
kδ ⊗ 〈ν−1ρ× ρ〉

)
⊗

(
Ind2

1,1ν
tτ ⊗ νρ

)

has no M0 ⊗ M1 model. Therefore νkδ × νtτ × χ3 has a unique M1 model.

6(b) and (d) are both in the form of νkδ × νsτ × νtτ ′ × χ2, and none of them

are linked. That is, k, s, t 6= ± 1
2
,± 3

2
and the difference between any pair of them is

not ±1. We want to show that νkδ × νsτ × νtτ ′ × χ2 has a unique M1 model. Set

χ2 = 〈ν−
1
2 ρ× ν

1
2 ρ〉. By reciprocity,

Hom5

(
νkδ × νsτ × νtτ ′ × χ2, IndG5

U3×Sp2×N1
ψ3 ⊗ 1 ⊗ 1

)
≃

Hom3,2

(
r̃5

3,2Ind5
1,1,1,2ν

kδ ⊗ νsτ ⊗ νtτ ′ ⊗ χ2, IndG3

U3
ψ3 ⊗ IndG2

Sp2
1
)
.

For β = {1, 1, 1, 2}, γ = {3, 2},

Wβ,γ
= {w0 = id,w1 = (1, 4, 2, 5, 3),w2 = (3, 4), . . .},

and the quotient Fw0
=

(
Ind3

1,1,1ν
kδ ⊗ νsτ ⊗ νtτ ′

)
⊗ χ2 has a unique M0 ⊗ M1

model. Any other Fwi
cannot keep χ2 at the (4, 5)-th position. (If it does, then

w−1
i (1) ≤ w−1

i (2) ≤ w−1
i (3) will force wi = id.) Therefore we cannot find another

factor with an M0 ⊗M1 model. Thus νkδ× νsτ × νtτ ′×χ2 has a unique M1 model.
7(b): Set χ2 = 〈ν−

1
2 ρ× ν

1
2 ρ〉. By reciprocity,

Hom5

(
δ × δ2 × χ2, IndG5

U3×Sp2×N1
ψ3 ⊗ 1 ⊗ 1

)
≃

Hom3,2

(
r̃5

3,2Ind5
1,2,2δ ⊗ δ2 ⊗ χ2, IndG3

U3
ψ3 ⊗ IndG2

Sp2
1
)
.

For β = {1, 2, 2}, γ = {3, 2},

Wβ,γ
= {w0 = id,w1 = (2, 4)(3, 5),w2 = (3, 4),w3 = (1, 4, 3, 2)},
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and the quotient Fw0
=

(
Ind3

1,2δ ⊗ δ2

)
⊗ χ2 has a unique M0 ⊗ M1 model. Also

Fw1
=

(
Ind3

1,2δ ⊗ χ2

)
⊗ δ2

has no M0 ⊗ M1 model. Note that

Fw2
= Ind

3,2
1,1,1,1,1 ◦ w2 ◦ r̃

1,2,2
1,1,1,1,1δ ⊗ δ2 ⊗ χ2,

where δ2 is either (i) supercuspidal or (ii) Steinberg.

(i) When δ2 is supercuspidal, Fw2
=0 has no M0 ⊗ M1 model.

(ii) When δ2 is Steinberg, set δ2 = 〈ν
1
2 τ × ν−

1
2 τ〉. Then

Fw2
=

(
Ind3

1,1,1δ ⊗ ν
1
2 τ ⊗ ν−

1
2 ρ

)
⊗

(
Ind2

1,1ν
− 1

2 τ ⊗ ν
1
2 ρ

)

has no M0 ⊗ M1 model, and neither does

Fw3
=

(
Ind3

2,1δ2 ⊗ ν−
1
2 ρ

)
⊗

(
Ind2

1,1δ ⊗ ν
1
2 ρ

)
.

Hence δ × δ2 × χ2 has a unique M1 model.
7(c) and (e) are both in the form of δ × ναχ2 × νλχ ′

2, where α 6= λ ± 1;α, λ 6=
± 1

2
,± 3

2
. Now we want to show that δ × ναχ2 × νλχ ′

2 has a unique M2 model. By

reciprocity,

Hom5

(
δ × ναχ2 × νλχ ′

2, IndG5

U1×Sp4×N2
ψ1 ⊗ 1 ⊗ 1

)
≃

Hom1,4

(
r̃5

1,4Ind5
1,2,2δ ⊗ ναχ2 ⊗ νλχ ′

2, IndG1

U1
ψ1 ⊗ IndG4

Sp4
1
)
.

For β = {1, 2, 2}, γ = {1, 4},

Wβ,γ
= {w0 = id,w1 = (1, 2),w2 = (1, 2, 3, 4)},

and the quotient Fw0
= δ ⊗ (Ind4

2,2ν
αχ2 ⊗ νλχ ′

2) has a unique M0 ⊗ M2 model. Let

χ2 = 〈ν−
1
2 τ × ν

1
2 τ〉 and χ ′

2 = 〈ν−
1
2 ρ× ν

1
2 ρ〉. Then

Fw1
= ν−

1
2

+ατ ⊗
(

Ind4
1,1,2δ ⊗ ν

1
2

+ατ ⊗ νλχ ′
2

)

has no M0 ⊗ M2 model, because Ind4
1,1,2δ ⊗ ν

1
2

+ατ ⊗ νλχ ′
2 has an M4,1 model by

Lemma 5.4. Also

Fw2
= ν−

1
2

+λρ⊗
(

Ind4
1,2,1δ ⊗ ναχ2 ⊗ ν

1
2

+λρ
)

has no M0 ⊗ M2 model, since Ind4
1,2,1δ ⊗ χ2 ⊗ ν

1
2

+λρ has an M4,1 model. Hence

δ × ναχ2 × νλχ ′
2 has a unique M2 model.

Then Table 1 lists models of unitary representation on G5, where α, λ ∈ (0, 1
2
)

are real numbers; δi , ρi , and τi are square-integrable representations of Gi , and χi are

characters of Gi . We omit the subscript i if i = 1.
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Representation Model

δ5 M0

L(ν2δ × νδ × δ × ν−1δ × ν−2δ) M2

δ × δ4 M0

δ × χ4 M2

δ × L(ν
1
2 δ2 × ν−

1
2 δ2) M2

δ2 × δ3 M0

δ3 × χ2 M1

δ2 × χ3 M1

χ2 × χ3 M2

δ × τ × δ3 M0

δ × τ × χ3 M1

ναδ × ν−αδ × δ3 M0

ναδ × ν−αδ × χ3 M1

δ × ρ× τ × δ2 M0

δ × τ × ρ× χ2 M1

ναδ × ν−αδ × τ × δ2 M0

ναδ × ν−αδ × τ × χ2 M1

δ × δ2 × δ ′2 M0

δ × δ2 × χ2 M1

δ × χ2 × χ ′
2 M2

δ × ναδ2 × ν−αδ2 M0

δ × ναχ2 × ν−αχ2 M2

δ × τ × ρ× δ ′ × τ ′ M0

ναδ × ν−αδ × τ × ρ× ρ ′ M0

ναδ × ν−αδ × νλτ × ν−λτ × ρ M0

Table 1: Models of unitary representation on G5.
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