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Klyachko Models for General Linear
Groups of Rank 5 over a p-Adic Field

Chufeng Nien

Abstract. This paper shows the existence and uniqueness of Klyachko models for irreducible unitary
representations of GL5(F), where F is a p-adic field. It is an extension of the work of Heumos and
Rallis on GL4(F).

1 Introduction

In 1984, A. A. Klyachko [Kl] initiated the investigation of a class of models for GL(n)
over a finite field, which we refer to as Klyachko models (also known as Whittaker—
symplectic models). These models consist of a series of representations M,, x,0 <
k < [5] with the following properties.

1. Existence of models: every irreducible representation of GL(n, I,) is a subrepre-
sentation of M, i for some k.

2. Uniqueness of models: for each irreducible representation, the multiplicity in
M, k is at most one.

3. Disjointness of models: M, ; and M,, ; are disjoint for i # j, that is, no irre-
ducible representation can be embedded in both M., ; and M, ;, fori # j.

These models generalize the usual Whittaker models by adding a symplectic compo-
nent to the inducing subgroup. When k = 0, M,,, ¢ is the famous Whittaker model,
a representation induced from a generic character on the unipotent radical of stan-
dard Borel subgroups of GL,. When nis even and k = 5, M, 118 induced from the
trivial character of Sp, and is called a symplectic model. The other “mixed” models
M, 1,0 < k < [5] are induced from characters of subgroups with smaller unipotent
and symplectic components.

Klyachko’s work was followed by that of Michael J. Heumos and Stephen Rallis
[HR] who in 1990 considered the realization of these models on GL, over p-adic
fields. At first, as in the finite fields case, disjointness and uniqueness of these models
are expected for all irreducible representations, but soon after they found an irre-
ducible non-unitary representation of GL3(JF) which does not have any such models.
Then they restricted the discussion to irreducible unitary representations, and proved
the uniqueness of the symplectic models and the disjointness for unitary represen-
tations of the different models. Moreover, for n < 4 they proved that any unitary
irreducible representation admits a unique Klyachko model. Following their work,
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a unique model for each irreducible unitary representation of GLs(F) is explicitly
classified in Theorem 5.7.

O. Offen and E. Sayag [OS] showed that a certain family of irreducible unitary
representations of GL,, has symplectic models by embedding a local problem into a
global setting. Recently, they further proved that every irreducible unitary represen-
tation of GL,, admits a M model for a unique 0 < k < [5].

2 Notation and Terminology

For notation and terminology, we follow [HR, BZ1, BZ2]. Throughout, F denotes a
p-adic field, and G,, denotes GL(#n, F).

The standard (upper triangular) parabolic subgroups of G, are parameterized by
ordered partitions (ny, ..., 1) of n = n; +- - - + ng. Let P, ,,, denote the associated
parabolic subgroups and N, ., denote its unipotent radical. J, denotes the 2n x 2n
matrix (fln ) and the associated symplectic form J(x,y) = 'xJ,y is denoted by
d. The symplectic groups Sp,, are the set of elements preserving the form g in G,,.
Let U, denote the group of upper triangular unipotent matrices in G,. With U,y
embedded in the upper left and Sp,, in the lower right, let My = (U,_2 X Sp,)Ng,
where Nk = Nn—2k,2k—

We denote by v the homomorphism g +— | detg| and by dp the modular function of
the group P. A character (one-dimensional representation) of G, is of the form g —
x(detg) for some character x of F*. We sometimes write X, to indicate the group
G, involved. Induction is always normalized unless otherwise stated, with Ind (ind
respectively) denoting full (compact respectively) induction. Given representations o;
of G,,i=1,...,kextend o, ® -+ ® 0y, t0 Py, . 4, s0 thatitis trivial on N,
Denote

,,,,,

yeeey MK

Gn1+4~+nk
Il’ldpn1 O, ®-~»®0’nk bya'nl X oo X Oy

..... 1y

Given a unipotent radical N,,, ., and a representations 7 of G, the Jacquet func-

.....

The quotient spaceis a G, X - - - X G, module and is called the Jacquet module of .
Let T denote the normalized Jacquet functor (refer to [BZ2]). Let ¢ be any nontrivial,
complex, additive character of F. Define the character v, of U, by

Yn(u) = Purp + -+ + thy_rn), 1 = (uij).

A generic (or nondegenerate, Whittaker) character is a character which is nontrivial

on all the simple root groups in U,. For 1 < k < [g], define a series of models

for G, to be representations M, ; = Indﬁfk(wnfzk ®1®1). Denote ¥,,_» ® 1 ®
1 by @n,gk. When n is understood, we simply write M. We call My a Whittaker
model. The Whittaker models for any two Whittaker characters are equivalent, since
the diagonal torus of G, normalizes U, and acts transitively on the set of Whittaker
characters. The Weyl group of G, is the symmetric group S,;, and we use cycle forms
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(i1,12, - . ., ix) of permutations to denote the corresponding Weyl elements in W. For
example, in Gy,
0 0 1 0
1 0 0 O
1,2,3) =
(1,2,3) 01 0 0
0 0 0 1
W 1 h . I dnl+...+nk _ I dGnl+---+nk Sy _~Gnl+---+nk d
e also use the notations Ind,, ', = In Guy XX G T = TGy X0 x G,y > 31

Hom,, . » = Homg, x...xq, -

3 Known Results on GL,,
Denote by AlgG the set of all smooth representations of an algebraic group G.
Proposition 3.1 (Proposition 1.9 [BZ2]) Let M, U be closed subgroups of G, such
that M normalizes U, M N U = {e}, and the subgroup P = MU C G, is closed. Then

1. The functors Indp, indp are exact.

2. The functor Ty is left adjoint to Indp, that is, Homp (tam(7), p) ~ Homg, (7, Indp).

3. Induction by stages: let S, T be subgroups of M and H = ST such that the functors
Indy, indy: AlgS — AlgM andTs: AlgM — AlgS are well defined. Then

ind5" o ind}f = indfy', Inds” o Ind} = Ind§y, T o Ty =757

Theorem 3.2 (Jacquet’s Theorem [BZ1]) Let w € AlgG, be irreducible. Then there
exists a parabolic triple (P, M, U) of G, and an irreducible cuspidal representation p €
AlgM such that 7 can be embedded into indg‘” (p). In particular, 7 is admissible.

Let o« = (my,...,n,) be an ordered partition of n, and let G, = G, X -+ X Gy,
be the subgroup of G,,, embedded as the subgroup of block-diagonal matrices. By
blocks of av we mean the sets of indices

11:{1,...,n1},12:{nl+1,...,n1+n2},...,lr={n1+---+n,_1+1,...,n}.

For two partitions 3, v with blocks I, ..., I, and Ji, .. ., J; respectively, set

whr = {we W | w(k) < w(l) if k < I and both k, I belong to the same I; ;
w (k) < w™(]) if k < I and both k and I belong to the same J;}.

Y ~3
Let F,, = mdmv\/(ﬁ) OWOTs 1)

Theorem 3.3 (Theorem 1.2 [Ze]) The functor F = ?ﬁ oindj: AlgGs — AlgG, is
glued together from those F,, wherew € WP, That is, for 7 a representation of G, and
B3, partitions of n the set of composition factors of £ o ind3(r) is { F,,(m)|w € W/},
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In the following, C2°(X) denotes the space of smooth, compactly supported func-
tions on a p-adic space X, and D(X) denotes the space of complex-valued linear
functionals on C°(X). Elements of D(X) are called distributions. Given a Lie group
G, define the left and right translations I, and ry on G; CZ°(G) and D(G) as the fol-
lowing:

_ . _ -1,
ly-x=gx r,-x=xg

(g Hx) = flg7 %) (rg- Hx) = f(xg);
(Ig-T)f) =TUg-1 - ) (rg- T)(f) = T(rg-1 - f),
where g, x € G; f € C°(G) and T € D(G).

Lemma 3.4 (Bernstein’s localization principle, Theorem 6.9 [BZ1]) Assume that
a p-adic group G acts on a p-adic space X by q: X — X constructively, which means
that the graph {(x, gx) | § € G,x € X} of G is the union of finitely many locally closed
subsets of X x X. If every fiber X, = q~ ' (y) is G-invariant and if D(X,)° = 0 for every
y € X, then D(X)¢ = 0.

A segment /\ is a representation of G, of the form of p x vp x --- x U*p, where
k € N,mk = n and p is an irreducible cuspidal representation of G,,. We write
A = [p,*p] to indicate the beginning and the end of a segment. Two segments
Ay, D, are linked it ANy @ Dy, Ny ¢ Ay, and A U A, s also a segment. Let
Ny = [p1,Vp1], DNy = [pa, V2], AN precedes /N, if /Ay and /\, are linked and
p2 = V" p; for some m > 0.

If 7 is a representation, we denote by () (respectively L(r)) the unique irreducible
submodule (respectively the unique irreducible quotient module) of 7, when it exists.
A sufficient condition for existence is explained in the following theorem, and, in
many useful cases, unique submodules and unique quotients do exist.

Theorem 3.5 (Theorem 6.1, [BZ2]) Let Ay, ..., A, be segments of G, such that for
each pair of indices i < j, A; does not precede A\ ;. Let the same condition hold for

segments A, ..., A/

1. The representation (/A1) X - X (/) has a unique irreducible submodule, denoted
b)/ <A17 ] Ar>

2. (A, o ) and (N, ...  A]) are isomorphic if and only if the sequences of seg-
ments {N\1,..., [} and {A\], ..., Al} are equal up to a chain of transpositions of

two non-linked neighbors.

3. Any irreducible representation in AlgG, is isomorphic to some representation of the
form (Aq, ..., 0.

4. The representation (/\1) x - - - x (/) is irreducible if and only if /\; and /\ are not
linked for each pairi, j =1,...,r.

Theorem 3.6 (Theorem 1.2.5, [Ku]) Let Ay, ..., A, be segments of G, such that for
each pair of indices i < j, A; does not precede A ;. Let the same condition hold for
segments A, ..., AL

1. The representation L(/\) X - -+ X L(A,) has a unique irreducible quotient, denoted
by L(Ay, ..., D).
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2. LA, ..o ) and LA, ... A]) are isomorphic if and only if the sequences of
segments { Ay, ..., [\ Fand {A], ..., AL} are equal up to a chain of transpositions
of two non-linked neighbors.

3. Any irreducible representation in AlgG, is isomorphic to some representation of the
form L(Aq, ..., 1),

4. The representation L(A\y) X - -+ x L(A,) is irreducible if and only if \; and [\ are
not linked for each pairi, j=1,...,r.

Theorem 3.7 (Theorem 9.3, [Ze]) Anirreducible representation 7 in AlgG,, is quasi-
square-integrable if and only if it is isomorphic to L(A) for some segment A\ = [p, V" p],
where p is an irreducible cuspidal representation of Gy, km = n, k,m € N. That is, it is
the unique quotient of some segment. In particular, every irreducible cuspidal represen-
tation of G,, is quasi-square-integrable.

Lemma 3.8 (Lemma 3.2, [Tal]) Let A\, A\, be two segments.

1. If Ay and A\, are not linked, then L(A1) X L(A;) = L(A, A,).
2. If Ay and A\, are linked, then

L(AY) x L(Az) = L(AL, A) + LA N A7), (AU A)),

where the summation is in the sense of semi-simplification (i.e., L(A, A\;) and
LA N AR), (A1 U Ay)) are composition factors of L(A,) x L(A3).)

Theorem 3.9 (Theorem 9.7, [Ze]) 1. For any k segments /\y, . .., Ay, the represen-
tationm = L(A1) X - - - X L(Ay) has a nontrivial Whittaker functional. In particular,
every irreducible quasi-square-integrable representation of G, is generic.

2. Any generic representation 7 of AlgG,, can be decomposed as a product

m=L(Ay) X - X L(Ag),

for some segments Ay, . .., A, such that no two of them are linked. Moreover the set
{A\, ..., A} is uniquely determined by m up to isomorphisms of representations.

Theorem 3.10 (Theorem 2, [Ro]) Let m; be irreducible representations of Gy,, i =
1,....;andn=mny; +---+ng. Then

Homn(ﬂ-l X X Ty s Mn,O) = Homnl,...,nk(ﬂ-l K- & Ty s Mnl,O Q& Mnk,O)-

Now we recall the classification of irreducible unitary representations of G, due to
M. Tadi¢ [Ta2].

Let Dy(n) denote the set of isomorphism classes of irreducible representations of
G, which are square-integrable modulo the center and Dy = |J,~, Do(n). Let D(n)
be the set of representations of the form 14, where « is real and § € Dy(n); let
D = [, D(n) and let M(D) be the collection of all finite (unordered) multisets
onD.

For p an irreducible cuspidal representation and n € N, let
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That is, A[n]” is a segment with exponents of v symmetric around 0.

Givena = (8y,...,6,) € M(D),§; = v%d, 55 € Dy, we may assume that a;; >
-+ > ay. The induced representation §; X - - - X §, has a unique irreducible quotient
L(a).

Given an irreducible representation o, let o+ denote its Hermitian (complex con-
jugate) contragradient. Set [[(o,a) = v®c x v~ *c* for « positive. For a positive
integer n and § € Dy, set u(5,n) = L(P§ x vP~1§ x - -+ x v7P§), where p = ”;1.
Thus if 0 is a representation of G, u(J, 1) is a representation of G,,,. We sometimes
write u(d,,, n) to emphasize the rank of 4.

Theorem 3.11 (Theorem 7.5, [Ta2]) Let

B = {u(d,n), [[(u(d,n),a)|d € Dp,0 < a < %},
a(n,d)’ = (v'T A[d), "3 Ald),. v T ALd)),
where n,d € N, and p is an irreducible cuspidal representation.

1. Ifo1,...,0, € B, then gy X -+ X o, is irreducible and unitary.

2. If w is an irreducible unitarizable representation then there exist 7y,...,7, € B,
unique up to permutations, such that m =1, X - -+ X T.

3. L(a(n, d)?) = {(a(d,n)") = u(6(p, d), n), where 6(p,d) = L(A[d]").

For this part of notation and results, we refer to [KV] and [Wa]. Let G denote a
unimodular p-adic group.

Definition 3.12 Let the Frechet spaces V., W, be representations of G. A sepa-
rately continuous bilinear form B: V;, xW_, — Cissaid to be a (7, m,)-intertwining
form if Bo (m; ® m;)(g) = B,g € G. We denote the linear space of these forms by
I(my, ).

If W,, admits an inner product { - , - ), we define
Br(v,w) = (Tv,W),,v € Vo, w € W,
for any given intertwining operator T € Homg(Vr,, W,). Then Br € I(m, ), and
dim Homg(V,,, W,) < dim I(7, m2).
Theorem 3.13 (Theorem 4.7, [KV]) Assume that G is a unimodular p-adic group
and R, Q are closed subgroups of G. Let m; = indgxl, = indgm, where X (respec-
tively x2) is a character of R (respectively Q). Then there exists a linear isomorphism

between the linear space 1(m, ® ) and the linear space D(G)X*Q of R x Q-invariant
distributions on G. Here the R X Q-action on T € D(G) is given by

(r,q) - T = (5r(Nd(@)~'x7  (Nxa(@) (o 7g) - T,

forreR,q€ Q.
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Proposition 3.14 Assume that G is a unimodular p-adic group and R, Q are closed-
unimodular subgroups of G. Let m; = Indgxl, Ty, = Il’lngQ, where x1 (respectively
X2) is a character of R (respectively Q). Then dim Homg (7, m) < dim D(G)R*Q,

Proof The result follows the above theorem and the following facts:

~G  ~G
1. HomG(Indgxl, Ind8X2) = Homg(Indx2, Indg x1)-
—~ G
2. IndQX2 = indgxgl, when Q is unimodular (refer to [BZ1], 2.25). |

4 The Work of Heumos and Rallis

For G, there are only three types of irreducible representations: cuspidal represen-
tations, submodules of segments [p, vp], and quotients of segments [p, vp], where p
is an irreducible cuspidal representation on G; = J*. Submodules of segments are
in fact characters, and hence have symplectic models (refer to Lemma 5.5). Cuspidal
representations and quotients of segments both satisfy the criterion of Theorem 3.7
and admit Whittaker models. Therefore for G, every irreducible representation has
either a Whittaker model or a symplectic model.

Theorem 4.1 (Theorem 2.4.2, [HR]) Let 7 be an irreducible representation of Gyp,
then dim Homy, (7, M,,) < 1.

Theorem 4.2 (Theorem 3.2.2, [HR]) An irreducible representation of G, cannot have
both a Whittaker model and a symplectic model.

Theorem 4.3 (Theorem 3.1, [HR]) Let w be an irreducible unitary representation of
Gy. Then Hom,, (7, M;) is nonzero for at most one integer i, 0 < i < [F].

Theorem 4.4 (Theorem9.1.1, [HR]) Let I:Indg’l (1 x v) @ v™L. The representation
(I) (the unique irreducible submodule of 1) has neither a Whittaker model nor a mixed
model.

Theorem 4.5 (Theorem 8.1, [HR]) Let 7 be an irreducible unitary representation of
Gs. Then 7 can be uniquely embedded as a submodule of Whittaker model My or mixed
model M.

Theorem 4.6 (Theorem 11.5, [HR]) Let w be an irreducible unitary representation
of Gy4. Then 7 can be uniquely embedded as a submodule of Whittaker model My, mixed
model My, or symplectic model V.

Theorem 4.7 ([OS]) Letm = 01 X -+ X 0y X Tye1 X - - - X T, be an irreducible unitary
representation of GLy,(F), with o; = u(dy,,2m;) € B and 7; = [[(u(dy,, 2m;), ;) €
B. Then m admits a symplectic model.

In the same paper, Offen and Sayag also made the following conjecture.

Conjecture 4.8 ([OS]) If w is an irreducible unitary representation of GL,,(F) ad-
mitting a symplectic model, then 1 = o1 X --- X 0y X Tye1 X --- X T; for some
oi = u(d,,2m;) € Band 7 = [[(u(dy,, 2m;), ;) € B.

https://doi.org/10.4153/CJM-2009-011-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-011-2

Klyachko Models for General Linear Groups of Rank 5 over a p-Adic Field 229

5 Klyachko Models on GL;
Lemma 5.1 Fori# j, Homg,(M;, M;) = 0.

Proof By Proposition 3.14, it suffices to show the following claim: if a distribution
T on Gy satisfies

(5.1) Paai(m) Ly (m) T (o © 1)) - ) = T(f)
forall f € C°(Gy), m; € M;, mj € M, i # j,
then T is trivial.
First note that all M;, i = 0, 1, 2 involved here are unimodular.
Let H = M; x Mj, for i # j. The action of H on Gy is given by

(mj,m;) - g = m,-gm;1 for (m;,m;) € H,g € Gy.

This action is constructive by Theorem A in 6.15 of [BZ1]. Then by Bernstein’s

localization principle (Lemma 3.4), it is enough to show that T, is trivial for all

x € M;\G4/M;, where T is a distribution on M;xM; satisfying equation (5.1).
Define a character ¢y on H by

Yr(mi, mj) = ha_i(mi)hs_z;(m;)) for (m;, m;) € H

and the action of (m;, m;) € H on C2°(Gy) by
(my,my) - () = ¢ ((my ', ma))n(my 'gmy), for n € CX(Gy).
Let T be a nonzero H-invariant on an H-orbit Yy = M;xM;, i.e.,
Te((miy mj) - ) = g ((my ', ma)) Ty © 1) 1) = Te()

for (m;,m;) € H and n € CX(Y,). Equivalently, T, satisfies equation (5.1). Let
H, denote the stabilizer of x in H. Then Y, 2 H/H,. Note that C°(Y,) = in_dgxl
(un-normalized compact induction) and

T, € Homy(indf} 1,vy) = Hompy, (5p07;", Resy, ¥r)
by Frobenius reciprocity, where oy (respectively dp, ) is the modular function of H

(respectively H, ). Since the absolute value of ¢y = 1 and 9 H‘SI;; is positive, by Schur’s
Lemma we have

dim Home(5H5§x1, Resy vy) = 0 or 5H51;x1 = Resp, Yy = 1.
Proposition 1.3 in [KI] shows that there are no admissible double cosets between

(M, 12)4721‘) and (M;, 1214,2]'), so Resy, vy # 1 and Home(5H5§xl,Rest1/)H) = 0 for
all x € M;\G4/M;. Therefore D(Gy) = 0 and Homg, (M;, M;) = 0 follows. [ |
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Theorem 5.2 M, ; and My ; are disjoint for i # j. That is, an irreducible represen-
tation of G4 cannot have both a nontrivial M; model and a nontrivial M; model for

i j.

Proof M, and M, are disjoint by Theorem 4.2 and it remains to show that M, and
M, (respectively, M; and M) are disjoint. Let 7 be an irreducible representation of
Gy. Assume that 7 have both My (Whittaker) model and M, model. By Proposition
3.2.1 of [HR], the contragradient 7 of 7 also admits a Whittaker model. The dual of
Homg, (7, My) # 0 gives HomG4(indf,[“0121;1, m) # 0 (refer to [GK] or [BZ1]). The
composition of nontrivial

T, € HomG4(indf,l“0121;1, m)and T, € Homg, (7, M)
produces a nontrivial intertwining operator (since  is irreducible) in
. 4Gy N —
Homg, (indyy, ¥, I,Ml).

The right action of M; on My\Gy is constructive by [BZ1, Theorem A, 6.15]. The

.. . . . .M, A
restriction of T to the coset MgwM; is associated with mdMl OW,1M0W1/J4 , where

@;W(g) = z&;l(wgw_l), for g € M; N'w~'Mow. Frobenius reciprocity gives
Homy, (indy;' -1 ®a s ¥2) 22 Homyg, - (055 92).

By the result of [KI], there exists no admissible double coset for the pair (M, 1&4_ D)
and (M, ¢), so Homyy, qy—1m,w(¥y 5 92) = 0 for all w € G4. Hence by Bernstein’s
localization principle

HomG4(indf,f01ﬁ;1, Indfmiﬁz) =0,

which contradicts our assumption. And this contradicts the result of Lemma 5.1 that
Homg, (M, M;) = 0. Hence 7 cannot possess both an M, model and an M; model.
The proof for the disjointness of M; and M, follows the same argument, since 7 also
admits a symplectic model if 7 does. ]

Lemma 5.3 Fork # £2, p, T unitary representations of G, the representation v*p x
x3 = vkp x (V717 x T x vT) has a unique M, model.

Proof By reciprocity,

Hom, (Indj 559 ® X37Ind8;XszXle2 ®1®1) ~
Hom, , (Y‘z*_’zlndiy/kp ® X3, Indlc'ji?/Jz ® IndSGIfz 1).
Let 5 = {1,3},7 = {2,2}. In the notation of Theorem 3.3,

W/&rY = {WO = ld7 w) = (17352)}
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Forwy, =id, 8’ = BN W()_l(w) ={1,1,2},and v’ =y Nwy(B) = {1, 1,2},
Fy, = Indff’2 oido (f}iZVkp @ (vt x T xvT))
= (Indilukp @v'T) @ (1 x vT).

Because the representation Ind? ;v¥p ® v~'7 has a unique Whittaker model and
1,1 Loy . 3
(T x v1) = v2{(v~i7 X viT) has a unique M, ; model, /¥ X x3 has at least one

M; model.
Forw; = (1,3,2), 8" = Bnwi ' (y) = {1,2,1},and v’ = yNwi(B) = {2, 1,1},
F,, = Ind%:il ow; 0?}:;7lukp @ W lr x T xvT)
= lrx7® (Indilykp ® vT).
The representation Indill/kp ® v is irreducible and has a Whittaker model. There-

fore F,,, has no My ® M, ; model, and vk x X3 has a unique M; model. |

Lemma 5.4 Fork #t+ 1, andk,t # j:%; p, 0, T unitary representations of Gy, the
representation V¥ p X V'8 X X2 = Vip x '8 X (V717 X v17) has a unique M, model.

Proof By reciprocity,

Hom4(Ind‘f7172ukp ® V'O X X2, Indgixszlez/’Z ®1®1) ~
Hom, , (T3 ,Ind} | ,1%p x 116 x xa, Ind? ¢, ® IndSGljzl) :
Let 5 = {1,1,2},v = {2,2}. Then
WY = {wy = id,w; = (2,3),w, = (1,3)(2,4),ws = (1,3,2)},
and the quotient
F,, = (Indill/kp ® V') ® xa.

Since Indilyk p @ v'4 is irreducible and has a unique Whittaker model and x; has a
unique M, ; model, I/kp X X3 has at least one M; model. Note that

F,, = (Ind} /% p ® VIt ® (Ind} ,1'6 ® viT),

and Indiluté ® v17 is irreducible and has a Whittaker model. Therefore F,,, has no
My ® M, model.

Since F,, = x, ® (Ind} ,vFp @ 1'§), and Indill/kp ® V'4 is irreducible and has a
Whittaker model, F,,, has no My ® M,,; model.

Also F,,, = (Indill/é ® v 17) ® (Ind? V¥ p ® v27), and (Indill/kp ® viT) is
irreducible and has a Whittaker model. Therefore F,,, has no My ® M,,; model, and
v*p x '8 X x has a unique M; model. [ |
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Lemma 5.5 If x is a character of Gy, n € N, then x has a unique M[z) model.

Proof There are two cases.

1. n=2k: Since SLy is the commutator subgroup of G and characters are trivial on
the commutator subgroup, x admits an embedding in Indscfikl and also in

My = Indg 1 = Indg? Indg;1.

2. n=2k+1: Similarly x admits an embedding in Indscfik*jl 1, hence an embedding in

_ Gake1 _ Goksr SLoks1
My = Indleskalel = IndSLZkHIndUIXsPkaNl 1.
The embedding is unique since  is one-dimensional. ]

Lemma 5.6 In G, = G if (7, V) has a unique My model, then so does
' =vemnr teR.

Proof The existence of an My model for (7, V,;) means that for x € V., there exists

a function f;: G — V, such that

1. fi(ug) = ¥ (u) f(g), for u € U, X Spy, X Ny, g € Gy

2. faxspy = afx +bf,, fora,b € C x,y €G,.

3. w(8) fx = frix Thatis fi(gs) = frox(g), forg,s € G,,x € V.

4. f.islocally constant. (That is, there exists open compact subgroup K. C G, such
that f.(gk) = fi(g),fork € K¢,g € G,..)

Let W = {h; | he(g) = furgx(g),Vx € V,g € G,}. Then W is a My model of 7/,

upon the verification of the following facts:

1. hx(ug) = fuf(ug)x(ug) = fl/’(g)x(ug) = wm(u)fl/’(g)x(g) = wm(u)hx(g)

2. haxiby(8) = fargxbii(e)y(8) = afui(gx(g) + bfui(g)y(g) = ahyx(g) + bhy(g).

3. 7"J(S)hx(g) - hx(gs) - fl/’(gs)x(gs) - f‘/r(s)l/f(gs)x(g) - fu’(g)l/f(s)ﬂ(s)x(g) - hﬂ'/(s)x(g)-

4. Because v: G, — R is @a homomorphism, v#(K) = 1 for all compact subgroup
K of G,. Given any f, there exists an open compact subgroup K. in G, such

that fi(gk) = fi(g), for k € Ky. Then he(gk) = fiux(gh) = v'(g) fi(gk) =
V(@) fx(8) = furox(8) = hx(g)

By the above construction, if 7/ admits two different models My, My, then so
does m = v~ ® 7’. This shows the uniqueness. [ |

Let 0;, pi, T be square integrable representations of G;, let x; be characters of G;
(we omit the subscript i ifi = 1), and let o, A € (0, %) be real numbers.

Theorem 5.7 Any unitary representation on Gs has one of the following expressions
and indicted models:
1. Js, a square integrable representation of Gs, has a unique Whittaker model.

2. u(6,5) = L(v*6 x vd x 6 x v=1§ x v=25), a character of Gs, has a unique M,
model.
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3. Unitary representations induced from P 4:

(a) d X 4 has a unique Whittaker model, since § and §,4 both have Whittaker models.
(b) & X x4 has a unique M, model.
(c) 6 x L(V%(SQ X u’%ég) has a unique M, model.

4. Unitary representations induced from P, 5:

(a) 02 X 83 has a unique Whittaker model, since 0, and 5 both have Whittaker
models.

(b) 05 X x2 has a unique M, model.

(c) &2 X x3 has a unique My model.

(d) x2 % x3 has a unique M, model.

5. Unitary representations induced from Py ) 3:

(a) 0 X T X &3 has a unique Whittaker model, since 6, T, and 05 all have Whittaker
models.

(b) & x 7 x x3 has a unique My model.

(c) Y0 X v™Y0 X J3 has a unique Whittaker model, since § and 3 both have Whit-
taker models.

(d) v*d X v~ X X3, has a unique M, model.

6. Unitary representations induced from Py ; 1 5:

(a) § X p X T X &, has a unique Whittaker model, since 0, p, T, and &, all have
Whittaker models.

(b) § X T X p X X2 has a unique M, model.

(c) v90 X v™Y0 X T X 0, has a unique Whittaker model, since §, T, and §, all have
Whittaker models.

(d) v*d x v X T X X2 has a unique My model.

7. Unitary representations induced from Py 5 5:

(a) & X &3 x 9} has a unique Whittaker model, since 6, 5, and &, all have Whittaker
models.

(b) § X 6, X x2 has a unique My model.

(c) & X x2 X x5 has a unique M, model.

(d) 6 x v, x v~ has a unique Whittaker model, since § and &, both have
Whittaker models.

(e) 0 X v¥x2 X V™%X, has a unique M, model.

8. Unitary representations induced from Py 111 1:

(@) & X 7 x px 8" x 7/ has a unique Whittaker model, since 6, T, p, §', and 7' all
have Whittaker models.

(b) v X 1™ X T X p X p’ has a unique Whittaker model, since 6,7, p, and p’
all have Whittaker models.

(c) v6 x v~ x v’ x v X p has a unique Whittaker model, since 9, T, and
p all have Whittaker models.

Proof 3(b): Set x4 = (V™ 2p X v™2p X vip X v p), where p is a unitary represen-
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tation of G;. By reciprocity,

Homs; (§ x X47Ind8i><5p4><N2w1 ®1®1) ~

Hom, 4 (T} 4Ind] ;0 ® x4, Indj ¢y ® IndsGI‘,:l) .

For 3 = {1,4},7 = {1,4}, W*7" = {wy = id,w; = (1,2)}, and the quotient
F,, = 6 ® x4 has a unique My ® My, model. F,,, has no My ® My, model, because

F,, = v ip® Ind‘f}é ® I/%<I/71p X p X vp)
= I/_%p® v (Ind}}_ju_%é ® (v 'p x px vp))

and the representation Ind‘f_ju’%é ® (v'p x p x vp) has an My ; model (refer to
Lemma 5.3). Hence § X x4 has a unique M, model.

3(c): By reciprocity,

Homs (8 x L(v20y X v™20,), Indi? g on, 1 ® 1® 1) =

Hom, 4 (% ,Ind; 40 ® L(v3 6, x v 26,), Indy vy @ Ind§: 1)

For = v = {1,4}, we have W = {wy, = id,w; = (1,2)}, with quotient
F,=0® L(u%62 X 1/*%52). Because L(u%52 X V’%ég) has a unique M, model by
[HR, Theorem 11.1], F,,, has a unique My ® M, model. For

14 ~14 1 _1
F,, =Ind;j;0ow 01,56 X L(v2d; X V™ 263),

with 6, either (i) supercuspidal or (ii) Steinberg:

(1)  When 6, is supercuspidal, F,, =0 has no My ® M, model.
(ii) When 6, is Steinberg, set

T =L(?6 x v 18,) = LIL(A) X L(A)),

where §, = <1/%p X V_%p>, and segments Ay = [p,vp], Ny = [V 1p, pl.

By Lemma 3.8, L(A\1) x L(A;) = (vp x p) x (p x v~'p) has two constitutions,
L(L(Aq) x L(A;)) = mand

L(A] U Az, Al n Ag) = L(A] U Az) X L(A] n Az)
=L([v""p, p,vp]) x p.

First, T} 5Ind; , (vp X p) x (p x v~ 'p) has two constitutions, F,; and F,/, where
F,; = vp®(Ind} ,px (pxv~'p)) and F,; = p@(Ind; | (vpx p)@v~"p) are obtained
from WP’ = {w) = id,w] = (1,2,3)}, with ' = {2,2} and 7' = {1,3}.
Next, T} ;Ind3 | (vp x p x v~ 1p) ® p also has two constitutions, F,;r and F,,/, where
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Fyr=vp® (Ind;l(p x v~ 'p) @ p) and Fy;r = p® (vp x p x v~'p) are obtained
from WO = {wi' = id,w]' = (1,2,3,4)},with " = {3,1} and v" = {1,3}.
Since

FaL(v20y x v 28) =T 3Ind3, (vp x p) x (p x v p) = Ti5(vp x px v 'p) x p
=p® (Ind} ,(vp x p) @ v~"p) —p@ (vpx px v 'p)
=p@L{vp x p) x v "p),
we have
F,, = Indif_ﬁ owp o (5 ®@p @ L{{vp x p) x v 1p)

=p® (Ind‘f735®L(<up x p) x v 'p)).
We claim that Ind‘f’35 ® L({vp x p) x v~ 'p) has an My ; model. The quotient of
T,lndy 6 @ (vp x p)@v~p

isA = Indi1 (bRvp)® Indi1 (p@v~!p). Because Indil(5® vp has a Whittaker model
and the quotient L(p x v~ !p) of Indilp ® v~ !p has a symplectic model, A has an
M1 model and so does Ind , ;6 ® (vp x p) @1~ p. Since Indy , ;6 & (vp x p) RV~ p
consists of two irreducible constitutions, Ind‘i3 p@{vpx pxv~!p) (with a Whittaker
model) and Indisé ® L({vp x p) x v~'p), the My; model must be supported in
Ind‘f735 ® L({vp x p) x v~ 1p). This proves the claim.

By the disjointness of M, ; and My, Ind‘fﬁé ® L({vp x p) x v~ 'p) has no My,
model, and we conclude that F,,, has no My ® M, model. Hence § x L(V% S, XV716,)

has a unique M, model.
4(b): Set o = (v~ 2p x v p). By reciprocity,

Homs (83 x m,lndﬁixspszl% ®1®1) ~

H0m3,2 (T;zlnd;z(% (24 X2, Il’ldgi 1/)3 X Il’ldggz 1) .
For 3 = v = {3,2}, W = {wy = id,w, = (2,4)(3,5),w, = (3,4)}, and the
quotient F,,, = 3 ® x2 has a unique My ® M, model. For F,, = Ind?:;z owp o
}?35253 ® X2, with 05 either (i) supercuspidal or (ii) Steinberg:

(1)  When 6; is supercuspidal, F,, =0 has no My ® M; model.
(ii) When &; is Steinberg, set 63 = (vT x 7 X v~!7). Then

F,, = (Indi2l/7' ® x2) @ (T X vt ).

Since (7 x v~17) has a Whittaker model, F,,, has no M, ® M; model.
For F,, = Indgfﬂl_’1 oW, 0}6125_253 ® X2, with d3 either supercuspidal or Steinberg:

https://doi.org/10.4153/CJM-2009-011-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-011-2

236 C. Nien

(i)  When 6; is supercuspidal, F,,, =0 has no My ® M; model.
(ii) When 6; is Steinberg,

P = (Ind§’1<y7- xT)® V_%p) ® (Indily_lT ® V%P) .

The representation Indilu’lr ® v7p has a Whittaker model, so F,,, has no
My ® M, model. Hence d3 X X, has a unique M; model.

4(c): Set x3 = (v™p x p x vp). By reciprocity,
Yy recip Yy

H0m5(52 X X3, Indgixspszlng, ®1I 1) ~

H0m3,2 (}gglnd%dg X X3 Il’ldgz 1/)3 X Il’ldggz 1) .

For 8 = {2,3},v = {3,2},
Wﬂﬁ = {WO = ldu wy = (174727573)7W2 = (27473)}

The quotient F,,, = (Ind;léz ®v~!p) @ (p x vp) has a unique My ® M,; model, and
F,, = X3 ® 6, has no My ® M, model. Note that F,, = Ind}3 o w, 0T:7, 0, ®
(v™'px pxup).

(i)  When 6, is supercuspidal, F,,, =0 has no My ® M; model.

(ii) When 6, is Steinberg, set §, = <V%T X V_%T>. Because

F,, = (Ind’,viT® v~ x p)) ® Ind? I/_%T®Vp
2 1,2 1,1

and Indi1 vTIT® vp has a Whittaker model, F,,, has no My ®M; model. Hence
02 X x3 has a unique M; model.

4(d): Set x5 = (v '7 x T x vT), X2 = (V" 1p X V1 p). By reciprocity,

HomS(X3 X X27Ind87x5p4><N21/)1 & 1 ® 1) ~

Hom; 4 (Ar?AIndg’z)@ X X2, Indgidjl ® IndSGI‘j4l) .

For 8 = {3,2},v = {1,4}, W = {wy = id,w; = (1,2,3,4)}, and the quotient
Fy, = v 7 @ (Indy,(v"'7 x 1) ® (v™1p x v1p)). By [HR, Proposition 11.4],
(v7lr x 1) % <V_%p X I/%p> has a unique M, model, so F,,, has a unique My ® M,
model.

By the disjointness of M, ; and M, ; and the fact that Ind‘;’1 X3 ® i p has an My
model,

E,, =v7p® (Indj xs ®v2p)

has no My ® M, model. Hence x3 X X2 has a unique M, model.
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5(b) and (d) are both in the form of 5§ x v'7 X y3, fork # t + 1, and k, t # +2.
Now we want to show that ¥ x /7 x 3 has a unique M; model. Set x3 = (v™'p x
p X vp). By reciprocity,

Homs (148 x v/ % x3,Ind(}! g o, s @ 1@ 1) =
Homs » (13,Ind] | 540 @ v'7 @ 3, Indg s ® IndSGlj2 1).
For f = {1,1,3},v = {3,2},
W = {wy = id,wy = (1,4,2,5,3), w, = (2,4,3)},

and the quotient F,,, = (Indiml/ké VT ®@v'p) @ (p x vp). Since Indiml/ké ®
Vit @ v™1p and Indilu’%? ® v'7 both have unique Whittaker models by Theorem
3.10, F,,, has a unique My ® M; model, and F,,, = x3 ® (Indilu’ﬁ ® I/tT) has no
My ® M, model. Since IndiZUké ® (v™1p x p) is irreducible and has an M; model,

F,, = (Indizyké ® v 'pxp)) @ (IndithT @ vp)

has no My ® M; model. Therefore /56 x v'7 x X3 has a unique M,; model.

6(b) and (d) are both in the form of %6 x v°7 x v'7’ X X3, and none of them
are linked. That is, k,s,t # 41,42 and the difference between any pair of them is
not +1. We want to show that 56 x 17 x V7’ x x, has a unique M; model. Set
X2 = (v"1p x v7p). By reciprocity,

Homs (156 x v°1 x v/'7/ x Xz,Indgzxspszlwg ®1®1) ~

Homj , (“r?ﬁzlndimzuk& RUVTR VT ® X2, Indﬁiws ® IndsG;f2 1).
For = {1,1,1,2},7 = {3,2},
W = {wy = id,w) = (1,4,2,5,3), w, = (3,4),...},
and the quotient F,,, = (Indilﬁll/k5 ® T ® V'7') @ X has a unique My ® M;
model. Any other F,, cannot keep x; at the (4, 5)-th position. (If it does, then
w; (1) < w;'(2) < w;'(3) will force w; = id.) Therefore we cannot find another

factor with an My ® M, model. Thus 156 x 1°7 x v'7’ X x, has a unique M; model.
7(b): Set x2 = (v~ 2p X v p). By reciprocity,

Homs (8 X 6 X X2, Ind( gy, won, s ® 1@ 1) =
H0m372 (Argﬁzlndizﬁzd X 52 (24 X2, Il’ldg;l/)g, X Il’ldSGIf2 1) .

For 8 = {1,2,2},v = {3, 2},

W = {wy = id,wy = (2,4)(3,5), w2 = (3,4), w; = (1,4,3,2)},
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and the quotient F,,, = (Indizé ® 62) ® X2 has a unique My ® M; model. Also
F,, = (Ind},0 @ x2) ® 0,

has no My ® M; model. Note that

Ey, = Indiﬁ,l,l,l oW oﬁﬁﬁ,l,lis ® 6, ® X2,
where 9, is either (i) supercuspidal or (ii) Steinberg.
(i)  When 6, is supercuspidal, F,,, =0 has no My ® M; model.
(i) When 6, is Steinberg, set 6, = (v27 x v~ 27). Then

F,, = (Indil’lé RUIT® V_%p) ® (Indill/_%T ® I/%p)
has no My ® M, model, and neither does
F,, = (Ind;léz ® I/_%p) ® (Indilé ® I/%p) .

Hence § x 6, X X has a unique M; model.

7(c) and (e) are both in the form of § x %y, x v*x}, where @ # A &+ 1y, \ #
+1,+3. Now we want to show that § x *x, x v*x} has a unique M, model. By
reciprocity,

Homs (6§ x 1%y, x qué,Indngsmezwl ®1®1) ~
Hom, 4(7} 4Ind} ,,6 ® 12 ® Vx5, Indf ¢ @ IndSGl;:l) .
For 8 = {1,2,2},v = {1, 4},
WY = {wy = id,w; = (1,2),w, = (1,2,3,4)},
and the quotient F,,, = 0 ® (Indgﬁzu“)@ ® qué) has a unique My ® M, model. Let
Y2 = (V1T x vit)and X5 = (v™1p X vip). Then
F,, =v " (Ind},,0 ® Vit @ v'x3)

has no My ® M, model, because Ind‘ilﬁzd ® vt @ v x4 has an My, model by
Lemma 5.4. Also

Fu =08 (Ind,,0 9 v @ 1)
has no My ® M, model, since Indimz? ® X2 ® V%_Mp has an M, ; model. Hence
§ X v°x, x v x5 has a unique M, model. [

Then Table 1 lists models of unitary representation on Gs, where a, A € (0, %)
are real numbers; d;, p;, and 7; are square-integrable representations of G;, and y; are
characters of G;. We omit the subscript i if i = 1.
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Representation Model
s My
LS x vd x § x v~ 18 x v20) M,
0 X 64 Mo
0 X X4 Mz
6 X L(v16, X v716,) M,
52 X 53 MO
53 X X2 Ml
02 X X3 M,
X2 X X3 M,
O X T X 03 M
0 X T X X3 M,
VYO X Y X 03 M
VY0 X 1Y X X3 M,
OX pXTXE M
O X TXpXXa M,
VY X T X T X Oy M
VYO X VT X T X X2 M;
0 X 0y X 03 M
0 X 52 X X2 Ml
d X X2 X X5 M,
0 X Va(Sz X Vﬁa(Sz Mo
0 X VY% X V%, M,
IXTXpxd§ x7! Mo
VO XVTUOX T X pxp' Mo
VY X VU6 X VM X VAT X p M

Table 1: Models of unitary representation on Gs.
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