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Abstract

By expressing the discounted net loss process as a randomly weighted sum, we investigate
the finite-time ruin probabilities for the Poisson risk model with an exponential Lévy
process investment return and heavy-tailed claims. It is found that in finite time, however,
the extreme of insurance risk dominates the extreme of financial risk, but, for the case of
dangerous investment (see Kliippelberg and Kostadinova (2008) for an accurate definition
of dangerous investment), the extreme of financial risk has more and more of an effect
on the total risk, and as time passes, the extreme of financial risk finally dominates the
extreme of insurance risk.
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1. Introduction

In the paper we investigate the finite-time ruin probability of a Poisson risk model with heavy-
tailed claims and the risky investment of reserve. In the model, claims, X,,, n > 1, constitute
a sequence of independent, identically distributed (i.i.d.), and positive random variables with a
common distribution function (DF) F such that F(x) = 1 — F(x) > 0 forall x > 0. Let the
arrival times 71, 72, ..., Ty, . . . constitute a homogeneous Poisson process

o
N@) = Z 1z, €101 t>0

n=1

(here and in the sequel, 14 denotes the indicator function of the set A), which is independent
of the sequence X,, n > 1, where, by convention, tp = 0. Hence, the total amount of claims
up to t > 0 can be written as

N()

S(t) = Z X,

n=1
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with S(#) = 0 when N (¢) = 0. If N(¢) follows a homogeneous Poisson process with intensity
A > 0, then 7, has a gamma distribution with probability density function

—1
Mt e M t>0
(n—1)! ’ ’

The total amount of premiums accumulated up to time ¢ > 0 is denoted by C(t) = ct. Assume
that an insurer invests its reserve into a Black—Scholes-type market consisting of a bond with a
constant riskless interest rate § > 0 and some stock, modelled by an exponential Lévy process,
whose respective price processes follow the equations

fn(t) =

Xot) =e¥ and X (t) = el®, t>0.

The constant § > 0 is the riskless interest rate. The process {(L(#));>0} is a Lévy process
with characteristic exponent W, i.e. E[esL®M] = eV s eRandr > 0, where ¥ has the
Lévy—Khintchine representation

U(s) = is _ T X 1 —isx1 R
=isy 2s + [ (e isx 1y <1 v(dx), s € R,
R

where y € R, 0 > 0, and the Lévy measure v satisfies v(0) = 0 and fR(x2 A Dv(dx) < oo.
The characteristic triplet (y, o2, v) determines the Lévy process. For more details, see
Sato (1999).

Assume that an insurer uses the so-called constant mix strategy to invest their reserve,
namely, at each instant of time an initially fixed fraction 6 € [0, 1] of the wealth is invested in
the risky asset and a fraction 1 — 6 is invested in the riskless asset; see, e.g. Emmer ef al. (2001)
and Emmer and Kliippelberg (2004). This strategy is dynamic in the sense that it requires a
rebalance of the portfolio at any moment of time depending on the corresponding price changes.
This approach is based on self-financing portfolios and, hence, is classical in financial portfolio
optimization; see Korn (1997, Section 2.1). The fraction 6 is called the investment strategy.

Let {L(¢); t > 0} be a Lévy process with characteristic triplet (y, o2, v). Denote by €(L)
the solution of the following equation:

dZ(t) = Z(t—)dL@t),  Z©) = 1.

Then Proposition 8.21 of Cont and Tankov (2004) gives the existence and uniqueness of ¢(L).

Next we follow the method used by Kliippelberg and Kostadinova (2008) to introduce the
integrated risk process (IRP) as the result of the insurance business and the net gains of the
investment through a stochastic differential equation (SDE).

Definition 1.1. For an investment strategy 6 € [0, 1], we call the solution to the SDE
dUg(1) =cdt—dS(t)+U9(t—)di,9(t), t >0, Ug(0) = x, (1.1)

the IRP, where dLg (1) = (1 — 0)8 dr + 60 dL(r), L() satisfies e (L) = eX®), x > 0is the initial
capital, ¢ > 0 is the constant premium rate, S(¢) is the total claim amount process, and § > 0
is the riskless interest rate.

Provided that the insurance and the investment processes are independent, by Lemma 2.2 of
Kliippelberg and Kostadinova (2008), the solution to the SDE (1.1) is

t
Up(t) = eXP(Le(t))<X + /0 exp(—Leo (v))(cdv — dS(U))),
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where Ly satisfies exp(Ly) = 6(1:9). By Lemma 2.5 of Emmer and Kliippelberg (2004), the
Ly(¢) is a Lévy process with characteristic exponent ¥¢ and characteristic triplet (yy, 002, vg),
which is specified by the original process L in the following way:

o2
ve =y0+ (1 —9)(8—1—79)

+ /R(log(l + 0" — 1) Ljj1og(1+6(er—1))<1] —0x 1x)<1))v(dx), (1.2)
o7 =062, (1.3)
ve(A) = v({x € R: log(1 +60(e* — 1)) € A}) for any Borel set A C R. (1.4)

Thus, the IRP Uy fits into the framework of generalized Ornstein—Uhlenbeck processes, which
have recently attracted a lot of attention; see, e.g. Lindner and Maller (2005) or Carmona et al.
(2001).

Denote the Laplace exponents of the processes L and Ly by

¥(s) = logE[e ™M) and yy(s) = logElexp(—sLy(1))],

provided that they exist. If ¥(s) < oo then E[e L] = eV < oo for all t > 0; see
Sato (1999, Theorem 25.17). From the proof of Lemma 4.1 of Kliippelberg and Kostadinova
(2008) we can obtain ¥y (s) < oo forall @ € (0, 1) ands € RT, and if 0 < E[L(1)] < oo and
eithero > Q0 or v((—o0, 0)) > 0, then, for @ € (0, 1), there exists a unique positive k = kg > 0
such that ¥y (k) = 0.

Let us denote the discounted net loss process by

t
Vo (1) = x —exp(=Lg(1)Up (1) = / exp(—Lo(v))(dS(v) — cdv), t=0.
0

Now we can define the ruin probability up to time 7 and the ultimate ruin probability,
respectively, by
W(x,T) =P{Vy(t) > x forsome 0 <t < T}

and
W (x) = P{Vy(t) > x for some oo >t > 0}.

Many researchers have studied Poisson risk models with risky investment, usually modelled
by a geometric Brownian motion. For example, Frolova et al. (2002) discussed the ultimate
ruin probability with exponentially distributed claims and the risky asset of a constant fraction
of the wealth; Paulsen and Gjessing (1997) and Kalashnikov and Norberg (2002) extended their
result to light-tailed claim size distributions; Gaier and Grandits (2002) discussed the case of
regularly varying claim size distribution.

An important question often asked is whether geometric Brownian motion can appropriately
describe the change of prices of the risky assets. Many empirical investigations of stock markets
have indicated that the prices of many stocks have sudden downward (or upward) jumps, which
cannot be explained by the continuous geometric Brownian motion. A more suitable approach
is to model the price of the risky asset by a general exponential Lévy process with jumps. Using
this approach, Emmer and Kliippelberg (2004) have investigated the optimization problem of
investment portfolios. Paulsen (2002) considered the asymptotic behaviour for large initial
capital of the ultimate ruin probability for the case where the investment process is a general
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Lévy process. His result showed that the ruin probability behaves like a Pareto function of the
(large) initial capital. The Pareto exponent depends on the interaction between the insurance
claims and the investment process. Using the theory of stochastic recurrence equations (see
Goldie (1991) and Konstantinides and Mikosch (2005)), Kliippelberg and Kostadinova (2008)
studied the tail behaviour of the ultimate integrated risk for the discounted net loss process,
namely, P{V9°° > x}, where VeC>O = lim;— o0 Vp(t). They showed that if the order of the
finite moment of the claim size distribution is greater than «y then the extreme of financial risk
determines the tail behaviour of the ultimate integrated risk for the discounted net loss process.
They referred to this as the case of dangerous investment. If the distribution function of claim
sizes has a regularly varying tail with tail index —« < 0 and & < Ky, then they showed that the
extreme of insurance risk determines the tail behaviour of the ultimate integrated risk for the
discounted net loss process. They referred to this as the case of dangerous claims.

All the above papers pay attention to the ultimate ruin probability and the tail behaviour of
the ultimate integrated risk process with the claim arrival process being a Poisson process. To
the authors’ knowledge, no other paper has addressed the finite-time ruin probability with risky
investment. In fact, insurers pay more attention to their future finite-time risk, for example,
five years, ten years, and can change initial capitals by introducing new stock holders or adding
the shares of their companies and adding or decreasing premiums according to the insurers’
business situations. So, finite-time ruin probability is a more realistic model. But it is often more
difficult to investigate finite-time ruin probability. In this paper, by expressing the discounted
net loss process as a randomly weighted sum we investigate the finite-time ruin probability for
the integrated risk process under the Poisson risk model with heavy-tailed claims. We find that
in finite time, however, the extreme of insurance risk dominates the extreme of financial risk,
but, for the case of dangerous investment, extreme of financial risk has more and more of an
effect on the total risk, and as time passes, the extreme of financial risk finally dominates the
extreme of insurance risk.

The remaining part of this paper consists of two sections. In Section 2 we introduce some
notation and provide the main result of the paper. Section 3 contains the proof of the main
result.

2. Notation and main result

First of all, we recall several classes of heavy-tailed distributions, which are crucial for our
purpose. We say that a distribution function F has a regularly varying tail with tail index
—a < 0, denoted by F € R_,, if there is some slowly varying function L(-) such that

F(x) = x “L(x), x> 0.

We say that a DF F belongs to the class £ (has dominated variation) if, for any 0 </ < 1
(or, equivalently, for some 0 </ < 1),

. F(ix)
lim sup —
X—>00 F(x)

By definition we say that a DF F belongs to the subexponential class of distributions, denoted
by 4,if F(x) =1 — F(x) > 0 for all x > 0 and the relation

. F*(x)
lim =n

X—00 F(x)
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holds for any (or, equivalently, for some) n > 2, where F*" denotes the n-fold convolution
of F.
We say that a DF F belongs to the class £ (is long tailed) if, for any L > 0,

F(x+ L)
m ——=1
xX—00 F(x)

It is well known that
R_,CDNSCS8CL;

see Embrechts et al. (1997) for details. We remark that £ N 4 is a useful subclass of the class §.
Specifically, it contains the famous class R of DFs with regular variation.

Now we recall two significant indices of a general random variable. Let X be a random
variable with a distribution function F concentrated on (—oo, co). For any y > 0, we set

i} 2 . F
Futy) = timinf 2020 and - F(y) = limsup 2,
¥eo F(x) x—oo  F(x)
and then we define
log F, log F
JE =J7(X) = inf _Og_*(y): y>14=— lim og F .(y)
IOgy y—>o0 logy
log F* log F*
Jr=1"(X) = sup{—og—(y): v 1} _ i 2P
logy y—o  logy

Here J ‘,t and J are called the upper and lower Matuszewska indices of the nonnegative and
nondecreasing function f(x) = (Fx)™!, x > 0 (see Bingham et al. (1987, Chapter 2.1)).
Specifically, if F € D then J; < o0 if F € Ry witha > OthenJ, = J; =a.

It is well known that if F' € O then by Proposition 2.2.1 of Bingham et al. (1987) we know
that, for pp > J }', there are positive constants C, and D; such that

F(y) X\
= < (| - holds forall x > y > D,. 2.1
F(x) y

In the sequel, C always represents a positive constant, which is independent of x and may
vary from place to place. For two functions a(-) and b(-), with b(-) positive, satisfying

we write a(x) = O(b(x)); if
. a(x)
lim —= =

=1,
x—>00 b(x)

we write a(x) ~ b(x).

In this paper we only consider the case in which 6 € (0, 1) because it is impossible for
insurers to invest all the capital into risky assets and the pure bond strategy has been discussed
in previous papers (see, e.g. Wang (2008)). Now we are ready to state the main result of this

paper.

https://doi.org/10.1239/aap/1240319582 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1240319582

Finite-time ruin probability 211

Theorem 2.1. Consider the risk model introduced in Section 1 with F € D N §. Assume that
0 € (0, 1). Then, we have, for every fixed T > 0,

T
Yx, T)~ A/ P{Xjexp(—Ly(t)) > x}dt, X — 00.
0

Specifically, if F € R_y with o > 0 then we obtain, for every fixed T > 0,

Vx,T)~ (1 — exp(Yg (@) T)) F (x), X — 00. (2.2)

A
—Yo(a)
Remark. Let us consider the case in which claims have regularly varying tails. Theorem 4.4
of Kliippelberg and Kostadinova (2008) tells us that, for the case of dangerous investment,
the extreme of financial risk finally dominates the extreme of insurance risk (for the case of
dangerous investment, ¥y () > 0 since @ > kyp and Yy («) is a convex function with 19 (0) = 0
and Wé (0) < 0). In our Theorem 2.1, we do not suppose the existence of xg. Theorem 2.1
shows that in finite time, however, the extreme of insurance risk dominates the extreme of
financial risk even for the case of dangerous investment. It is an interesting phenomenon. The
phenomenon shows that in the case of dangerous investment the financial risk has more and
more of an effect on the total risk as time passes, but in finite time the insurance risk still has
a dominant effect on the total risk. This can be seen from (2.2). In the case of dangerous
investment, financial risk finally dominates insurance risk as the cumulation of financial risk.
It is shown from (2.2) that

@) (1 —exp(Yp()T)) > 00 asT — oo,

and in Theorem 4.4 of Kliippelberg and Kostadinova (2008), financial risk finally dominates
insurance risk.

In the following we will give some examples.

Example 2.1. (Modelling the risky investment process by geometric Brownian motion with
Jjumps and letting the distribution of the claim sizes have regularly varying tails.) Assume that
the log returns of the risky asset are modelled as

Lit)y=vt+oW(t)+ K@), t >0,

wherev € R, 0 > 0, (W(¢));>0 is a standard Brownian motion, and K (¢) = Z,I,u:(i) Y,,t >0,
is given by a homogeneous Poisson process M(¢) with intensity p and i.i.d. jump sizes
{Y,;; n > 1} with the generic random variable Y. Hence, the Laplace exponent of L is given by

2
Y(s) = —vs + 02% + (B - 1).

Let the claim sizes constitute a sequence of i.i.d. random variables with regularly varying tail
R_q, @ > 0. Hence, according to Theorem 2.1, we obtain

W T) ~ — (1 —exp(pp@TNF(),  x — oo,
—Yg(a)
where, by (1.2), (1.3), and (1.4), we have
052
Yo (@) = —vga +a§7 + wE[1+ 0" — 1)1 -1,

where vg = v6 4+ (1 —0)(§ + 029/2) and 0’92 =6%262. In particular, for the case in which the
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log returns of the risky asset are modelled by classical geometric Brownian motion, namely,
K(t) = 0, we have

o20u

2

Kou (2002) considered the case in which Y has a double-exponential distribution. For this case,
Y has density function

Yo(a) = —vba — (1 — 0)da + (=146 +6a).

f@) = fr(y) = pnexp(=n1y) 1y=0) +(1 — p)nz exp(n2y) 1y<o) x eR,
where n; > 0,712 > 0, and p € (0, 1). Hence,

2
V(@) = —wa + 0} o + M/R((l FOE — 1) — 1) f(x) dx.

Example 2.2. (Modelling the risky investment process by the variance-gamma Lévy process
and letting the distribution of the claim sizes have regularly varying tails.) Let the claim size
be distributed by R_,, @ > 0, and let the log return of the risky asset be modelled by the
variance-gamma (VG) process, as suggested in Madan and Seneta (1990). A nonsymmetric
VG model is given by

L(t) = ut + W(K (1)), 1>0,

where > 0, W is a Brownian motion with drift @ < 0 and variance b*, K(@t)isa gamma
Lévy process independent of W and satisfies K (1) has the same distribution as I" (5, r) whose
density is given by

pixn—le—rx

fl“(x)zw, x >0,

for parameters r, n > 0. The characteristic triplet of K is (0, 0, vr) with
vr = 1jx~0) r;x_le_” dx.

The Laplace exponent of L is

1 2s2
1x”(s)=—us—17log<l——<b 5—sa>>, s € R.
r

The Lévy measure of L is given by

2 \/ﬁ
r ax a® + 2br+/n|x|
v(dx) = m exp(b—2 — 2 dx, x e R.

Hence, according to Theorem 2.1, we can obtain

V(x, T)~ (1 — exp(Yo () T)) F (x), x — 00,
—Yo(a)
where, by (1.2), (1.3), and (1.4), we have
Vo(a) = —poo +/ (e™*" — 1vp(dx)

=—0Opua — (1 —-0)5a

r2 <ax Ja? +2b2r2/n|x|>
3 dx.

+f (I+0@E" —1))™ —1)—exp
x>log(1-0) nlx b? b

For more details, see Cont and Tankov (2004).
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As 6 is fixed, ¥ () is a convex function with ¥ (0) = 0 and dyry (o) /d < 0, which means
that at small «, the index of the tail of insurance risk, insurance risk always dominates financial
risk and, as « exceeds a threshold «y, financial risk will finally dominate insurance risk. As
«a is fixed, ¥y (@) is an increasing function. From Table 1 and Table 2 we know that, when
6 > 0.75, for almost all @ > 0, ¥y () is positive, i.e. it is a dangerous investment; if 6 = 0.25
then ¥y () < 0 for @ < 40, which means that insurance risk dominates financial risk. Hence,
it is dangerous for insurers to invest a large fraction of their wealth in the risky asset.

TABLE 1: vy (a) for the model in Kou (2002) with p = 0.3, 1 = 50, and 1, = 25 for the parameters of

Y, and using the following generic stock return figures: a mean of 15 per year, a standard deviation of 20

per year, a jump rate of 10 per year (giving a jump rate of 10/250 per day when converted into daily rates
for the calculations), and a riskless interest rate of 10% per year.

o 0 =0.25 0=05 0 =0.75
1 -0.00022239054 —0.00005142036 0.000 133209 82
2 -0.00043886108 —0.00007716072 0.000325459 64
3 -0.00064925162 —0.000076 18108 0.000581 58946
4 -0.00085356216 —0.00002552144 0.000907 159 28
5 -0.00105127270  0.000006 89820 0.001 308 849 10
6 -0.00124262324  0.000093 877 84 0.00179281892
7 -0.00142725378 0.000213 81748 0.002 368428 74
8 -0.00160360432  0.00036711712 0.003 047758 56
9 -0.00177429486  0.00055761676 0.003 83304838
10 —0.001937 54539 0.000786 196 40 0.004 746 218 20
20  -0.003128 03027 0.005 897955 05 0.025921 53780
30 -0.00332426826  0.020208 84429 0.1370653366
40 -0.00214341530  0.05939558138 2.478 260297
50  0.00102750319 0.193 0346037 662.671 8907

TABLE 2: g (o) for the VG model using the following generic stock return figures: © = 0.000 624 640 5,
standard deviation b = 0.011 36155, drifta = —0.000 3754359, riskless interest rate § = 10% per year,

and r = 1.005 205 for the parameters of L.

o 0 =0.25 0 =0.5 0 =0.75
1 -0.000417916 -0.000315274 —0.000 197 204
2 -0.000826290 -0.000604616 —0.000331239
3 -0.001227325 -0.000858451 —0.000380516
4 -0.001626658 —0.001073567 —-0.000361672
5 -0.002013134 -0.001261096 —0.000273 805
6 -0.002391529 -0.001416231 —-0.00109617
7 -0.002756264 —0.001542656  0.000127 846
8 -0.003117696 -0.001633436  0.000438739
9 -0.003471038 —0.001691719 0.000 823237
10 -0.003816291 -0.001717466  0.001281529
20 -0.006828308 —0.000 177407 0.00997225
30 -0.009023775 0.004 6861 0.02638223
40 -0.01040273 0.012966 8 0.051004 33
50 -0.0109496 0.024797 14 0.084 56577
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Examples 2.1 and 2.2 were also considered in Kliippelberg and Kostadinova (2008). Next
we give another example.

Example 2.3. (Modelling the risky investment process by a skewed B/2-stable process and
letting the distribution of the claim sizes have regularly varying tails.) In Example 2.2,
instead of a gamma Lévy process, we supposed that K (t) was a scaled, maximally skewed
B/2-stable Lévy process. This asset price model was considered in Hurst ez al. (1999). A scaled,
maximally skewed B/2-stable Lévy process is a process with stationary nonnegative indepen-
dent increments,

K(t+s)— K@) ~ Sppaes??,1,0), 5,120,

where B8 € (0, 2). Hence, the increment K (¢ 4+ s) — K (¢) has an index of stability less than 1,
maximal skewness of 1, zero location parameter, and characteristic function

exp(—scﬂ/2|y|ﬂ/2(1 — itan(%)sgn(y))), yeR

According to Theorem 2.1, we obtain

A -
W(x,T)~ %(1 —exp(Yo(a)T)) F(x), X — 00.

Next we calculate ¥y (o). Because the increment K (r + s) — K () is a stable process with
stationary, nonnegative independent increments, we find that the generating triplet of the Lévy
process is (0, 0, p) with

P(d")=m, r>0,

where A is some positive constant. Therefore, according to Theorem 30.1 of Sato (1999), we
find that W (K (¢)) is a Lévy process with generating triplet (0, O, v) such that

] x2\ ¢;ds
dx) = —_— —— )|—=d
v(dx) /0 27s eXp( 2s)sl+ﬁ/2 .
c12/3/2F B+1\ dx
J7 2 )R

Now we calculate c;. Clearly, by the uniqueness of the characteristic function and Lemma 14.11
of Sato (1999), we have

— cﬂ/2|y|ﬁ/2<1 — itan(ﬁ—ﬂ>sgn(y)>

= [ e — 1)p(dr)
R

_ = yr _ 1 dr

=c A (e’ — )r“r—ﬁ/z

C1F(—§>|y|ﬁ/2 exp(—i%sgn(y))

cﬁ(—é)lylﬂ/2 cos(ﬁ—ﬁ> <1 —~ itan(?)Sgn(y)) (23)

https://doi.org/10.1239/aap/1240319582 Published online by Cambridge University Press

-0 <X <.


https://doi.org/10.1239/aap/1240319582

Finite-time ruin probability 215

Therefore,
B2

" T(—B/2)cos(nf/4)

cl =

By (1.2), (1.3), and (1.4), we have

Vo (@) = —poa + / (€ — Dp(dx)

= —0ua — (1 —0)éa

c12’3/2F<ﬁ + 1) dx

+/ (466 — 1) —1) .
x>log(1-6) Nz 2 |x| 1+

3. Proof of Theorem 2.1

To prove Theorem 2.1, we start by establishing four necessary lemmas.

Let X and Y be two independent random variables, where X is concentrated on (—o0, 00)
with a DF F and Y is a nonnegative random variable with DF G, which is not degenerate at 0.
We write

Z=XY, 3.

and denote the distribution of Z by F ® G. The lemma below is a direct consequence
of Theorem 3.3(iv) of Cline and Samorodnitsky (1994) (see also Lemma 3.8 of Tang and
Tsitsiashvili (2003a)).

Lemma 3.1. Consider the model in (3.1). If F € D N4 and fooo x"dG(x) < oo, where
oo > r > JL, then the distribution of the product XY belongs to the intersection D N 8 and
we have

F ® G(x) < F(x).

The proof of Lemma 3.2, below, parallels the argument in Tang and Tsitsiashvili (2004) with
some adjustments.

Lemma 3.2. Suppose that a nonnegative random variable X with DF F € D and a nonnegative
random variable & are independent. Then, for arbitrarily fixed § > 0 and p > 0 such that
J ; < p < oo, there exists some positive constant C without relation to & and § such that, for
all positive integers i and all large x,

P{X& > 8x | £} < CF(x)(8PEP 1is<e) + Lps=z) (3.2

Proof. To avoid triviality, we assume that £ # 0. We divide P{X & > 8x | £} into the sum
of the following three parts:

+ Sx
Vilx) =P1X7§ >6x, § = — | £,
Dy
4 8x
Vo(x) =P{X7&E > 68x, — >&E>68| &y,
D,
Va(x) =P{XTE > 6x, & <5 &),
where D; is given in (2.1). Applying inequality (2.1), we find that

Vi(x) < Ligzs0/py) < DYSTPxTPEP 1gzg) < C8PF(X)EP 115
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holds uniformly for large x. Applying inequality (2.1) again, we find that
Va(x) < CS P F(x)EP 115 /py>e281) < COTPF(x)EP 125
holds uniformly for large x. We can also find that
V3() <P(X > x, £ <8 1§} = F(x) Lig<p)
holds uniformly for all x > 0. Hence, we conclude (3.2). This completes the proof.

Lemma 3.3. For the risk model introduced in Subsection 1.1, we have

00 T
ZP{X]' exp(—Lo (7)) 1jr;<1) > ¥} = ?»/0 P{X1exp(—Lo(t)) > y}dz.
=1

Proof. Let G (t) denote the distribution function of ;. Hence, we obtain

ZP{X exp(—Lo (1)) 1jz,<1) > y} = Z / P{X| exp(—Lg(1)) > y}dG (1)

j=1

()1 oM
G-

= 2/ P{Xjexp(—Lo(t)) > y}r

T
= A/ P{Xjexp(—Ly(t)) > y}dr.
0

Lemma 3.4. Let {Xy;1 < k < n} be n i.i.d. random variables with common distribution
function F € 8. Then, for any fixed 0 < a < b < oo,

n n
P{chXk > x} ~ ZP{cka > x}
k=1

k=1
holds uniformly for all real numbers {cy; 1 < k < n} such that ¢y € [a,b], 1 <k <n.
Proof. See Proposition 5.1 of Tang and Tsitsiashvili (2003b).
We are now in a position to give a proof of Theorem 2.1.

Proof of Theorem 2.1. Clearly,

o
Vot) = 3 X exp(—Lo(5) gy =iy —¢ /[O Loy, 120
ot

n=1

Thus,

00
Yx,T) < P{an CXP(—LG(Tn)) llr,,ST] > x}~
n=1

Kliippelberg and Kostadinova (2008) have shown that ¥ (s) < coforalls > 0and0 < 6 < 1
(see the proof of Lemma 4.1(a) in Kliippelberg and Kostadinova (2008)). Denote ¥, (t) =
exp(—Lg(t4)) 1[z, </, and let G be the DF of ;. For every 8 > 0, we have

x p B S ( )n 1 7}\[ B /T
;Ewn(m—;E[ /O eXp(—BLo (1) —re dt]—x | exp(typ(B)) dr < co.

(3.3)
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Take py > JIJFF. We have, for every § > 0,

o0
2
D PO E, (D] + Bl 7y -s))

n=1

9} T
_ Zn8p2+6 <E|:'/0 exp(—2p2Lo(t)) dGn(l):|

n=1

T
+f P{exp(—Lﬂ(t)) < 8/}dGn(t)>
0

S T T
=Zn8”2+6(f0 exp(t45(2p2)) dG (1) + /0 P{exp(—LMr))d’}dGnm)
n=1

< max{2, exp(T Vo (2p2)) + 1} Y _ n®**¥0G,,(T)

n=1

= max{2, exp(T ¥ (2p2) + 1} Y n*P*TOPIN(T) > n}

n=1

< Cmax(2, exp(T (2p2)) + 1} ) K7 PIN(T) = k)
k=1
<. (34)

Clearly, for every mo > 1, using the Cauchy—Schwartz inequality, we obtain

[ 2
E[( Z n4p2+2 max{ﬁfz(T), 1[19,,(T)<1/n2]}> }

n=mo+1

o0 o0
_ 2
SE[ Do n 2}( > ”8m+6ma"wnm(7)vlwn<T><1/n21})

n=moy+1 n=mo+1

o0
2
<Cc > n81’2+6(E[19,,”2(T)]+E[1wn(T)<1/nz]]>.

n=mo+1

Hence, for any ¢ > 0, we can take my = mg(¢e) large enough such that

00 2 - 00 2
2p2+2 =1/2 1/2 2 2
my" " EY [( > lwn<T)<1/n2]> <EY ( Y et l[ﬁn<r)<1/n2]) ] <e,

n=mo-+1 n=moy+1
3.5)
00 24 - 00 2
m§p2+2E1/2[( Z ﬁnPZ(T)nzpz> EEI/Z ( Z 19,1,)2(T)n4p2+2) :| <e, (36)
n=mop+1 - = “n=mop+1
n2
n=my

Denote the conditional distribution functions of ZZQI Y, (T) X, and Zzozm o+ 9, (T)X,, given
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{0,(T), n = 1}, by F1 and F»y, respectively. By Lemma 3.2 we obtain

e ¢]

o0
Fw(x)sP{ D DXy > Y ﬁn(T),nzl}
n=mo+1 n=mo+1
> 1
< Z P{z?,,(T)X,, > x| Oa(T), n 2 1}

n=mo+1

o
<CF) Y 0PN + 1,0yt )

n=mo+1

= CF(x)(Ly1(T, mo) + Lp2(T, mg)).

Therefore, for some M and x > M,

mo 00
\IJ(x,T)<E|: {Zz?n(T)X,,+ D 0u(D)Xy > x

n=mo+1

x—M
[(/ f >F219(x —y)Fw(dy)}
x—M

|:(L01(T mo) + Lga (T, mo))/ F(x — y)Fm(dy)]

On(T), n = 1”

+ E|: Fm(dy)}
x—M

< CE|:(L91(T, mg) + Lg2(T, mop))

mo
x P{Xm0+1 + Y (D)X, > x

n=1

On(T), n > 1”

mo
—i—P{Z D (T) Xy > x — M}
n=1

= L(T) + L(T). (3.7

By the dominated convergence theorem we have
T
lim P{v;(T) <r} = / lim P{exp(—Lg(t)) < r}dG;(t) =0.
r—0 o r—0

Therefore, by (3.3) we can take 1 > n > O and B > O such that, forall j,n = 1,2, ..., my,

&

€
E[07*(T) 1y, ry<ml < —ria P{o;(T) < n} < i (3.8)
mg mg
and
E[07*(T) 1, ry>81l < 72 P{¢;(T) > B} < il (3.9
mg mg
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For I,(T), we obtain

mo
I(T) < P{anﬂnm >x—M, [ ;M <B) [ W)= n}}
n=1

I<j<mo 1<j<mo

mo
+P{anﬁn<T>>x—M, U @< () {ﬂjmsB}}

n=1 1<j<myg I<j<mg

mo
—}—P{ZXnﬁn(T) >x—-M, |J w1 > B}}

n=1 1<j<mg

= B3(T) + 14(T) + I5(T). (3.10)

Now we treat I4(7T"). By Lemma 3.2, (2.1), the definition of 5, and the property of the long tail,
we have, for all large x > M,

mo mg
I(T) < ZP{Z Xp0n(T) > x — M, 9;(T) < r]}

j=1 n=1
mo mo x—M
< ZZP{an?n(T) > 0(T) < n}
j=1n=1
mo mo x—M
= ZZE l[ﬂj(T)<77]P Xnﬁn(T) > 19k(T)’ 1 =< k = myg
j=ln=1 o
mgy mo
<CF(x—M) Z ZE[1[19_,(T)<n](mgzl9r[z72(T) + 1,1 <1/mo))]
j=ln=1
mo mo
< CmPFx = M) ) Y B (T) Lig;ry<m] + P, (T) < n)
j=1n=l1
< CeF(x). @.1D

Let A} = mlsjsmo{” < 9;(T) < B}. Using Lemma 3.4 and F € £ N 4, and noting that
X, 0(T) € O N4 by Lemma 3.1 and (3.3), we derive

mo
L(T) = E[P{Z X, 9.(T) > x — M, A;

n=1

9, (T), n = 1,...,m0}j|

mo
~ ZE[P{X,,z?n(T) >x—M,A; | 9,(T), n= 1m0H
n=l1
mo
< ZP{an?n(T) >x— M}
n=l1

mo
~ ZP{an?n(T) > x}. (3.12)

n=1
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Next we treat I5(7T"). Similarly to 14(T') we have, for large x,

mo mo
I5(T) < ZP{Zan?n(T) >x—M, 9;(T) > B}

j=1 n=1
moy mo
<CmPF(x— M) Y > (EOF(T) 1y, r)- 511 + P{9;(T) > B})
j=1ln=1
< CeF(x). (3.13)

Combining (3.10)—(3.13) we obtain, for all large x > O,

D(T) < CeF(x) + (1+8) Y P{Xy0,(T) > x}. (3.14)

n=1

Next we deal with I{(T"). Clearly, by Lemma 3.2 and (2.1), we obtain, for large x,

mo
P{Xmo+l "l‘zﬁn(T)Xn >x | 0y(T), n> 1}

n=1

mo
< ZP{MT)Xn > ’ 2u(T). n > 1}
n=1 o

+1

+P{Xn+1> a ﬂn(T),nzl}
m

+1

mo
_ X - X

<CF 9(T) +1 F

< <m0+1>2( n (T) + 1, <) + <m0+1>

n=1

mo
< cmgzﬁ(x)<mo +1+) ﬁ,fz(T)>

n=1

= Ly3(T, mg)F (x). (3.15)

Substituting (3.15) into 71 (T) and using (3.5) and (3.6), we obtain, from the Cauchy—Schwartz
inequality, for large x,
11(T) < CF(x)E[(Lyg1(T, mo) + Lp2(T, mo))Lyp3(T, mo)]
< CF(x)E"Y?[Ly1(T, mo) + Lya(T, mo)1* EV2[L35(T, mo)]
< CF(x)(E[L§ (T, mo)] + E[L5,(T, mo))' /> BV [L§(T, mo)]

€ /2772
m2p2+2 E [Lﬂ3(Ta mO)] (316)
0

< CF(x)

For E[L3,(T, mo)], we derive, from (3.3),

mo
E[L3(T, mo)] < CmP? <(m0 + D% +mo ZE[&,%”%T)]) < cmi” ™t
k=1
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Combining the above formula with (3.16) we have
I(T) < CeF(x). (3.17)

Substituting (3.14) and (3.17) into (3.7), we obtain, for large x,

W(x,T) < CeF(x)+ (1+8) Y P(X,0u(T) > x}. (3.18)

n=1
On the other hand, we have

T T
E[0{*(T)] = E[ / exp(—paLg(t))re™ dt] = / exp(t g (p2))re ™ dt > 0.
0 0

Hence, we have, P{$(T) > 1} + Cz_1 E[z?lpz(T) 119, (<] > 0, where Cz_1 is as defined
in (2.1). Note that, for large enough x,

P{X 01(T) > x} = P{X191(T) > x, 91(T) > 1} + P{X101(T) > x, 91(T) < 1}
> P{X| > x, 01(T) > 1} + C; ' F(x) E[9*(T) 119, (1)<11]
= F(x)(P{0(T) > 1} + C{1 E[9{*(T) Ly, (ry<1)- (3.19)

By (3.18) and (3.19), we obtain, for large x,

W(x,T) < CeP{X191(T) > x}+ (1+) Y P{X,9,(T) > x}

n=1
< (1+Ce) ) P{Xy0(T) > x}.
n=1

Next we consider the lower bound. By Lemma 3.2, (3.3), and (3.4), we find that, for any ¢ > 0,
there exists a positive integer mo = mg(e) such that, for any m > mo, p2 > J IJQ, and all large x,

Y PXu0(T) > x} = Y E[P{X,9,(T) > x | 9,(T)}]

n=m

< F(x) Y (B0 (D] + P (T) < 1)

n=m
< CeF(x). (3.20)
Since E[ [} exp(—Le(t))dt] = Jif Elexp(—Lg(1)1dt = [ exp(tg(1))dr < 00, by (3.3)
we can take a positive number A such that, foralln =1, ..., mo,
T
E[9/2(T) 1, 1< 2 Pl exp(—Lor)de > A} < —E
n Uy exp(—Lo@)dr=all = 3 5 A moBP?’

and let .
Ay = { ﬂ {n <v;(T) < B}, / exp(—Lg(t))dr < A},
0

1<j<mg
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where B and 1 are defined in (3.8) and (3.9). Next we deal with the lower bound of W(x, T).
By Lemma 3.4,

o T
W(x, T) = P> X, 0(T) > c/ exp(—Lg(t))dt—l—x}
0

n=1

mo
> P Xy 0,(T) > cA+x, Az}
n=1

mo
—E 1A2P{anﬁn(n > cA+x

- n=1

T
P(T), 1 <k < mo, / exp(—Le(r»dtH
0

mo
~ ZP{Xnﬁn(T) > cA +x, Ay}

n=1

mo
> ZP{X,,z?n(T) >x+cA, [ <9I < B}}
n=1

I1<j<mo
mo T
— ZP{X,,L?n(T) > x, ﬂ {n <9;(T) < B}, / exp(—Lg(t))dt > A}
n=1 0

1<j<mg

= I12(T) — Li3(T). (3.21)

By the same approach used to prove I4(T) and I5(T), we obtain, for large x and all n =

1,2,...,my,
mg }
Z{xnﬁn(T) > x, U n> ﬁj(T)}} < CeF(x)
n=l1 1<j<mg
and
mo
ZP{Xnﬁ,,(T) > x, U {(9,(T) > B}} < CeF(x).
n=1 1<j<mo

Note that X,,9,(T) € 4N D by Lemma 3.1. Hence, for /12(T), by the property of § N D C L
we have, for large enough x > 0,

mo mo
I2(T) = ) P(XaVa(T) > x +cA} — ZP{Xnﬂn(T) >xteA ) > ﬁjm}}
n=1 n=1 1<j<myg

mo

—ZP{Xnﬂn(T)>x+cA, U {19,-(T)>B}}
n=l1

1<j<mo

mo
>(1—¢) ZP{Xnﬁ,,(T) > x} — CeF(x). (3.22)

n=1
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As for I13(T), by (2.1) we have, for large x,

mo T
L3(T) <Y P{X,B > x}P{/O exp(—Lg (1)) dt > A}

n=1

T
< szoBmF(x)P{/ exp(—Lg (1)) dt > A}
0
< CeF(x). (3.23)

Combining (3.20)—(3.23) and using (3.19), we obtain, for large x,

mo
U(x,T)>(1—2¢) ZP{Xnﬂn(T) > x} — CeF(x)

n=1

> (1—¢) ZP{an?,,(T) > x} — CeF(x)

n=1

> (1= Ce) Y P(Xy9n(T) > x).

n=1

where in the last step we have used (3.19).
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