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Abstract

For any positive integers ki, k» and any set A C N, let Ry, , (A, n) be the number of solutions of the equation
n = kjay + kya, withay, a, € A. Let g be a fixed integer. We prove that if k| and k, are two integers with 2 <
ki < kp and (ky, ky) = 1, then there does not exist any set A C N such that Ry, t,(A,n) — R, ,, N\ A,n) = g
for all sufficiently large integers n, and if 1 = k; < k», then there exists a set A such that Ry, ,(A,n) —
Ry, 1, (N'\ A, n) = 1 for all positive integers 7.
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1. Introduction

Let N be the set of all nonnegative integers. For a set A C N, let R (A, n), Ry(A, n) and
R3(A,n) denote the number of solutions of a; + a» = n,a,a, € A, a; +ap = n,a,
ap €A,ay <ap and aj;+ay =n,ay,a; € A,a; < ap, respectively. For i=1,2,3,
Sarkozy asked whether there exist two sets A and B with |[(A U B) \ (AN B)| = +o0
such that R;(A, n) = R;(B, n) for all sufficiently large integers n. We call this problem
the Sarkozy problem. In 2002, Dombi [2] proved that the answer is negative for i = 1
and positive for i = 2. For i = 3, Chen and Wang [1] proved that the answer is also
positive. In 2004, Lev [3] provided a new proof by using generating functions. Later,
Sandor [5] determined the partitions of N into two sets with the same representation
functions by using generating functions. In 2008, Tang [6] provided a simple proof by
using the characteristic function.

In 2012, Yang and Chen [7] first considered the Sark6zy problem with weighted
representation functions. For any positive integers ki, ...,k; and any set A C N, let
R,k (A,n) be the number of solutions of the equation n = kja; + - -- + kxa, with
ai,...,a; € A. They posed the following question.
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PROBLEM 1.1 [7, Problem 1]. Does there exist a set A € N such that Ry,
Ry, x,(N\ A, n) for all n > ny?

k(A n) =

.....

.....

They answered this question for # = 2 and proved the following results.

THEOREM 1.2 [7, Theorem 1]. If k; and k, are two integers with ky > k; > 2 and
(k1,ky) = 1, then there does not exist any set A CN such that Ry, i,(A,n) = Ry, x,
N\ A, n) for all sufficiently large integers n.

THEOREM 1.3 [7, Theorem 2]. If k is an integer with k > 1, then there exists a set
A C N such that

Rix(A,n) = Ry (N\ A, n) (1.I)

for all integers n > 1.
Furthermore, if O € A, then (1.1) holds for all integers n > 1 if and only if

A=1{0) U(D[(m DR, G+ DR = 1),
i=0

where [x,y]={n:neZ,x<n<y}.

Later, Li and Ma [4] proved the same results by using generating functions.

Let g be a fixed integer. In this paper, we consider whether there exists a set A C N
such that Ry, ,(A, n) — Ry, x,(N'\ A, n) = g for all n > ny. First, we answer this problem
in the negative if k1 and k, are two integers with 2 < k; < k; and (ky, k) = 1.

THEOREM 1.4. Let g be a fixed integer. If ki and ky are two integers with 2 < k; < ky
and (kyi, ky) = 1, then there does not exist any set A C N such that

Ry i, (As1) = Ry )y N\ A, n) = g
for all sufficiently large integers n.

Similar to Theorem 1.3, we seek a set A C N such that R x(A,n) — Rix(N\A,n) =g
for all integers n > 1. In fact, if |g| > 1, then such a set A does not exist by the simple
observation that 0 < R x(A,n) < 1 and 0 < R x(N\ A,n) < 1 for all positive integers
n < k. So we only need to consider the case g = 1.

THEOREM 1.5. Ifk is an integer with k > 1, then there exists a set A C N such that
Rix(A,n) = R (N\A,n) =1 (1.2)

for all integers n > 1.
Furthermore, (1.2) holds for all integers n > 1 if and only if

A ={0) U(O[kZi’k2i+l _ 1])_
i=0
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2. Proofs

LEMMA 2.1. Let k; < kp be two positive integers, {a(n)}2> ., be a sequence of integers
with a(n) = 0 for n < 0 and A C N. Then the equality

Ry, s, (A, 1) = Ry i, N\ A, ) = a(n) 2.1)

holds for all nonnegative integers n if and only if

XA([,%]) +XA([£2]) — 1+ zwm ) - aln -k - j))

holds for all nonnegative integers n, where y (i) is the characteristic function of A,
that is, ya(l) = 1 ifi € A and y4(i) = 0 if i ¢ A.

PROOF. Let f(x) be the generating function associated with A, that is,

fay=) x"= i)m(i)xi-
i=0

acA

Then,

D (Ri o (A, 1) = Riy o (N A, m))¥"
n=0
1 1
= FOOFER) = (= = £ (= - 1)
ORI |

Cl—xk o 1—xb (1 =xh)(1 - xk)

Let

(e8]

px) = Z a(n)x".

n=0

It follows that (2.1) holds for all nonnegative integers # if and only if

S I N W
lT—xk  1—xb (1—xhyl—xy P

that is,

1
1-x

_ k[ —_ k2
T s -y

I pX). 2.2)
-x

JiCa!

X

Note that

FO L = (e b ;XA<n)x’“" - Zm([kll])x
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1 —xk2 kr—1 N kon N n n
O = () Y = 3 ([ ]
1-x s s ky

[e9)
=2

n=0
and
k )
(1 eyl —p(x) = (1~ (1 +x+- +;Hﬂ‘1)za(n)x"

n=0

oo k-1

= 2 (D - - atni= ke =)
n=0 j=0

It follows from (2.2) that for all nonnegative integers n,

| )+ a £]) =1+ Z(a(n J) = aln = ky = ).

This completes the proof of Lemma 2.1. |

LEMMA 2.2. Let ng be a positive integer and k| < ky be two positive integers with
(k1,ky) =1 and A C N be a set with

XA([/Q ]) +XA([;2]) =1 foralli>k +k +no. 2.3)

Ifn >k +ky +ngand ya(n) + yan+1) =1, thenk, | n+ 1.

PROOF. Since y4(n) + ya(n + 1) = 1, it follows that

m([%]) w([%]) S e D=1 Q24)
By (2.3),
) ety
and

D

It follows from (2.4) that

()

Let ¢ and r be integers with

n+ Dk =thy+r, 0<r<k-1
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If r > 1, then

= [ )

which is a contradiction. Hence, r = 0 and (n + 1)k; = tk,. Noting that (k;, kp) = 1, we
have k; | n + 1. This completes the proof of Lemma 2.2. ]

PROOF OF THEOREM 1.4. Let g be an integer and let kj,k, be integers with
2 < ky <k and (k, k) = 1. Suppose that

Ry i, (A,n) — Ry, (,(N\ A, n) = g (2.5)

for all integers n > ng. Let {a(n)}:>° ., be a sequence of integers with a(n) = 0 forn < 0

and a(n) = g for all integers n > ny. It follows from Lemma 2.1 that for all integers

i>ki+k +ng,
of )] 29

If A is a finite set, then Ry, t,(A,n) = 0 for all sufficiently large integers n, and Ry, x,
(N'\ A, n) cannot be a fixed constant as n — +oco, which implies that (2.5) cannot hold.
So A is an infinite set. Similarly, N \ A is also an infinite set.

Since 2 < k; < ky, it follows that there exists an integer ¢ > 1 such that k; < k’l.

Note that both A and N \ A are infinite sets. So there exists an integer n = k‘lykgh -1>
(ky + ky + no)*! such thatn € Aand n + 1 ¢ A, where « and 3 are nonnegative integers
and £ is a positive integer with (4, k1kp) = 1. It follows from (2.6) and Lemma 2.2 that
ky|n+1andg > 1. Since

(ki + ko +no)*! < n < kSRR < kP,

it follows that k(l”ﬁ > ki +ky +ngorh >k +ky+ng. Hence, forany 0 <i <3,

KK > kP >y + ko + ng. 2.7)
By (2.6),
k(1t+1k123h k?+1k§h
ol T e Pl = @9
ki k>
and
Ko R — ky Ko R — ky
e R e @9
k] k2

Since k?K5h = n+ 1 ¢ A and k?K5h — 1 = n € A, it follows from (2.8) and (2.9) that

XA KT = 1)+ xR ) = 1
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By Lemma 2.2, k; | k‘l”lk?] h and so 8 > 2. Continuing this procedure yields
XaCSPh= 1) + xa (5 h) = 1.

By (2.7) and Lemma 2.2, we also have k; | ki”ﬁ h, which is impossible. Hence, there
does not exist any set A C N such that (2.5) holds for all sufficiently large integers n.
This completes the proof of Theorem 1.4. ]

PROOF OF THEOREM 1.5. Suppose that there is a set A such that
Rix(A,n) = R (N\A,n) =1 (2.10)

for all integers n > 1. Then 0 € A and (2.10) holds for all integers n > 0. Let {a(n)}22 .,
be a sequence of integers with a(n) =0 for n <0 and a(n) =1 for n>0. By
Lemma 2.1,

Rix(A,n) — Ry (N\ A, n) = a(n)

for all nonnegative integers n if and only if

xa) +xa|]) = 1+ ) = atn =
for all nonnegative integers n, that is,
xa(m) +xa(0)=2 forO0<n<k-1,
xa(n) +XA(|:%]) =1 forn>k.

Thus,
A — {0} U ( O[kb’, k2i+1 _ 1]) o
i=0
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