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Abstract

Let K be any field with char K # 2, 3. We classify all cubic homogeneous polynomial maps H over K
whose Jacobian matrix, J H, has rk JH < 2. In particular, we show that, for suchan H,if F=x+ Hisa
Keller map, then F is invertible and furthermore F is tame if the dimension n # 4.
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1. Introduction

Let K be an arbitrary field and K[x] := K[x}, x2, ..., x,] the polynomial ring in
n variables. For a polynomial map F = (Fy, F», ..., F,;) € K[x]", we denote by
JF := (0F;i/0X;)mxn the Jacobian matrix of F and deg F := max; deg F; the degree
of F. A polynomial map H € K[x]" is called homogeneous of degree d if each H; is
zero or homogeneous of degree d.

A polynomial map F € K[x]" is called a Keller map if det JF € K*. The Jacobian
conjecture asserts that any Keller map is invertible if char K = 0 (see [1, 8]). It is still
open for any dimension n > 2.

Following [14], we call a polynomial automorphism elementary if it is of the
form (xi,...,xi_1,¢cx; +a, Xi+1,...,X,), where ¢ € K* and a € K[x] contains no x;.
Furthermore, we call a polynomial automorphism tame if it is a finite composition
of elementary ones. The definitions of elementary and tame may be different in other
sources, but (as long as K is a generalised Euclidean ring) the definitions of tame
are equivalent. The tame generators problem asks if every polynomial automorphism
is tame. It has an affirmative answer in dimension two for arbitrary characteristic

The first author has been supported by the Netherlands Organisation of Scientific Research (NWO). The
second author has been partially supported by the NSF of China (grant nos. 11771176 and 11601146) and
by the China Scholarship Council.

© 2018 Australian Mathematical Publishing Association Inc.

89

https://doi.org/10.1017/5S0004972718000345 Published online by Cambridge University Press


http://orcid.org/0000-0003-4626-2930
https://doi.org/10.1017/S0004972718000345

90 M. de Bondt and X. Sun [2]

(see [10, 11]) and a negative answer in dimension three for the case of char K =0
(see [14]), and is still open for any n > 4.

A polynomial map F = x + H € K[x]" is called triangular if H, € K and
H; € K[xi+1,...,x,], for 1 <i<n—-1. A polynomial map F is called linearly
triangularisable if it is linearly conjugate to a triangular map, that is, there exists
an invertible linear map T € GL,(K) such that T-'F(Tx) is triangular. A linearly
triangularisable map is tame.

Some special polynomial maps have been investigated in the literature. For
example, when char K = 0, a Keller map F = x + H € K[x]" is shown to be linearly
triangularisable in the cases: (1) n =3 and H is homogeneous of arbitrary degree
d (de Bondt and van den Essen [6]); (2) n =4 and H is quadratic homogeneous
(Meisters and Olech [12]); (3) n =9 and F is a quadratic homogeneous quasi-
translation (Sun [16]); (4) n is arbitrary and H is quadratic with rk JH < 2 (de Bondt
and Yan [7]), and to be tame in the case (5) n =5 and H is quadratic homogeneous
(de Bondt [2] and Sun [17] independently) and to be invertible in the case (6) n =4
and H is cubic homogeneous (Hubbers [9]). For the case of arbitrary characteristic, de
Bondt [5] described the Jacobian matrix J H of rank two for any quadratic polynomial
map H and showed that if JH is nilpotent then J H is similar to a triangular map.

In this paper, we study cubic homogeneous polynomial maps H with rk TH <2
for any dimension n when char K # 2, 3. In Section 2, we classify all such maps
(Theorem 2.7). In Section 3, we show that for such an H, if F = x + H is a Keller map,
then it is invertible and furthermore it is tame if the dimension n # 4 (Theorem 3.4).

2. Cubic homogeneous maps H withrk JH <2

For a polynomial map H € K[x]", we write trdeg, K(H) for the transcendence
degree of K(H) over K. It is well known that rk JH = trdegy K(H) if K(H) € K(x)
is separable and, in particular, if char K = O (see [8, Proposition 1.2.9]). For arbitrary
characteristic, one has rk JH < trdeg, K(H) (see [4] or [13]).

It was shown in [5] that when char K # 2, for any quadratic polynomial map H
withrk JH <2, one has rk JH = trdeg, K(H). We will show that when char K # 2, 3,
for any cubic homogeneous polynomial map H with rtk S H <2, one has tk TH =
trdeg, K(H). The notation al,-. below means to substitute x by c in a.

THEOREM 2.1. Let s < n. Take X := (x1,X2,...,x5) and L := K(xg11, Xg42, ..., Xn). 1O
prove that for (homogeneous) polynomial maps H € K[x]" of degree d,

tk TH =r implies trdegy K(H)=r, foreveryr<s, 2.1
it suffices to show that for (homogeneous) polynomial maps H € L[X]* of degree d,
trdeg, L(H) = s implies 1tk J:H = s. (2.2)

Proor. Suppose that H € K[x]" is (homogeneous) of degree d such that (2.1) does not
hold. Then there exists an r < s such that rk TH = r < trdeg, K(H). We need to show
that (2.2) does not hold.
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Let s’ = trdegy K(H). Assume without loss of generality that Hy, Hs, ..., Hy are
algebraically independent over K and that the components of

H :=(H,H,,...,Hy,x%  x° ...,x?)

§S+10 s 420
are algebraically independent over K if s’ < s. Then
tk TH <r+(s—s") <s=trdegy K(H").

For the case of s” > s, just take H" = (Hy, H,, ..., Hy), again giving tk TH' <r < s.
Notice that (2.1) is also unsatisfied for H’. So, replacing H by H’, we may assume that
H e K[x]* withtk JH = r < trdegy K(H) = s.

Observe that Hy(xy, x| X2, X1 X3, ..., X1X,) is algebraically independent over K of
X2, X3, ..., X,. On account of the Steinitz—MacLane exchange lemma, we may assume
without loss of generality that the components of

(H(X1, X120, X1X3, + « s X1Xn), Xt 15 Xs2s + « + 5 Xn)
are algebraically independent over K. Then the components of
H(x1, X1X0, X1 X3, . .+, X1X)

are algebraically independent over L := K(x41, X542, - - - , X,) and so are the components
of
H = H(.X], X2y eeos Xy X1 X415 X1 Xs425 - - 5 -xl-xn) € L[X.]S’

where X = (x1, X2, ..., X;). That is, trdeg; L(H) = s.
Let G := (x1,x2,...,Xg, X1 Xg41, X1 X542, . . . , X1 X,,). From the chain rule,

J:H = (TH)ls=c - I+G,

so tk J:H < tk(TH)|y=¢ <tk JH < s. Therefore, (2.2) does not hold for A, which
completes the proof. O

Levmma 2.2. Let H € K[x]™ be a polynomial map of degree d and r := tk JH. Denote
by |K| the cardinality of K.

1) IfIK|>(d-Drand JH - x =0, then there exist S € GL,,(K) and T € GL,(K)
such that for H := SH(Tx),
~ I, 0

) If|IKl>d-1Dr+1 and JH - x # 0, then there exist S € GL,,(K) and T €
GL,(K) such that for H := SH(Tx),

~ I, 0

Hlx:el = ((; O)
Moreover, |K| may be one less (that is, at least (d — 1)r and (d — 1)r + 1, respectively)
if every nonzero component of H is homogeneous.
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Proor. (i) Assume without loss of generality that
ap .= detjxl,xz ..... x,(HlsHZa“-er) # 0.

Suppose that |K| > (d — 1)r. It follows by [3, Lemma 5.1(i)] that there exists a vector
w € K" such that agp(w) # 0. So, tk(J H)|x=,, = r. There exist n — r independent vectors
Viels Vis2s - - >V € K" such that (TH)|y=y - vi=0fori=r+ 1,r+2,...,n. We may
take v,,1 = w since

(jH)lx:w W= (JH " x)|=w =0.

Take T = (v, va,...,v,) € GL,(K). From the chain rule, we deduce that

(JHTX))k=e,,, - €i = (T H)lx=r1e,,, - Tei = (TH)lx=y - vi (for 1 <i<n).

In particular, rk J (H(Tx))|x=.,., = r and the last n — r columns of (J (H(Tx)))|s=.,,, are
zero. There exists § € GL,,(K) such that

(T SHT e =S - (THTDDhs=e,., = (g 8)

(i1) Suppose that |K| > (d — 1)r + 1. Since J H - x # 0, we may assume that
tK(TH - %, T 55,0, H) =1
and that
ay :=det(J(Hy, Ha,...,H,) X, T xy03,..x,(H, Hp, ..., H})) # 0.

It follows by [3, Lemma 5.1(i)] that there exists w € K" such that a;(w) # 0.
One may observe that rk(J H)|,-, = r and thus there exist independent vectors
Vitls Vg2, ..., Vy € K" such that (FH)|x=y -vi=0fori=r+1,r+2,...,n. Since
(J H - x)|x=y is the first column of a full column rank matrix,

(jH)lx:w W= (jH . x)|x=w # 0.

So, vi := w is independent of v,,i,V,42,...,Vv,. Take T = (v, vy, ...,v,) € GL,(K).
Then

(JH(T))x=e, - €i = (T H)ls=1e, - Tei = (TH)ly= - vi (1 <i<n).

The rest of the proof of (ii) is similar to that of (i).
The last claim follows from [3, Lemma 5.1(ii)], as an improvement to [3, Lemma
5.14)]. O

ProrosiTion 2.3. Assume that char K ¢ {1,2,...,d}. Then, for any homogeneous
polynomial map H € K[x]" of degree d with 1k JH < 1, the components of H are
linearly dependent over K in pairs and one has tk JH = trdegy K(H).

Proor. The case rk FH = 0 is obvious, so let rk Y H = 1. On account of Lemma 2.2,
we may assume that J H|.-., = E11. Let j > 2. Since deg,, H; < d, we infer that either
Hj; =0 or deg, 0H;/0x| <deg, 0H;/0x; for some i > 2, where deg, 0= —oco. The
latter is impossible due to rk JH = 1, so H; = 0. This holds for all j > 2, which yields
the desired results. O
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Lemma 2.4. Let H = (h, x%xz, x§x3) or (h, X%X3, x§x3) € K[x1, x2, x313, where h is cubic
homogeneous, and assume that char K # 2,3. Then rk JH = trdegy K(H).

Proor. It suffices to consider the case of rk J H = 2. Define a derivation D on A =
K[x1,x2, x3] as follows: forany i € A,
X1X2X3

D(h) =
(h) HhH,

det TH.

For H = (h, x%xz, x%m), an easy calculation gives D = x10,, — 2x20,, + 4x30,,. It
follows that D(u) = (d| — 2d, + 4d3)u for any term u = x‘ll‘ xgzx‘;3 € A. Consequently,
ker D := {g € A | D(g) = 0}, the kernel of D, is linearly spanned by all terms u with
dy — 2d, + 4d3 = 0. So, the only cubic terms in ker D are x?x, and x3x3. Since
rk JH = 2, we have det TH = 0 and thus % € ker D, which implies that 4 is a linear
combination of x%xz and x§x3. Thus, trdeg, K(H) = 2.

In the case of H = (h, x%x3, )C%)Cg,), one may verify that x%x3, X1X2x3 and x§x3 are the

only cubic terms in ker D. The conclusion follows similarly. O

THEOREM 2.5. Assume that char K # 2, 3. Then, for any cubic homogeneous polynomial
map H € K[x]" withtk TH < 2, one has 1k JH = trdegy K(H).

Proor. Due to Theorem 2.1, replacing L there by K, we may assume that H €
K[x1, x2, x3]° and it suffices to show that

trdegy K(H) =3 implies tk YH =3

or, equivalently,
det yH =0 implies trdegy K(H) < 3.

So, assume that det S H = 0. Since we may replace K by an extension field to make it
large enough, it follows by Lemma 2.2 that we may assume that (J H)|y=., = E11 + E2».

Then J H is of the form
x% + 3k * *
% _X,'% + *x %
OH;3 |’
k % _—
Bxg

where the x;-degree of each element = is less than two. By observing the terms with
x1-degree > 5 in det J H, we see that (0H3/0x3) € K[x2, x3]. Now H, and Hj are of
the form

2 2 2
H, = X]Xx2 + b10x1x3 + b1 x1x0x3 + b12x1x2 + bo(Xg, X3),
_ 2 3 2 2 3
H; = C12X1X; + CopX3 + Co1X2X3 + CoaX53X3 + Cp3X5.

‘We shall show that x% | H3, that is, cop = co1 = 0.
The part of x;-degree four of det S H is (0H3/0x3 — (6H2/8x16x3)(8H3/6x18x2))x‘1‘
and it follows that 0H3/0x3 — (0H,/0x10x3)(0H3/0x,0x2) = 0. Consequently,

2 2
(Beooxs + 2co1X2x3 + conx5) = (2b19x3 + b11x2)(2c12%2),
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SO
coo =0, co1 =2bioc1a, co2 = 2byicra.

One may observe that the coefficient of x?xg in det T H is 2¢cg1b19 = 0, which we can
combine with cg; = 2b;pc12 to obtain cg; = 0. Therefore,

2
Hsz = (ciox1 + co3x2 + co2x3)X;5.

Moreover, if c15 = 0, then cgp = 2by1c12 = 0 and thus H; = C()3X§.
We now distinguish two cases.

Case 1: c1p # 0 and cipx1 + co3xp + coox3 1 H; for some i.

Then Hj is the product of two linear forms, of which two are distinct. Hence, we
can compose H with invertible linear maps on both sides to obtain a map H’ for which
H) = x%xz and x; 1 H.

Notice that Hi(l, 0,7) # 0. As K has at least five elements, it follows from
[3, Lemma 5.1(i)] that there exists a 4 € K such that H{(1,0, 1) # 0. Hence, the
coeflicient of xf in Hj(x1, x2, x3 + Ax1) is nonzero and H}(xy, x2, x3 + Ax1) = x%xz.

Replacing H” by H’(x1, x2, x3 + Ax1), we may assume that H} = x%xz and that H|
3

contains x; as a term. We may even assume that the coefficient of x? in Hj equals 1.
Then JH'|,=., is of the form

1 * a

010

% * *k

and has rank two. Furthermore, v3 = (—q, 0, 1)’ belongs to its null space. We may apply
the proof of Lemma 2.2 on H’ by taking T = (ey, €2, v3) and taking an appropriate
S € GL3(K) such that H := SH’'(Tx) satisfies JH|y=e, = ST H'|s=1e,T = E11 + Ea).
Since Tx is of the form (L;, x5, L3), and observing the form of JH’|,=.,, one may
also choose S x to be of the form (x, x», ). Then H, = Lix;.

So, we can compose H with an invertible linear map on the right to obtain a map
H’ for which ﬁé = xjx and A = x3L’ for some linear form L.

Suppose first that L’ is a linear combination of x; and x,. If H] € K[x, x], then
we are done. Otherwise, we have det 7, .,(H,, Hg) = 0 and then, by Proposition 2.3,
trdegy K(H}, H}) < 2.

Suppose next that L’ is not a linear combination of x; and x,. Then we may assume
that FIg = x%x3. By Lemma 2.4(i), trdegy K(H') < 3.

Case 2: c12 =0or cipx) + cp3xz + copx3 | H; for all i.
Since x2 | H3, we can compose H with invertible linear maps on both sides to
obtaln a map H’' for which H| € {x}, xx}. After a possible interchange of H) and
, the first two rows of J H’ are mdependent Now we may apply the proof of
Lemma 2.2 to H'. More precisely, there exist S, 7 € GL3(K) such that H := SH’(Tx)
satisfies J H|,- =¢, = E11 + Ex. If we choose w such that the first two rows of (7 H') =y
are independent, then we can take S such that Sx = (fix; + foxs, g1x1 + gzxz, *). By
repeating the discussion for H as for H above, we may assume that H3 = sz for some
linear form L.
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Let Tx = (L, L, L3). Notice that H{(Tx) € {L?, Lsz} and that H{(Tx) is a linear
combination of A; and H,. Hence, we can compose H with a linear map on the left to
obtain a map H’ for which A} € {L3, [?L,} and H} = Lx3.

Suppose first that A, = L7L,. Then c15 # 0, S0 c12X] + Co3X2 + copx3 | H; for all i.
From this, we infer that L, | H; and L, | H; for all i. As x, ¥ H;, we deduce that L
and L, are dependent linear forms, which are independent of x;. If L and L, are linear
combinations of L; and x;, then we can reduce to Proposition 2.3 and otherwise we
can reduce to Lemma 2.4(i1).

Suppose next that I:IE = L?. IfL, L and~x2 are linearly dependent over K, then we
can reduce to Proposition 2.3. Otherwise, H is as H in the previous case. O

Remark 2.6. Inspired by Lemma 2.4, we investigated maps H of which the
components are terms and searched for H with algebraically independent components
for which det JH = 0. One can infer that H has these properties if and only if the
matrix with entries deg, H; has determinant zero over K but not over Z.

We found such a nonhomogeneous H over fields of characteristic five:

3 2 2 2
(x72x2, X1X3), (X[ X2, X1X3, X2X3)
with the following homogenisations:
3 2. 4 2 2 3
(X]X2, X1X5%3, X3),  (X]X2, X1 X5, X2X3X4, X).

Besides these homogenisations, we found the following homogeneous H over fields
of characteristic five:

2.2 3 3 2 2 2 2
(X7x35, X1%5, X2%3),  (X4X], X1X5, X2X3, X3X;).

We conclude with a homogeneous H over fields of characteristic seven and a
homogeneous H over any characteristic p € {1, 2,...,d}, respectively:

3 3 3 d . d-
(x3x1,x1x2,x2x3), (xl,xl pxg)-
These examples show that the conditions in Proposition 2.3 and Theorem 2.5 cannot
be relaxed.

THEOREM 2.7. Suppose that char K # 2,3 and let H € K[x]™ be cubic homogeneous.
Let r .=tk JH and suppose that r < 2. Then there exist S € GL,,(K) and T € GL,(K)
such that, for H := SH(Tx), one of the following statements holds:

(D I:Ir+1 = I:Ir+2 == [:Im =0;

(2) r=2and H € K[x;, x2]";

(3) r=2and KH, + KH> +--- + KH,, = Kx3x} & Kx3x1 X, & Kx3x3.

Furthermore, we may take S = T™' if m = n.

Proor. By Theorem 2.5, trdegy K(H) =tk JH = r < 2. Since H is homogeneous, we
have trdeg, K(tH) = r as well, where 7 is a new variable.
Suppose first that r < 1. By [4, Theorem 2.7], we may take H as in (1).
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Suppose next that r = 2. By [4, Theorem 2.7], H is of the form g - h(p, g) such that
g, h and (p, g) are homogeneous and deg g + deg & - deg(p, ) = 3.

If deg i < 1, then every triple of components of 4 is linearly dependent over K and
thus we may take A as in (1). If deg h = 3, then deg(p, ¢) = 1 and deg g = 0, whence
we may take H as in (2).

So, assume that degh = 2. Then deg(p,q) =1 and degg = 1. If g is a linear
combination of p and ¢, then we may take H as in (2). If g is not a linear combination
of p and g, then we may take A as in (3) or (1).

Finally, if m = n and H = SH(Tx) is as in (1), then SH(S ~'x) = H(T~'S ~'x) is still
as in (1). So, we may take S = 7', If m = n and H = SH(T¥) is as in (2) or (3), then
T~'H(Tx) = T~'S~'H is still as in (2) or (3), whence we may also take S =T~!. O

3. Cubic homogeneous Keller maps x + H withrk JH < 2

For two matrices M, N € Mat,(K[x]), we say that M is similar over K to N if there
exists 7 € GL,(K) such that N = T~'MT.

Tueorem 3.1. Let F = x + H € K[x]" be a Keller map with trdegy K(H) = 1. Then TH
is similar over K to a triangular matrix and the following statements are equivalent:

(1) detgF=1;

(2) JH is nilpotent;

3) (JH) - (JH)lx=y =0, where y = (y1,¥2,...,Yn) are n new variables.

Proor. Since trdegy K(H) = 1, by [4, Corollary 3.2] there exists a polynomial p € K[x]

such that H; € K[p] for each i, say, H; = h;y(p), where h; € K[¢] for each i. Write
h; = Oh;/dt. Then

JH=H(p) Tp. (3.1
Assume without loss of generality that
hi=hy=---=h,=0

and that
0<degh,, <degh!,, <---<degh,.

For s <i<n,

deg hi(p) = degh; - deg p < (degh;,, — 1) - deg p = deg h},,(p) — deg p.

i+1

Since the degrees of the entries of 7 p are less than deg p, we deduce from (3.1) that
the nonzero entries on the diagonal of 9 H have different degrees in increasing order.
Furthermore, the nonzero entries beyond the (s + 1)th entry on the diagonal of JH
have positive degrees.

By (3.1), tk(-=J H) < 1 and thus n — 1 eigenvalues of —J H are zero. It follows that
the trailing degree of the characteristic polynomial of —J H is at least n — 1. More
precisely,

det(tl, + TH) = 1" — tr(-JH) - "~
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and thus
det JF = (" —te(=JH) - " =y = 1 + rt TH.
Observe that the diagonal of JH is totally zero, except maybe the (s + 1)th entry,
which is a constant.
Thus, dp/0x; = 0 for all i > s + 1 and J H is lower triangular. If the (s + 1)th entry
on the diagonal of J H is nonzero, then (1), (2) and (3) do not hold. If the (s + 1)th

entry on the diagonal of J H is zero, then dp/dx; = 0 for all i > s, whence (1), (2) and
(3) hold. O

Let H € K[x]" be homogeneous of degree d > 2. Then x + H is a Keller map if and
only if JH is nilpotent (see, for example, [8, Lemma 6.2.11]). So, we first investigate
nilpotent matrices over K[x].

Lemma 3.2. Suppose that N € Maty(K[x]) is nilpotent. Then there exist a, b, c € K[x]
such that
ab —b?
N=c (a2 —ab) '

Furthermore, N is similar over K to a triangular matrix if and only if a and b are
linearly dependent over K.

Proor. Since det N = 0, we may write N in the form
b -
N=c-( )-(a -b),
a

where a, b € K[x] and b, ¢ € K(x). Since tr N = 0, we have b = b. If we choose a and b
to be relatively prime, then ¢ € K[x] as well.

Furthermore, a and b are linearly dependent over K if and only if the rows of N are
linearly dependent over K, if and only if N is similar over K to a triangular matrix. O

Lemma 3.3. Let H € K[x]? be cubic homogeneous such that J ., H is nilpotent. Then
there exists T € GL,(K) such that for H:= T‘IH(T(xl, X2), X3, X4, - - ., Xp), One of the
following statements holds:

1) Iy ,XZI:I is a triangular matrix;
(2) there are independent linear forms a, b € K[x] such that

~ [ab -b? a 00
jxl,sz - (a2 —ab) and jxl,xz (b) - (O 0) s

(3) char K = 3 and there are independent linear forms a, b € K[x] such that

~  (ab —b? a 0 1
Tt _(a2 —ab) and jxw‘z(b)‘(l o)'
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Proor. Suppose that (1) does not hold. By Lemma 3.2, there are a, b, c € K[x] such
that
ab —b?
jX],sz:C(az _ab),
where a and b are linearly independent over K. As H is cubic homogeneous, the entries
of J,.x,H are quadratic homogeneous, so ¢ € K and a and b are independent linear
forms.

If we take

c 0 - [(ab -D?
T = (0 1) then Jy, ,H = (~2 B ~),
where & = ¢ - aly,=cx, and b = ¢! - bl —cy, .
We claim that the coefficient k; of x, in b is 0. Suppose conversely that k, # 0. Then
the coefficient of x3 in

X1

3H, = 9, 1, H ( )ZE(lel—le;)

X2

is nonzero. In particular, char K # 3. One may verify that
T (Hy + 3k5'5%) = (@D, 0),

where ¢ :=a +k; '5(0b/0x). As a consequence, A(@bh)/dx, = 30/dx; = 0. Furthermore,
¢ and b are independent, and so also are @ and b. From 9(¢b)/dx, = 0, we have
&b € K[xy, x3, Xa, .. ., x,] if char K # 2. Since ¢ and b are independent, we deduce that
if char K = 2, then &b € K[xy, X3, X4, . . ., x,] as well. Since the coefficient A of x, in b
is nonzero, we have ¢ = 0, which is a contradiction.

So, the coefficient of x, in b is O. Similarly, the coefficient of x; in a is O.

Consequently,
a 0 A
jxl»XZ (Z;) - (ﬂ 0) s
where A, u € K. Therefore,
~  [((Axg + - )(uxyp +--0) —(uxy + -+ )?
jX|,X2H - 2 _ .
(/1X2+.--) (/lx2+"’)(ﬂxl+"‘)

So, the coefficient of x%xz in 2H; is equal to both Ay and —2u?. Similarly, the
coefficient of xlxg in 2H, is equal to both Ay and —222. Tt follows that either
A=u=0o0r0+#A=-2u=4A Inthe former case, H satisfies (2). In the latter case,
char K = 3 and A = u. Replacing H by AHA Y (x1, x2), X3, X4, . .., X,), We see that H
satisfies (3). O

THEOREM 3.4. Suppose that char K # 2,3. Let H € K[x]" be cubic homogeneous such
that x + H is a Keller map, that is, J H is nilpotent.
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() Iftk JH = 1, then there exists T € GL,(K) such that for H := T~ H(Tx),
Hy € K[x3, X3, X4, ..., X],
H,=H3;=H,=---=H,=0.

() If tk H =2, then either H is linearly triangularisable or there exists T €
GL,(K) such that for H := T~ H(Tx),

2
— (x1x3x4 — X2x3) € K[x3, X4, ..., Xp],

A 2

Hy — (x1x3 — x2x3x4) € K[x3, x4, ..., X,],

I:I3=ﬁ4:--~=l:ln:0.

Furthermore, x + tH is invertible over K[t] if tk TH < 2, where t is a new variable.
Moreover, x + tH is tame over K|[t] if either tk JH =1 ortk JH =2 and n # 4. In
particular, x + AH is invertible and tame under the above condition respectively for
every 1 € K.

Proor. We may take H as in (1), (2) or (3) of Theorem 2.7. If tk JH = 1, then H is as
in (1) of Theorem 2.7, that is, H; = 0,2 < i < n, whence (i) holds because tr JH = 0.
So, assume that rk JH = 2. Notice that J H is nilpotent.

If H is as in (1) or (2) of Theorem 2.7, thatis, H; = 0,3 <i <n or H € K[xj, x2]",
then J,, .,(H1, H>) is nilpotent.

If H is as in (3) of Theorem 2.7, that is,

KH) + KHy + -+ KH, = Kx3x7 ® Kx3x1x, ® Kx3x3,

then H; = 0, because x3‘H3 is the constant part with respect to x3 of tr J° H =0. So,
Y. xl’xZ(H] , H,) is nilpotent in any case.

One may observe that, in all the cases (1), (2) and (3) of Theorem 2.7, if
Ty (A1, Hy) is similar over K to a triangular matrix, then JH is similar over K
to a triangular matrix, and so is J H, and thus H is linearly triangularisable.

Now suppose that J,.,(H, Hy) is not similar over K to a triangular matrix.
Noticing that char K # 2,3, , XZ(I:I1, H,) must be as in (2) of Lemma 3.3, that is,

2
jxl x2 (Z? —2b) and jxl,xz (Z) = (8 8) s

where a, b are linearly independent linear forms.

If A, € K[x;, x2, x3], then a, b € k[x3], which is a contradiction. So, H is not as in
(2) or (3) of Theorem 2.7 and thus is as in (1) of Theorem 2.7, thatis, H3 = Hy = --- =

= 0. Consequently, by a linear coordinate transformation, we may take H such that
a= x3 and b = x4. So, (ii) holds.

For the last claim, when tk H = 1, H is of the form in (i), whence x + tH is
elementary and thus tame. When rk JH = 2, H is of the form in (ii) and it suffices to
show that the automorphism

F = (x1 + txa(x3x1 — X4X2), X2 + 1x3(X3X1 — X4X2), X3, X4, X5)

is tame over K[t].
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For that purpose, let w = #(x3x; — x4x) and let D := x40y, + x30,, be a derivation
of K[t][x1, X2, X3, x4]. Observe that D is triangular and w € ker D, and hence that
F = (exp(wD), x5). Therefore, F is tame over K[f] from Lemma 3.5 below. O

Recall that a derivation D of K[x] is called locally nilpotent if for every f € K[x]
there exists an m such that D" (f) = 0. For such a derivation, exp D := }2 (1/i D!
is a polynomial automorphism of K[x]. A derivation D of K[x] is called triangular if
D(x;) € K[Xj1,..-,x,]fori=1,2,...,n—1and D(x,) € K. A triangular derivation is
locally nilpotent.

Lemma 3.5. Let D be a triangular derivation of K[t][x] and w € ker D, that is,
D(w) = 0. Then (exp(wD), x,,+1) is tame over K|[t].

Proor. From [15, Corollary], there exists a k such that (exp(WD), Xy+1, X425 - - - » Xn+k)
is tame over K(¢). Inspecting the proof of [15, Corollary] yields that (exp(wD), x,,+1) is
tame over K|[z]. |
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