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THE NEVANLINNA-PICK THEOREM
AND A NON-POSITIVE DEFINITE MATRIX

Takan1ko NAKAZI

Let {zj} be an interpolation sequence in the open unit disc and
{wj} a bounded sequence. 1In this note, it is shown that there is
a function F in H + C satisfying ”F”m $ 1 and F’(zJ.)-wJ.-—>0
as J —> » if and only if there exists a compact matrix [tij]

- W, -3z.8.]12l[a,,; .
such that [1I wth /1 ztzJ] [aLJ] on [ x where

|2)1/2(1 2)1/2

[aij] = [wjtji + witij] + [tijJ[(l - 'zi —Izjl /

Let U be the open unit disc and 23U the unit circle. For
0 <p s =, the spaces Lp(de/Zn) will be denoted simply by P , and the
corresponding Hardy classes by Hp . Let (C denote the space of continuous
complex valued functions on 93U . It is well-known that -~ C is a
closed subalgebra of Lcl° . We shall identify a function in I’ or
H + C with its holomorphic or harmonic extension to U . The space
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M(H  + C) consists of M(H ) with U deleted.
For a function F in H + C, Z(F) denotes the zero set of F in
M@E +¢C) . If b is an interpolating Blaschke product, then 2(b) is

an interpolation subset for Hm . Let lm be the space of all bounded

-]

sequences of complex numbers and 2.0

= {we 2,“,' 1imwj=0} . We shall

Jd
prove the following theorem.

THEOREM. ILet b be an interpolating Blaschke product having zeros

at 2z, 2y Bgs ees and u a continuous function on Z(b) . Then there

exists a unique sequence {wj} in ° modulo 1; such that f( zj) =wj

i=1, 2,.e., f=u on 2(b) and f in H and the following are

equivalent:

(1) there exists F in H +C such that NF)|, se and
F | z2h) =u;

(2) there exists F in H +C such that ||F||, s e and
0 s
(3) there exists a compact matrix [tij 1 such that

{F(zj)} - {wj} in L

[e - wiwj / 1- zizj] 2 [aij] on Mx I where [aij] = [wj 'i+witij] +

d
2.1/2 2,1/2 - -1 —
[tij][(z' |zil )= lzjl )% /1 - zizj] [tji] and € 2 0 .
To prove the theorem we require four lemmas.

LEMMA 1. If b 4is an interpolating Blaschke product with zeros
{zj} then for any continuous function u on Z(b) there exists a unique
sequence {wj} in 2 modulo 2; such that f(zj) = wJ. i=1, 2,...,
f=u on 2(b) and f in H .

Proof. since Z(b) is an interpolation subset for H® , there

exists an [ € H  such that f=u on 2(b) . Put wj=f(zj) j=1,2, ...

If g € H satisfies g =u on Z(b) then {f(zj) - g(zj)} € 2‘;

because Z(b) = {zj} \ {zJ.} where {zj} is the closure of {zj} in M(E).
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z (2] bH2 . The orthogonal

For an inner function b , put K = H
2
projection in L with range X will be denoted by P . For [ a

function in B +C let § denote the operator PMf|K where Mf is

f
the multiplication on L2 that it determines.
LEMMA 2. For f a function in H HSf|| = |lfF+bE|| and
S
s,

i8 the distance to the compact operators.

|]e =|lf+b(H +C)|| , where the essential norm ”Sflle of Sf

Proof. Theorem 1 in [4] shows |[|S =||f + me||. We shall show

A
-] o

”Sfll =||f +b(E + C)|| . The proof is similar to the calculation of the

e

essential norm of a Hankel operator {see [/, p. 608]). We can show that
o n

”Sf” e >||f +bE + C)|| because 5, —> 0 strongly. For the converse

inequality use Theorem 2 in [4].

If b is the Blaschke product with zeros {zj} , the functions

2)1/2

kj(z) =(1- |zj! /(1 - ajz)

form a normalized (although not orthonormal) basis for X . We require
an important property of interpolating sequences which was proved by
Clark [?, Lemma 3.2] .
LEMMA 3. Let b be an interpolating Blaschke product. Then the
map G :k—> (a;, ag... ) with {an} given by
o«
k= ¢ ak,

j=1 99

is a bounded invertible operator of K onto 22 .

LEMMA 4. et f bein H and €20 . |8

flle s e if and only

i1f there exists a compact matrix [tij] such that

~w.0./1 - z.2.]12 [a., d=[w.t.. +b.t.,
[e win/l ztzJ] [aw] on R x B where [aw] [thJt +w$tw] +

2,1/2 2,1/2 R
[tij][(l - Izil )71 - |zj| )y ey - zizj] [tji] .
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Proof. 1f ”Sf”e Se then ||f+Db(E +C)|| <€ by Lemma 2, By
Theorem 4 in [!] and Theorem 2 in [4], there exists a compact operator T

on K such that ”Sf+T” £ € . Hence

e2I-SfS;.-A20

4 =sf'.r" +Ts;.+TT*

where I denotes the identity operator on X . Let {e ,7'} denote the

. 2 i
orthonormal basis of &~ given by eJ. = (GZJ., 62,7" ++«e ) . Then

*
[(Aki’ kj)] = [(G AGei,ej)]

* * Aot * =1k
[(G SfT Gei, eJ.) + (G TSfGei, ej) + (G"TG(G'G) G TGei, eJ.)]

A% *
[f(zj) (G*7 Gei, eJ.) + szi) (G .’IGei, ej)]
* -1 £,%

+ L(G iGei, ej)] [(G*G e ej)] (G T'Ge,s eJ.)] .

.. ] =[(G* . . ] = , ,
Put [tw] N TGeV, eJ)J and [a‘LJ] [(Ak'z,’ kJ)J , then the lemma
follows. The converse follows by reversing the above steps.
Proof of Theorem. By Lemma 1 there exists a unigue sequence {wj}

in £° modulo 9,°0° such that f(z.) =w;j=1,2,..., f=u on 2(b)

and f in 5.

(1) =(2). Let Fe H +C such that IFIl_s ¢ anda Fl2(b) =u,
then F - f=0 on 2(b) . We will prove that F(zj) - f(zj) —> 0
as j —> o ., Suppose {F(zj) - f(zj)} I'4 2.; . Then there exists a
subsequence {SJ.} in {zj} and a nonzero complex number @ such that

F(sj) - f(sj) —> a as J —> = . Moreover there exists a subnet {tj}A

in {6} such that t;——> ¢ in M(E) and t; = $(z) = a . Since

FeHw+C,wecanwrite F=g +v for some geH?o and v e C,

Then
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F(tj) - f(tj) = g(tj) + v(tj) - f(tj)

—> ¢(g) + v(a) -~ ¢(f) = ¢(F - f) =0 .
A

> 0

i .

(2) = (3). Since (F - f?(zj) —> 0 , if ¢ € Z(b) then

¢(F - f) =0 and hence F - f e b(A” + C) by [ 3, Theorem 1 ].
This and Lemma 2 imply ”Sf” R < € . Now Lemma 4 implies (3).

{n

(21

[3

[4]

(3) ==(1). Use Lemmas 2 and 4.
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