
INFINITE EULER GRAPHS 

GERT SABIDUSSI 

1. Introduction, definitions. It is well known that for finite connected 
graphs the following are equivalent: 

(i) X is Euler (i.e., every vertex of X has positive even degree); 
(ii) X is traceable (i.e., the edges of X can be arranged in a sequence 

ei, . . . ,en such that et 5̂  eô if i ?± j , and eif ei+1 are adjacent, i = 1, . . . , n> 
subscripts considered mod n) ; 

(iii) X is cyclically coverable (i.e., X contains a family of non-overlapping 
circuits whose union is X). 

The equivalence (i) <=$ (ii) was proved by Euler (4, 3.1.1); (i) <=> (iii) is 
due to Veblen (3, Kapitel II, §5, Satz 11), and actually holds for arbitrary 
(not necessarily connected) locally finite graphs as well. We shall refer to 
this as "Veblen's theorem." 

For arbitrary infinite Euler graphs both (i) <=» (ii) and (i) «=» (iii) fail to 
hold. A characterization of infinite traceable graphs was given by Erdos, 
Grunwald, and Vazsonyi (2). In the present note we propose to study exten
sions of Veblen's theorem. We show in particular that the "correct" generaliza
tion of that theorem is that every Euler graph is "traceably" coverable 
(Section 2). 

If A is a set, \A | is the cardinal of A. A function/: A —-> A is a pairing function 
for A if and only if / is one-one, onto, and fa ^ a = f2a for every a 6 A. 
A pairing function exists if and only if \A\ is even or infinite. 

A graph X is a set V(X) (vertices) together with a set E(X) (edges) of 
unordered pairs of distinct elements of V(X). Unordered pairs will be indicated 
by brackets. We shall write x <E X for x Ç V(X), and e € X for e € E(X). 
If e — [x,y] € E(X), (e) will denote the graph consisting of e and its two 
ends x, y. 

The order of a graph X, denoted by \X\, is the cardinal of V(X). 
For x 6 X we define 

V(X;x) = {yeX:[xfy]eE(X)}, 

E(X;x) = {[x,y]:ye V(X;x)}. 

I V(X; x)\ is called the degree of x in X, and is denoted by d(X; x), or dx when 
no confusion is likely. X is Euler if for any x £ X, dx is positive and even 
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or infinite. X is locally finite, if dx is finite for every x G X. If n is a cardinal, 
X is n-regular \i dx — n for every x G X. A non-empty connected 2-regular 
graph is called a circuit. Every non-empty Euler graph contains a circuit. 

A graph X is acyclic if it contains no finite circuit. A connected acyclic 
graph is called a tree. A vertex x of an acyclic graph X is called an end-vertex 
if d(X; x) = 1, x is a branch-vertex if d(X; x) > 3. If X is acyclic, and x and 
3/ belong to the same component of X, there is a unique path in X which joins 
x and y. This path will be denoted by Xxy. If x, y, z G X, then 3> Zies between 
x and s if 3/ G Xs2 but 3/ 5̂  x, z. 

If F is a subgraph of X we denote by X \ F the smallest subgraph of 
X with £ ( X \ F) = £ (X) - £ ( F) . If X and F are Euler, and if F is locally 
finite, then X \ F is Euler. 

If A is a subset of V(X) denote by X — A the maximal subgraph of X 
with 1/(X - A) = V(X) - A. If X is connected, A is a cw* «tf of X if X - A 
is disconnected. If a cut set consists of a single vertex x, then x is called a 
cut vertex. 

Given graphs X, F, a homomorphism </> : X —> F is a function from F(X) 
to V(F) such that [x, y] G JE(X) implies [</>x, 03/] £ £ ( F ) . (In the terminology 
of (4, p. 85) our homomorphisms are independent.) A homomorphism </> induces 
a function <j> : E(X) —* £ ( F) by <£[x, y] = [<£x, #y], [x, 3/] G E(X). 4> is called 
strong if and only if <£ is one-one; 0 is an epimorphism if 0 and 4> are onto. 
Clearly, for graphs without isolated vertices, 0 is an epimorphism if and only 
if 4> is onto. 

A graph X is called traceable if and only if there exists a strong epimorphism 
4> : C —» X, where C is a (finite or infinite) circuit. I t is easily verified that 
this definition of traceability coincides with the usual one (cf. 4, p. 42). 

The composition of two strong epimorphisms is again a strong epimorphism. 
Hence if X is traceable, and \p : X —> F is a strong epimorphism, then F is 
traceable. 

By D we shall denote the empty set or the empty graph, depending on the 
context. If X and F are graphs, we shall say that X and F do not overlap 
if and only if E(X) P\ E(Y) = Q . X and F may have common vertices. 

Given a graph X, a cover of X is a family §1 of subgraphs of X such that 
(i) A G 21 implies E ( 4 ) is non-empty; (ii) U {A : A G 21} = X; (hi) if 
A and J3 are two distinct members of 21, then E(A) and E(B) are disjoint 
{A and 5 do not overlap). A cover of X is called cyclic if and only if every 
A G 21 is a circuit. X is called cyclically cover able (c.c.) if it possesses a cyclic 
cover; it is called finitely cyclically coverable (f.c.c.) if it has a cover consisting 
of finite circuits. 

I t is easily verified that if </> : X —> F is a strong epimorphism and 21 is 
a cover of X, then 02Ï = {<j>A : 4̂ G 21} is a cover of F. 

2. Traceable covers. 

(2.1) Definition. A cover 2Ï of a graph X is called traceable if and only if 
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every member of 21 is traceable. X is called traceably coverable (t.c.) if it possesses 
a traceable cover. 

By (4, 3.2.2, 72) every traceable graph is Euler; hence every t.c. graph is 
Euler. 

I t will be shown below (Theorem (2.2)) that every Euler graph is a strongly 
homomorphic image of a locally finite Euler graph. Thus the failure of Veblen's 
theorem to hold for arbitrary Euler graphs is due to the fact that the class of 
all c.c. graphs is not closed under strong homomorphisms (a strongly homo
morphic image of an infinite circuit need not be c.c). The class of all t.c. 
graphs, on the other hand, does have this closure property, i.e., if X is t.c. and 
<j> : X —» Y is a strong epimophism, then Y is t.c. For if 21 is a traceable 
cover of X, then $21 is a cover of Y and since the strongly homomorphic image 
of a traceable graph is traceable, each member of 021 is traceable. It follows 
in particular that the strongly homomorphic image of a c.c. graph is t.c. 

(2.2) THEOREM. Let X be an Euler graph. Then there exists a strong epi-
morphism <j> : Y —> X such that Y is 2-regular. 

Proof. For each x G X, let fx be a pairing function for E(X;x). Since 
d(X; x) is even or infinite, such an fx exists. For x G X, e G E(X; x), denote 
by ex the two-element set {e,fxe}. Suppose that Then either (i) 
e = e' and fxe = fx> e', or (ii) e = fx> e' and e' = fx e. In case (i), e lies in 
the domain of both fx and /*/, i.e., e G E(X; x) P\ E(X; x'). If x 9^ x' this 
means that e = [x,x']. But fx e G E(X;x), jx> e' G E(X;xf); hence fxe 
G E(X; x) C\ E(X; xr), so that fx e = e, a contradiction against the defini
tion of fx. Hence x = x'. In case (ii), e = fx> e' implies that e, e' G E{X\ x')\ 
similarly, e' = fx e implies that e, e' G E{X\x). e' = fx e 9e e; hence x = x'. 
It follows that ex = e'xf if and only if x — x' and e = e' or e' = fx e (the 
sufficiency of this condition is obvious). 

Now define Y by 

V(Y) = {ex :x G X, e G E(X\x)}, 
E(Y) = {[ex,e'xf] \exC\e'x' = [x, x']\. 

It is easily verified that for any ex G V(Y), 

V(Y\ex) = {ex',e'x"), 

where [x,x'] = e, and e' = [x, x"] = fx e. Since e ^fxe, i.e., x' 7^ x", it 
follows that ex' 9^ e'x"\ hence d(Y;ex) = 2. Thus Y is 2-regular. 

Define <f> : Y —> X by <t>(ex) = x. Since ex = e'x' implies x = x', <f> is well 
defined. It is immediate from the definition of Y that </> is an epimorphism. 
To see that <f> is strong, let et = [etxu e( x/] G E(Y), i = 0, 1, and suppose 
that </>eo = $€1, i.e., [XQ, X0'] = [xu x / ] . Hence (i) x0 = xly x0' = X\ or (ii) 
Xo = Xi, xi = XQ'. [Xi,Xt] = eiXtr\ei Xt implies gtet = g/e/ = [xt,Xi], 
where gt et denotes et or fxi eu as the case may be; similarly, g/ e/, i = 0, 1. 
Hence, in case (i), 
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€i = [ei*i, ei %i] = [^ix0, ei XQ] = [(goe0)x0, (go e0')xo] 

= [eo x0, e§ XQ'] = e0, 

and in case (ii) 

«1 = [^1^1^1'x/] = [ex XQ, ei x0] = [(go e0')xo, (go eo)x0] 

= [eo' #o', e0 Xo] = e0. 

(2.3) THEOREM. A necessary and sufficient condition that a graph X be 
t.c. is that X be Euler. 

Proof. Necessity: Cf. the remark following Definition (2.1). Sufficiency: 
Let <j> : F —> X be as in (2.2). Being 2-regular, F is a union of disjoint cir
cuits, and hence c.c. (2.3) then follows from the remarks preceding (2.2). 

For acyclic graphs Theorem (2.3) can be carried a step further. 

(2.4) THEOREM. If X is an acyclic Euler graph, then X is cyclically coverable. 

We shall prove this by a sequence of simple lemmas. These are stated in 
somewhat greater generality than actually needed. 

(2.5) LEMMA. If X C Y, Y\X is finite, and X has only finitely many finite 
components, then X does not have fewer infinite components than Y. 

Proof. Suppose there is an infinite component K of Y which contains no 
infinite component of X. Then K C\ X is either empty or consists only of 
finite components of X, and since these are finite in number, K C\ X is finite. 
Hence K\(K C\ X) is infinite. But Y\X ^ K\{K C\ X), and hence is 
infinite, a contradiction. 

(2.6) LEMMA. Let X be Euler, x ^ X. Then either x belongs to a finite cir
cuit, or X is infinite, and X\Y has at least d(Y;x) infinite components, where 
Y is any finite subgraph of X containing x. 

Proof. Assume that x does not belong to a finite circuit. By Veblen's theorem 
this means that X is infinite. Let Y C X be finite, x € Y. Denote by Yx 

the smallest subgraph of Y with E(YX) = E(Y;x). Since x belongs to no 
finite circuit of X, x is a cut vertex of X, and no two distinct members of 
V(X; x) belong to the same component of XX^F^. Each component of X\YX 

is infinite (it would otherwise contain exactly one vertex of odd degree, viz. 
the vertex belonging to V(Y; x)). Hence X\YX has at least d(Y; x) infinite 
components. Now X\Y C X\YX, and (X\YX)\(X\Y) = Y\YX is 
finite; moreover, X\Y has at most \Y\ components. Hence by Lemma 
(2.5), X\Y has at least d(Y;x) infinite components. 

If V(Y\x) is a proper subset of V(X;x), then X\Y has d(Y;x) + 1 
infinite components. For, in that case X\YX consists of the components 
containing the vertices of V(Y;x), as well as the component containing x. 
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(2.7) LEMMA. An acyclic graph is traceable if and only if it is an infinite 
circuit. 

Proof. Sufficiency is obvious. Necessity: Suppose X is acyclic and traceable. 
Being traceable, X is connected and Euler; hence d(X;x) > 2 for every 
x e X (4, 3.2.2, 72). Suppose that d(X;x) > 3 for some x e X. Let Y be 
any finite subgraph of X containing three edges incident with x. By Lemma 
(2.6) and the acyclicity of X, X\Y has at least three infinite components. 
But this is a contradiction against the traceability of X (4, 3.2.2, ô2). It follows 
that d(X;x) = 2 for all x Ç X\ i.e., X is a circuit. By the acyclicity of X it 
must be an infinite circuit. 

Proof of Theorem (2.4). By Theorem (2.3), X has a cover 21 such that 
every A Ç 21 is traceable. But A £ 21 implies A C X, and hence A is acyclic. 
By Lemma (2.7) this means that A is an infinite circuit. Thus X has a cover 
consisting of infinite circuits. 

3. Finitely cyclically coverable graphs. 

(3.1) LEMMA. Let X be a countable graph. Then X is f.c.c. if and only if 
given any finite subgraph Y of X, there is a finite Ruler subgraph Z of X such 
that YCZ. 

Proof. Necessity: Let 21 be a cover of X consisting of finite circuits. If Y 
is a finite subgraph of X, then 2IF = {A 6 21 : E(A) H E(Y) ^ \J} is finite; 
in fact, |2ly| < | £ (F ) | . Hence Z r = U 2lr is a finite Euler subgraph of X 
containing Y. Here countability of X is not used. 

Sufficiency: Since X is countable, E(X) = {ei, e2, . . . } . Take Yx = (ei). 
By hypothesis there is a finite Euler graph Z\ C X such that e\ 6 Z\. Let 
2Ii be a cyclic cover of Z\. By £2 denote the smallest subscript such that eH 

$ Z\. Clearly i2 > 2. Take F2 = Zx U (e*2). Then there is a finite Euler graph 
Z2 C X such that ei, . . . , ei2 £ Z2. Z 2 \ Z i is a non-empty finite Euler graph, 
hence f.c.c. Let 332 be a cyclic cover of Z 2 \ Z i . Then 2I2 = 2Ii KJ S32 is a cyclic 
cover of Z2 such that 2Ii C 2I2. Continue in this manner obtaining finite Euler 
subgraphs Zn of X, n — 1 , 2 , . . . , such that Z\ \J Z2 \J . . . = X, and covers 
2IW consisting of finite circuits and such that 2In C 2ln+i for all n. Then 

2 Ï = U 2tn 

is a cover of X consisting of finite circuits. 

(3.2) COROLLARY. Any countable graph X contains a maximal f.c.c. sub
graph. 

Proof. If X is acyclic, the empty graph is the maximal f.c.c. subgraph of 
X. If X is not acyclic, the collection g of all f.c.c. subgraphs of X is non
empty. Let go be a chain in %, F0 = W go- Since X is countable, so is F0. 
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Let F be a finite subgraph of F0. Then F C F for some F G g0. By (3.1) 
there is a finite Euler subgraph Z of F such that Y (Z Z. But then F C Z 
C Po- Hence, by (3.1), FQ is f.c.c. Thus % has a maximal element. 

We have been unable to determine whether (3.1) holds for uncountable 
graphs as well. If it does, then it would follow that the property of being f.c.c. 
is of finite character, and hence any graph would contain a maximal f.c.c. 
subgraph. Instead of (3.1) it is natural to try the following condition: For 
any Y C X with | Y\ < \X\ there exists an f.c.c. subgraph Z of X such that 
F C Z and \Y\ = \Z\. Certainly this condition is necessary if X is to be f.c.c; 

again we were unable to prove sufficiency. One might attempt to obtain a 
condition for finite cyclic coverability by first characterizing traceable f.c.c. 
graphs and then using Theorem (2.3). Traceable f.c.c. graphs are easy to 
describe; cf. (3.5). By the same arguments one can also obtain a relatively 
general condition for finite cyclic coverability; cf. Theorem (3.4). 

(3.3) Definition. Let X be an infinite graph, |X| = XT. For 0 < a < r 
let la = {x G X : dx < X<r}. X will be called stratified if and only if |/ff| < X<r 
for each cr, 0 < a < r. 

Note that if X is countable, then X is stratified. 

(3.4) THEOREM. Let X be a stratified Euler graph having the following pro
perty (P): if Y is a subgraph of X with | Y\ < \X\, then X\Yhas exactly one 
infinite component. Then X is f.c.c. 

Proof. Suppose that \X\ = XT. For 0 < a < r put 

E , = U E(X;x). 
X€lff 

Since x G I* implies dx = \E{X\x)\ < Kr, and since |JT̂ -I < X* (stratification), 
it follows that 1^1 < X*. Hence, the edges of X can be indexed by the ordi
nals a < coT in such a way that for any a < r, 

(1) ea Ç Ea implies a < o)ff. 

That is, we first index the members of E0, then those in E± which do not belong 
to Eo, and so on. 

We now define for each ordinal a. < œT two graphs Xa, Aa and a cover 
%a of Aa with the following properties: 

(i) Xa is an infinite Euler graph having property (P) ; 

(ii) Xa = X\Aa; 

(iii) ep e E(Aa) for all 0 < a; 

(iv) Aa is finite for a < co, \Aa\ < |a| if a is infinite; 

(v) %a is a cover of Aa consisting of finite circuits; 

(vi) % C 3L for all 0 < a. 
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Put Xo = X, A0 = Q 2ïo = D For 1 < a < œT define Xa, Aa, 2L as 
follows. If a is not a limit ordinal and ea-i € Aa-u take Xa = Xa-i, Aa 

= Aa-u %a = Sla_i. If ea-i$Aa-i, i.e., ea-i 6 Xa_i, then by (2.6) (using 
that Xa-i has property (P)) there is a finite circuit Ca such that ea-i G Ca 

C -y«_i. In this case put Aa = Aa-i V Ca, 3I« = 2L_i \J {Ca),Xa= X\Aa. 
If a is a limit ordinal, put 

Aa = u ^ , 2i« = u a* 

and X a = X \ i 4 « . 
That Xa, Aa, and §I« so defined satisfy (ii), (iii), (v), and (vi) is obvious. 
(iv) : Since Ca is finite, Aa is clearly finite for finite a. If a is infinite and not 

a limit ordinal, then either \Aa\ = \Aa~i\ < \a — 1| = |a| or 

|4 t t | = |£G4«-i)| + |E(C«)| < |« — 1| = |a|. 

If a: is a limit ordinal, then 

M-l < E \M = E M = l«|. 
|3<a 0<a 

It remains to show (i). For finite a it is obvious that Xa is infinite Euler. 
Suppose that a is infinite, and let x Ç Xa = X \ - 4 « . If x $Aa, then d(Xa; x) 
= d{X\x), and hence is even or infinite. If x Ç ^4a, then E(Xa\ x) = E(X;x) 
— E(Aa; x). There is a unique a < r such that 

(2) 03ff < a < a v + i . 

By (iii), e$ € -E(-4a) for all ft < <aa. Together with (1) this implies that E« 
C.E(Aa). Hence, if d(X; x) < Nff, then x £ I*. By the definition of Eai 

E(X\x) CE,, so that E(X;x) C E(Aa). But then x$X\Aa, a contra
diction. It follows that d(X; x) = \E(X\ x)\ > X,. On the other hand, by (2), 

\E(Aa\x)\ < \E(Aa)\ < \a\ = X,. 

Hence 

d(Xa;x) = |E(X a ;x) | = \E(X;x) - E(Aa;x)\ = \E(X;x)\ > X,. 

Thus Xa is infinite Euler. To see that it has property (P), take any Z C Xa 

with \Z\ < \Xa\. Then X a \ Z = I \ ( i a U Z ) , and 

M « U Z | < \E(Aa)\ + |£(Z) | < |a| + \E{Z)\ < \X\. 

Since X has property (P), X \ ( ^ 4 a \J Z) has exactly one infinite component. 
By (iii), 

U Aa = X. 
a<o>T 

Hence 21 = U H. 
a<coT 

is a cover of X consisting of finite circuits. 
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(3.5) COROLLARY. Let X be an infinite traceable graph. Then a necessary and 
sufficient condition that X be f.c.c. is that given any finite Y CI X, X\Y have 
exactly one infinite component. 

Proof. Since X is a countable connected Euler graph, sufficiency follows 
from (3.4). Necessity: Let X be infinite, traceable, and f.c.c. If X does not 
have property (P), then there exists a finite Y C. X such that X \ Y has at 
least two infinite components. By (3.1), there exists a finite Euler graph Z 
such that Y (Z Z (Z X. Since Z is finite, X\Z has at most finitely many 
components. X\Z C ^ \ Y, and the two graphs differ only by finitely 
many edges. Hence by Lemma (2.5), X\Z has at least as many infinite 
components as X\Y, i.e., at least two, a contradiction against (4, 3.2.2, 53). 

We now make an application of (3.2) to obtain a slight generalization of 
Veblen's theorem. 

(3.6) THEOREM. Let X be an Euler graph containing exactly one vertex x0 

of infinite degree. Then X is either cyclically cover able or has a cover consisting 
of circuits and a ray starting at x0 (i.e. a graph R with V(R) = {x0, Xi, . . . } , 
E(R) = {[xuxi+1]: i = 0 , 1 , . . . } ) . 

In order to prove (3.6) for uncountable X, we need the following lemma, 
which, in view of its close connection with Section 4, we state in greater 
generality than needed at this point. 

(3.7) LEMMA. Let X be a connected uncountable graph, \X\ = X«. Put 
I = {x G X : dx > Ko}, h = {x G X : dx = X«}. Then 

(i) / is non-empty, and \I\ = K« or I is a cut set of X; 
(ii) if X« is a regular cardinal, then Ia is non-empty, and \Ia\ = Xa or Ia 

is a cut set of X. 

Proof. Consider case (ii) first. Suppose dx < X« for every x 6 X. Fix x0 

G X, and for n = 0, 1, . . . let An = {x G X : p(x, x0) = n], where p denotes 
distance. A$ = {x0}, and for n > 1, 

i C W \V(X',x) ixtAn-r}. 

Hence |̂ 4o| = 1, and 

\An\ < X) dx. 
XeAn-l 

Thus, by induction, if |^4n_i| < X«, then the regularity of X« implies \An\ < X«. 
But 

oo 

\X\ = Z \An\, and \An\ < X«, « = 0 , 1 , . . . , 

contradicts the regularity of Xa. 
If \Ia\ < X« and Ia is not a cut set of X, then X — Ia is a connected graph 

of order X«, and hence there is an x G X — Ia with d(X — Ia; x) = X«. 
But then x G Ia, a contradiction. 
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The proof of (i) differs from that of (ii) only in that the assumption dx < Ko 
for all x G X implies \An\ < Ko, n = 0, 1, . . . , and hence \X\ < Ko. 

That (3.7) (ii) fails to hold for every singular cardinal is shown by the 
following example. Let w b e a singular cardinal, {na: a G A } a set of cardinals 
such that na < n for all a G A, \A\ < n, and 

2 na = n. 
at A 

Let a be a vertex not in A, {Sa\ a G A} a collection of mutually disjoint sets 
such that \Sa\ = na, a G A, and \JaiA Sa is disjoint from A KJ {a}. Define a 
graph X by 

V(X) = {a} U A U U Sa, 
at A 

E{X) = {[a, a] :ae A}U {[a,s]:s £ Sa,a 6 A). 

X is a tree of finite diameter, da = \A\, da = na, a £ A, ds = 1 for s Ç U 5 „ 
Hence dx < n for every x ( I . But 

1*1 = i + MI + E l&l = »• 

Proof of Theorem (3.6). Let X0 be the component of X which contains xo. 
If K is any component of X distinct from Xo, then K is locally finite, and 
hence by Veblen's theorem cyclically coverable. Thus it will suffice to prove 
(3.6) for Xo, i.e., it is sufficient to assume that X is connected. 

Case 1. X is countable. By (3.2), X contains a maximal f.c.c. subgraph F. 
Y being maximal, Z = X\Y is acyclic. Let z £ Z. H z 9e x0, then d(X\z) is 
finite; hence d(Z;z) is even. Thus Z has at most one vertex of odd degree, 
viz. xo. If Z is Euler, then by (2.4), Z is c.c, and hence X is c.c. If Z is not 
Euler, then it is locally finite, and #o is the only vertex of odd degree of Z. 
Hence the component Z0 of Z which contains Xo is infinite. By (4, 2.4.2), 
Z0 contains a ray R starting at x0. But then Z\R is an acyclic Euler graph 
and hence is c.c. In this case X has a cover consisting of R, a cyclic cover of F, 
and a cyclic cover of Z\R. 

Case 2. X is uncountable. By Lemma (3.7), (i), x0 is a cut vertex of X, 
and every component of X — x0 is at most countable. For any component 
K of X — xo let K be the maximal subgraph of X with V(K) = V(K) KJ {x0}. 
i£ is finite or countable, and connected. Moreover, either (i) K is Euler, or 
(ii) K has exactly one vertex of odd degree, viz. x0. In case (i), K has a cover 
Slir consisting of circuits or of circuits together with a ray RK starting at 
x0 (by Veblen's theorem or case 1, according as K is locally finite or not). 
In case (ii), K is locally finite and infinite, and hence contains a ray RK starting 
at x0. Then K\RK is locally finite Euler; hence K has a cover 21^ consisting 
of RK and circuits covering K\RK. 

Now take two distinct components Ki, K2 of X — x0 such that Ki and K2 
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are not c.c. Then C = RKl U RK2 is an infinite circuit which does not overlap 
with any member of any 21^, K 9e Ki, K2', also, C does not overlap with any 
member of %Kl \J %K2 except i ? ^ and RK2. Thus {C} U (Sï^i - {RKl}) 
^ (§1̂ 2 ~~ {^2}) i s a cyclic cover of KiU K2. Hence, it follows that if 
the number of components K of X — x0 for which K is not c.c. is even or 
infinite, then X is c .c; if the number of such components is odd, then X has 
a cover consisting of circuits together with a ray starting at x0 (one of the i ^ ' s ) . 

4. A theorem of G. A. Dirac. Theorem A of (1) can essentially be 
rephrased as follows. 

THEOREM A'. If X is a connected graph, x not a cut vertex of X, and if dx 

is even or infinite, then there exists an f.c.c. subgraph Y of X such that x £ Y 
and d(Y;x) = dx. 

Actually the information given in (1) is considerably more precise in that 
the structure of Y is described more or less explicitly depending on the size 
of dx. Unfortunately Dirac's Theorem D (p. 224), on which the proof of 
Theorem A for uncountable dx is based, does not hold for all uncountable 
cardinals but only for regular ones. This is due to the fact that Theorem D 
rests on Lemma (3.7), (ii), which is false for all singular cardinals. Neverthe
less, Theorem A' is true; in fact, we propose to prove the following refinement. 

(4.1) THEOREM. Let X be a connected graph, x Ç X, E C E(X;x). If x 
is not a cut vertex of X then there is a finitely cyclically coverable subgraph Y of 
X such that x € F, £ ( F ; x) C E, and \E - E(Y; x)\ < 1. 

That the case \E — E(Y\ x)\ = 1 can occur for infinite E is shown by the 
following example. Let T be the infinite tree of Fig. l , x a vertex not belonging 
to T, X the graph obtained by joining x to every end-vertex of T. X is con
nected, x is not a cut-vertex of Xf and it is the only vertex of infinite degree 
in X. Consider Co, a finite circuit containing the edge [x, a0]. If n is the largest 

c, 

\ 

FIGURE 1 
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subscript such that an G Co, then n > 1, and bn G C0; also, exactly one of 
cn, dn belongs to Co, say cn 6 C0. But then any finite circuit containing [x, dn] 
overlaps C0. Thus there is no f.c.c. Y C. X with E ( F ; x) = E(X; x). 

We shall prove (4.1) using a suitable extension of the concept of "disen
tangling pairing" (1, Section 2). We shall make use of the following notation. 
If T is a tree and A a set of vertices of T we define 

TA = U Tab. 
a, be A 

It is easily verified that TA is connected, and is, in fact, the smallest subtree 
of T containing A. I t will be called the subtree generated by A. 

(4.2) Definition. Let T be an acyclic graph, A a set of vertices of T. A 
disentangling pairing of A is a set $ of non-overlapping proper paths of 2" 
such that (i) every a £ A is an end-vertex of exactly one P G $, and (ii) 
the end-vertices of every P G $ belong to -4. That is, a disentangling pairing 
is a pairing function / : A —> 4̂ such that {Ta>fa : a (z A} is a set of non-
overlapping paths. 

Note that this agrees with the definition given in (1) in that no two distinct 
members of *$ have more than one vertex in common (in an acyclic graph 
they would otherwise have a common edge). 

(4.3) LEMMA. If T is a tree without end-vertices, and if A is a set of generators 
of T, then A has a disjoint disentangling pairing. That is, there exists a pairing 
function f for A such that {Tatfa : a G A] is a collection of disjoint paths. 

Proof. Let $ be the collection of all pairs (B,fB), where (i) B is a subset 
of A such that A C\ V(TB) C B, and (ii) y is a pairing function for B such that 
{TbtfBb : b G B) is a collection of disjoint paths. Partially order $ by setting 
(B,fB) < (C,/c) if and only if B C C and fB = fc\B. I t is routine to verify 
that $ is inductive; let (M,fM) be a maximal element of <£. We wish to show 
that M = A. 

Fix a G A and suppose there is an x G A — M. Since A generates T, there 
is a y G A with x G Tav. If y G M, then by (i), # G M. Hence 3/ G 4̂ — M 
whenever x G Tay. Since x is not an end-vertex, there is a y G 4̂ such that x 
lies between a and y, and there is no vertex of A between x and y. Now put 
iV = M U { x j ) , and define fN : N -> N by 

(/M S if s G M, 
A « = \y \î z = x, 

[x if z = y. 

Then (N,fN) G $, contrary to the maximality of (M,fM)> 

If x is a branch-vertex of a tree T, let Mx be the set of all end-vertices y of 
J1 such that there is no branch-vertex of T between x and y. Of course, Mx 

may be empty. 
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(4.4) COROLLARY. Let T be a tree such that (i) \MX\ < 1 for every branch-
vertex x of T, and (ii) the end-vertices of T generate T. Then the set of end-vertices 
of T has a disjoint disentangling pairing. 

Proof. Let Ao be the set of all branch-vertices x of T for which \MX\ — 1, 
To the subtree generated by A0. By (i), there is a one-one correspondence 
x —» yx of Ao with the set A of end-vertices of T, where Mx = {yx} for x G Ao. 
By (i), TQ has no end-vertices, and hence by (4.3) there exists a disjoint dis
entangling pairing ^30 of Ao. Now any member of A can be written as yx 

for a unique x G Ao. x belongs to a unique path Px G ^30; let 2 be the other 
end-vertex of Px. Then z G 4̂o- Put 

By the symmetry of the construction of N21 Nk = Nz. Hence $ = {NX : 
x £ Ao] is a disentangling pairing of A, and since $0 is disjoint, so is $ . 

(4.5) LEMMA. Let T be a tree, A the set of end-vertices of T. If A generates T, 
then A has a disentangling pairing or there exists an a G A such that A — {a} 
has a disentangling pairing. 

Proof. For every ordinal a we define a subset A^ of A, a tree T(a\ and a 
disentangling pairing ^J(a) of A — Aia) with the property that if 0 < a, then 

AW D -4(a), r<*> D r<«>, $<» C $ ( a ) . 

Put ,4<0) = 4 , T<°) = T, ÇC°) = • . For a > 0 proceed as follows. If a 
is a limit ordinal put 

4<«>= HA™ ta)= U ^ \ 
0 < a /3<a 

and let r ( a ) be the subtree of T generated by AM. 
If a is not a limit ordinal, we distinguish two cases. 

Case 1. T^v contains a branch-vertex. For a branch-vertex # of 2"(a-1), 
let Mx be the set of all end-vertices y G r ( a _ 1 ) such that there is no branch-
vertex of r ( a - 1 ) between x and 3/. Put mx = |MX|. By ^(«-^ denote the set of 
all branch-vertices x G r ( a _ 1 ) for which mx > 0. For each x G ^ (o^1} with 
mx odd, choose a fixed ax G M*, and let A{a) be the set of all such ax. Let 
r ( a ) be the subtree of T generated by A(a). Note that T(a) will be a proper 
subgraph of r ( a - 1 ) if and only if there exists an x G B^l) with m r > 2. For, 
r ( a ) does not contain any vertex of Mx (if mx is even or infinite) or of Mx 

— {az} (if wx is odd). 
We define $ ( a ) as follows. Consider any x G B^a~l). If m^ is even or infinite, 

let / b e a pairing function for M7 and define a set of paths 

0^ a ) = {T^-.aeMJ. 

If wx is odd, let g be a pairing function for Mx — {a^}. In this case define 

O f = [Ti^:aeMx- {ax}}. 
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Put 

Q(a) = U{Qi f l ):*6 5 M l . 

0 ( a ) is a disentangling pairing for 4̂(«-1> — A{a). Finally put 

sp<«> = sp(a-i) v j Q(«). 

This is then a disentangling pairing for 

(A - A<*-») KJ (4<*-» - A^) = A - A<*\ 

Case 2. r ( a _ 1 ) contains no branch-vertex. Since i4(a_1) is a set of end-
vertices of T, and since -4(a_1) generates 2"(—1}, ^4(a_1) is the set of end-vertices 
of T^~l\ Hence | i 4 ^ « | < 2 (otherwise JH*-» has a branch-vertex). If \A<<*-»\ 
= 0, then r**"1* is empty and we define A™ = • , r<a) = D , $ ( a ) = $ ( a - 1 ) . 
In this case ^(«-^ is a disentangling pairing for A If l ^ ^ 1 ^ = 1, then r(a~1) 

is a single vertex a, and we define -4(a) = {a}, r ( a ) = a, $ ( a ) = $(*-1}. In 
this case Ç**-1* is a disentangling pairing for 4̂ — {a}. If |^4(—x)| = 2, then 
r ( a _ 1 ) is a proper path whose end-vertices are the two members of ^4(ûf_1). 
In this case we put 

4<a> = • , r w = D , and ÇW = }̂C«-i) \ j { r e - » } . 

Then $ ( a ) is a disentangling pairing for A. 
Now let or be the smallest ordinal such that T(<r) = r(<r+1). According to 

the construction of the trees T(a\ we must then have either (i) T(<r) = • 
or (ii) r((r) = a((i) and (ii) arising from case 2), or (iii) mx = 1 for all x G B(ff) 

(arising from case 1). In case (i), $(<r) is a disentangling pairing for A ; in case 
(ii), $(<r) is a disentangling pairing for A — {a}; finally, in case (iii), T(a) 

satisfies the hypotheses of (4.4), and hence A(<7) has a disentangling pairing Q . 
Then 

$ = Q U [ U {$««> :<* <cr}] 

is a disentangling pairing of A. 

Proof of Theorem (4.1). For e G £ ( X ; x ) , let xe be that vertex of X for 
which [x, xg] = e. We may assume that d(X; xe) = 2 for every e G E(X; x). 
For, if this is not the case, subdivide every edge e G E(X;x) by a new vertex 
ae. Denote the graph so obtained by X'. Clearly X' is connected, x is not a 
cut-vertex of X't V(X'\ x) = {ae : e G £ ( X ; x)}, and d(X'; ae) = 2 for every 
e G £ ( X ; x ) . Put £ ' = {[x, ae] : e G £ } , and suppose there is an f.c.c. sub
graph Y' of X' such that x G F ' and £ ( F ' ; x ) = £ ' . If a, G F' , then [x, a,], 
[ae, xe] G F ' (since d(X';ae) = d (F ' ; a e ) = 2). Denote by Y the subgraph 
of X obtained from Y' by replacing each pair of edges [x, ae], [ae, xe] by the 
single edge [x, xe], e G E. In this process, non-overlapping circuits give rise 
to non-overlapping circuits; hence Y is an f.c.c. subgraph of X with x G Y 
and £ ( F ; x ) = E. 
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Since x is not a cut-vertex of X, X — x is connected. By (4, 6.5.1) there is 
a tree S C X — x with V(S) = V(X — x). Since d(X;xe) =2 for every 
e 6 E(X]x)f A = {xe : e £ £} is a set of end-vertices of 5. Let T be the 
subtree of 5 generated by A. A is the set of end-vertices of T. Hence, by 
Lemma (4.5), A has a disentangling pairing or there is an e0 £ £ such that 
A — {xeo} has a disentangling pairing. Put A0 = A or A — {xeQ}y as the 
case may be, and let 3̂ be a disentangling pairing of 4̂ o in 7". Any xe £ Ao 
is an end-vertex of exactly one Pe Ç ^5; denote the other end-vertex of Pe 

by 3>e. Since P is a disentangling pairing, ye £ A0, i.e., ye = av for a unique 
e' 6 E. Ce = (e) U PeU (ef), e £ £ (or £ — {e0}) is a finite circuit, and 
by the symmetry of the construction, Cv = Ce. No two of the circuits Ce 

overlap (since the members of $ do not overlap). Hence Y = \J Ce is an f.c.c. 
subgraph of X with £ ( F ; x ) = E or £ — {e0}. 

5. Almost cyclic covers. Theorem (4.1) permits us to prove a further 
extension of Veblen's theorem (Theorem (5.1)). Let us say that a cover 31 
of a graph is almost cyclic if and only if 31 consists of circuits and at most a 
finite number of rays. A graph with such a cover will be called almost cyclically 
coverable (a.ex.). Theorem (3.6) then says that every Euler graph with at 
most one vertex of infinite degree is a.c.c. We wish to investigate whether this 
statement holds for Euler graphs containing an arbitrary finite number of 
vertices of infinite degree. 

For a graph X denote by / the set of vertices of infinite degree, by J the 
set of vertices whose degree is not even. Clearly I C J, and I = J if and only 
if X is Euler. 

If X is a.c.c, then among its almost cyclic covers there is one, 3Io, which 
contains the smallest possible number of rays. 3to has the following properties: 
(i) no two distinct rays Ry Rf Ç 3lo start at the same vertex of X; (ii) every 
ray R Ç 3lo starts at some vertex in / . For if R and R' both start at x, then 
RUR' is an infinite circuit, and hence 3ïi = (3I0 - {R,R'}) V {RV R'} 
is an almost cyclic cover of X with fewer rays than A0. If R starts at x, and 
d2 is even, then d(X\R; x) is odd; hence 3Io — {R} contains a ray starting 
at x. This contradicts (i). I t follows from (i) and (ii) that if X is an a.c.c. 
graph, then it has an almost cyclic cover containing at most |J | rays. The 
same argument shows that if X is a graph with a cover 31 consisting of circuits 
and rays (not necessarily finitely many), then X has a cover 3to, which consists 
of circuits and rays, and satisfies (i) and (ii). 

(5.1) THEOREM. Let X be a graph. If J is finite, then there exists a finite 
acyclic subgraph F of X such that (i) if d(F;x) is odd for some x G F, then 
x 6 J; and (ii) X\F is a.c.c. 

In the proof of this theorem we make use of a simple property of the sym
metric difference of two graphs. 
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(5.2) Definition. The symmetric difference of two graphs X and F is the 
graph X + F = (X U F ) \ ( X H F). 

(5.3) LEMMA. Le£ X, Y be graphs such that (i) X is Euler, (ii) F is locally 
finitej and (iii) ^er^ vertex y G F/tfr which d(Y;y) is odd belongs to X and 
d(X;y) is infinite. Then X + F is Euler. 

Proof. Let x e X + Y. Then 

E(X + F;x) = <j 

Accordingly, 

J (X + F;x) 

'E(X;x) if xiY, 
E(Y;x) ii xiX9 

(E(X;x)\JE(Y;x)) - (E(X; x) P £ ( F ; x)) 

d(X;x) if x£ F, 
d (F ;x) if x$X, 
d(X\ x) + d(Y; x) - 2\E(X; x) P E(Y; x)\ 

if x G X P F 

If x G F and d (F ; x) is odd, then by (iii) x G X P F and d(X\ x) + d(J\ x) 
is infinite. On the other hand, 

\E(X;x) P £ ( F ; x ) | < \E(Y\x)\ = d(Y;x) < « , 

by (ii). Hence d(X + F; x) is infinite. In all other cases d(X + F; x) is 
clearly even or infinite. 

(5.4) LEMMA. If X is. a connected graph containing exactly one vertex x0 

of infinite degree and if x0 is not a cut vertex of X, then there exists an a.ex. 
Euler subgraph Y of X such that x0 G F and E(Y\ x0) = E{X\ x0). 

Proof. By Theorem (4.1) there is an f.c.c. F0 C X such that Xo G F0 and 
\E(X;x0) - £ ( F 0 ; x o ) | < l . I f £ ( X ; x 0 ) = £ ( F 0 ; x0), put F = Y0.H \E(X;xQ) 
— E(F 0 ;x 0 ) | = 1, there is a unique y0 G X — x0 such that e0 = [xo, 3>o] 
G X\Yo. Put X \ F 0 = Z. Z is locally finite, d(Z;x0) = 1, and x0 is the 
only vertex of odd degree of Z. Hence, the component Z0 of Z which contains 
Xo is infinite. By (4, 2.4.2), Z0 contains a ray R starting at x0, i.e., R contains 
eo. Now consider F = F0 + R. By (5.3), F is Euler; x0 is the only vertex 
of infinite degree in F. Hence by (3.6), F is a.c.c. Since e0 $E(F 0 ) , 

£ ( F ; x 0 ) = £(F0 ;xo) U {e0} = £ ( X ; x 0 ) . 

(5.5) LEMMA. Le/ X be a graph, J a finite subset of V(X), g a cover of X 
consisting of finite acyclic graphs such that if d(A;x) is odd for some x G A, 
i ê g, then x € J, and V{A) P V{B) C / for any two distinct A,B G g. 
Then X contains a finite acyclic subgraph F such that (i) if d{F; x) is odd for 
some x G F, then x G J, and (ii) X\F is f.c.c. 
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Remark. In this lemma, J may be any finite subset, not just the set of those 
vertices which do not have even degree. 

Proof. Let 4 Ç g. By NA denote the set of all x £ A for which d(A\x) 
is odd. By hypothesis, NA C J- Since A is finite, \NA\ is even. Hence NA 

has a disentangling pairing tyA. Put $ = W {̂ 5A : 4̂ £ %}. 
Denote the members of J by Xi, . . . , xre, and for 1 < i < j < n let d*y 

be the set of all P Ç $ which join x* and Xj. No two distinct members of Q ^ 
belong to the same ^ (otherwise 4̂ would contain a finite circuit); hence 
€Xij is a collection of paths no two of which have anything but their end-
vertices in common. That is, the union of two distinct members of Oî<7- is a 
finite circuit. I t follows that if |Q^-| is even or infinite, then Qtj = VJ £xfj 

is f.c.c.; in this case put Ptj = • . If | Q ^ | is odd, let P^ be an arbitrary 
member of Q ^ , and then Qij = U ( Q ^ — {Pti}) is f.c.c. Next note that if 
(hj) 5e (̂ '> j')> then no member of Q ^ overlaps with any member of G*' / . 
For if P £ £tij and Pr 6 Q ^ / , then P £ <$A, P' 6 ^ . Hence if A ^ A\ 
then EÇP) H E{P') = \J since E ( 4 ) H E ( 4 ' ) = • ; if A = 4 ' , then P and 
P' are distinct members of tyA (since (i, j ) 9e (i',f)) and hence again do 
not overlap. It follows that 

G = U Q„ 
KKK» 

is an f.c.c. subgraph of X and 

F = X\Q = U Pu 
Ki<j<n 

has properties (i), (ii). 

Proof of Theorem (5.1). We use induction on |J|. For |J | = 0, X is locally 
finite Euler, and hence (5.1) holds trivially. Assume (5.1) true for all graphs 
X' with | / ' | < w, and let X be a graph with | / | = n. We may suppose that 
X is infinite. For if X is finite, let XQ be a maximal f.c.c. subgraph of X, and 
then F = X\X0 is a finite acyclic graph satisfying (i). Next consider the 
graph Xj consisting of all edges of X which join two vertices in J together 
with the end-vertices of these edges. Put X' — X\Xj. J1 C J and no two 
members of / ' are adjacent in X'. Assume that (5.1) holds for X''. Let F' 
be a finite acyclic subgraph of X' satisfying (i), (ii) with respect to X\ and 
let F be a maximal f.c.c. subgraph of the (finite) graph Xj VJ Fr. Note that 
if d(Xj \J F';z) is odd for some z £ XjKJ F', then z € J. Hence F = 
(Xj \J F')\Y is a finite acyclic subgraph of X satisfying (i). Also, 

I \ ( F U 70 = X\(Xj U F') = X'\F\ 

hence Z \ ( F U F) is a.c.c. Since F is f.c.c, X\Fis likewise a.c.c. It follows 
that it is sufficient to assume that no two vertices of J are adjacent in X. 
This is equivalent to 

(i) V(X; x) C V(X - J) for every i f j . 
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Finally, we may assume that X is connected. For if X is disconnected, and 
not all members of J belong to the same component of X, then the induction 
hypothesis is applicable to every component of X, and since at most n com
ponents of X are not c.c, (5.1) also holds for X, 

Case 1. / is not a cut set of X. Choose an arbitrary x0 in / and let X0 be 
the graph consisting of X — J and all edges of X joining x0 with some vertex 
of X — J. Since X — J* is connected, it follows from (1) that X0 is likewise 
connected, and that x0 is not a cut vertex of X0. Again by (1), E(Xo; X0) — 
E(X;x0). There are now two possibilities: (i) dxo is odd, (ii) dxo is infinite. 
In case (i), X0 is locally finite, and infinite; hence by (4, 2.4.2) there is a ray 
Ro C X0 starting at x0. X' = X\R0 is then a graph with Jr = J — {x0}. 
Hence by induction hypothesis there is a finite acyclic F' C X' satisfying 
(i) and (ii) with respect to X'. But F' also satisfies (i), (ii) with respect to X. 
In case (ii) it follows from (5.4) that there is an a.c.c. Euler subgraph F0 of 
X0 such that x0 € F0 and E(Y0\ x0) = E(X0; x0), i.e., E(Y0; x0) = E(X; x0). 
Put X' — X\YQ. Then J' = J — {x0}, and again the induction hypothesis 
is applicable. 

Case 2. X — J is disconnected. Let $ be the set of components of X —• J. 
For K Ç $ denote by K the graph consisting of K and all edges of X which 
join a vertex in K with a vertex in / . Put LK = J P\ V(K), Then K — LK 

= K. In view of (1) this means that no subset of LK is a cut set of K. Let 
JK = {% € K : d(K;x) is not even}. Clearly JK C LK; hence JK is not a 
cut set of K. Hence by induction hypothesis or case 1 (according as \JK\ 
< n or = n), there is a finite acyclic FK C K satisfying (i), (ii) with respect 
to K. Let %K be an almost cyclic cover of K\FK. Now consider 

Since no two distinct graphs Ki, Ki overlap, the corresponding graphs FKlt 

FK2 likewise do not overlap, i.e., g = {FK : K £ $} is a cover of Z satisfying 
the hypotheses of Lemma (5.5). Let F be the finite acyclic subgraph of Z 
which satisfies conditions (i), (ii) of Lemma (5.5). (i) is simply (i) of (5.1); 
by (ii), Z\F has a cyclic cover S3. 

X\F = (X\Z) U (Z\F) = U (K\FK) U (Z\F); 

hence 

33 u u a* 
KtSl 

is an almost cyclic cover of X\F. 

If | / | = 1, one can always assume the graph F of (5.1) to be empty. Simple 
examples show that without further restrictions this cannot even be done 
when | / | = 2 . 
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However, we conjecture the following: 

(5.6) CONJECTURE. If X is a connected Ruler graph such that I is finite 
and X — I has only finitely many components, then X is a.ex. 

We have only been able to prove this for | / | < 2. There are examples which 
show that our method of proof fails for | / | > 3. 

The proof is based on the observation that if \I\ = 2, then the F of (5.1) 
is either empty or a proper path joining Xi and x2, where / = {xïy x2}. If 
F = Q there is nothing to prove. Suppose then that F is a proper path 
joining xx and x2. Since X — I has only finitely many components, one of 
these, Ko, is such that Xi Ç KQ and d(Ko;xi) is infinite (notation as in the 
proof of (5.1)). But this means that KQ is an infinite locally finite graph; 
hence by (4, 2.4.2), Ko contains a ray starting at X\. Note that Ko is actually 
a component of (X\F) — I. Consider X' = (X\F)\R. X' is Euler and 
V = 7. By (5.1) there is a finite acyclic graph F' C X' whose end-vertices 
belong to I and such that X'\Fr has an almost cyclic cover SI'. For Fr there 
are two alternatives: F' — \~], or F' is a proper path joining x\ and x2. If 
F' = • > put 31 = W U {R U F}. Since R U F is a ray starting at x2, §1 
is an almost cyclic cover of X. If F' is a proper path, then F \J F1 is a finite 
circuit. In this case §1 = SI' W {R\ KJ \F \J F'\ is an almost cyclic cover 
of X. 

Added in Proof. The proofs of Theorems (3.6) and (5.1) can be simplified 
considerably by a different kind of maximality argument; e.g., in (3.6) take 
Y to be the union of a maximal collection of non-overlapping finite circuits 
(rather than a maximal f.c.c. subgraph). These simpler proofs also make no 
use of (3.7) and (4.1), respectively. 
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