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ABSTRACT

Recently Houdayer and Isono have proved, among other things, that every biexact
group I' has the property that for any non-singular strongly ergodic essentially free
action I' ~ (X, ) on a standard measure space, the group measure space von Neumann
algebra I' x L°°(X) is full. In this paper, we prove the same property for a wider class
of groups, notably including SL(3,7Z). We also prove that for any connected simple Lie
group G with finite center, any lattice I' < GG, and any closed non-amenable subgroup
H < G, the non-singular action I' ~ G/H is strongly ergodic and the von Neumann
factor I' x L>°(G/H) is full.

1. Introduction

Recall that a von Neumann factor N is said to be full [Con74] if the central sequence algebra
N'N NY is trivial for a non-principal ultrafilter w. For more information on fullness, we refer the
reader to [AH14, HI16] and the references therein. Recently, Houdayer and Isono [HI16] have
studied which group has the property that the group measure space factor I' x L (X) is full
for every non-singular strongly ergodic essentially free action I' ~ (X, u) on a standard measure
space, and they have proved, among other things, that biezact groups (e.g., hyperbolic groups)
have this property. Recall that a non-singular action I' ~ (X, 1) on a probability space (if p is not
a probability measure, replace it with a probability measure in the same measure class) is said to
be strongly ergodic if any sequence (E,,),, of measurable subsets such that u(F, A sE,) — 0 for
every s € I' has to be trivial: u(E,)(1 — u(E,)) — 0. Unless the action is strongly ergodic, the
von Neumann algebra I' X L*°(X,) cannot be full. We note that in the case where the strongly
ergodic action I' ~ (X, u) is probability measure preserving, Choda [Cho82] obtained in 1982 the
rather satisfactory result that the factor I' x L°°(X) is full whenever I' is not inner amenable.
In this note, we combine Choda’s proof with Zimmer’s notion of amenable action [Zim77] and
prove Houdayer and Isono’s property for a wider class of groups, notably including SL(3,7Z),
which is not biexact [Sak09]. We also prove that for any connected simple Lie group G with
finite center, any lattice I' < GG, and any closed non-amenable subgroup H < G, the non-singular
action I' ~ G/H is strongly ergodic and the von Neumann algebra I' x L>°(G/H) is full as long
as it is a factor.

Received 23 March 2016, accepted in final form 16 August 2016, published online 2 November 2016.
2010 Mathematics Subject Classification 46L36 (primary), 46L10, 43A07 (secondary).
Keywords: full factors, strongly ergodic actions.

The author was partially supported by JSPS26400114.
This journal is (© Foundation Compositio Mathematica 2016.

https://doi.org/10.1112/50010437X16007727 Published online by Cambridge University Press


http://www.compositio.nl/
http://www.ams.org/msc/
http://www.compositio.nl/
https://doi.org/10.1112/S0010437X16007727

N. Ozawa

2. Groups with Houdayer and Isono’s property

We recall the notion of amenability in the sense of Zimmer and generalize it to a relative situation.
The definition below is different from the original, but is equivalent to it [Zim77, Proposition 4.1].
We also note that amenability of a non-singular action I' ~ (X, p) is equivalent to injectivity of
the von Neumann algebra I' x L*°(X) [Zim77, Ana87].

DEFINITION 1. Let I' be a discrete group and C be a non-empty family of its subgroups, and
consider the set K = | |,oI'/A on which I' acts by translation. A non-singular action I' ~ (X, 1)
of I" on a standard measure space (X, u) is said to be amenable (in the sense of Zimmer) if there
is a I-equivariant conditional expectation ® from L*°(T" x X) onto L*°(X), where I acts on
I' x X diagonally. (Recall that ® is called a conditional expectation if it is positive and satisfies
P(1® f) = f for every f € L*(X).) We say I' ~ (X, p) is amenable relative to C if there is a
I-equivariant conditional expectation from L% (K x X) onto L°°(X), where I' acts on K x X
diagonally.

Remark 2. We note that amenable actions on non-atomic measure spaces are never strongly
ergodic by the Connes-Feldman-Weiss theorem ([CFW81]; see also [Sch81, Theorem 2.4]).
We collect here some simple observations. Amenability does not change when one replaces
the measure p with another in the same measure class. By definition, amenability is same as
amenability relative to {1}, where 1 is the trivial subgroup consisting of the neutral element e.
Let I' ~ (X, 1) and C be given. If ' ~ (X, 1) is amenable, then it is amenable relative to C. The
converse also holds true if the family C consists entirely of amenable subgroups. If £oo (| JycoI'/A)
admits a I'-invariant state, then the action I' ~ (X, 1) is amenable relative to C. The converse
also holds true if L*°(X) admits a [-invariant state (e.g., if the action is probability measure
preserving). Let K be a set on which I" acts. Then there is a I'-equivariant conditional expectation
from L*°(K x X) onto L*°(X) if and only if I' ~ (X, ) is amenable relative to the family
{I'p : p € K} of the stabilizer subgroups I') = {s € I : sp = p}. We will be interested in the
conjugation action of I' on I'. The stabilizer subgroup of the conjugation action ' ~T"at t € I’
is the centralizer subgroup Cr(t) := {s € I : st = ts}.

THEOREM 3. Let I' be a countable group, Q@ C I' be a conjugacy invariant subset, and
Cao={Cr(t):t€Q}. Let ' ~ (X, ) be a non-singular action of I on a standard measure space,
which does not have a non-null Cq-relatively amenable component. Let (wy), be a bounded
sequence in I' x L>°(X) such that w, — A(s)w,A(s)* — 0 ultrastrongly for every s € I', and
expand them as wy, = Y, \(t)w!,. Then one has }_, ¢, |wh > — 0 ultrastrongly in L*°(X).

Proof. We put s- f := A(s) fA(s)* for f € L°(X) and s € T, or equivalently (s f)(x) = f(s~'z).
We may assume that p is a probability measure. Put hf, := |w}|? and C := sup,, ||w,|*. Then
the h!, are non-negative functions such that 0 < Y, !, < C and

s~ Lts
> ok, = s hy Pl

tel’
- 1/2 S 1/2
< <Z [w), — s - wy, t5||L2(X)> <Z [Jwp| + s - wy, tS”L2(X)>
tel tel
< (wn = A(8)wnA(8)*) (0 @ 1x)|leyrxx) - 2l|wnll
— 0
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for every s € I'. It suffices to prove that if there are functions h!, as above such that
by = icq ht does not converge to zero, then a non-null Co-relatively amenable component
exists. By compactness, we may assume that the ultraweak limit h := lim, h, exists and,
after scaling, that Xy := {z € X : 1 < h(x) < 2} has positive measure. By passing to convex
combinations, we may further assume that h,, — h ultrastrongly. Since €2 is conjugacy invariant,
the function h is I'-invariant and so is Xg. We consider the conditional expectations ®,, from
L>(Q x Xy) onto L>*(Xy) given by

1
hin(x)

O, (f)(x) = > hi(@)f(t ),

teQ

and claim that it is approximately I'-equivariant. (Let us neglect the points x where h,(x) = 0.)
Let s € I'and f € L>®(2 x Xp) with || f]cc < 1 be given. Then one has

en = p({z € Xo : [hn(z) = h(@)] + |hn(s™'2) = h(z)| = 1/n}) = 0
(recall that h is I'-invariant) and
[Pn(s - f) =5 Pu(f)llLr(x0)
< /XO h(lx) Z ht (x)f(s 'ts, s tz) — Z Rt (s7 ) f(t,s o) | du(z) + 2&, + %

teQ) teQ

_ 2
< / > |k () = (s - b, Y (@) £ (57 s, 57 ) dp(x) + 26, + =
X0 1e0 n

— 0.

This proves the claim. Hence any pointwise ultraweak limit of (®,,),, is a I'-equivariant conditional
expectation and the action I' ~ (X, u1|x,) is amenable relative to Cq. O

The following corollary gives a criterion of I' for which every non-singular strongly ergodic
essentially free action I' ~ (X, u) gives rise to a full factor I' x L>°(X). The essential freeness
assumption is only used to assure I' x L>°(X) (and perhaps A x L>°(Xj) in the proof) is a factor
and probably can be greatly relaxed.

COROLLARY 4. Assume that I" is a countable group which has a finite-index subgroup A such
that Apac := {t € A : Ca(t) is not amenable} is finite. Then, for any non-singular strongly
ergodic essentially free action I' ~ (X, ) on a standard measure space, the von Neumann factor
' x L>®(X) is full.

Proof. Let N =T x L>®(X) and M = A x L*®°(X). Then M C N is a finite-index inclusion
with a canonical normal conditional expectation E from N onto M. We first observe that it
suffices to show that M’ N MY is finite-dimensional for a non-principal ultrafilter w. (We refer
the reader to [HI16, §2] for an account of the central sequence algebra M’ N M¥.) Indeed, if it
is so, then N/ N N¥ is finite-dimensional since the map E“ from N’ N N into M’ N MY satisfies
the Pimsner—Popa inequality [PP86]. Since N is a factor, this implies that N is full by [HR15,
Corollary 2.6].

Thus we are left to show that M is a direct sum of finitely many full factors (and hence
M’ N M¥ is finite-dimensional). For this, we note that if A ~ (Xo,po) is a strongly ergodic
and essentially free action, then the crossed product My := A x L*(Xy, o) is a full factor.
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Indeed, by [HI16, Lemma 5.1], if My were not full, then there would be a unitary central sequence
(wn)n in My such that Y, p|wh > — 0 ultrastrongly for every finite subset F' C A. But then
Theorem 3, applied to 2 = A\Apac (note that we may assume that (Xo, po) is non-atomic and
thus the A-action on it is non-amenable), implies that 1a7, = >, 5 |w5|? — 0, which is absurd.
This proves My is a full factor. Therefore the proof of the corollary is complete once we prove
the following claim, which is probably known to experts.

CLAM. The restriction A ~ (X, ) of the strongly ergodic action of T to a finite-index subgroup
A decomposes into finitely many ergodic components, and each of the ergodic components is
strongly ergodic.

If A~ (X,pn) is not a union of finitely many ergodic components, then for any ¢ > 0,
there is a A-invariant measurable subset £ C X such that 0 < p(E) < e. Also, if there is
a non-null ergodic component Xy C X which is not strongly ergodic, then for any ¢ > 0,
there is an asymptotically A-invariant sequence (E,), of measurable subsets of X such that
0 < lim, u(Ey) < € (see, for example, the proof of [JS87, Lemma 2.3]). Therefore, to prove
the claim, it suffices to show that there is € > 0 such that any asymptotically A-invariant
sequence (FE,), with inf, u(E,) > 0 satisfies liminf,, u(E,) > €. Now, let {to,...,tq} be a
system of representatives of the left cosets I'/A, and take ¢ > 0 such that p(F) < e implies
> w(tiE) < 1/2. Then for any asymptotically A-invariant sequence (E,), with inf, u(E,) > 0,
the functions f, := ), 1,5, satisfy [|s - fn — fullz1(,) — 0 for every s € I, and so by strong
ergodicity, || fn — [ fa dpllpi(, — 0. This implies liminf u(E,) > e and the claim is proved. O

Example 5. If I is a torsion-free hyperbolic group or a torsion-free discrete subgroup of a simple
Lie group of rank 1, then I'y,. C {e}. Indeed, any non-trivial centralizer subgroup is elementary
and hence is abelian. More generally, if I is a group acting with finite quotient on a fine hyperbolic
graph K in such a way that every vertex stabilizer is amenable and the neutral element is the
only element which fixes infinitely many points in the boundary 0K of K, then I'y,e C {e}.
For the proof recall that the Bowditch compactification AK := KUOJK is topologically amenable
[Oza06b, Theorem 1]. Hence any subgroup A < I' which admits a non-empty A-invariant finite
subset of AK is amenable. Let ¢t € I'' be such that Cr(¢) is non-amenable and denote by Fix(t)
the t-fixed points of AK. Since Cr(t) has unbounded orbits in K, the closed Cr(t)-invariant
subset Fix(¢) contains infinitely many boundary points. By assumption, ¢ = e. This applies to
a torsion-free relatively hyperbolic group and an amalgamated free product I' := I'y x5 I'y of
amenable groups I'; over a common malnormal subgroup A.

Ezample 6. If " is a subgroup of SL(2, F') for a field F, then 'y, C {£I}. Indeed, by considering
the Jordan normal form, it is not hard to see that the centralizer subgroup Cgy,2 7y(g) of any
element g € SL(2, F)\{£I} is abelian.

Ezample 7. If A is a subgroup of SL(3,Z) which contains no elements of order 2, then
Anac C {e}. In particular, the finite-index subgroup I'(3) = ker(SL(3,Z) — SL(3,7Z/37Z)) satisfies
I'(3)nac = {e}. For a proof, suppose that g € SL(3,Z) has a non-abelian centralizer subgroup
in SL(3,R). Then g must be diagonalizable in SL(3,R) and has eigenvalues (A, A\, \™2) for some
A € C. Its characteristic polynomial p(t) = t3 + at? + bt — 1 has integer coefficients and satisfies
0 = 9p(\) — (BA + a)p'(\) = 2(3b — a®)\ — (9 + ab). So, if 3b — a® # 0, then \ is rational.
If 3b — a? = 0, then 0 = 3p/(\) = (3\ +a)? and ) is again rational. Hence in either case p(\) = 0
implies A € {£1}. This proves g?> = I. Now, suppose for a contradiction that there is an element
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g € I'(3) of order 2. Then the largest integer m such that g — I € 3™Mj3(Z) is positive, but this is
in contradiction to (g — I)? = —2(g — I). In fact it is well known that the finite-index subgroups
I'(m) are torsion-free for all m > 3. By Corollary 4, the factor SL(3,Z) x L>(X) is full for every
strongly ergodic essentially free action SL(3,Z) ~ (X, ). It is not clear if the same conclusion
holds for SL(n > 4,Z).

Ezxample 8. In Corollary 4 one can replace the condition that Ay, is finite with existence of a
map ¢ : A — Prob(A) such that lim; o ||(ss-1 — s¢|| = 0 for every s € A. (In fact the latter
condition is more general.) Indeed, if there is a unitary central sequence (wy,), in Ax L*°(X) such
that _,cp [wh|* — 0 for every finite subset F' C A, then the action is amenable since the maps
Py, 1 L(A X X) — L(X) given by ®,,(f)(z) =3, lw? (2)]2¢(p) f(p, ©) are approximately A-
equivariant. We note that biexact groups satisfy the above property by [Oza06a, Proposition 4.1].

3. Actions of lattices on homogeneous spaces

In this section we consider the non-singular action I' ~ G/ H of a lattice I in a second countable
locally compact group G on a homogeneous space G/H. Here H < G is a closed subgroup
and G/H is equipped with a G-quasi-invariant measure, which is unique up to equivalence.
Generally speaking, one can relate the action I' ~ G/H to the action I'\G v~ H (see [PV11,
§3]). For example, if one is amenable, then so is the other [PV11, Remark 4.2]. The following is
the relative version of this fact.

LEMMA 9. Let I' ~ G/H be as above and assume that it is amenable relative to a non-empty
family C of subgroups of I'. Then there is an H-invariant state 1) on L>(| |, -A\G), where H acts
on | |yceA\G diagonally from the right. Moreover, if there is a normal I'-equivariant conditional
expectation from L*(K x G/H) onto L*(G/H), where K = | |.cI'/A, then the H-invariant
state ¢ can be taken to be normal.

Proof. Let ® denote a I'-equivariant conditional expectation from L*°(K xG/H) onto L*°(G/H).
We fix a lifting o0 : K — I such that o(p)A = p for p € I'/A C K and a measurable lifting
7 : G/H — G. The corresponding measure space isomorphisms and cocycles are denoted as
follows:

0:KxG/HxH—KxG, 0@p,zy) =(pop) ‘r(z)y);
0 :G— G/HxH, 60(g) = (gH,7(gH) g);
a:Tx K3 (s,p)r> o(sp) lso(p) €A forscT and peT/ACK;
B:T'xG/H 3 (s,z) — 7(sz) Lst(z) € H.

These maps satisfy the following relations. Let s- (p,z,y) - h:= (sp, sz, B(s, z)yh) for (p,z,y) €
K x G/H x H and s - (p,g) - h := (sp,a(s,p)gh) for (p,g) € K x G. Then one has
0(s- (p,z,y)-h) =s-0(p,z,y)-h. Let s- (x,y) - h := (sx,B(s,z)yh) for (x,y) € G/H x H.
Then one has ¢'(sgh) = s-60'(g) - h.

We claim that the conditional expectation ® ® idpeo(g) from L*(K x G/H x H) onto
L*(G/H x H) satisfies (® ® idpoo(y)(s - f-h) = s (® @ idpeo())(f) - h for every s € T
and h € H, where (s- f-h)(p,z,y) := f(s™' - (p,z,y) - h~1), etc. Note that even though ® may
not be normal, the map ® ® idpe(f) is well defined via the defining relation

(€ @n)(® @idLe(m))(f)) = E(@((d@n)(f))) for (§n) € L(G/H)w x L= (H)x.
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(Of course L (X, )« = L'(X, 1) under the duality coupling (f, &) = [ f€ du, but we often regard
¢ € LY(X, u) as an ultraweakly continuous linear functional on L>(X).) We observe that for any
countable partition (g;); of unity in L°°(G/H) and any bounded sequence (f;); in L™ (K xG/H),
one has ®(3_, fi(lk ® ¢;)) = >, ®(fi)gi- Indeed, this follows from the fact that for any state
¢ € L>*°(G/H). one has

]5(@(2 Hx o)) )| < oo > it o) )
<(com)(uwlAl) ;m@%)
= (s ||fi||>5<;qi) S

Now, let s € I" be given and take n € L'(H,v) and & > 0 arbitrary. Here v denotes the left Haar
measure of H. Let (Y;); be a countable measurable partition of H together with h; € Y; such
that ||hn — hin|l1 < e for h € Y;, and put X; = {x € G/H : (s~ ', x) € H;}. Then, for every
feL>®(K xG/H x H) with || f|| <1, one has

<eg,
L>(KxG/H)

(id e (k<G 1) ®"7< f - Z (s@h;t 1K><X¢><H>

where s acts on L™ (K x G/H) diagonally. Indeed, for every ¢ and almost every (p,x) € K x Xj,
one has

(Gd@n)(s - )(p.z) = / £(572p, 573, (s~ 2)y)n(y) dv(y)

/fs sz, hay)n(y) dv(y)
= (id@n)((s®h; ") f)(p, ).

Similarly, for every g € L>°(G/H x H) with ||g|| < 1, one has

< e.

(idpee(c/m) ®n) <5 g — Z((S ® hil)g)lXixH>

i

Loo(G/H)

Hence
(den)(e®id)(s- f)) = e((id®n)(s- f))
A, <I><(id ®n) (Z((s ® hi_l)f)leXixH>)
= D_o(@en((s@h)))ix
= Ya@ (s h(@ S AU,

~. (id @ n)(s - (& ®id)(f)).

Since 1 and € > 0 were arbitrary, one obtains (P ®id)(s- f) = s-(®®id)(f). That (P®id)(f-h) =
(® ®id)(f) - h for h € H is obvious.
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We define W : L%(K xG) — L*(G) by ¥ = 0, 0(®®id (7)) 00x. It may not be a conditional
expectation, but it is a unital positive map, which is (I' x H)-equivariant:

U(s-f-h)=s¥Y(f)h forsel,he H, and f € L(K x GQ),

where (s¥(f)h)(g) = V(f)(s 1gh™!) for g € G. We denote by ¢ the embedding of L= (| |,ccA\G)
into L>®(K x G) given by ¢(f)(p,g) = f(Ag) for A€ C,peT'/A C K, and g € G. The map ¢ is
(I' x H)-equivariant, where I' acts trivially on | |, ,A\G and H acts on it from the right. Thus
U o is an H-equivariant unital positive map from L(| |, -A\G) into L®(G)' = L>(I'\G).
An H-invariant state i can be obtained by composing ¥ o+ with the G-invariant probability
measure on ['\G. If ® is normal, then so is . O

LEMMA 10 (cf. [loal4, Proposition G]). Let G be a second countable locally compact group,
I' < G be a lattice, and H < G be a closed subgroup such that the action T'\G v~ H is strongly
ergodic. Then I' ~ G/H is strongly ergodic.

Proof. We first recall that a non-singular action H ~ (Y,v) of a locally compact group H on
a probability space (Y, v) is said to be strongly ergodic if any sequence (E,,), of measurable
subsets of Y that is approximately H-invariant (i.e., v(E, A hE,) — 0 uniformly on compact
subsets of H) is trivial in the sense that v(E,)(1 — v(E,)) — 0.

Now, take a Borel lifting 7 : T\G — G and let Y = 7(I'\G) be the corresponding T'-
fundamental domain. Since G is o-compact, we may assume that 7(L) is relatively compact
for every compact subset L C I'\G. The Haar measure \g of G is normalized so that Ag(Y) = 1.
Then the formula A(I'A) = A\g(TANY) for measurable subsets A C G defines the G-invariant
probability measure A on I'\G. Assume that there is a non-trivial approximately I'-invariant
sequence (Ey, ), of measurable subsets of G/H. We will prove that (I'(E,,HNY)),, is a non-trivial
approximately H-invariant sequence of measurable subsets of I'\G.

Recall that L>°(G, \g) = L>*°(G/H x H, u®v), where p and v are quasi-invariant probability
measures. Since (u@v)(sE,HAE,H) = u(sE, AE,) — 0 for every s € I, one has \g((sE,H A
E,H)NZ) — 0 for any Z with Aq(Z) < co. Thus, if A\¢(E,HNY) — 0, then A\g(E,HNsY) ~
Ao (sE,HNsY)=Aqg(E,HNY)— 0 for every s € ', which means that p(F,) — 0. Therefore
(I'(E,HNY))y is non-trivial if (E,,), is non-trivial.

Let 8:T\G x H > (y,h) — 7(y)h7(yh)~! € T be the cocycle associated with 7 that satisfies
T(y)h = By, h)T(yh) for y € T\G and h € H. Let a compact subset K C H and € > 0 be given.
Take a compact subset L C I'\G such that A\(L) > 1 —¢. Then F := {f(y,h) :y€ L,h € K} is
a finite subset of I', since it is relatively compact in G. Thus, if n is large enough, then one has
A(FE,HNY)\(E,HNY)) <e. So, for every h € K, one has

AT (E,HNY)W\T(E,HNY))

%

- ANT(EH N 7r(L))W\D(E,HNY))
)\G((FEnHm Y)\(EnHmY))
0.

N

Q

£

This means that (I'(E,H NY)), is approximately H-invariant. 0
THEOREM 11. Let G be a connected simple Lie group with finite center Z(G), I' < G be a

lattice, and H < G be a closed non-amenable subgroup. Then the action I' ~ G/H is strongly
ergodic, and if ' N Z(G) N H = {e}, then I x L>*(G/H) is a full factor.
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Proof. Strong ergodicity of I' ~ G/H follows from that of I'\G v H by Lemma 10. Since the
latter action is finite measure preserving, strong ergodicity follows if the unitary representation of
H on L3(T'\G) does not weakly contain the trivial representation 15 [CW80, Sch81]. By [BV95,
Proposition 4.1] the latter holds true as long as H is non-amenable.

For the second assertion, we note that the assumption I' N Z(G) N H = {e} is equivalent to
the action Z(I') ~ G/H being free. Here we note that

'nZ(G)=ZT)={tel:[I': Cr(t)] < oo},

by the Borel density theorem (applied to the lattice Cp(t)). Let Co denote the family of infinite-
index subgroups of I' and K := [ |yce I'/A. To prove that I' x L°°(G/H) is a factor, take a
unitary central element w, and expand it as w = Y, A(t)w’. Since Z(I') ~ G/H is free, one
has w® = 0 for all t € Z(T') except that w® € C1 (by ergodicity). If w # w®, then by the proof
of Theorem 3, there is a normal I'-equivariant conditional expectation from L*>°(K x G/H) onto
L*(G/H). By Lemma 9, this gives rise to a normal H-invariant state ¢ on L(| |yco  A\G),
which in turn provides a non-zero H-invariant vector in L?(| | rcc, M\G). But such a vector is
also G-invariant by Moore’s ergodicity theorem, in contradiction to the fact that all A € Co, have
infinite covolume in G.

Next, we prove that the factor I' x L°°(G/H) is full. The case of a rank-1 Lie group is already
covered by Corollary 4 and Example 5 (note that the essential freeness assumption in Corollary 4
is only used to assure factoriality of I' x L>°(X) and A x L*°(Xp), and thus can be dispensed
with by the above result). Thus we may assume that G has Kazhdan’s property (T). Then, by
[Cow79, Moo84], the unitary representation of H on @,cc. L*(A\G) does not weakly contain
1. (We note that we can avoid the use of this heavy machinery if H has a non-compact subgroup
with relative property (T).) This means that L>(| |ycc. A\G) does not admit an H-invariant
state (see [Sch81]), and hence by Lemma 9 the action I' ~ G/H is not amenable relative to Cxo.
Now, suppose for a contradiction that the factor I' x L>°(G/H) is not full and there is a unitary
central sequence (wy)n in I' x L(G/H) such that 3, z |wt|> — 0 [HI16, Lemma 5.1]. Then,

by Theorem 3, this would imply 1 =", |wh|* — 0, which is absurd. O

Ezample 12. Consider the linear action of I' := SL(n,Z) on R". Since the action extends to a
measure-preserving and essentially transitive action of G := SL(n,R), it is isomorphic to the
action I' ~ G/H, where H = SL(n — 1,R) x R""! is the stabilizer subgroup of G ~ R" at
(1,0,...,0)T € R™. If n > 3, then H is non-amenable and SL(n,Z) x L>®°(R") is a full factor
by Theorem 11. (If n < 2, then H is amenable and so is the action I' ~ R", see [PV11,
Remark 4.2].) Moreover, since SL(n, Z)-action is measure preserving, SL(n,Z) x L (R") is a type
I factor with a continuous trace-scaling R} -action, coming from the diagonal R -action on R"
by multiplication. The corresponding crossed product is a type III; full factor that is isomorphic
to SL(n,Z) x L>(S"'), where SL(n,Z) acts naturally on the sphere S"~! = (R™\{0})/R*
(which is also isomorphic to a homogeneous space of SL(n,R)). Indeed, since the R}-action is
smooth and commutes with the SL(n,Z)-action, one has natural isomorphisms

(SL(n,Z) x L®(R™)) x RY 2 SL(n,Z) x (L®(S"' x RY) x RY)
~ SL(n, Z) x (L®(S""1) @ B(LA(R))))
=~ (SL(n,Z) x L=(S™ 1)) @ B(L*(RX)).
Remark 13. Adrian Ioana and Jesse Peterson kindly pointed out to the author that the action

I' ~ G/H as in Theorem 11 is essentially free, and moreover that if G is a connected Lie
group and H < G is a closed subgroup with N := ﬂgeGgHg_l, then the action G/N ~ G/H

2500

https://doi.org/10.1112/50010437X16007727 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007727

FULLNESS OF SOME VON NEUMANN ALGEBRAS
is essentially free. Indeed, this follows from the fact that ﬂfillng 9; L'— N for almost every
(91,---,94+1) € G941 where d = dim G. This fact ought to be well known, but since we did
not find a reference, we sketch a proof here (see also [CP13, 7.1]). Since G is a connected Lie
group, for any closed subgroup K whose connected component is not normal in G, one has
dim(K NgKg~!) < dim K for almost every g € G. It follows that the connected component of
Ni19:Hg; 1is normal in G almost surely (note that zero-dimensional subgroups are discrete

and countable), and hence ﬂf;rll giHg; is normal in G almost surely.
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