ON SCHUR’S SECOND PARTITION THEOREM
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1. Introduction. In 1926, I. J. Schur proved the following theorem on partitions [3].

THEOREM 1. The number of partitions of n into parts congruent to +1 (mod 6) is equal to
the number of partitions of n of the form by+...+b,=n, where b;~b,,, 23 and, if 3|b,,
then b,—b,,, > 3.

Schur’s proof was based on a lemma concerning recurrence relations for certain poly-
nomials. In 1928, W. Gleissberg gave an arithmetic proof of a strengthened form of Schur’s
theorem [2]; however, the combinatorial reasoning in Gleissberg’s paper becomes very
intricate.

Although claims of simplicity of proof are highly subjective, we shall in §2 give a proof
of Schur’s theorem which is shorter than the two previous proofs and seems to exhibit the
crucial steps more clearly. This new proof depends on Appell’s Comparison Theorem
[1, p. 101]. In §3, we generalize our technique and prove a new partition theorem of which
the following is a special case.

THEOREM 4. Let A(n) denote the number of partitions of n into parts congruent to 0, 2, 3,
4,7 (mod 8). Let B(n) denote the number of partitions of n of the form n=b,+...+b,
where by 22, b, 2 by, and, if b, is odd, b;—b,,, = 3. Then A(n) = B(n).

For example, if n =15, the nineteen partitions enumerated by A(15) are 15, 12+3,
1144, 11+2+2, 10+3+2, 8+7, 8+4+3, 84+3+2+2, 7T+4+4, T+4+2+2, T+3+3+2,
T+2424+2+2, 4+4+4+3, 444434242, 4+43+3+3+2, 44342424242,
34+34+3+3+3,34+3+34+24+2+2,3+2+4+2+2+4+2+42+2. The nineteen partitions enumera-
ted by B(15) are 15, 13+2, 1243, 11+4, 114+2+2, 1045, 104+3+2,9+46,9+4+2,9+2+
2+2, 847, 84542, 84443, 74444, T+4+2+2, T+2424242, 64+6+3, 6+5+2+2,
4+4+4+3.

Finally in §4, we show how Schur’s lemma concerning recurrence relations for certain
polynomials is actually a direct corollary of the g-analogue of Gauss’s theorem for hyper-
geometric series.

2. Proof of Theorem 1. Let n(n) denote the number of partitions of n of the form
n=b,+...+b,with b,—b;,, =23 and b;,—b,,, >3if3 | b,. Let m,(n) denote the number of
partitions just described, with the added condition that b, <m. By breaking the set of par-
titions enumerated by =, (n) into two sets, those with largest part less than m and those with
largest part equal to m, we see that

Tam+1(N) = M3, (M) + M3 _o(n—=3m—1), 21
Ta3m+2(1) = Mape (M) + 73— (R —3mM=2), (2.2)
Tam+3(M) = Mapi 2(M) + 73— (n—3m=3). (23)
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If

d(@) =1+ 3. ()",
and

dig)=1+ 21 n(n)q",
then for |¢| < 1, d,(q) - d(g) as m — oo, since

|d@-du@)| < § pim)|al,

where p(n) is the ordinary partition function. From (2.1), (2.2) and (2.3) we deduce

d3m+ l(q) = d3m(q) + q3m+ 1d3m—2(q)y (2'4)
A3+ 2(q) = daps (@) + 4> 2d5,,_1(q), (2.5)
d3m+3(@) = d3ms 2(@)+ 0" 3d3-4(9). (2.6)
Let
am(q) = d3m+ Z(q)

Then, by (2.6),

Aym+3(@) = 0u(@) +0°" - 1(q). @7

By (2.5),
d3ms1(0) = 0,()— 4" 2t 1(q). (2.8)

Hence, by substituting (2.7) and (2.8) into (2.4), we obtain
on(q) = (1+g°" 1+ a1 (q) +4°"(1 — ™)t 2(9). (2.9)
We note that «,(q) is uniquely determined by (2.9) and the two initial values a_,(q) =1,

ao(q) = 1+q+4>
Now, for | x| <1, [g| < 1, define 5,(q) by

8

(14+x>"* N1 +xg** ) (1-xg>) "1 = ¥ s5,(g)x", (2.10)
0 n=0

n

and let

n

SAq) = [1(1—4q%).5,(a).

J=1
Calling the expression on the left-hand side of (2.10) f(x; ¢), we have
(1=x)f(x;9) = (1 +xg)(1+x9%) f(xg*; q). (2.11)
Hence s5¢(q) = 1, 5,(q) = (1—¢)~?! and, for n>1,

Sl (@) =$5-1(0) = 47"+ 4°" 250 (D + 4" Lsum (@) + 47" 35,2 2(9).
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Thus
(1=*5,(q) = A +¢> 2 +4* Vs, (@) + 4" >s,-2(9).
Therefore
Siq)=1+g>2+q> "S- () +q> >0 —¢>"2)S,-(q),
and

Solg) =1, S(9) = 1+q+4>

Hence, by the remarks following (2.6), S, (g) = a,(¢).
Thus, for | x| <1, |¢| <1,

[TA+xg*" DA +xg> ) (1=xg>) 7! = 3 (am-l(q)x"'/l'[ (l—q”))- (2.12)
n=0 m=0 j=1
Hence, by Appell’s comparison theorem [1, p. 101, with p, = 1],
10+ (141" = lim(1=9) $ (a0 ]] (1—q3f>)
n=0 m=0 ji=1

x=1

= lim a,_4(q) [] (1-¢*)7"
i=1

m= oo

= d@) [T -a™)".

Hence
dg)= [[QA+g>**)(1+4>*?)
n=0
= 1‘[ (1_q6n+1)—1(1_q6n+5)—1. (2.13)
n=0

Consequently, comparing coefficients of ¢¥ on both sides of (2.13), we see that =n(N) is
also the number of partitions of N into parts congruent to +1 (mod 6).

A slight refinement of the above argument will yield Gleissberg’s generalization of
Schur’s theorem [2, p. 374].

3. Generalizations. We may extend our previous argument to prove the following
theorem.

THEOREM 2. Let g be real with0 <q<1,and a; 20 for 1 Lisr. Ifty=1,1,=0 for
n <0, and forn>0

r Jj-1
th=(1+a,q"),_,+ _22 a;q"t,— Hl (1-4""), (3.1)
s =
then
o0
limt, =[] (1+a,q"+aqg*+ ... +a,4™).
n— 0 m=1
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Proof. If here we let

L) =[] A+axq™+a,x¢*"+ ... +a,xq™)(L—xq" 1)~}
m=1

(.2)
and write
0= 3 gl (33)
then from
(1=x)f(x;q) = (1 +a,xqg+a,xq*+ ... +a,xq") f,(xq;q) (3.4)
we deduce that
n=60) [[0-0. (3.5)

Now t, =1 >0, Suppose that, for 0 < n<m,t,>0; then

r j=1

tm—tm—l = alqmtm—l+ Z aqutm—j H (1_qm—5)
ji=2 s=1

0.

{1\

(3.6)

Thus, by mathematical induction, t,, (m > 0) is a non-decreasing sequence of positive numbers.
Consequently,
r
tn S (148,41 + Zz ;G -1
=

=(1+(a1+ oo +ar)qm)tm—1' (37)
Hence, for allm 2 0,

i< ﬁo(1+(a1+ o ta)g"). (3.8)

Thus ¢,, is a non-decreasing bounded sequence of positive terms, and therefore ¢,, con-
verges to a limit L.

Hence, by Appell’s comparison theorem [1, p. 101 with p, = 1], we deduce as in Theorem 1
that

0
iimt,=L= ] (1+a,4"+a,q*"+ ... +a,4™). (3.9
n—0 m=1
Thus Theorem 2 is proved.

As an example of Theorem 2, we prove the following partition theorem.

THEOREM 3. Let r = 2 be an integer. Let P,(n) denote the number of partitions of n into
parts which are either even and not congruent to 4r—2 (mod 4r) or odd and congruent to

2r—1,4r—1(mod 4r). Let P,(n) denote the number of partitions of n of the formn=>b,+...
+b,, where by 2 b;,,, and for b, odd, b;—b,,, =22r—1 (1 £i<s, where b,,, =0). Then
Py(n) = Py(n).
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Proof. Let p(n, m) denote the number of partitions of n of the type enumerated by
P,(n), with the added restriction that b, < 2m. Let

B.(q) =1+ 21 p(n, m)q".
n=
First we shall prove that
p(n,m)—p(n,m—1) = p(n—2m,m)+ p(n—2m+1,m—r). (3.10)

Now p(n, m)— p(n, m—1) denotes the number of partitions of the type enumerated by
p(n, m) with the added restriction that either 2m or 2m—1 is the largest part. If 2m is the
largest part, remove it. This yields a partition of the type enumerated by p(n—2m, m). If
2m—1is the largest part, then the next largest part does not exceed 2m—2r. Hence, if 2m—11s
removed from the partition under consideration, we obtain a partition of the type enumerated by
p(n—2m+1,m—r). Thus the above procedure establishes a one-to-one correspondence
between those partitions enumerated by p(n, m)—p(n, m—1) and the totality of partitions
which are enumerated either by p(n—2m, m) or by p(n—2m+1, m—r). Thus (3.10) is estab-

lished.
Equation (3.10) implies that
(1=¢°™)B(9) = Bn-1(9)+4*" ' Bn-(9)- (3.11)
Now in Theorem 2 replace g by ¢?, then set ¢, =a, =... =a,_, =0, a,=q~!. This yields

1+ il P,(n)q" = lim B,(q)

m-—* o

8

= [[A+¢™ (1 -g¥)7!

Jj=1

(1=g*")(1~-g*) (1 —g¥" !

—18

j=1

=1+ il Py(n)q". (3.12)

Comparing coefficients on both sides of (3.12), we obtain Theorem 3.
Theorem 4 (stated in the introduction) is obtained from Theorem 3 directly; set r =2
in Theorem 3.

4. Schur’s recurrence lemma. The following theorem is a strengthened form of the
result Schur originally used to prove Theorem 1. We shall show that the result is a consequence

of the g-analogue of Gauss’s theorem for hypergeometric series [4, p. 97, (3.3.2.5)].

THEOREM 5. If Py=1,
P, = [[ (1 +aq’ +29%),
j=1
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and D, is defined by Dy =1, D, = 1+4aq,

Dn = (1 +(an)D,,_l -I-Zq"(]. _q"—l)Dn—Z (n > 1)’
then

=3 (—z)'"q”"“’"*'"‘m‘”[,';]Pn_m, @

m=0

where
[n] = ﬁ (=g *H(1-g)7".
m| =i
Proof. Let B and B, be the roots of the equation x> +ax+z = 0. Then, by (3.3) and (3.4),
"ijl(l —B,xq") (1= Boxq™) (L —xg"~ 1)~ = EOD"X" jlj,(l —g). 2)
But, by the g-analogue of Gauss’s theorem [4, p. 97, (3.3.2.5)],
"ﬁ (1-B.xg" (1 —Boxg™ (1 —xg"~H)~!
Z [[(1—ﬁxqf)(1—ﬂzqf)<1—qf)-lhfL<1-xzq~+~+z)
m= j=

n=0 \N+k=n m=1 i=1
where the penultimate expression is obtained by expanding the infinite product in the sum

and by applying Euler’s theorem [4, p. 92, (3.2.2.15)].
Comparing coefficients of x” in the series expansion of (4.2) and (4.3), we obtain

D = — 2P g N+ 2k +akk-1)| P
n Z ( Z) N9 [k]

N+k=n

© N k
= Z( Z PN(_z)kq(N+2)k+i-k(k—l) H(l_qm)-l H (l—qj)‘l>x", (43)

n

- _nln
— Z (_z)kq(n k+2)k + £k(k 1)[k:|Pn-k
k=0
n

— z (_z)qu(n+1)—~}k(k—1)[Z]Pn_k.
k=0
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