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Let X5, X,,-+-, X,,, - - be independent and identically distributed
random variables, and write

(l) Zn=X1+X2+ e +Xn

In [2] Chung and Fuchs have established necessary and sufficient con-
ditions for the random walk {Z,} to be recurrent, ie. for Z, to return
infinitely often to every neighbourhood of the origin. The object of this paper
is to obtain similar results for the corresponding process in continuous time.

Thus we shall be concerned with processes with stationary independent
increments (for which see [3], ch. VIII, or [6], § 37, where they are called
decomposable processes). If Z(¢) (¢ = 0) is any such process with Z(0) = 0,
then there exists a function g(6) such that, for all £ = 0 and all real 6,

(2) E{eeozm} —_ et*(ﬂ).

The function y(0) determines all the finite-dimensional distributions of the
process Z(t).

It follows easily from (2) that Z(¢) is continuous in probability, and
therefore ([3], Theorem 2.6) has a version which is separable and measur-
able. We shall assume without further comment that such a version has
been taken.

The problem then is to decide whether or not Z(¢) returns to every
neighbourhood of the origin for arbitrarily large values of £. In other words,
if, for a > 0, we define the random set

3) S@={=0; 1Z{#t <a)

then we have to decide whether or not S(a) is unbounded for all a > 0.
Notice that, since Z is assumed to be measurable, S(a) is, with probability
one, a measurable subset of the non-negative real line R*.

For any 4 > 0, the random variables

(4) X (h) = Znh)—Z((n—1)h), (n=1,2,---),
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are independent and identically distributed, so that the process
{Z(nh); n=12---}

is a random walk of the type considered by Chung and Fuchs. It is rather
obvious that, if this walk is recurrent, then S(4) is almost certainly un-
bounded. The converse is also true, but much more difficult to prove.
If A is any measurable subset of R+, we shall denote by [|A4]|| the
Lebesgue measure of A.
Now fix the positive number @, and consider the following propositions:
I P{S(a) is unbounded} = 1,
L P{||S@a)l| = w0} =1,
III.  [PP{Z(t)] < 2a}dt = oo,
IV. For some h > 0, >, P{|Z(nh)| < 2a} = oo,
V. For some 4 > 0, the random walk {Z(nh); n = 1, 2, - - -} is recurrent
(or more precisely has recurrent values) in the sense of Chung and
Fuchs [2].
We first prove the chain of implications

(5) IT=Il=TI=>1IVs VL

The difficult part of the proof is the implication (I = II), for which we
use an argument similar to one used in ([1], § I1.10) and ([5], Lemma 4).

Proof of (I = II): If Y is any random variable with 0 <Y < 1, then
(6) P{Y > 1} = 2E{Y}—1.

Now let 7, ¢ > 0, and let 4 be any event defined on {Z(¢f); ¢t < t} with
the property that |Z(z)| < a on A. Then, applying (8) to

Y = (—21—6) 11S(2a) N (z, T+ 2¢)|,

we have
P{||S(2a)n(z, T+2¢)|| > ¢ |4}
= e E{||S(2a)n (z, T+2¢)|| |4}—1

=& [ PZ(z+1) < 20 |4)dt—1
z e [T PUZ(r+1)—Z(0)| < a|A)dt—1,
since |Z{r)| < a on 4,
= [ Pz < a}it—1,
since Z has stationary independent increments,

= y(e), (say).
Hence we have
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Q] P{||S(2a)n(z, )| > & |4} = y(s).
Moreover, since Z is continuous in probability,
P{Z(t)| < a} -1
as £ — 0, so that
(8) e >1  (¢e—>0).
Now for any T, > 0,

P{||S(2a)n(T, o)l > &}

2 3 PIZ(T+m) 2 a0 <7 < m),

- |Z(T-mn)] < a, IS(@8)(T-+mn, )il > 2}
= y(e) E P Z(T+mm)| 2 a(0 <7 <m), |Z(T+mn)| <a},
" using (7) with v = T+mn,
= p(e) P{|Z(T+mn)] < a for some integer m}.

Putting 5 = 2-%, letting % — oo through integer values, and using the
separability of Z, we obtain

P{||S(2a)n (T, ©)|| > &} = y(e)P{|Z(T+t)| < a for some ¢ > 0}.

Thus (I) implies that
P{IS2a)n(T, o)l > &} = 7(e).
Hence, letting T — oo,
P{||S(2a)|| = oo} = y(¢),
and so, letting £¢ - 0 and using (8),
P{IS(2a)|| = o0} = 1.

Thus 1= II

Proof of (I1 = III): If (II) holds, then

[7 PYz(t)] < 2a)dt = E{)IS(2a)|l} = o,

so that (III) holds.

Proof of (I1I = IV):If we write f(t) = P{|Z(t)| < 2a}, then the required
result follows immediately from the following lemma of Chung ([1], p. 182),
of which, for the sake of completeness, we include the proof.
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If f is a non-negative, continuwous function on R*, and if

[7 Ha)dz = oo,
then

S f(nh) =

Nl
for all h in some demse G, subset H of R*.

Proof: Suppose that there exist @, b with 0 << a < b and an integer
N such that

sh) =3 f(nh) <N

n==1

for all a < h << b. Then

N(p—a) = f “sman =3 [ toman=3 L[ )i

n=1Ja n=1 N Jna
b 1

a6 nagzsnd (n

)itz = [ #@ri@as,

where

pe)= 3 .

zlosnszia W

But ¢{x) - log (b/a) as z — o0, and hence, for some 4 > 0,

[ H@)dz < oo,

which is contrary to hypothesis. Thus the set
Gy = {h > 0; 3 f(nh) > N},
n=1

which by an easy application of Fatou’s lemma is open, is also dense in
R+, and therefore

H={h>0 glf(nh) — w) =Nrjl G

is, by Baire’s theorem, a dense G, subset of R*.

Proof of (IV = V): This follows at once by applying the results of [2]
to the random walk {Z(nh)}.

Proof of (V = I): If {Z(nh)} is recurrent, there is probability one that
S(a) contains infinitely many integer multiples of %, and is thus unbounded.
We have therefore proved the chain of implications (3), which shows

https://doi.org/10.1017/51446788700023429 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700023429

(5] Processes with stationary independent increments 227

that, for any @ > 0, the propositions (I)—(V) are all equivalent. Moreover,
since (V) does not involve the value of a, each of these propositions is
independent of a. If, for some (and then for all) positive a, any one (and
then all) of the conditions (I}—(V) is true, then Z(¢) will be said to be
recurrent. Otherwise Z(¢f) will be said to be transient.

It follows from what we have proved already that a recurrent process
not only returns to any neighbourhood of the origin, but also spends an
infinite time in that neighbourhood. On the other hand, if Z(¢) is transient,
then |Z(f)] = a for all sufficiently large ¢, so that |Z(f)] - o as t— co.

It remains to find a criterion for recurrence in terms of the distribution
of Z(#), i.e. in terms of y(8). This is best done using the condition (ILI).
For any « > 0, let 7, be a random variable independent of {Z(f)} and
having a probability density «e=*” on = = 0, and put {, = Z(z,). Then

[T P(iz(8)] < 2aat = lim [ P{1Z(0)] < 2a}e~=td!
-0
= lim o~ P{|{,| < 2a}.

a0

Hence Z(t) is recurrent if and only if, for some (and then for all} a > 0,

lim a1 P{|,| < 2a} = co.

a0
Now write x(y) = {L—ly|}% (ly| <1),
=0, (lyl = 1).
Then }P{|¢,| < 3} = E{x({,)} = P{|’,] < 1}, so that Z(t) is recurrent if
and only if
lim 1 B{x((.)} = .
But

i 4 sin 6
~ibvdy — — (1 —
f.w 1(y)e~dy 62( ] )

and therefore

9 oo ‘ in 6\ d6
By =< [ B (1- 20 &
Now

Efeit} = L‘T ae~* eV Ot = afa—yp(6)]1,

so that, taking real parts, we have

Bt} = | Ko (a—;(e)) (- % 6) 5
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Hence Z{t) is recurrent if and only if

(9) lim R ( 1 ) (1 sin 6) db o
e ——] = = o0,
a0 Jo a—wp(0) 6 /o6
Since e is a characteristic function, y(8) has negative real part,
and so

)
e[——=) >0
(a—w(e)
for all 6. From this it follows at once that (9) is equivalent to the con-
dition

s 1\ db
(10 om ), Re (a-w(e)) ree - °

This necessary and sufficient condition for recurrence is the continuous
time analogue of a result of Feller and Orey [4]. Notice that, by Fatou’s
lemma, (10) is implied by

(11) [Tre(- 17(1'0*)) 1%2 ~ o,

so that (11) is a sufficient condition for recurrence.

The analysis of this paper generalizes, with only very slight modifica-
tions, to the case of vector-valued processes with stationary independent
increments.
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