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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS TO NEUTRAL
FUNCTIONAL DIFFERENTIAL EQUATIONS

SHAOZHU CHEN AND QINGGUANG HuaNgG

Sufficient or necessary conditions are established so that the neutral functional differential
equation [z(t) — G(t,z¢))” + F(t,z¢) = 0 has a solution which is asymptotic to a given
solution of the related difference equation z(t) = G(t,z¢) + a + bt, where a and b are
constants.

1. INTRODUCTION

We shall mainly be concerned with the second order neutral functional differential
equation (NFDE)

(1.1) [2(t) — G(t,ze)]" + F(t,z) =0, t20, '=2=

where G and F are continuous functionals defined as follows.

For simplicity of notation, by CJ we denote the space C(J,R) and by || - || the
sup-norm of the space, where J is any interval in R. Let r(t) > 0 be a continuous
function on [ 0,00 ) such that t —7(t) — co as ¢t — oo; then R(t) = inf,»¢{s —r(s)}is
finite for each ¢ > 0 and nondecreasing. For any ¢ € C[ R(ty),L ), 0 < ¢ty < L < o0,
define z, € Cy = C[—r(t),0], to <t < L, by z,(s) = z(t + s), s € [-r(t),0]. For any
A, Befty,L), A< B,set 7= Arg:xécsr(t). We can always view z; for each ¢ € [4, B]

as the restriction of the function z(s) = z(t + 5), s € [-7,0] to the interval [-7(¢),0],
so the operator z.: [4, B] — C[-7,0] is continuous. We then suppose that G and F
are continuous in ¢, for fixed ¢, G(¢,-) and F(¢,-) are continuous functionals on C,
and for any 4, B € (0,0 ), A< B, G, F: [A4,B] x C[-7,0] —» R are continuous
(r= Argtagxgr(t)) and for any t € [4, B}, u, v € C[-T,0],

G(t,u) = G(¢t,v), F(t,u) = F(t,v),

provided u(s) = v(s) for —r(t) < s < 0.
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A prototype of (1.1) is, say, the following NFDE with an unbounded delay r(t) =
max{1,t'/?}

[2(t) — %z(t — ) f(t)a{t-1) =0, >0,

A function z(t) is called a solution of (1.1) if =(t) is continuous on [ R(ty), L ) for some
to 2 0, tg < L < oo and satisfies (1.1) on {tg,L ). If L = oo in the above definition,
then the solution z(t) is called proper. For the fundamental theory of NFDE’s the
interested reader is referred to [2, Chapter 12].

In the particular case that G = 0 the equation (1.1) degenerates into a delay

equation

(1.2) z"(t) + F(t,z) = 0.

If we assume further that 7(f) = 0, then (1.2) is reduced to an ordinary differential
equation

(1.3) z"(t) + f(t,z) =0

where f(t,z) is continuous. Many authors have extensively studied the asymptotic
behaviour of solutions to (1.3) (see [1] and the references cited therein). In [1], Chen
obtains conditions for (1.3) to have solutions which are asymptotic to linear functions
a+ bt with b £ 0. The purpose of this paper is to generalise the results in [1] to NFDE
(1.1). Our results will of course be valid for the delay differential equation (1.2).

In general, the asymptotic behaviour of solutions to NFDE (1.1) rests firmly on
that of solutions to the difference equation

(1.4) D(t,z¢) = h(t),
where h(t) is continuous and D(¢,z,) = z(t) — G(¢,z.) is the difference operator on the

left-hand side of (1.1). We also note that in case F' = 0 each solution of (1.1) satisfies
(1.4) with h(t) = a + bt; that is, the equation

(1.5) z(t) = G(t,z¢) + a + bt,

where a and b are constants. The initial value problem for (1.4) at t =ty > 0 is to find
a continuous function z(¢) on [ R(t),L ) for some L, ty < L < oo, such that z(t + s)
coincides with a given continuous function u(s) on [R(t),te] with D(to,us,) = h(to)
and (1.4) is satisfied on [¢,L ). If L = 0o, the solution defined above is also called a
proper solution.

In Section 2 we shall give an existence result for proper solutions of (1.4). Some
properties of solutions of (1.5) will also be discussed. In Section 3, we shall establish
a sufficient condition assuring that (1.1) has a solution asymptotic to a given proper
solution of (1.5) and show later (in Theorem 2) that this condition is also necessary
under certain circumstances. Two corollaries involving simpler functionals G will be

given as examples to illustrate our main results.
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2. DIFFERENCE EQUATIONS

Consider the difference equation
(2.1) z(t) = G(t,z,) + (1),
where h € C[0,00) and G is a continuous functional defined as in Section 1. The
following result asserts that every solution of an initial value problem for (2.1) is proper.
LEMMA 1. If there exists a K € | 0,1 ) such that for every t > 0 and u, v € C;
(2.2) |G(t,u) — G(t,v)| < Kl|u — v,

then for any to > 0 and any u € C[R(to),te] with u(ty)
exists a unique proper solution z(t) satisfying (2.1) for t
R(to) St < to.

= G(to,ue,) + h(to) there
2 to and z(t) = u(t) for

PROOF: It obviously suffices to show that for any A > {;, there exists a unique
solution z(t) of (2.1) for ty <t < A with the given initial values.
Let p > (1 - K) ™ *{|lu|l + . xg?icA{|h(t)| + |G(t,0){}] be a constant and let
DRSS

B, = {z € C[R(t), A]: z(t) = u(t) for R(to) <t <o, |l=|| <p}.
Evidently, B, is a bounded, closed, convex subset of the Banach space C[{R({,), 4].
Define an operator T': B, — C{R({y), 4] by
G(t,z¢) + h(t) forty <t < A,
u(t) for R(ty) <t < ty.

(T=)(t) = {

Since for any z € B,,

1Tzl < ffull + max {Ia(t)] + Kllz|l +1G(¢,0)(}

<(1-K)p+Kp=p,
T maps B, into itself. Also, it is easy to see from (2.2) that T is a contraction on B,.
Hence, T has a unique fixed point z in B, which is the desired solution of (2.1) on
[R(to), A]. This completes the proof of Lemma 1.

We remark that in some specific cases Lemma 1 remains true without the assump-
tion (2.2). For example, if G(t,z:) = g(t,z(t — r(t))) with g continuous and r(t) > 0,
then the solution of any initial value problem of (2.1) can be obtained step by step and
hence it is unique and proper. The following result gives some asymptotic properties of

solutions to the difference equation
(2:3) z(t) = g(t, =(t — r(t))) + bt + g(2),
where r(t) > 0, ¢ € C[0,00) and b is a constant. We call the function g(t,z)

uniformly bounded in t if g(t, B) is uniformly bounded for ¢ > 0 whenever B is a
bounded subset of R.
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LEMMA 2. Suppose that q(t) = o(t) as t — oo, g(t,z) is uniformly bounded in t

and there exist constants T > 0, N > 0 and K €[ 0,1 ) such that

(2.4) lg(t,z)| < Klz| fort > T, |z|> N.

Then every solution z(t) of (2.3) satisfies
(2.5) Lim m sup |2 (t) < |b)/(1 - K).
t—
Moreover, if b# 0, then the solution z(t) also satisfies
z(t)
(2.6) hmmf ” 2 1/(1 + K).

If b =0 and ¢(t) is bounded for t > 0, then z(t) is bounded.

PROOF: Let z(t) be any solution of (2.3). As we mentioned before, z(t) is a proper
solution. Because of the uniform boundedness of g(¢,z) in t, there exists M > 0 such
that

(2.7) lg(t, )] < M for |z| < t>0.
Then, from (2.3), (2.4) and (2.7) we have, for sufficiently large ¢,

|l=(8)1/¢ < lg(t, (¢ — r(2)))I/t + [b] + o(1)
< Kla(t = r(§)l/t + M/t + 18] + o(1) < Kla(t = r(e)I/(t = r(£)) + 6] + o(1).

Letting ¢ — oo and noting that ¢ — r(t) - oo, we obtain

lnnsup lz(t)i/t < Khmsup lz(t)|/t + |b].

Thus (2.5) follows immediately.

Similarly, we have, for all large ¢
[2(2)1/t > bl - Kla(t = r(O)/(t - r(t)) + o(1).
Again letting t — oo we get
(2.8) li,’l‘,f,’,}f jz(¢)|/t 2 1bl/(1 + K).

If b # 0, then (2.8) implies that |z(t)| — oo, that is, either z(t) — +o00 or z(t) — —oc0
as t — oo. Then there exists a sequence ¢,, t, — 00 as n — 00, such that |z(t)| <
|z(tn)| for 0 <t < t,, with n=1,2,.... Since

|9(tn, 2(tn — 7(ta)))| < Klz(ta — r(ta))| + M < Kla(ta)] + M,
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we see that z(t,) and z(tn) — g(tn,z(tn — r(fa))) have the same sign for all large n.
But, in view of (2.3), the latter reaches the sign of b eventually. Therefore bz(t) — +o0
and (2.6) follows from (2.8).

If 5=0 and |g(t)] < My for t > 0, then it follows from (2.3), (2.4) and (2.7) that

(2.9) lz(t)] < M + Klz(t — r(£))] + M,.

Assume, to the contrary, that z(t) is unbounded, then there exists a sequence ¢,, — oo
such that |z(t)| < |z(,)], 0 <t < tn, n=1,2,..., and |2(t,)] — o0 as n — oco. But
(2.9) leads us to '

|$(tn)| <M+ K|E(tn - T(tn))l + M, <M+ M+ Klz(tn)l

and hence

lw(tﬂ)lg(M'*'Ml)/(l_K)a n=1,2,...,

a contradiction. Thus z(t) is bounded, and the proof of Lemma 2 is complete. 0

3. MAIN RESULTS

Let ¢(t) € C[ R(ty),00 ) and § > 0 be given for some £y > 0. For convenience in
the following discussions, we introduce the set

Hi(to) = {z € C[ R(to), 00 ) : |z(t) — #(t)| < 6, t > R(to)}-

The following theorem is our first result.

THEOREM 1. Suppose that ¢(t) is a proper solution of (1.5) for t > ty > 0 and
for some given a and b. Suppose that there exist K € [0,1) and § > 0 such that for
any t > to, z, y € Hi(t)

(3.1) |G(t,z4) — G(t,ye)| < Kl|ze — yel.

Assume further that there exists a nonnegative function h € C[ty,00 ) (h may depend
on ¢ and §) such that

(32) |F(t,ze)| < h(t), &2 to,

for every = € Hj(to) and

(3.3) / ~ th(t)dt < oo.

to
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Then there exists a solution z(t) of (1.1) satisfying
(3.4) z(t) = $(t) + o(1) as t — oo

Proor: Let ¢; > t; be so large that f:’ th(t)dt < (1 — K)§. For any z € H;(tl),
set y =z — ¢; then y € H{(t;). Obviously, HS(¢;) is a bounded, closed, convex subset
of the Banach space Co [ R(t1),00 ) of all bounded continuous functions on [ R(t;),00 )
equipped with the sup-norm. Define an operator T': Hi(t;) — Co [ R(t;),00 ) by the
following relations

Ty =Ty + Ty and

_ G(t,y: + ¢¢) — G(t, ¢), t2t,
(hw)(e) = { (Twy)(t), R(t) <t<ty,
. Loo(t—s)F(s,y,+¢,)ds, t 21,
(Tew)) = { (Tay)(t), R(t)) <t <ty

With the aid of (3.1), one can easily show that Ty: HS(t;) — HE%(t,) is a con-
traction. From (3.2}, (3.3) and the choice of ¢; we have

(@0l < [ sho)ds < (1- K)o

for t > t; and hence Ty: H{(t,) — H§‘“K"’(t1). In view of (3.2), (3.3) and the
continuity of F', T; is a continuous operator. It follows that T: HS(t1) — HE(t,) is
continuous.

On the other hand, the assumptions on F assert that all functions in T H(t;)
are uniformly bounded, equicontinuous and equiconvergent to zero as t — oo. For any
€ > 0,let A >t; besolarge that |y(t)| < €/2 for every y € T, Hé(t;) and ¢t > A. Since
the restriction § of T3 H{(t1) to [R(f:),A] is precompact, there is a finite (£/2)-net
{w1;...;um} of §. Let v;(t) = ui(t) for R(t1) < ¢t < A and vi(t) = ui(A) for t > A,
i =1,...,m. Then it is easy to show that {vi,...,v} is an e-net of TR H{(t,) in
Coo [ R(t1),00 ). Therefore, T, Hi(t,) is precompact and hence T is compact.

Thus, T has a fixed point y in H{({;) by the Krasnoselskii thoerem [3, Theorem
4.4.1]. Letting z(t) = y(t) + ¢(t) for t > R(t;) and noting that ¢(t) satisfies (1.5), we
then obtain

(t)_{G(t,azt)+a+bt .7 (s = t)F(s,z,)ds, t>t,
T () - #(ta) + 4(0), R(t)) <t < ty,

a solution of (1.1).
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Finally, since
nm—am=wmurcmw—/ (s — ) F(s,2,)ds|
<Kloe—ddl+ [ ohle)ds, e,
1

we can show, as in the proof of Lemma 2, that

lim sup |«(t) - ¢(t)] =0,

which implies (3.4). This completes the proof of Theorem 1. 1]

Next, we shall apply Theorem 1 to investigate the asymptotic linearity of solutions
for the following NFDE

(3.5) [2(t) — p(t)z(t — a — B)" + F(t,x) = 0,

where 0 20, 0< 8 <1, pe C|[0,00) and there is a constant P, |P| < 1, such that
p(t) = P +0(1/t) as t — oco.

COROLLARY. Let ¢(t) = a+bt, a, b € R. If there exist a § > 0 and a nonnegative
function h € C|[tg,00) for some ty, > 0 such that (3.2) and (3.3) hold for all z ¢
H§(ty), then the equation has a solution z(t) satisfying

(3.6) z(t) =a+bt+ o(1) as t — oo.
PROOF: First of all, ¢(t) satisfies
(3.7) #(t) — Pé(t —a — Bt) = A + B,

where A = a — Pa+ Pba and B = b — Pb+ Pb3. Next, let y(t) be a proper solution
of the difference equation

(3.8) y(t) — p(t)y(t — a - Bt) = A+ Bt
((3.8) has a proper solution by Lemma 1). We claim

(3.9) ¥(2) = (1) + o{t) 35 ¢ — oo.
In fact, from (3.7), (3.8) and the assumption on p(t) we have

y(t) - 6(2) = p(t)[y(t — @ — Bt) — ¢(t — o — Bt)] + (p(t) ~ P)(t — a — Bt)
=p(Dly(t — a — Bt) — ¢(t — a — Bt)] + o(1).
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Then, for some K € [ 0,1 ), and all large t, we get
ly(t) — #(t)l < Kly(t —a — Bt) — ¢(t — a — Bt)| + o(1).
The same argument used in the proof of Lemma 2 allows us to affirm
lim sup[y(t) — ¢(t)| = 0,

which gives (3.9).
Finally, Theorem 1 provides a solution z(t) = y(t) + o(1) of (3.5), which satisfies
(3.6) by (3.9). This proves the corollary. 1]

Now we turn to the following NFDE
(310) [w(t) - g(t,z:(t - T(t)))]" + F(tsxt) =0,

where g is continuous, F' is defined as before and 7 € C'[0,00 } with 0 < 7(¢) < r(¢).

The related difference equation is
(3.11) z(t) = g(t,z(t — 7(t))) + a + bt.

THEOREM 2. Let g(t,z) be uniformly bounded in t. Suppose that there exist
constants T >0, N >0 and o € [0,1) such that

(3.12) lg(t,2) —g(t,y)| < alz —y| for t > T, |z|, |yl> N,
and

(3.13) +F(t, +u) 20,

(3.14) +[F(t,tu) - F(t,£v)] 2 0

for t > T and for any u, v € Cy with u(s) > v(s) > N, —(t) < s < 0. Then the
equation (3.10) has a solution z(t) = ¢(t) + o(t) as t — oo for some proper solution
¢(t) of (3.11) with b # 0 if and only if there exists a k # 0 such that

(3.15) |/:° tF(t,y,)dt| < oo, y(t) = kt.

PROOF: Necessity. Let ¢(t) be a proper solution of (3.11) with 6 # 0 and z(¢) =
¢é(t) + o(1) a solution of (3.10). Let us assume b > 0. The case of b < 0 can be dealt
with in a similar way. In view of (3.12) and the uniform boundedness of g(¢,z) in ¢,

we have

lo(t,z)| < lg(t, z) — g(t, N)| + |g(t, V)|
<alz|+aN +g(t,N)|fort 2T, |z|=N,
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which yields (2.4) for some K € (e,1). It follows from (2.6) in Lemma 2 that ¢(t)
tends to +oo as t — oo; so does z(t). Choose ty > 0 so large that

(3.16) z(t) > N for t > R(to).
Let
' w(t) = z(t) — g(t,z(t — r(t))) — (t) + g(¢,8(t — 7(1)));
then w(t) — 0 as t — oco. Since, by (3.13) and (3.16),

(3.17) w'(t) = —F(t,z¢) <0

for t > ty, we have w'(t) > 0, w(t) < 0 and w'(tf) — 0. Integrating the equation in
(3.17) twice yields

(3.18) w(t) = ~ /°° (s —t)F(s,x,)ds, t > to,

t

which implies

(3.19) / LR (t, 20)dt < oo.
t

0

If we rewrite (3.18) as
z(t) = g(t,z(t —r(t))) + bt +a — /t°° (s —t)F(s,z,)ds,

then from (2.6) we know that there is a k € (0,6/(1 + K)) such that z(t) > &t for all
large ¢, say, for ¢t > t; > to. We then appeal to (3.14) to conclude that

oo o]
/ wm%mg/ tF(t,2:)dt < 00,  y(t) = kt,
1 4
which completes the necessity part of the proof.
Sufficiency. Again, we assume k > 0 and omit the similar proof for £ < 0. Let
#(t) be any proper solution of (3.11) with b = k(1 — K)/2. By Lemma 2 we see that
#(t) — +0o. Then we can choose a constant ty > T so large that for any =z € Hy(to)

we have
N < z(t) < kt, t > R(to).

Set h(t) = F(t,(k-),). Then (3.2) holds because of (3.14). Also, (3.15) gives (3.3).
Thus, Theorem 1 provides a solution z(t) = ¢(t) + o(1) of (3.10). This completes the
proof of Theorem 2. 1]
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As an example, consider the equation

(3.20) [z(t) — |z(t — )| sgnz(t - 7)]" + Z gi(t)z(t —ri(t)) = 0,

i=1

where r > 0, o € (0,1/2] are constants, ¢;, r; € C[0,00 ) are nonnegative functions

with t — r;(t) - o0 as t — o0, 2 = 1,...,n. The diflerence equation associated with
(3.20) is
(3.21) z(t) = g(z(t — r)) + A + Bt,

where g(z) = |z|” sgnz. Applying Theorems 1 and 2 to the equation (3.20) we can

deduce a stronger result.

COROLLARY. For any function of the form
(3.22) Y(t) = a + bt + |b]°t7 sgn b, b#£0, t>0,

the equation (3.20) has a solution (t) = ¥(t) + o(1) as t — oo if and only if

(3.23) /0th (t - ri(t))g:(t)dt < oo.

i=1

ProoF: We first observe that the function g(z) is independent of ¢ and the func-
tional F(t,z:) = >_ qi(t)x(t — ri(t)) is linear and hence (3.12-14) hold for, say, T = 0,
N =1, a =1/2. We also note that (3.23) holds if and only if (3.15) holds for some,
and hence all, k # 0. Therefore, all that is needed is that for every function ¥(t) of
the form (3.22) there exists a solution ¢(t) of (3.21) such that ¢(t) = ¥(t) + o(1) as
t — oo. Forif (3.23) holds, hence (3.15) holds for all £ # 0, then we can find a solution
z(t) = ¢(t)+o(1) = ¥(t)+o(1) of (3.20), using the argument in the sufficiency part of the
proof of Theorem 2. Conversely, if (3.21) has a solution z(t) = ¥(t)+0(1) = ¢(t)+0(1),
then Theorem 2 assures us of (3.15) for some k # 0, hence (3.23) holds.

To be definite, we assume that b > 0. The discussion for & < 0 proceeds similarly
and is therefore omitted. Let y(t) be a proper solution of (3.21) with B = b and A
chosen properly. Lemma 2 implies that y(¢f) — +o00 as ¢ — oo and is bounded above
by a linear function. It follows from (3.21) that

(3.24) y(t) = A+ Bt + o(t) as t — oo.
Substituting (3.24) into (3.21) we have

y(t) = A+ Bt + (Bt +o(t))° = A+ Bt + Bt + o(t%).
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Iterating (3.21) once more, we arrive at

y({) = A+ Bt +[A+ B(t —r) + B°(t — )" +o(t°)]°
(3.25) = A+ Bt+(Bt)’[1+ (Bt)" ™ +o(t" )]
= A+ Bt +(Bt)" + o(Bt)** ' +o(t? 7).

We now take A = a if 0 < 1/2 and A =a—¢ if 0 = 1/2 so that y(f) = a+ bt +
(6t)7 + o(1) = ¢(t) + o(1). This completes the proof of the corollary. 0

Remark. Apart from some manipulations, one can prove the corollary for 1/2 < ¢ <1
with a certain type of function ¥(t) in place of (3.22); for example

m
P(t) =a+ bt +sgnb Z ot 1|bt)o (-1, b#0 m>1 an integer,

=1
for 0 <o < m/(m+1). We omit the details.
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