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1. Introduction

A system of polynomial differential equations
2= f(z), ze€C" (1.1)
is called weight-homogeneous when there exist integers v; € N* such that
it g, ot 2,) =t (g, 2)

for all ¢ € R. A polynomial constant of motion is weight-homogeneous of degree N
whenever

H{t" 2y, ..t 2,) =tV H (21, ..., 2n).
Consider the Hamiltonian vector field

_ oH .

J = J(z) is a skew-symmetric matrix, for which the corresponding Poisson bracket

_ JoH, OH,
{Hi’Hj}_< 0z J 0z >
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satisfies the Jacobi identity. Such a system is algebraically completely integrable (ACT)
(in the sense of Adler and van Moerebeke) when J has polynomial entries and when the
following two conditions are satisfied.

(i) Besides the polynomial Casimir functions Hy, ..., Hy (such that J(0H;/0z) = 0),
the system possesses m (v-homogeneous polynomial) constants of motion Hyyq =
H,...,Hyyy in involution (i.e. {H;, H;} =0), which give rise to m commuting
vector fields; for generic ¢;, the level surfaces ﬂfilm {H; = ¢;, z € R"} are compact
and connected and therefore real tori according to the classical Arnold-Liouville
Theorem.

(ii) The level surfaces thought of as lying in C”, ﬂfilm{Hz(z) =¢;, z € C"}, arerelated

for generic ¢ € C**™ to abelian varieties 7™ as follows:
A=T"\D,

where D is a divisor in 7. The coordinates z; are meromorphic functions on
T™ and D is the minimal divisor on T, where the variables z; blow up. The
Hamiltonian flows 2 = J(0Hg4,/0z), ¢ = 1,...,m, run with complex time, are
straight-line motions on 7.

In (ii) 7™ could be replaced by a finite cover ramified along D. The sense of Mumford
includes the case where T™ is an extension of an abelian variety by a multiplicative
group (C*)", i.e. a semi-abelian variety. In the sequel, when referring to ACI, we will
mean in the sense of Adler and van Moerebeke. Let d; be the weight degree of H; and
Fi = Hi — clzgl

A = N{F; = 0} is the natural completion of A into the n-dimensional weighted projec-
tive space with weight v = (1, ...,v,), P2 := C"1\ {0}/C*, where C* acts as follows:

t(20y -y 2n) = (20t"°, ..., Zpt"™).

A= AU A, where Ay is the added divisor at infinity; Ao, := AN {zg = 0}.

Adler [1] and van Moerebeke [6] give a procedure which allows us, in some cases, to
obtain a completion of A into an abelian variety (see [5] for an application to the system
of Kowalewski’s top). This procedure has several steps, including the following.

(1) Substitute the formal series

1
2i(t) = oo (o0 + 24 200 )
with a complex time ¢, i = 1,...,n, in the differential equation (1.1). The leading
term belongs to the locus
k+m
m {viz) + fi(2")}, (1.2)
i=1

which decomposes into several components C,, (possibly of different dimensions).
Let J be the Jacobian matrix of (1.2) evaluated at C\,. Only when the spectrum of .J
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contains (n — 1) non-negative integers can a formal solution exist which depends on
(n—1) free parameters. By the majorant method, this solution, called the principal
solution, converges [2].

(2) For each component C,, confine the associated series into A := ﬂfilm {H; = ¢}.
This yields polynomial relations between the parameters. The parameters which are
expressed in terms of the ¢; are called trivial parameters and the others, effective
parameters. The polynomial equations between the effective parameters define an
affine variety of dimension (m— k) called the Painlevé variety and denoted DM,
Let D:=3, Dy,

(3) Let L be the linear span of a set of polynomial functions yo(2), ..., yn(z) having at
worst a simple pole along all the generic expansions z(t,p, Dy), p € D,. Namely,

yi(2(t,p, Do) = t_l(ygo) (p) + yz(l)(p) +---) Va, where yi(o) # 0 for some a.

Construct the spaces

L0 = {polynomials y = y(z1,...,2,) of weighted degree less than
or equal to ¢ with simple pole in t}/{H;(2) =¢;, j=1,...,k+m}

and
L(l) = {yO =1y1,... ayNi}a
the latter being a basis. Then increase i = 1,2, ..., until the first time the image @) (D)
in PV satisfies the following requirements:
(l) dim @L(i)(D) =m-—1 VOJ;

P (D)) A= Pro(A)

(ii) is birational and holomorphic on A with y € $;(A) and finite, implying that

y € Pri(A); and
(iii) genus(Prx (D)) = N; +m;

where

b A— PN p [yo(2) : - yn, (2)],

Pr Do = PV ips lmtlyo(p) - yn, ()] = [0 91”11 ).

If there exist iy such that we obtain what is above, then note N;, = N, L® = L and
D =d&,(D).

(i) and (ii) are almost automatic. Using Riemann-Roch and adjunction formulae [4],
a divisor D on an abelian variety T™ satisfies x(D) = dim L(D) = g(D) — m + 1,
where x(D) is the Euler characteristic of D, and g(D) the geometric genus of D (the
dimension of the space of top holomorphic forms), and if 7™ is embedded into PV, then
dim L(D) = N + 1. Combining these two relations yields (iii).
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In this paper, we will study some classical Hamiltonian systems coming from mechanics,
and show that they are not ACI, because of condition (iii) above, which cannot be
satisfied. But, although they are not ACI, these systems have invariant varieties which
could be completed (by adding a set of points) into a commutative algebraic group which
is a C* extension of an abelian curve and thus a semi-abelian surface.

2. Lagrange’s top
Lagrange’s top is given by the Hamiltonian vector field:
21 = —25 — M2223,

Z9 = z4 +m2z123,

z3 =0,

X, )
24 = 2325 — 2226,

Z5 = 2126 — 2423,

Z6 = 2224 — 2125,

with Hamiltonian Hy = % (2 + 23 + (m+1)23) — z6. It possesses the following three other
first integrals:

HQ = 2124 + Z2%5 + (m + 1)Z3Z6,
Hj3 = 23,

2., .2, .2
Hy =25+ 25 + 25.

Hy and H, are Casimir polynomials, and H3 generates a second vector field Xs:

21 = 2o,
Zo = —21,
X2 _ %3 = 0)
24 = 25,
Z5 = —24,
ze = 0.

X5 and X; commute on the level surface A := ﬂ?zl{Hi =h;}.

In [3] it is proved that this system linearizes on the generalized Jacobian of an elliptic
curve, which is a C*-extension of the usual Jacobian. In this paper, we conduct its
Painlevé analysis, and we apply the procedure cited above as much as possible.

2.1. Asymptotic expansions

Let z;, i = 1,...,6, have the following asymptotic expansion:
1
zi(t) = tT(Zi(O) 4D P24 =16 (2.1)
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Substituting (2.1) in the differential equations of X1, at the zeroth step, the coefficients
of t72 (for z1, 2o, z3) and t=3 (for 24, 25, 2¢) yields the following system:

21 —mzozz — 25 = 0,
Zo+mzi23 + 24 = 0,

zZ3 = 0,
(L-0)
224 + 2325 — 2926 = 0,

225 + 2126 — 2324 = 0,

226 + 2224 — 2125 = 0,
for which we have the following four cases.
Case I: if z; = 23 = 0, then the solution of (L-0) is identically zero.
Case II: if z; = 0, 25 # 0, then 2(0) = (0, —2¢,0, 2¢,0, —2) with €2 = —1.
Case III: if 2, = 0, 2; # 0, then 2(0) = (2¢,0,0,0,2¢, —2) with €2 = —1.

Case IV: if 2, # 0, 2o # 0, then 2(0) = (o, = 3,0, 8, a, —2), where « is a free parameter
and 3 is related to a by o? + 5% +4 = 0.

Step by step we can find the solutions of the system (L-k) corresponding to z(*). We have
the following linear algebra result after straightforward computations.

Lemma 2.1. In cases II, IIT and IV, (L-k) has one degree of freedom for k = 1,2, 3,4.
Since we are interested in the five-parameter Laurent solution, we only consider case I'V.

Let us denote the free parameters obtained at steps 1, 2, 3 and 4 by ~, 4, n and T,
respectively. We get

L) _ <7ﬁ7% 2 ,—me’ 2mBy ,O),
! ym+1) m—1"a(m-—1)

@) _ <4m72 +da*(m—1)*  Bdmy* +da*(m —1)%) 0

2a(m — 1)2 ’ 2a2(m — 1)2 o

_ BAm*y® 4 da2(m —1)%)  4m*y® + a?(m — 1) (5)

202 (m — 1)2 ’ 2a(m — 1) )
) _ (nﬂ 0 _2pa®(m = 1)° + 4m®y® + yda’m(m — 1)
T a?(m —1)3 ’
B(—2na?(m —1)3 + 4m2~3 + véa’*m(m — 1)?) O)
ad(m —1)3 )
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@) _ <_ 8yna? + a*(62 + 27))(m — 1)* + 85a2y?*m(m — 1)? + 16m2~*
8a3(m — 1)* ’

8yna? + at(62 + 27))(m — 1)* + 85a?y?m(m — 1)? + 16m3~*

8at(m — 1)*
8yna?(m —1)3(m — 3) + 3a*(6% 4 27))(m — 1)*
3 +245029?m(m — 1) + 48m?2~4

8at(m — 1)* ’
8yna(m —1)3(m — 3) + 3a*(62 + 27))(m — 1)*
+246a2y%m(m — 1)% + 48m2~*
83 (m — 1)% ’T)'

B

0,

Thus we have the following lemma.

Lemma 2.2. The system of differential equations of X1 possesses Laurent series which
depend on five parameters (dim(phase space) — 1), with leading terms given by case IV
above.

2.2. Divisors of poles

We now search for the set of Laurent solutions which stay in a fixed affine invariant
surface, related to specific values of hy, hs, hs, hy, i.e. the Laurent solutions z(t) =
(2(t), z2(t), ..., 26(t)) such that Hy(z(t)) = hy, k=1,2,3,4.

Substituting the Laurent solutions into Hy, yields the following relations:

~y
hy—2—
8 a(m—1)’
_ m(m + 1)y
= =30 =20
n myd m2y3(m + 3)
hy = —12— 4+ 12 8
2 ﬁJr a(m—l)Jr ad(m+1)3 "7

hy = —107 + 382 + 2407”(7” +1)

3 16m2(m +1)(m + 3)y*
2(m —1)2 at(m —1)* ’
which show, respectively, that the parameters v, §, n and 7 are trivial. The only rela-

tion between the remaining parameters is a? + 3% + 4 = 0. So we obtain the following
proposition.

Proposition 2.3. The divisor of poles of the functions z;, j = 1,2,...,6, is a genus 0
Riemann surface.

Now, we wish to obtain a smooth embedding of A into PV, by the meromorphic
functions of L(kD), for some k > 0. If the surface A could be completed (by adding a
set of points) into an abelian variety, such an embedding could exist with

genus(D) = N + 2. (2.2)

In our case, since D is of genus 0, (2.2) cannot be satisfied. This provides us with the
following proposition.
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Proposition 2.4. The system of Lagrange’s top is not ACL

2.3. Completion into a semi-abelian variety
The H; are v'-homogeneous of degree d; with v/ = (1,1,1,2,2,2), d1 = 2, dy = 3,
ds =1, ds =4,
4
Fi = Hl - CiZ(()ii, /I = m{F; = O}
i=1
A is the completion of A4 in P8 with v = (1,1,1,2,2,2), Ao = AN{z =0} := E,

Z():O

—26+ 3(21 + 23 + (m+1)23) =0

E={l20:21:22:23:24:25: 2] €PS, 2124 + 2925 = 0
23:0

2422 +22=0
From the above equations, we obtain:

26(,2%26 + 22?)

= 0,
26(25 26 + 227) = 0.

So E = E; U Ey with

ZGZO,
2 2
21+22:O7
2 2
zg +2z5 =0,

2124 + Z9Z5 — O7
for Fq, and
2226+ 222 =0,
2326+ 223 =0,
2124 + 2225 = 0,
1/.2 2y _
26 — 5(21 +23) =0,

for Ey. Ey N Ey = {M;, My}, with M; =[0:1:1:0:0:0:0], Mo =[0:1:-i:0:0:
0: 0], E1 :EiUEi/, Ei = {Ml,MQ}UKl, Ei/ = {Ml,MQ}UKQ, where

Z9 = iZl
Kl = .7
R4 = —1Z5,

Z9 = —iZl
K2 = . ’
24 = izs,

Ey = G1 UGy,
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Glz{[O:zl:zg:0:122\/@:—121\/26/2:26]61?’16,7 26 =
Go={[0:21:20:0: —izo\/26/2 11211/ 26/2 : 2] €PS, 26 =

However, in PS:

[0:21:29:0:1i294/26/2: —i21/26/2 : 26]
=[0:—21:—22:0:129v/26/2: —121\/26/2 : 26),

and by replacing (—z1, —z2) by (21, 22), we get that G; = Gy =: D.
So, A has the following form:

(s +23)},
(2 +23)}-

N~ N~

Ky D Ky

P1 P2

Now let us look at components of A., on which we can extend the fields X; and X5 so
that they remain independent. All components of A, are integral curves for the linear
field X5. It suffices therefore to look at which of them are crossed by integral curves of
Xl .

D = DU{M;, My}. By the majorant method, the series obtained converge in a neigh-
bourhood of every point of D. For the other points of A, we see in charts:

if p € Aoo \ D, then (21(p), 22(p)) # (0,0).
Suppose that z1(p) # 0 and put Uy := {21 # 0}.
Remark 2.5. Beside P; and P», all points of A, \ D are in this chart:

20 22 z3 24 25 26
Vo ‘= —, Vg 1= —, V3 1= —, Vg 1= 3 Vg 1= 3> Vg :— -
Z1 Z1 Z1 Z9 Z1 21

Using the system of X7, and then taking z; = 1, we obtain

Vo = vo(vs + mugus),
by = vy + 20205 + mus(1 + v3),
03 = v3(vs + Mugvs),
04 = 20405 — VaUg + v3(V5 + 2Mmuvgvy),
U5 = vg + 21)§ + v3(2mugus — vy),
Vg = VU4 — Vs + 20506 + 2Mmuav30g.
After the above coordinate changes, the equations which define A become

$(1+ vs 4+ (m + 1)vd) —vg — civi =0,

V4 + vavs + (M + 1)vgvg — czvg =0,

v3 — c3vg = 0,

2,2 .2 3
vy + v5 +v5 — cavy = 0,
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V3 = €3, Vg zavg—l—%(v%—l—l),

with a = 3((m +1)c3 — 2¢1).

We are reduced to the following system of three equations:
Vg = ’Uo(U5 + m(33’U0’U2),
02 = wo(a(l +v3) + 503),

(1 +v3) 4+ avd + 2v2 + csvo[(2m + 1)vavs + ave(l + v3) — 2]

U5
on

A = {(vo,va,v5), (1+ v%)v?) + 2vgvausfa(l + v%) — %vg]

+vpla(l+v3) — $05]° + [3(1+ 03) + avg)® — cavy = 0}.

A :flﬂ{vo = 0}. Ky and K5 are given by vg = v —i =0 and vg = v2 +1 = 0,
respectively. M, corresponds to vg = vs = vo —i = 0, and Ms to vy = v5 = vo +i = 0. For
v = (0,1, v5), the differential equation is holomorphic and vanishes only if vs = 0. Then
for every point of K \ M, there exists a unique solution to the differential equation with
initial conditions at the given point.

If vg = va—i = 0, v5 is a solution of ¥5 = 2vZ. vs then gives v5 = 1/(ct+d), where ¢ and
d are constants. K7 \ M; is an integral curve for X;. It is also an integral curve for X,
so the two fields are dependent on K7 \ M;, and by continuity, they remain dependent
at the point M;. For P;, we can do the same thing in the chart Uy := {24 # 0}, but,
by the remark above, it is not necessary; by continuity, X; and Xs remain dependent on
K. On K, the conclusion is the same. We then obtain the following proposition.

Proposition 2.6. AU D is a commutative algebraic group.

Proof. {yo =1, y1 = 21, Y2 = 22, Y3 = 21, Ya = 24, Ys = 25, Yo = %5, Y7 = 2122}
is a basis of L(2D) (cf. (2.2)) and provides a smooth embedding into P7. The vector
fields X; and X5 extend holomorphically and remain independent on D. The associated
flows ¢; and ¢ are complete on AU D = A\ {K;,Ks}. As in the demonstration of
Liouville-Arnold theorem, let pg € AU D be a point base and

I':C?>— AUD,
(s,1) = ¢5(5(po))-

Define A := {(s,t) € C?, I'(s,t) = po}. AU D is biholomorphic to C2/A, so it is
equipped with a commutative group structure. Moreover, A is defined by ¢; and ¢o,
which are holomorphic on A U D; C?/A is then an analytic variety; A U D is also an
analytic one by the biholomorphism between them. Since the last one is projective (its
image in P7), it is an algebraic variety by Chow’s Theorem. (|

Proposition 2.7. AU D is a C*-extension of an algebraic curve.

Lemma 2.8. A is a rank 3 lattice.
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Proof. A is a lattice of C?, it is of rank non-superior to 4. If rank(A) = 4, then by
Liouville-Arnold theorem, A U D would be compact. Let A := {s € C, ¢3(po) = po}
and Ay := {t € C, ¢4(po) = po}. The integral curves of the vector fields X; and X, are
cyclic. We then get the following consequences:

(a) there exist sy # 0 such that Ay ~ s¢oZ and ty # 0 such that Ay ~ tyZ;

(b) by changing the base point py if necessary, there exists (s1,t1) ¢ (s0Z, toZ) such that
*1(¢k2(pg)) = po. A is then of rank 3 and is generated by {(so,0), (0,t0), (s1,%1)}.

O
Proof of Proposition 2.7. Let ¥ : C2 — C be the projection on the first variable.

¥ induces a morphism ¥ : C2/A — C/W(A). ¥(A) is generated by sg,s;. So C/¥(A) is
isomorphic to T2,

Ker(¥) = {(s,t) € C?/A, s € W(A)} = (¥(A) x C)/A ~ (Z* x C)/Z* ~ C/Z ~ C*.

We then have the following exact sequence:

0% ¢c* 5 AuD L T? 0.

3. Kirchhoff’s top

The system of Kirchhoff’s top is given by

Z = (a3 —a1)z223 + (c3 — 1) 2526,

%y = (a1 —a3)z123 + (c1 — ¢3) 2426,
Xl _ 2.;3 = Oa

Z4 = —a122%¢ + 032325,

Z5 = 12126 — A323%4,

26 = —012125 + Q122724,

generated by the Hamiltonian
Hy = Yar(3 + ) + 0023 + e1(2 + 22) + co22).
It possesses the following three other first integrals:

H2 = 2124 + 2225 + 2326,
Hj3 = z3,

2,2, .2
Hy =25+ 25 + z5.
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H, and H, are Casimir polynomials; H3 generates a second vector field Xo:

21 = 22,
z2 —Z1,
zZ3 = 0
Xo=¢« ’
24 = Z5,
Z5 = —24,
ze = 0.

The H; are homogeneous (without weights) of degree d; : d; = da = dy = 2, d3 = 1; thus
we complete the level surface in PS.

3.1. Asymptotic expansions

Let z;, i =1,...,6, have the following asymptotic expansion:
1
%i(t) = E(zfo) +2 Wt P4, (3.1)

Substituting (3.1) into the differential equations of X7; at the zeroth step the coeffi-
cients of t=2 yield the system

21+ (a3 — ay)zez3 + (¢35 — ¢1)z526 = 0,
Zo 4+ (a1 — az)z1z3 + (1 — ¢3)2426 = 0,
z3 =0,

’ (K-0)

Z4 — Q12226 + (1342'32’5 = O,

25+ a12126 — azz324 = 0,

Z6 — 12125 + a12224 = 0,
which has the following three solutions.
Case I: zg = 0, then the solution is identically zero.

Case IT: z5 # 0 and z5 = 0, then 2(9 = (0, (¢/ay), 0, z¢,0,2), where €2 = —1, a;(c3 —
c1)x? = 1.

Case III: z5 # 0, z5 # 0, then 2(9) = (o, 3,0,a128, —ayza, x), where x is as above and
1+a3(a®+3%) =0.

Let (K-k) denote the system of equations corresponding to 2(F) After computations
we obtain the following lemma.

Lemma 3.1. In cases IT and III, (K-k) has one degree of freedom for k = 1 and three
degrees of freedom for k = 2.
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Let v be the free parameter obtained for £k = 1, and J,  and 7 the others obtained for
k = 2. In case III we get

) _ < (cs —c1)yrag (c3 —c— l)yzasa  (c3 —c1)yx ay y O)
az—ar  Blaz—a1) T Blaz—a) BT )

azay?
a1%(az — a1) ]’

a3$72(03 —C— 1) " 7)

L@ _ <(c3 —a) [m(n — a1a1) —

9,0, —ay (78 + dz) — Blas —a—1)

This yields the following lemma.

Lemma 3.2. The system of differential equations of X; possesses Laurent series,
which depend on five parameters (dim(phase space) — 1), with leading terms given by
case III above.

3.2. Divisor of poles

Confining the Laurent solutions to the invariant surface

m{Hl = hi}7

yields
v = ha,
5= (a1 — ag)[(a%ﬂz + 1)(4h1 — h4(01 + 63)) + BQ?IhQOLﬂ(Cg - Cl)](3(13 + al))
o 6a1(a; — az)a ’
_ (a1 — 03)((L%ﬁ2 —+ 1)(201h4 — 2h1 — 03h4) — alhg(cl — 63)
6(c1 —c3)(a1 —az)z(a?pB? +1) ’
al[(al — a3)(a%ﬁ2 + 1)((2]11 — 2hycs + Clh4)ﬁ + 3a1xah2(03 — Cl))
_ +h3B(cs — ¢1)(2a1 — 3az) — 3awczhgaias)

6(c1 — c3)(a1 —az)x(a?B2 4+ 1)

So these parameters (v, 1, § and 7) are trivial. The relationship between the remaining
parameters is the previous one: 1+ a?(a?+ 3?) = 0. Moreover, the leading terms depend
on z, which verifies that a;(c3 — ¢1)2? = 1, giving the following proposition.

Proposition 3.3. The divisors of poles of the functions z;, j = 1,...,6, are two
isomorphic Riemann surfaces of genus 0.

As in the case of Lagrange’s top, since the divisors of poles are Riemann surfaces of
genus 0, we cannot satisfy requirement (2.2), giving the following proposition.

Proposition 3.4. The system of Kirchhoff’s top is not ACL.
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3.3. Completion
As in the case of Lagrange’s top, we now wish to complete the invariant variety into a

semi-abelian surface:

(c3 —c1)zg +ar(2f +235) =0

2124 + 2225 =0
A =1R[0:21 20 23:24: 25 : 26] € PO, 124 2; O
z — =

2 2 2
From the above equations, we get
C3 — C1
zg z% — zg =0,
a

€3 — (1
zg <z§ — zi) =0;

a1

M;=[0:1:1:0:0:0:0and M3 =[0:1:—-1:0:0:0:0]; E:= Ay = E1 U Es, with
Ey N Ey = {M;, Ms}. Eq has the same form as above:

1
E2 = Sl U SQ, Sl = { |:0 N/ ) B 0: ai1z222 + —QA1Z621 - ] },
01(03 *61)
1
Sy = { {0 121 :20:0: —a12622 1 12621 : } }, S1 NSy ={My, My}.
ai(cs —c1)
A has the following form:
S1
K Ky
Py Py
Sy

D; := S;\{My, My}, i =1,2. In an analogous manner to the Lagrange’s top, we obtain

the following proposition.

Proposition 3.5. (i) AU Dy U Dy is a commutative algebraic group. (ii) It is a C*-

extension of an abelian curve.
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4. Euler—Poinsot’s top
The system of Euler—Poinsot’s top has the following form:

21 = (A3 — \2) 2223,
Zy = (A1 — A3)2123,
Z3 = (A2 — M\1)2122,
Z4 = A32325 — A222%6,

21 = A12126 — A\323%4,

7;’1 = )\22224 — )\12125.

The Hamiltonian function is Hy = H = $(A12] + A\223 4+ A323). Besides the following
Casimir functions Hz = 23 + 22 + 22 and Hy = 2124 + 2225 + 2326, the system possesses a
fourth first integral Hy = %(zf + 22+ 22). Hy generates the following second vector field:

4 =0,
o =0,
o =0,

Z4 = 2325 — 2226,

Z5 = 2126 — 2324,

2:’6 Z9Z4 — Z1%5.
4.1. Asymptotic expansions

As in the preceding cases, we substitute in the differential equation (4.1) z;(t) by
asymptotic expansions (1/t)(zl-(0) + zgl)t + zZ-(Q)tQ 4 --+). For 2(9, we obtain the following
system:

21+ ()\3 — )\2)2223 =0,
Z9 — ()\3 - )\1)2123 = O7
Z1 + ()\2 — )\1)2’12’2 = 0, (EP-O)
Z4 — )\22’22’6 + /\3Z3Z5 = 07

z5 + AMz126 — Azzzz4 = 0,

26 — A12125 + Aozazg = 0.
Its non-trivial solution is
20 = (2,9, (A1 — A2)xy, (A1 — A2) (A2 — A3)zya, o, (A1 — A2)xy),
with
()\1 — )\2)()\3 — /\1)1‘2 —-1= 0, ()\1 — )\2)()\2 — )\3)y2 —-1= O7

and « is a free parameter.
Let us denote by (EP-k) the differential equation obtained at step k. After computa-
tions, we get the following lemma.
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Lemma 4.1. (EP-k) has one degree of freedom for k = 1 and three degrees of freedom
for k = 2.

Denote by [ the free parameter obtained at step 1 and by -, § and 7 the free parameters
obtained at step 2. We obtain

A A
2 = (o, 0,0, A—l(m —X2) (A2 — \3)zyB, B, A—j(m - Az)wﬂ)

22 — (% 5, (A2 — A1) (@ +y),

(yn — ad)(A3(Az — A1) — A3(A3 — A1) + zyay(A3 (A2 — A1)
—AT (A3 = A2)® + A5 = A3) (A (D2 = Az) + A3(A2 — \1)))
(A3 (A2 — A1) + AT (A3 — A2)) ’
77()\2)\3 — A + )\1)\3) + xo«y()\l — )\2)()\%()\1 - )\2) + )\%()\2 — )\3))
+2y0t5/\2/\3(/\2 — )\3)()\2 — )\1)))
" 20z = M) + M0 = A2)) |

As above we have the following lemma.

Lemma 4.2. The system of differential equations (4.1) possesses a Laurent series
which depends on five parameters with leading terms given by z(9) above.

4.2. Divisor of poles

By confining the Laurent solutions into the invariant surface

we obtain
h1 = Ay + Aayd — Aszy(Ae — A1) (26 + yv), (4.3)
ha = &y + y6 — zy(Xa — M) (26 + y7), (4.4)

hy = —2a2()\2 — )\1)2m7 + 2am + 32
+ 2ya(As — A2) (A2 — M) [ryay(Aa — A1) (A3 — A2) + yn — ad]
B2 = M) A (s = o))
A3(A3 — A1)
_ 204()\2 — )\1)[21(]0[5()\2 — )\1)()\2 — )\3))\2)\3 + ’17()\2)\3 + A3 — )\1)\2)]
A3(A2 = A1) + AT (s — A2) 7

(4.5)
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hs = zyay[=2(X2 — A1)” + (A2 — M) (A3 — A2) + (As — Ag))]
ad(Ag — A1)
Az — A1)
y(>\1 — )\2)[2y04(5)\3)\2()\2 — )\1)()\2 — )\3) + 77()\3)\2 + )\1)\3 — )\1)\2)]
+(yn — ad)[A3 (A2 — A1) + A3 ( A — A3)]
A(A2 — A1) + A2(A3 — A2) ’

+yn+ad +

" (4.6)

Equations (4.3) and (4.4) show that v and ¢ are trivial. Using (4.5) and (4.6), we
eliminate 7 and find a relation between o and 3 which has the following form

c10® — hgor+ (c28% + ¢3) =0, (4.7)

where ¢;, ¢ = 1,2, 3, are functions of A;, j = 1,2,3,4,  and y. Equation (4.7) defines a
genus 0 Riemann surface. Recall that we had

(Al - )\2)()\3 - )\1)1’2 —1= O, ()\1 - )\2)()\2 - Ag)yz —1=0.

So we obtain the following proposition.

Proposition 4.3. The divisors of poles of the functions z;, j = 1,...,6, are four
Riemann surfaces of genus 0.

As above, we have the following proposition.

Proposition 4.4. The system of Euler—Poinsot’s top is not ACI.

4.3. Completion
Using the same preceding notation, A, is given here by
/\12% + )\22’% + )\32§ =0,
22422422 =0,
2422+ 22 =0,

2124 + 2925 + 2326 = 0.

The first two equations give

A1 — A3
Z% = 7)\2 _)\32%7

Ao — A\
22 = N —/\32%'

Then the fourth becomes z;(z4 + (25 + £26) = 0, where

Al — A3

2 _

C _)\2_)\35
Aa— A

2__2 1.

¢ Ao — A3
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If 27 =0, then zp =23 =0 and 25 + 22+ 22 =0. Note C:={[0:0:0:0: 24 : 25 : 26] €
PO, 22+ 22 +22 = 0}. If 21 # 0, then z4 = —((z5 + £26), and the third equation becomes
(1+ (%22 + (1+€2)2¢ + 2¢€2526 = 0. Dividing by 1+ (2 yields 27 + 2x2526 + x*28 = 0,
so 25 = Xz and z4 = ((x — §)z6 with

s A— X3

AL — A2

Note S; := {[0: 21 : Cz1 : €21 : (Cx — E)z6 : —X26 : 26) € PO}, i = 1,2,3,4, corresponding
to the different values of (¢,&); Ao = C U (U1 5;).

Remark 4.5. The Jacobian matrix associated to the system of A, is

Az1 Aoz Azzz 0 0 O

z1 Z9 zZ3 0 0 0
0 0 0 24 R5 26
24 25 26 21 22 Z3

So the singular locus of A is CU[0:1:¢:£:0:0:0].
Applying the method above, we obtain the following proposition.
Proposition 4.6.

(i) AU (UL ,S;) is a commutative algebraic group.
(ii) It is a C*-extension of an abelian curve.

Acknowledgements. I thank Professor Lubomir Gavrilov for suggesting the prob-
lem and for his guidance.
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