K. Mimachi
Nagoya Math. J.
Vol. 132 (1993), 43-62

REDUCIBILITY AND IRREDUCIBILITY OF THE
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Consider the function with variables z,,...,z,
(0.1) f o0 —t) 1 —z)"dtdt,...dt,
ri<i<j<n 1<i<n
1<j<m
where v and 4; G = 1,...,m) are complex numbers and I"is a suitably chosen in-

tegral domain. In case m =2, if we set [z, z)" as I it is the Selberg
integral [22]. Our function can be regarded as an extention of it; so we may call
(0.1) a Selberg type integral. It is known that (0.1) satisfies a Gauss-Manin system,
i.e. a system of rationally holonomic differential equations [3], [21].

The purpose of the present paper is to study the (ir)reducibility conditions of
the Gauss-Manin system associated with the integral above. Here the (ir)reducibil-
ity of a system means the (ir)reducibility of its monodromy representation.

Throughout our arguments, we adopt a framework of the theory of twisted
rational de Rham cohomology and twisted homology, which will be briefly
reviewed in Section 1. Let the many-valued #-form @d¢,. . .d¢, be the integrand of
(0.1). A basis of the twisted #-th de Rham cohomology group attached to @ natur-
ally induces a system of matrix valued differential equations of the first order,
which is called the Gauss-Manin system. Our first result is its explicit expression
(Proposition 2.1). Luckily enough, our system happens to have logarithmic poles
with residues of constant matrices, which makes our discussion much simpler. A
study about (ir)reducibility is made in Section 3. Our second result is the irreduci-
bility condition when v = 0. In this case, it is shown that if 4, (1 <j<m) €Z
and Z;’;l 2, & 7 then our system is irreducible (Theorem 3.1). This suggests that
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our Gauss-Manin system is generically irreducible, though we could not succeed in
finding (ir)reducibility conditions in general setting. If a given system of differen-
tial equations has a subsystem, then the monodromy representation of the original
one is reducible, of course. It seems an interesting problem to find a subsystem of
our system. We find four reducible cases, when m = 3 (Theorem 3.3). We also
prove that the Lie algebra generated by the residue matrices is isomorphic to the
general linear Lie algebra gl(# + 1; C) (Proposition 3.4). The author believes that
this Lie algebra should shed light on the irreducibility conditions in the future.
When m is arbitrary, we obtain a reducibility condition and a corresponding sub-
system in Theorem 3.5: We find that if 0 S £ <n—1 and 24; +v0=0(G =
1,...,m — 2) then our system is reducible. By virtue of the formula in Theorem
3.5 in the case £ = 1, we can derive a system of the differential equations of the
second order which is satisfied by the integral (0.1) (Theorem 4.1). This system is
related with the spherical functions of BC type defined in [11].

We finally give a comment that the integral (0.1) is used to give an integral
representation of the solution of 8[(2) Knizhnik-Zamolodchikov equation in Con-
formal field theory. Its monodromy representation is studied in various aspects
and related with our work. See [6], [8], [21], [26].

1. Twisted cohomology and homology

Let z,...,2, be complex parameters. Let
(1.1) o= I ¢ —t) IO ¢ —z)
1<i<j<n 1<i<n
1<i<m
be a many valued holomorphic function with variables ¢,,...,t, on X = C"\ D,
where
D:= U {4—t=0 U {t,—2z =0},
1<i<j<n 1<i<n
1<ji<m

and v and A; (1 < j < m) complex numbers. The symmetric group S, acts freely
on X as permutations of the coordinates ¢,,...,L,.

Let 2°(% D) be the space of rational p-forms on C” that are holomorphic on
X. Then the (single-valued holomorphic) 1-form w := d®/® on X determines a
rationally integrable connection (Gauss-Manin connection)

V,: 2 (%*D) 2 o Voo =do + wAp € Q" (*D).

Then we have the following complex:
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0 Vo Ve Vo
0— 2 (kD) —Q(*%D)—---— Q2 (%D)—0.

Its p-th cohomology, denoted by H’(Q (% D), V,), is called the p-th twisted
rational de Rham cohomology associated with the connection form w. The follow-
ing fact is fundamental.

THEOREM 1.1 ([3], [9]). (1) Suppose that

(Mon): non of the values of i(lj-i-%(i—l)v) 1<;<m1<:i<m,
1 .. . . m 1—1 n .
§z(z+1)v(1Szén),(z—l—n)gllk-l-[( ) >+(2>]v(1£z£n)
lies in N\ {0}.

Then the symmetric part H (2 (% D), Vw)s” of the cohomology H" (2 (% D),
V,) is generated by the symmetrization of the logarithmic forms

(1.2) dlog (t, — z,) Ndlog (t, — z,)A\---Adlog (t, — z,)

forl <1,,...,1, < m.

(2) If we suppose II <2m + Bk) % 0, in addition to the assumption (Mon),
0<k<n-1 2

then a basis of H" (2 (* D), Vw)s" is given by the symmetrization of
(1.3) dlog (¢, — z,) Ndlog (t, =z, )A---Adlog (t, — 2,)

for1 <i,...,5, <m— 1.
Then the rank of H"(2 (D), V) is (n —;@ ; 2 )
This theorem was first proved by Aomoto [3]. His proof depends on the argu-
ments for the generalized Pochhammer differential equations. On the other hand,
Esnault-Schechtman-Viehweg gave another proof of (1) under more general set-
ting (They treat the case of arbitrary hyperplane arrangements [9].). Their proof is
given by the combination of the arguments for the degeneracy of the Hodge-
Deligne spectral sequence and a result by Brieskorn [5].
Let S, be the local system on X defined by the monodromy of @ and S¥ the
dual local system of S,. Let H,(X, S:) be the p-th homology group with coeffi-
cients in S::. Then we have the perfect pairing (see [7], [23])

H,(X, S)) x H' (2 (*D), V,) —C,
r, o)~ f o®dt,. . dt,,
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which induces the pairing of the symmetric parts:
H,(X, SH™ x H'(Q (D), V,)"— C.

In this paper we consider only the (Sn—)symmetric (co)homology, i.e., the (twisted)
cycles I' in the integral (0.1) are so chosen that

(1.4) f(p(d)dtl...,dtn)0=f(p(Ddtl...,dtn
r r

for all symmetric rational functions ¢ € C(¢,,...,t,) and 0 € S,.

We refer the reader to [1], [14], [15], [16], [21], [25] for related works with
the twisted cohomology and homology.

By using this framework, in the next section, we derive a Gauss-Manin sys-
tem associated with this Selberg type integral.

2. Gauss-Manin system

This section is devoted to deriving a system of matrix valued differential
equations of the first order associated with the Selberg type integral

f 0 ¢—t)" O —2z)"ddt,...dt,
r

1<i<j<n 1<i<n
1<j<m
with variables z, .. .,2z,. In what follows we suppose m = 2 and fix a cycle I’

satisfying (1.4).
Notice that for a rational function ¢, we have

2.1) aaz fr 0O dtdt,. . .dt, = fr (V,.0) @ dt,dt,. ..dt,,
where
._ 0 0log @
Vei= 0z, + 0z,
For brevity we put
(22) (p(al ..... a,) =11 (tl - Zai)_l

1<i<n

for 1 < a; <m (1 <1< wn) and also use the notation

Qargs . mm Pl 2.2 m
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for ky,...,k, suchthatk;, 201 <:<m) and k; + --- + k, = n
Moreover we write

f(p(bdtdt

for all symmetric twisted cycles I, and ¢, = @, for {¢> = {@,.
Under these notations, we derive a system of differential equations of the first
order (Gauss-Manin system) with respect to the basis

23)  Kegp o k201 <ism=1), 2 k=n

1<i<m-1
+m—2
Note that the cardinality of the set (2.3) is (n m T 2 >
ProposiTioN 2.1. (i) Forr =1,...,m — 1, we have
0 _
(2.4) 22 $Panze o) =
v k
- (27 * 2 k,) 1Ss§m 1% 7 % <(,0( R )>
S*x7
+ [ Z rs Sy r'vs +
1<s<m-1 Z, - ZS Z, - zm
Sxr

X <(P(1”-,..A,<mf1)*~)>

+ k<2+ k){ ! —zlz]

1<s<m-1 2, T 2y r ~ Rs
Sx7
X <(P(..4,,"",...,s*x“ ..... )>’
and
0 _
(2.5) 9z <(0<1",z‘1,.u,<m—1)‘"-'>> -
v
5 ks{]m-f-/?s‘f—g(ks—l)} ) N
- 2, — 2, Dak,. . m=1)t
k(2 + 5 k)
+ X E e ey
1<s<m-11<r<m-1 Zm ZS

%S
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Proof. First we derive the equality (2.7) used below. By the Stokes theorem,
we have

v
(26) 0 E Z w(al,...,a”_l,a,-) + Z Za (p(al,...,an_l,a) '
1<j<n-1

1<a<m

indeed, the right hand side of (2.6) is

Y [ 1 1 1 1 ] 1
Z2l == 2 L=t b —z, L (tmz)
i%j
+ I (—z) X A,4,—2)
1<i<n-1 1<a<m
_ Y Aq -1
=[Zt—t+ > 7——t} II (t,«—za‘)
j(xn) “n j 1<a<m “n a” 1<i<n-1
=y, I (t—2) =0
1<i<n-1
Set
a = =a.,=1,
Apgovtk, = 7" = Qpeeegpmy = S for 2 <s<m-—1

and a, = m in the relation (2.6). Then the equality
_ Y
(2.7) 0= {21 3 (k, — 1)} Pan,..om-1'

+ 2 (AR een e

2<s<m-1
+ A Qa1
holds.

By the help of the equality (2.7), we derive the equations (2.4) and (2.5).
Direct calculation shows

(2.8) Vo, ©an. . on-vt
— )y A 0log @
= -V, + + : +
_13:‘2;/:1 { t j(sezi) ti— 1s§:3m t; — Zs] 0z, ]

X Oan . m=1)m

Y

S+ ’2_52]+ b3 ‘l‘]

j 2<s<m ti s kL +1<i<n "i 1

s (=

[ 1<i<k, (=D ti —
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X Qah. =1t

E[kl{ > Y 4 4

A - ]‘ 2 tz—1
1 H1<ji<n “1 i 2<s<m “1 Zs ki+1<i<n "1 3!

X Qs metey
By virtue of the equality

1 1 1 1 1 1

L=ttt —2z tj—zs—i_tj—tl L—z b oz

=1 [ 11 ][ 11 ]
oz oz U g L —2z) U — 2z t;,— 2

we have
]
(2.9) 2 T Pt
kl<j<n ‘1 j
k
— s — - “ .
== 2 g/ {<P(1**“,,,.,skf',...> 20a%,. . onpty + Qae ,.A.)}

2<s<m-1 2(’?"l - zs)

The equality

210 R e

L~z t oz 2 T & L T2 i s

and (2.7) lead to

A
S
(2.11) 2 f— 2z Pas e
2<s<m 1 s
A
N J—
B % 2 T Z loan..., (m=1)") (p<1~|-',,,,sw“_,)}
2<s<m—-1 S
A
m —
+ 2z — 2z, {@an,. mayey ™ Qarm o, '}
m
A
—_ S —
= 2 2 — 2z, logs . m-1m Qur, )
2<s<m-1 "1 s
v
]m+ll+§(kl—1)
+ Z —z Dar,. . m—1)'mn
m
v
A, + 9 kg
+ X o e

2<s<m-1 2 Zm
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Similarly, the equality (2.10) gives
1

(2.12) z ) 1Yk
pirsien B 2 Q0D
k
— S —_
- = 7z — 2 {§0<1”-,“.,(m—1>*--'> ‘p(l““,.-»,s*“‘,m)}‘
2<s<m-1"°s 1

Therefore we get the differential equation (2.4) with » = 1 by substituting (2.9),
(2.11) and (2.12) into (2.8). The equations with respect to V, 2<r<
m — 1) are obtained by changing the suffices accordingly.

The equation for 0/0z, is given by the same way as follows. First we note

the equality

1l
——
N

13
_|._
N
—~
=~
»
|
[
S~
—
S
g
|
7

(2.13) 0

+ > (/I, + %’ﬂ) DD

1<t<m-1
txs

+ /lm (p(“ st (m=1)" m")

for 1 < s< m — 1, which is given by changing the suffices in (2.6) appropriately.
By (2.10) and (2.13), we have

(214) Vzm (p(lk‘,....(m—l)k"'“)

_ Am
= 1§gzgn z, — 1, Dak,.. m—1)
Ak
- 1< § 1 %m —"SZS {(P(l*',,,,,(m—n*'-') T Pt m')}
=ss=m—
k Y
ssm—
1<t<m-~-1
t#Sm

which is (2.5).
Remark 2.2. To derive the system (2.4) and (2.5), we need no conditions.
Remark 2.3. Our system can be written as

(2.15) ar={ 2 Ajdlog(z;—z)}¥.

1<i<j<m
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nt+m—2

—2
C coefficients, and T = "(@n 7+ s $@iom - o). It is known ([18]) that (2.15) is
integrable if and only if the following conditions are satisfied.

Here A;;, 1 < ¢ <j < m, are square matrices with size < ) and with

[A,-j, A, tA,]=14,+A4A, Ajk] =0fori1<j<k,
[A;, A = 0 for distinct 7, 7, k, £.
These relations are called the nfinitesimal pure braid relations, and also called the

classical Yang-Baxter velations, which play an important role in Mathematical Phy-
sics. The linear independence of the basis

{<§0(1",2“*,.‘,,(m—1>‘"">> k20, Z k=n

1<i<m-1

guarantees the integrability of the system. Once we get the integrability under the
conditions (Mon), it is guaranteed without any conditions, since the elements of A;
are linear in 4; G = 1,...,m) and v.

3. Reducibility and irreducibility

In this section, we study the (ir)reducibility of the Gauss-Manin system in
Proposition 2.1.

THEOREM 3.1.  When v = 0, the Gauss-Manin system (2.4-5) is irreducible if A,
& Zi<i<m and Z:n=1 A €7

Proof. Notice that the integral (0.1) reduces to the product of integrals of
Pochhammer type (i.e. case # = 1)

f H (t, - Z/)Aj dtldtz. . .dt” = H H (t, - Zj)xj dt,
1<i<n 1<i<n 1<j<m
1<j<m

Takano-Bannai [24] showed that when n =1, if A, €Z and 2., A; € Z then the
monodromy representation is irreducible. On the other hand T. Sasaki [20] showed
that the Zariski closure of this monodromy group is the general linear group
GL(m — 1;C). Hence there exists a basis B, of the homology H,(X, S)) in the
n =1 case which gives a fundamental representation of GL(m — 1; C). On the
other hand, each element in the homology H,(X, S:)S” corresponds to the zn-fold
symmetric tensor of elements in B,. Thus by Weyl's reciprocity, there exists a
basis of H,(X, S} which gives an irreducible representation of GL(m — 1; C),
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and consequently of the monodromy representation of (2.4-5).
Theorem 3.1 suggests us that under some generic condition for v and 4;
Gauss-Manin system (2.4-5) is irreducibile, although we could not prove it gener-

ally.
We consider the case m = 3, for a while.
Thanks to Proposition 2.1, the Gauss-Manin system takes the form
(3.1) dv={ 2 A,dlogz;,—z)}¥
1<i<i<3
with respect to the basis T ="({@un>, {@urig?,...,{@um>). Here the matrices

A;; = @)1 <5< ns1 do not depend on the ;s and are given by
=~ i(ll +5(n = i)),
a2 =~m—i+D (4 +2G-D),
1

a?=G-1D—i+Dv+ m—i+Di+ G— DA,
La:«;m =0 otherwise
and

a) =m—i+1) (xl+xs+§(n—i)),

33 {ad2 =m—i+1) <,22 +o G- 1)),

(13)

i =0 otherwise

and
) Y )
a;isl)'i = z(/l1 + 5 (n — z)),

. v .
(3.4) a =i (,12 + 2, +5 G- 1)),

(23) .
a; = 0 otherwise.

These show the following: Fix an integer k£ such that 0 < k <n—1. If
A+ % k=0, we have alruy por = A0t vk = @ ey oy = 0. This yields a
subsystem of the system (3.1) with a basis

{Quugy ; 0 <k <k, k, t k,= nt.

Similarly for each k such that 0 < k< n—1,if 4, + %k = (, we have a

subsystem with a basis
{Qargn; 0 Sk, <k, ky + k, = n.
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The following question naturally arises: Are there other subsystems of (3.1)? To

answer this question, we transform A;; by the triangular matrix P; Consider a

. (13) .
matrix Pj; = (p;;" )<, <n41 defined by

Pl =1for1<i<n+1,
ap _ 2 ;(‘13) — 02131) .
35 P = 5 for 2<i<j<m+1,
o {(n — ) <,12 +3 t)]
sz) =0, otherwise,

(13)

where o, = (n — 1+ 1) (21 + A, + % (n— i)). Then we have the key lemma.

LemMA 3.2.  Under the condition

(3.6) ,ﬁ: (xz + %t) Zl:f:i: @4, + 24, + kv) * 0,
we have
P AP, = diag(,"”, 0., ... ,05)
and
(3.7) P AP, = By = (02, <\ cpins
where
bt = = i x

(it 2+ 5 m=i=D)(4+5n=0) (4 + 4+ 4+ 5 @n—i-1D)

’

A+ 2+ = i) (4 + 4+ 5 en—2i = D)

b:isl),iz—(n_i+ 1)
(3.8 3 (h+Zo-0)(a+56-D) (1 +2+ 5 @)
NI A A P TA T e
B = — b, - 4,
b;sz) =0 otherwise.
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Proof. Since

w2 a3y _ a3
j t+1
i= =

detP, = Hz ,HO [(n S <22 + % t)]

___nﬁltﬁz G—t—=DI{GE+t—2mv — 22, — 22,}

i=2 t=0 2(n—1 (’22 + 12{ t)

the condition detP,;; = 0 is equivalent to (3.6). Then it suffices to prove the equal-
ity AysPy; = P3B,;. The (i, j)-entry in this equality is

(23) (13) (23) , (13)

(3.9) @i bicy t ai; b
— .03 (23) 13) 4 (23) 13) (23)
= Pii1 b2y T hiy byt Dier by
Note that only the elements at yj=¢—1,7,7+1,...,n+ 1 are not zero. At
j = 1— 1, the above equality is obvious. Thus the only cases j = 7 are crucial; so
we suppose j = 1.
First we get

(23) 13) (23) , (13)

aii-1picy; tai; b

2 1®» _ a3
0, Ot+1

ST (o= 0(2,+21)]

[(n—i-i—.?) (h+5@—i+D)(4+50-2)
X

(=j=D (L + 4+ 5 @n+2—i=))
+(/12+13+12’—(z'—2))}.

On the other hand, by noting

(- +a+yen—j+D)
5 I (o, — 0,4y
a-mn <ZI+Z3+§(2n—i—j+2)> =0

i-2
I (o,_; = 014) =
t=0

and

—i(a+n+5@n—i—j+D),,
v H(pj_pt+1)’
G—j—1) <21+R3+~2—(2n~j)> =0

i-2
}:IO (0js1 = 014 =
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we obtain

(13) (23) (13) (23) (13) (23)

pt}l j= 1]+p11 i +pu+1 j+1.

i-2 a® _ a3 G—17) (Z + A+ 5 (2% -7+ 1))
_ O; t+1 b(zs)

=0 {(n~t)(xz+§t)} (1—;)(2 + A+ (2n—~,_]+2)> =y

(23) (23) ]<Rl + /13 + % (2n N Z -—] + 1)> (23)
+ (= bf—l,j - :+u) + b;

j+1,j

==V (A +24+y @n—))

13) (13)

:iI—IZ 0, = Ot G-/ +4,+rvm—7+1)
‘=°{(n—t)<22+§t>} (1—1)<R + A+ 5 (2n*l“/+2)>

(23)
bj—l,l'

G—=1D QA+ 4+vm—7)
(z—]—l)<2 + A+ 5 (2n~]))

) (13) 3) .
_ =2 i T O i—1

e [(n—t)(]z-%- )} (x + A, + 5 (2%-2]+1)>

(23)
bf+1,f

<ll+23+§(n—j)><X3+§(n~j+l)><l +a A+ @n =)

X

At A+ (2n—z-—;+2)

(n—j+1) (xl+§(n—j))<xz+§g—1))

+ F—

Therefore the equality (3.9) reduces to

(L +2+5 @—2i+ D) {m—i+2 (4 +5 =i+ D) (4 +5G—2)
+i-i-D (s en—i—j+2) (4 + 4+ 5 0~ 2)]

=== D (4 +a+ 5 =) (A + 50—+ D) (A+ 4+ 4 +5 @n—))

+a—j+D (R 4+ T en—i—j+2) (L +50—) (L +56-D),
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which can be checked readily. This completes the proof. a
Notice that P1_31A13P13 is diagonal and P;,IAZSP13 is tri-diagonal.

THEOREM 3.3. If one of the followings holds, the Gauss- Manin connection (3.1) is
veducible :

(1) Rl+§k=0forsomeksuchthat0.<_kSn—l,

(2) A, + %k = 0 for some k such that 0 < k <n—1,
(3) under the condition (3.6),
23+§k= 0 for some k such that 0 < k < n — 1,

(4). under the condition (3.6),

A+ A+ A+ o @n—k—2) =0 for some k such that 0 < k < n— 1.

Proof. The assertions (1), (2) have already been proved. The assertions (3)
and (4) are derived from Lemma 3.2, since one of the off-diagonal elements of

P[,'A,,P,, vanishes. O
On the other hand, as a by-product of the argument above, we have

PROPOSITION 3.4. Under the condition (3.6), the Lie algebra ZLie(A,,, Ay,
A,;) generated by three matrices Ay, Ay and A,y is isomorphic to the general linear
Lie algebra gl(n + 1; C).

Proof. 1t suffices to show that Lie algebra generated by two matrices
P AP, and Py} A,P,, is isomorphic to gi(n + 1; C) under the condition (3.11).
We suppose (3.11) in what follows. By (1) of Lemma 3.2, P;'A,,P,, is a diagonal
matrix with different entries each other, which will be written by D, Any ele-
ments of matrix B,, = P1_31A23P13 are not zero. Hence by considering the adjoint
actions [D,[Dy,l,,,[Dy;, B,]11] and Vandermonde determinant, it is seen matrix
units E, ., and E,_,; for 1 <i<mand E,, for 1 £7 < xn+ 1 are included into
the Lie algebra generated by D,, and B,,. This completes the proof. O

The author believes that the Lie algebra £ie(4,,, A;; A,;) generated by the
residue matrices of the system (3.1) coincides with the Lie algebra Lie(PV) of the
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Picard-Vessiot group PV of (3.1).
We refer the reader for related works [2], [10], [17], [18], [19].
As for general m, we obtain the following.

v .
THEOREM 3.5. Fix Las0<¥¢<n—1 and 2,-+~2~€=0forz= 1,...,m— 2.
Then the Gauss-Manin system (2.4-5) is reducible, indeed, we have a subsystem of it

with a basts

(3.10) {<(P(1",.A.,<m—1>*~>> 0= ki sid<ism-— 2)1 0= km—l}'

Forr=1,....m —2;k, =¥,

0
(3.11) oz, R
efa,+ 2, + % -]
_| g fhetaltak W TAT
1<s<m-1 Z_, - ZS Z, - Zm
Sx7r

X <(p(l“.--~,/,~.,(m—l)k"")>

* 1gs§n_2 5(]8 + % ks) {z, i z,, - z, 1 Zs} <(p(...,r!'l,u»,sk’”,.“)>
k<l
e (/2'”_1 + % k’”"1> {Z, i Z,, - z, ——1zm_1] ot (m—l)*"-"‘)>’

forr=1,....m— 2;k, <¥,

a -
(3.12) ‘07’ <‘P(1",...,(m—x)*"~')> -
Y k,
- (x, + E kr) 1<s§m—1 zr - ZS <w('“-’k"|""'Sh-lw“)>
B S:f
v
b + 2k, + Ak, | oA At G, = D)
+ > z,— 2 + z,— 2
1<s<m-1 4 S 7 m
S*x7
X <§0(1**,...,(m—1>‘~>')>
Y 1 1
R A R s A A
k<
v 1 1
+ k’(’z’"-l t3 k'"-1>{z, —2z, z,— zm-—}] Qe mm e
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forr=m—1,

0 _
(3.13) aZm_l <(p(1“.~-~,(m-1)”~">> -
v k
(At b)) Z o)
( 1 T 5 1 e A — 2 Q. s =1

v
s A + Ay + 2 Gy — 1
il e A Ak sy 2+ s = D)

1<s<m-2 Zp-1 — Zs 2y 1 %y

X <(0(1*',~...(m—1>*~*')>

Y 1 1
+ i + 5 ) -
1552—2 ! 2 [zm_1 — 2, Zyq— zs]
k<l

X <§D(,.A,sk‘“,u.,(m—l)k"‘"“)>

and for v = m,

(3.14) Bz <<P(1*' ,,,,, <m~1)”""'>> =
k{2 + A+ (e, = D)
> ‘ (e e
- z, — 2, Dar,. . m—1ry
k2, + 5 &, ~ D}
+ Z Z N z — z <<p(4.4,s*"',44.,r"'“,4.4)>
1<s<m—1 1=r=m—2 m s
rer

Y
ks(]m_l + 5 km_1>
+ Z <(p(A“_g"",u_,(m_l)k...+l)>.

1<s<m-2 2y — Zs

Proof. 1t is easily seen from the formulas in Proposition 2.1.

Remark 3.6. The dimension of our system is the cardinarity of the set
{hyyo o k) ; 05K, <60 <i<m—2),05k, ,k+ -k, K =n.

nt+m—2

For instances, it is (Z+ 1)™ 2 if n > (m — 2)¢, and ( —9

)ifﬁZnZl‘
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Remark 3.7. 1In case £ = 1, which will be discussed in the next section, the
dimension of the system is estimated as

N(m,n)1=1+(m1—2>+~-~+(m;2),

whichis 2" % ifn > m— 2.

4. Spherical functions of BC type

As an application of Theorem 3.5 in the case I = 1, we derive a system of
differential equations of the second order which is satisfied by the integral (0.1),
which is written by <1. It is known by Beerends-Opdam [4] and Kaneko [13] that
this system characterizes some generalized hypergeometric series of matrix argu-
ments under some conditions. Moreover, it was shown by Beerends-Opdam [4] that
this generalized hypergeometric series is a special case of the hypergeometric
function associated with the root system of BC,, type defined in {11}, [12].

TueoreM 4.1. Forr=1,...,m — 2, put
@) 4,=(, = 2,)( — 2,.)0,
G~ 2d) @ 20 — A T A2 G 205,
+ 2, {1 Ay Ay 5 0= m+ D)
1

o =2, )G~ 2) S 3,

2 1<s<m-2 %r  Zs
sx7
+ v > (Zs - zm—-1> (Zm - Zs) P
2 1<s<m~2 2, T & s’
sxr

where 0, = 0/0z; and A, = — v/2. Then we have 4,<1> =0 forr=1,...,m — 2.

Proof. Fixr(r=1,...,m — 2). By (3.12), we have
nA

(4.2) 0, <g0((m_1)~)> = # Lpmor? — {py <m—1>"">>}'
(4 m—1
Hence
2, T 2,
(4.3) (e, N SN —Z_Wml B, <P (-1 -
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On the other hand, by (3.11) we have
(4.4) a, <‘P(r‘, (m—l)"“>>
A -1 + 1)+ A A+ A
— [ Z _S + (n )())_ r) m—1 + r_ m
zZ,— 2z Z, = Z,_, zZ,— 2,

1<s<m-2 "7 s
sxy

] <§0(r‘, (m—l)"“)>

v

1 1

+ = x[ - ]<s'm_»-.>

\<sem—z | % T Zy 2, — Z @', m—-™h
Sxv

+ (lm_l + %(” - 1)) { e ! ] (@m0 -

zr - zm Z, - Zm—l

By substituting (4.3) into both sides of (4.4), we finally obtain
(4.5)
(=20 = 2,00+ [(1 45— 20) 6 — 2) = 4, + 40, — 2,010,

1
27_ ZS

tnd Ayt Ayt = m D]+ =2, ) (=2 T 3,

1<s<m-2
Sxr

@ = o) = 2) ar} <¢’(<m—1)">> =0.

z?'_ zS

+ 2

1<s<m-2
Sx7

IR

The equation (4.1) is given by substituting 4,,_, + 1 for A,,_; in (4.5).

Remark 4.2. 1f we put 2z, =0 and 2z,_, =1 in (4.1), then the operators
4, 1 <7 < m — 2) turn out to be

4.6) 4,= 20— 2)8 + ((5 = 2,) — 0= 4, — 2,.2)9,

ny Y
+ 221+ 4+ Aty 0= m+ D)

1
Ry = Z

+%z,(1 —-z) X
1<s<m-2
S¥xr
1 J—
21—z,
z?’ ZS

0,

>z
2 1<s<m-2
sxr

Remark 4.3. By taking various I'€ H,(X, S:)S”, we can construct
N(m, n) solutions of (4.6) expressed by the integral (0.1) (see Remark 3.7). Notice
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that

NGO, n) = 2" whenn =m — 2,
NGm, n) <2"7 whenn <m — 2.
In [13], Kaneko states without proof that the rank of the system (4.6) is 2" (the au-

thor has been told by him that he has proved this fact). The author does not know if
the rank of the system (4.6) equals to NGm, #) when n < m — 2.
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