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MULTIPLE CLOSED ORBITS FOR N-BODY-TYPE PROBLEMS

SHIQING ZHANG

Using the equivariant Ljusternik-Schnirelmann theory and the estimate of the up-
per bound of the critical value and lower bound for the collision solutions, we
obtain some new results in the large concerning multiple geometrically distinct
periodic solutions of fixed energy for a class of planar N-body type problems.

1. INTRODUCTION

In recent years, some researchers have applied variational methods to the study of
the existence and multiplicity of periodic solutions for certain classes of N-body-type
problems (see for example [3]). But there have been few results in the large concerning
the existence of multiple geometrically distinct periodic solutions of fixed energy. The
N-body problem in R* has S! x O(k) symmetry (where O(k) is the rotational sym-
metry group of order k). In order to obtain multiple geometrically distinct periodic
solutions, we must consider the effects of the group S x O(k). Using the equivari-
ant Ljusternik-Schnirelmann theory and precise estimates on the collision solutions and
critical values for the variational functional, we obtain some new results in the large
concerning with multiple geometrically distinct periodic solutions of fixed energy for
some planar N-body problems including planar N-body problems with Keplerian po-
tentials. Under certain conditions, we shall show in Theorem 1.3 that there exist at
least 2(IV — 1)2V~2 geometrically distinct noncollision periodic trajectories for the sys-
tem (Ph) as defined below. It should be noted that the authors are unaware of any
published results on the existence of multiple geometrically distinct periodic solutions
for N-body problem with Keplerian type weak force potentials.

We set 2 = R%2/{0} and consider a potential V of the form:

1
(1) V(u)=V(ul’ ,'U.N)=§ Z I/ij('U:i—uj),
1KiI#JSN
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where u; € R%, u = (uy, ..., un) € (RZ)N and Vj; € CY(Q,R). Given T > 0, we
seek periodic solutions of (Ph):

d%z; 0 '
mt dtzl +a—$iV(Zl, ., ZN) =0, 1<i<N,

N
S mala @] + V), ..., wn(®) = b
i=1

DEFINITION 1.1: By a solution of (Ph), we mean z(t) = (z1(t), ..., Xn(t)) such
that z is periodic with period T' > 0 for all 7, =1, ..., N satisfying:

(i) = € H2(0,T;R?);
(i) the set S = {t€[0,T]]|z:(t) = z;(¢) for some ¢ # j} has measure zero;
(iii) z; is C? on [0,T) /S and satisfies (Ph).

A solution z such that S # @ (respectively = 0)is called a collision (respectively
noncollision) solution.

DEFINITION 1.2: Let = and y be two periodic solutions of (Ph). If there are
diffeomorphisms ¢ : S — S and R : O(2) — O(2) such that y = R-z - ¢, then we
call z and y distinct in geometry.

REMARK. z and y are the same in geometry is equivalent to that z and y belong to
the same orbit and have the same period so that there are § € S* and R € O(2) such
that y(t) = Rz(t +6).

THEOREM 1.3. Assume V possesses the formof(1.1)and Vi; (i,5=1,2,..., N)
satisfy, for i # j, the following conditions:

(V1) Vis(Q) = Vii(Q) for all ¢ #0;
(V2) 3ae€(1,2) such that V()¢ > —aVi;(¢) > 0,Y¢ #0;

(V3) 3B€(0,2) and 7 > 0 such that V3(¢)¢ € ~fVii;(C), Y0 < [{| < 7;
(VA)  Vis(¢) = 0 as Ic| — +o0o;

(V5) 3Vi(Q)¢+ V()¢ ¢ >0, for all (#0;

(V6) 3a,b > 0 such that

a m;m; b m;m;
7 2 eapESTV@<; Y o m
1i#IEN 1igjgN T
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(V7) C < min{C1,9C3} where

C =D? (i w%m; cos? —T’—) . (_?_@_)
* 2N 2-p

i—1
p=(3-9) ¥ —mm ]
icizren €08 35 — cos 3%
6r =, min {=(5) "5
Co =2BM~*/®+®) N mymy, Cs = i(lﬁ_)(awz)la el

ISi#EN 2-p
r(3-3)

r(3)

B = 2—20/(a+2) ‘A

’Y:

) o2a 2/(2+a)
= 4721+ 2/a) - | —————
A U (1 + /a) |:(27r)22(8+°‘)/2]
N
M= Zm,’
i=1

(2+a)/a
o (.<2< meome)
I'(z) =/ t*~l¢7tdt, K, — min iSFISS
0

€5n S
. > M)
=1
(where Sy denotes the group of all the permutations of {1, ..., N}).

Then for any h < 0, system (Ph) has at least 2(N — 1)-2¥~2 geometrically distinct

noncollision periodic solutions.

COROLLARY 1.4. Assume N =2, V;;(¢) = —1/|(|, thatis, m; =mp =1, a=
B=1, a=>5b=1. Then for any h < 0, system (Ph) has at least two geometrically

distinct noncollision periodic solutions.

PROOF: By the assumptions we have M =2, A+3-273. (27r)2/3, B=3.-2"%.
723, Cy = 3-2%3 . 723 C3 = 27/128; v = T(1/2)/T(1) = »nV/2, K, =4, C;

n2, D= \/5/2, C = n?/2. Hence C < C, and C < 9C3.

2. THE PROOF OF THE MAIN RESULTS

Let us introduce the following notations:

() H=w4"(S',R?)

https://doi.org/10.1017/50004972700031968 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700031968

4 S. Zhang [4]

3) H#={ueHlu(t+%) =—u(t)}

(4) E={u=(u1,...,un)|ui€H#,i=1,...,N}

(5) Ao={u€ E|wu(t) # u;(t), e R, i # ]}
N N 1

© Il = il =3 m / lil? dt, Yu = (uy, ..., uy) € E.
i=1 i=1

Define the subset M of Ag and the following functional f on M:

(7) {u € Ao I /01 [V(u) + %V’(u)u] dt = h}
®) f) =3

1
ol | Ve

The following lemma whose proofs can be found in [2, 8] gives sense to these
definitions.

LEMMA 2.1. Let h <0, and let V;; satisfy (V1)-(V5). Then

(i) M # 0, M is a C*® manifold in E and a strong deformation retract of
Ao.
(ii) Let u be a non-constant critical point of f |ps; also let

1 fol V'(u)udt
9) T2 =Tz
Nulle

Then z(t) = u(t/T) is a T-periodic noncollision solution of (Ph); conversely if z(t)
is a C? solution of (Ph) of period T, then u(t) = z(Tt) is critical point of f |pr.

LEMMA 2.2.

() /OT ﬁ)l_" dt > T+e)/? (/T|q(t)|2 dt> _alz.

(10) (i) /0 T(zij.»luilz)_a2dt>T‘+‘°"2’[/ Zmdull)dt]
i=1
(11)

-af2

2 ”“"2

(iii) (Wirtinger Inequality) ||il}, > Vu € Hy.

Proor: (i) By Holder’s inequality, we have

T T 1/2 T af2 t a
/ IqldtST”z( [ ar dt) (/ lgf? dt) >T-°/2(/0 1l dt).
0 0 0
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By Chebychev’s inequality, we have

T 1 T
/ —dt- / lg)? dt > T2.
o lql 0

T a T -af2
(fo lg|™* dt) >T3°/2(/0 lal? dt) :

Using the above results and Jensen inequality, we have

T 1 T a T —af2
0 0 [}]

The proof of inequality (ii} is similar to that of (i). 0
LEMMA 2.3. Let K = inf{ lLr{:oinff(um) | {un} C M, un == u € 8A¢}.
Then, Ve > 0, the (P.S.) condition holds in fX—¢ = {u EM I flw) < K- e}.

So

PRrOOF: Let {u,} be a (P.S.) sequence at level ¢ < K. For F(u,) = c, we know
that fOT in|? dt is bounded. Thus {un} is bounded in E. Taking a subsequence if
necessary, we can say un —— u. For ¢ < K we have the u € Ag. Similar to the proof
of [1] or [4], f(un) = 0 and u,——u € Ag imply u,——u € M. 0

Moreover Vk < K, f* is complete. In the following, we derive an estimate from
above on minimax levels on a special set with large S* x O(2) Ljusternik-Schnirelmann
category.

Similar to the proof of [2], if (V1)-(V5) hold, there exists a continuous function
d: Ap — R such that d(u)u € M, Vu € Ag. In fact, we set for u € Ap and d >0

0(d) = /0 ' [V(du) + %V’(du) du] dt

From (V1)-(V5), it follows that

0'(d) >0 for all d € (0,00),
0(d) > —c0 asd—0,
0(d) >0 asd— oco.

Thus there is a unique d = d(u) € C(Ag, R) such that @(d) = h for all u € A
and h < 0. Thus a possible homotopy retracting H on M has the for H(A, u) =
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(1-MNu+Ad(u)u. Fori=1, ..., N, let
Z; = {v(t) = (cos %)(Ccos27rt+nsin27rt) | ¢, ne R?,
(12) Kl=lnl=1, =0},

(13) Z=2Zyx---x2Zy, Z=H(1,Z) C M.

In the following we will estimate the upper bound of f on 2, for this, we note

that for any u= (uy, ..., un) € Z, there are (;, 7; € R? such that
(14) Kl=ml=1, &mi =0, uy = (cos ZN)(C’ cos 2wt + m; sin 27w t).
LEMMA 2.4. IfV satisfies (V6), then
b .
(15) -~V <3 vy Tyied
oy |cos Z& — cos =&

PROOF: By |u;(t)|> = (cos (7r'L')/(2N))2 we have

(186) lu,-(t) —uj(t)| |u,(t)| + IuJ t)l - 2|u1(t | . [uJ(t)!

T o] e Ty T g
> cos? — s —= —2cos — — = — — .
cos 2N+c- N COS 57 COS o (cos2N S2N)
Hence the lemma is proved by (V6). a

In the following, we will use Lemma 2.4 to estimate the bound from above on the
functional f constrained on Z.
The following lemma is easily proved

LEMMA 2.5. Let V;; satisfy (V)—(V6), then for any real number d and any fixed
u € E, the functional f(du) in an increasing functional on d.

By Lemma 2.4 and Lemma 2.5, we have
LEMMA 2.6. If Vi; satisfies (V1)-(V6), then we have

mj He -1/a
d(u) < [ (5 4a) Z 7 |cos 3 e ard a} (=h~

- COS 7F
(17) =D(-h)"Y* Vvuez
(18) k= max f(u) < C- (=)=,
uezZ
where
2
(19) C= D2(Z7r m; oS 2N> %
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PRrROOF: By (V1)-(V6) and Lemma 2.4, we have

h=/01[V(d~u)+1V'(d~u)du] dt > (1—3)/01V(d-u)dt
>5(1- )/ala)Z SR

7 [w® —u®

>—5(1-5) )"

o |cos a8 — COS 7

So the estimate (17) on d(u) holds.

We take T € Z, as @ = d(u)u with u € Z and d(u) < D(—h)'l/a. Hence by
fu;] = cos (wi)/(2N), we have

N 1 N 1 .
ol = Y me [l e = Yo ma?(an® [ pu? ar) - (-
i=1 0 i=1 0
N i\ 2 2/
— 42?2 —_ ). (= «
=4n*D <Z(cos 2N) m,) (=h)*“.

i=1

y (7) and (V3), we have

L —28h
/OV(u)udts g

So the upper bound estimate (18) is proved by (8).
Similar to [4] and [12], we have

LEMMA 2.7. Let u€ M and let 1/T? = (fol V'(w)u dt)/ ||u||zE, also let ¢(t) =
u(t/T). Then the following equalities hold:

/2 _ Tr & . 1_,
(20) ] = [ [F o mlad + v (@e]
(21) [4fw)]? =T / l V' (w)udt.
0

PROOF: By (8) and (9) we have

[4f(w)]"? = |lull - ( /0 1 V' (u)u dt) 2 =T /0 l V' (u)udt.
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Hence (21) is proved. By (8) and (9) we have
=31t [ Viwua= gty [ v (u(7))u(F)
- /0 Viwudt - [o " Vi@adr = H /0 V0 )[4 ()]

T
(22) = [ viaaa.

On the other hand, by (8) and (9) we have

1/2
@) = ol ([ Vewwar) = 2pi= % [ Zm.|u, O d.
So
T
(23) [4f(w)]"/? /0 > malgi)? dt.

Adding up (22) and (23), we have
T N
[f@)]* = / —;—[;m lé:|* + V' (q) .qJ dt

We denote By = {u € E | fo —V(u)dt < 0o0}. Then, by (V3), for all u € E;, we
have also fo V'(u)udt < oo. We set

M= {u €E = /OI(V(u) + %V’(u)u) dt = h}.

We also denote, for v € F;,

£ = 51l [ [h- Vi) a

Now it is easy to see that from (V1)-(V6) it follows that for all © € F; we have
{Au, A > 0} C E; and there exists a unique A(u) > 0 such that A(u)u € M, and

(24) I(u) = max () = F(Aw)u).
We set, for s=2,..., N,

(25) 6& = {U €E,:3r€ 8N, 3te St uT(l)(f) == uf(s)(f)}
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where Sy denotes the group of all permutations of {1, ..., N}. O
LEMMA 2.8. [11]. Let
_r(a-y)
r(3)
and
(2+a)/a
(KE ey me)
(26) K, = misn LiF#j<s
TN Z Mr(s)
i=1
Then
2/
(27) inf _ f(u)= inf I(w)>m?(5) K, b7
wEM1NdA, u€dh, 2

LEMMA 2.9. If V satisfies (V1)-(V6), then K > Cy|h|®® 2/® where K is
defined in Lemma 2.3, C; is defined in Theorem 1.3.

PROOF: By the definition of K, we take a sequence {u,} € M such that u, e
OAg and f(u,) — K. Then u is not a constant. Suppose for a contradiction that u(t) =
constant. By the symmetry u(t + 1/2) = —u(t), we have u(t) = 0, then u,—-0. By
the Sobolev embedding theorem, we have |lu,|] — 0 and fol V{(up)dt — —co. But by
(V2) and (V3), we have

(28) (1 - g) /01 V(up)dt < b= /ol[V(u,,) + %V’(un)un] dt
< (1— g) /01 V() dt.

This is a contradiction. Hence, u is not a constant. Let 9A, = {u e EF:3re
Sy, 3t € S* = u,;1y(f) = -+ = ur(5)(f) }. By the same procedure as in the proof of
{11, Lemma 2.8], we can obtain

2/a
: > 2 _a_ R . (a~2)/a
(29) i, f 3w () K e,
N
By 0A¢ = U 0A;, we have
8=2
) A% pie=2/a _ (a=2)/o
() K> _inf flw> mlgnN{m (2) K,} k] =C1h) .
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0
LEMMA 2.10. If u is a critical point of f |p, and (V1)-(V6) hold, then we have

(31) Fw) > Cy(=h)>=d/e,

PROOF: As in Lemma 2.7, let T? = ||u||;/( I V’(u)udt) and q(t) = u(t/T).
Then

(32) [4f ()] = / E Zm, i+ 3V'(@a]

Using the symmetry property g(t + (T/2)) = —g(t) and (V6), we deduce that

N T T
1/2 m; . aa dt
[ @) 2302 /0 @il dt + - -
1=1

lgi — q;|*

Using the methods of [6] and [8], we can give more explicit estimates about

1/2
[ ()]
N 2 2/(2+0)
M=Zm,-,A=47r2<1+z 2
B = 22&/(a+2) . A.
Then
(33) [47 () 2 2BM~2/C+)  S™ um; = G-/ @te),

1<i#i KN

On the other hand, for every u € M, we have fol [V (u) + V'(u)u/2] dt = h. From
this and (V3) we deduce

1
(34) /0 V’(u)udté%, Yu € M.

By (21) and (34), we get

(35) (s <7(525)

Plugging (35) into (33), we get

(36) T2/(2+8) (%) > Cs.
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From (35) and (36), it follows that

1/ —28h (a=2)/a Ve e

(37) flu) 2 Z(_Z——ﬂ_ﬁ) . Cg” Ve — oy (—h)(“ 2)/a
0
We note that Z is S! x O(2) invariant. In fact, for any z(t) = (xl(t), oo zn(t))

and 7 € S', R € O(2), H(r,R) - z(t) = (Rzy(t+7),..., Ren(t+ 7)) € Z. We
also note that Z is S x O(2) invariant and the functional f is S! x O(2) invariant.
Hence in order to obtain multiple distinct S! x O(2) invariant orbits of the system
(Ph), we need to estimate the S x O(2) equivariant category of the special sets Z and
Z. We note that each Z; (¢=1, ..., N) is diffeomorphic to 73S which is the unit
tangent bundle of S'. Hence cat(Z;) > 3. Now Z = Z; x --- x Zy is diffeomorphic to
T.8'®---® T1S* (N factors), and Z is diffeomorphic to the set Z(ny,...,ny) of Coti
Zelati [5], so by [5], we have

LEMMA 2.11. i(Z) =cat(Z/S' x O(2)) > 2(N —1)2N -2,

REMARK. Although the set Z is diffeomorphic to the critical manifold Z(, , . n,) of
Coti Zelati [5], the upper bounds of f on Z and Z are more easily estimated than on
Z(ny,...onp)-

LEMMA 2.12. [10] Let X and Y be two arcwise connected topological spaces.
If the continuous map ¢ : X — Y has a left inverse ¢ : Y — X, then VA C
X, Caty (¢(A)) = catx(A).

The following lemma is an equivariant version of Ljusternik-Schnirelmann theory.

LEMMA 2.13. Let X be a Banach space, A an open subset of X, and f €
CY(A, R). Let G be a compact Lie group, T(G) a linear continuous representation
with equivariant distance and M a C?~° submanifold of A. Assume M and f both
are invariant under T(G), f satisfies the Palais-Smale condition on some closed subset
of N of M.

Let i be a T(G)-invariant index. Let ¢,, = inf  Supzezf(z), m=1,2, ...,
i(A)2(m)

where AC N, A€ Y. = {B C N | B is T(G)-invariant and closed in N}. Then

(1) when —oo0 < ¢y < +00, Gy s critical value of f,

(2) if —00 < ¢ = Cmy1 = -+ = Cmyk < +00, then i(K.) > k, where

K.={zeN|f(z)=0, f(z) =c},
(3) cm <cmia-
LEMMA 2.14. Ifu is a critical point of f |p, which has minimal period 1/1, 1 #

1, then | > 3 and v(t) = u(t/l) is also a critical point of f |p and f(v) = (1/1%) f(u) <
fu)/9.
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PROOF: The result follows from the symmetry u(t + 1/2) = —u(t) and the follow-
ing two equalities:

T ) 2 1 T . 2 T T
/0 lo(t)| dt=l—2/0 lat)| dt;/o V(v)-vdt:/o V(w)udt.

We are now ready to prove Theorem 13.

PROOF: Inequality C;7 > C implies that K > k. Thus by Lemma 2.3, the Palais-
Smale condition holds in f*¥. We note that Z C f¥ C M by the definition of k. Thus
by Lemma 2.11 and Lemma 2.12, we have 1,(2) (Z) > 1iz(2) = 2(N - 1)2V-2. Since

2(2) (2) > 2(N - 1)2¥~2 and (P.S.) condition holds in f*, we are in a position to apply

the S! x O(2)-equivariant Ljusternik-Schnirelmann theory in N = f* | which yields the
existence of 2(N — 1)2VN=2 critical points {u; | ¢ = 1, ..., 2(N —1)2N-2} C f* of
F |, none of which can be brought into the other by the standard S x O(2) action of
M. For any u; € f* we have f(u;) < C(—h)l_z/a. If u; were not of minimal period
1, from Lemma 2.14, it would follow that there is a critical point v; of f |ar such that
f(v) < (C/9)(—h)1"2/°‘. Lemma 2.10 and estimate C; > C/9 would then imply a
contradiction, so Theorem 1.3 is proved.
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