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FIBRE FUNCTORS AND RECONSTRUCTION OF HOPF
ALGEBRAS

SIMON LENTNER AND MARTIN MOMBELLI

ABSTRACT. The main objective of the present paper is to present a ver-
sion of the Tannaka-Krein type reconstruction Theorems: If F': B — C
is an exact faithful monoidal functor of tensor categories, one would
like to realize B as category of representations of a braided Hopf alge-
bra H(F) in C. We prove that this is the case iff B has the additional
structure of a monoidal C-module category compatible with F'; which
equivalently means that F' admits a monoidal section. For Hopf alge-
bras, this reduces to a version of the Radford projection theorem. The
Hopf algebra is constructed through the relative coend for module cate-
gories. We expect this basic result to have a wide range of applications,
in particular in the absence of fibre functors, and we give some applica-
tions. One particular motivation was the logarithmic Kazhdan-Lusztig

conjecture.
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INTRODUCTION

Background. The main objective of the present paper is to present a ver-
sion of the Tannaka-Krein type reconstruction theorems. It is known that
if B is a k-linear abelian locally finite category, F' : B — vecty is a fibre
functor, that is an exact faithful functor, then the coend

C= /BEB F(B)exF(B)*,

has structure of k-coalgebra, and the functor F' factorizes as

B r Comod(C)

Tl

vect i,

where f : Comod(C) — vecty is the forgetful functor, and Fisa category
equivalence. We refer the reader to [12], [22] and references therein. If,
moreover, B is a monoidal rigid category, and F' is a monoidal functor,
then it is possible to endow the coalgebra C with structure of Hopf algebra.
Succinctly, monoidality of B gives C' a product, turning it into a bialgebra,
and rigidity of B endows C with an antipode.

Some generalizations of this result appeared in the literature. We only
mention some of them. In these more general versions, a fibre functor F :
B — C is considered, where C is an arbitrary monoidal category. In some
versions, the object C' is not a Hopf algebra in C. For example in [4], it
is shown that if the functor F' has a right adjoint G : C — B, then, the
associated monad to this adjunction T'= F o G : C — C is a bimonad, and
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there is a commutative diagram

B F T

Rawg

Here f : CT — C is the forgeful functor. Beck’s monadicity Theorem
implies that the functor F : B — CT is a monoidal equivalence. Rigidity of
both monoidal categories B,C imply that T has a Hopf monad structure. In
[13], [14] Lyubashenko reconstructed the object C' as a coend [ Beb p (B)X
F(B)*, belonging to some completion of the Deligne tensor product C X C,
and it turns out to be a squared coalgebra. In the work of Majid [19], he
started with a monoidal functor F': B — C, where C is a braided monoidal
category, and he reconstructed a Hopf algebra C' = fBEB F(B)*®F(B), and
set up a commutative diagram

With this generality, the functor F no longer need to be an equivalence.

Our approach. The point of view of this paper owes a lot to [22]. However,
we shall work only with finite categories. Let k be an arbitrary field, and
let B,C be finite k-linear abelian categories. Assume both C, B are rigid
monoidal categories, and F : B — C is a monoidal functor. If F has a section
G :C — B, that is F'o G ~ Id ¢ as monoidal functors, then it is possible to
endow B with an action of C, such that F' is a monoidal C-module functor.
This action behaves well together with the monoidal product of B, in a sense
that we call monoidal module category.

Under these conditions, we aim at constructing a Hopf algebra H € C and
obtaining a kind of Radford projection Theorem in this categorical setting.

The reconstruction of such Hopf algebra is given in some steps, that we
describe as follows. If B is a right C-module category, F': B — C is an exact
faithful module functor, we construct a coalgebra C(F) € C as

BeB
C(F) = f F(B)®"F(B).
Here § stands for the relative coend, a new tool, developed in [3], in the
context of module categories. This tool is one of the new features that we

incorporate in these reconstruction theorems. The coproduct and counit of
C(F) are defined using universal properties of the dinatural transformations
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associated with the relative coend. See Proposition 6.2. Moreover, we show
that the functor F' factorizes as

Here f : “C — C is the forgetful functor, and F:B—C%isan equivalence
of C-module categories. The existence of F is stated in Proposition 6.4, and
the proof that it is an equivalence of categories is given in Theorem 6.7.

If in addition C is a braided rigid monoidal C-module category, B is a
rigid monoidal category, and F' is a monoidal functor, then we endow the
coalgebra C(F') with a product, turning it into a bialgebra in C. Rigidity
of B allows to define an antipode on C(F'), making it into a braided Hopf
algebra. These results are stated in Theorem 6.11 and Corrollary 6.19.

The contents of the paper are the following. In Section 2 we give a brief
account of some basic facts about tensor categories and module categories
that will be used throughout the paper. In Section 3 we review the notion
of relative (co)end of a functor in the setting of module categories over a
tensor category C. This tool was developed by the second author in [3]
as generalization of the usual (co)end. Let C be a tensor category, M be
a left C-module category and A is some target category. If a functor S :
MO x M — A has a prebalancing, that is natural isomorphisms

B S(M, X >N)— S(X*>M,N),

fMEM (S’ B)

is an object in A equipped with dinatural transformations my; : S(M, M) =

then the relative coend

fMGM(S, B), such that it satisfies some extra condition, see for example

3.3), and it is universal with this property. When C = vecty, the relative
property.

(co)end coincides with the usual (co)end.

Since relative (co)ends are objects defined by a universal property, they
may not exist in general. Section 3.1 is devoted to prove that all relative
coends, used in this work, actually exist. In this Section, it is crucial that all
categories, the tensor category C and the module category M are finite. We
also require that the action C x M — M is exact in each variable, allowing
us to use [9, Thm 2.24], that says that there is an equivalence of module
categories M ~ C4, for some algebra A € C.

In Section 4 we review the definition of a Hopf algebra H in a braided
tensor category C and its tensor category of comodules #C. We also review
the definition of H-H-Yetter Drinfeld modules in this setting, which pro-
duces a braided tensor category #YD(C). Then we introduce a notion of a
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C-module category B with a compatible tensor structure in the sense that
there is a natural isomorphism

Ixp:X>B— (X>15)®B,

for all X € C, B € B, satisfying certain axioms. Note that there is a second
reasonable notion of a monoidal module category, where the action X > — is
a monoidal functor, and this definition is not equivalent. Under the presence
of a monoidal functor F : B — C, compatibility of the monoidal product in
B and the action of C on B, is equivalent to the existence of a section to F,
that is a monoidal functor G : C — B such that there is a monoidal natural
isomorphism F o G ~ Id.
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Marburg, Germany. We thank the organizers, and in particular to Istvan
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S.L. thanks T. Gannon and T. Creutzig for hospitality at the University of
Alberta and the Alexander von Humboldt Foundation for financial support
via the Feodor Lynen Fellowship.

1. PRELIMINARIES

Throughout this paper, k will denote an arbitrary field. We shall denote
by vect the category of finite dimensional k-vector spaces.

A finite category [10] is an abelian k-linear category such that it has only a
finite number of isomorphism classes of simple objects, Hom spaces are finite-
dimensional k-vector spaces, all objects have finite lenght and every simple
object has a projective cover. All these conditions are equivalent to requir-
ing that, the category is equivalent to the category of finite-dimensional
representations of a finite-dimensional k-algebra.

If M, N are categories, and F : M — N is a functor, we shall denote
by F™ F'2 : N — M its right and left adjoint, respectively. We shall
denote by M°P the opposite category. If f: M — N is a morphism in M,
sometimes we shall denote by f°P : N — M the same map but understood
as a morphism in M°P.

Any abelian k-linear category M has a canonical action of the category
of finite dimensional k-vector spaces

(1.1) o :vecty X M — M.

See for example [22, Lemma 2.2.2]. Any additive k-linear functor F': M —
N between abelian k-linear categories respects the action of vecty, that is,
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there are natural isomorphisms
dV,M : F(VOM) — VOF(M),

V € vecty, M € M, satisfying certain axioms.

From now on, all categories will be assumed to be finite abelian k-linear
categories, and all functors will be additive k-linear. Here k is an arbitrary
field. All our proofs work in the presence of an associator, but for simplicity
we assume in the presentation that the categories are strict.

2. REPRESENTATIONS OF TENSOR CATEGORIES

2.1. Finite tensor categories. A finite tensor category C is a monoidal
rigid category, with simple unit object 1 € C. We refer to [10] for more details
on finite tensor categories. Without loss of generality, we shall assume that
tensor categories in this work are strict.

If C, D are monoidal categories, a monoidal functor is a functor ¥ : C — D
equipped with natural isomorphisms

éap: F(A)®F(B) = F(A®B),
such that
(2.1) §a,8oc(d p(a)®€B.c) = Easn.c(€a,BR1d p(c))-

If (F,€),(F,§) : C — D are two monoidal functors, a monoidal natural
transformation between F and F' is a natural transformation o : F — F

such that
(2.2) aawpéan = Eaplaa®ag),
for any A, B € C.
If C is a category, for any X € C we shall denote by
evy : X*'®X —1, coevy:1— XX*

the evaluation and coevaluation. By abuse of notation, we shall also denote
by

evy : X®*X — 1, coevy:1— XX
the evaluation and coevaluation for the left duals. We will use the following
basic result. If f: X — Y is an isomorphism in C then

(id »x®f)coevy =(* f@idy)coevy,
eVy(f®id y) :eVX(id X®*f).

It is well known that for any pair of objects X,Y € C there are canonical
natural isomorphisms

(2.4) Py VOX* = (XQY)*,

(2.3)

(2.5) Py Y RX = *(XY).
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These isomorphisms allow us to compute coevaluation and evaluation maps
of duals; more precisely we shall need the following identity

(2.6) evsy = *(coevX)qSiXX.

We are going to make use, very often, of the canonical natural isomor-
phisms
o %y : Homp(X®'Y, Z) — Homp(X, Z®Y),

V¥ vy (f) = (f®idy)(id x®coevy).

And its inverse

TE)Z(,Y : Homp (X, Z®Y) — Homp(X®*Y, Z)
V2 (9) = (id z&evy) (g®id «y).

We shall also need the following basic fact.

(2.8)

Lemma 2.1. For any pair V,W € C the evaluation of VW is given by
(2.9) evyew = evy (id y®evy ®id « ) (id V®W®(¢%/,W)_l)- O

2.2. Module categories over tensor categories. A left module category
over C is a category M together with a k-bilinear bifunctor > : C x M —
M, exact in each variable, endowed with natural associativity and unit
isomorphisms

mxym: (XQY)p M —= XY M), ly:1>M — M.

These isomorphisms are subject to the following conditions:

(2.10)
(X@Y)®Z)p M — ———— (X ®Y) > (Z> M)
Pl mx,)y,zoM
XeoYez)>M X> (Y (ZeM))
MX,y®z,M idxbmy, z,m

X (Y®Z)>p M)
for any X,Y,Z € C,M € M, as well as
(2.11) (idXDKM)mXJ’M =id.

Sometimes we shall also say that M is a C-module category or a represen-
tation of C.
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Let M and M’ be a pair of C-module categories. A module functor
is a pair (F,c), where F : M — M’ is a functor equipped with natural
isomorphisms

exm F(X>M) = X F(M),
for X € C, M € M, such that

(2.12)
F(Xv>(Y>M)) RSy » X>F(Y > M)
F(mx y,m) idxpey,m
F(X®Y)> M) X (Y b F(M))
CXQY,M mXx,y,F(M)
(X ®@Y)> F(M)

for any X,Y € C, M € M, as well as
(2.13) EF(M) C1,M :F(EM)

Module functors are composable, if M” is a C-module category and
(G,d) : M" — M" is another module functor then the composition

(2.14) (GOF,@) :M—>M//, eX,M:dX,F(M)OG(CX,M)a

is also a module functor.

A natural module transformation, between module functors (F,c) and
(G,d), is a natural transformation 6 : F' — G such that

(2.15) dX,M0X|>M = (idxl>9M)CX7M,

forany X € C, M € M. The vector space of natural module transformations
will be denoted by Nat,,(F,G). Two module functors F,G are equivalent
if there exists a natural module isomorphism 6 : I — G. We denote by
Fung (M, M) the category whose objects are module functors (F,c¢) from
M to M’ and arrows module natural transformations.

Two C-modules M and M’ are equivalent if there exist module functors
F:M—M,G: M — M, and natural module isomorphisms Id ¢ —
FoG,Idy — GoF.

A module category will be called strict if isomorphisms m and [ are iden-
tities. Any module category is equivalent to a strict one. We will often
assume that the module category is strict without further mention.

https://doi.org/10.4153/S0008414X24000531 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000531

FIBRE FUNCTORS AND RECONSTRUCTION OF HOPF ALGEBRAS 9

A right module category over C is a category M equipped with an exact
bifunctor <: M x C — M and natural isomorphisms

myxy: Ma(XRY) = (MaX)aY, ry:M<l— M

such that
(2.16)
QXY ®Z) —— (MaX)a(Y®2)
MM, X, Y®Z
/ MMaX,Y,Z
(X®Y)® 2) (M<aX)aY)<Z)

(M<a(X®Y))
as well as
(2.17) (TMdidx)ﬁlM’l,X =id.

If M, M’ are right C-modules, a module functor from M to M’ is a pair
(T,d) where T : M — M’ is a functor and dpys x : T(M < X) - T(M)< X
are natural isomorphisms such that for any X, Y € C, M € M:

(2 18)
(M<X)aY) T(M<X)a
dyvax,y
/ﬂ xv) dm X&
TIM<a(X®Y)) Y
m M (M), X,Y

A(X®Y))
as well as
(219) TT(M) dM7]_ = T(TM)

2.3. The internal Hom. Let C be a tensor category and M be a left C-
module category. For any pair of objects M, N € M, the internal Hom is
an object Hom(M, N) € C representing the left exact functor

Homp(—> M, N) : C°P — vect .
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This means that, there are natural isomorphisms
Home (X, Hom (M, N)) ~ Homp (X > M, N).
The internal Hom for right C-module categories is defined similarly.

The next technical result will be needed later. Recall natural isomor-
phisms ¢! defined in (2.5).

Lemma 2.2. Let M be a right C-module category with action given by
4: MxC — M. If (F,c) : M — C is a module functor, then, for any
B e M, X €C, the following diagrams commute.

(2.20)
®X)@" (F(
cBXCB/’ \QSF}(B)X)
F(B<X)®*F(B<X) (" X®"F(B))
m m@)wx@ld
(2.21)
*X®*F(B))

F(B

*F(B<«X)® F(B<X) (F(B)®X)

(X®
com W(B) ®id)coev x

Proof. The proof follows, by simply checking that morphisms
eVF(BQX) = eVF(B) (id ®6V)(®id ) (CB,X®(*CB,X¢Z}?(B)7)()_1)’

COeV p(Bax) = (*cB7X¢lF(B)?X®c;X)(id ®CoevF(B)®id)coevX,

satisfy rigidity axioms. (Il

3. THE (CO)END FOR MODULE CATEGORIES

In this Section we recall the notion of relative (co)ends; a tool developed
in [3] in the context of representations of tensor categories, generalizing the
well-known notion of (co)ends in category theory.

Let C be a tensor category and M be a left C-module category. Assume
that A is a category and S : M x M — A is a functor equipped with
natural isomorphisms

(3.1) B S(M,X>N)— S(X*>M,N),
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for any X € C,M,N € M. We shall say that 8 is a prebalancing of the
functor S. Sometimes we shall say that it is a C-prebalancing, to emphasize
the dependence on C.

Definition 3.1. The relative end of the pair (S,/3) is an object £ € A
equipped with dinatural transformations mp; : E = S(M, M) such that

. S(X*> X)p M, M) +—— S(X*>(X>M),M)
Sm%e x ppidar)
S(evFridar,idar) B ot
S(M, M) S(X>M, X M)
™M TX>M
E

for any X € C,M € M, and is universal with this property. This means
that, if E € A is another object with dinatural transformations & : LB =
S (M , M), such that they fulfill (3.2), there exists a unique morphism h :
E — E such that &y =m0 h.

The relative end depends on the choice of the prebalancing. We will
denote the relative end as §,,. (S, 3), or sometimes simply as §,,. S,
when the prebalancing 5 is understood from the context.

The relative coend of the pair (S, ) is defined dually. This is an object
C € A equipped with dinatural transformations mp; : S(M, M) = C such

that
(3.3)
S(M, (X*® X)> M) ———— S(M, X > (X* > M))
S(idamx, x* )
S(idM,coevXDidM) ﬁﬁ’X*DM
S(M, M) S(X*> M, X*> M)
™™ TX*>M
C

for any X € C,M € M, universal with this property. This means that, if
C € Ais another object with dinatural transformations Ay : S(M, M) = C
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such that they satisfy (3.3), there exists a unique morphism g : C' — C such

that g o mpr = Apy. The relative coend will be denoted fMeM (S,B), or
. MeM

simply as § S.

A similar definition can be made for right C-module categories. Let A
be a category, and N be a right C-module category endowed with a functor
S : NP x N — A with a prebalancing

Yarn P S(M<aX,N) = S(M,N a*X),
for any M,N e N, X €C.

Definition 3.2. The relative end for S is an object E € A equipped with
dinatural transformations Ay : E = S(N, N) such that
(3.4)

S(N,N (X ® *X))

S(id,idem ' «

S(N,(N<X)<*X)

S(idy idy<evy) TN, NaX

S(N<X,N<X)

S(N, N)
\ /
E

for any N € NV, X € C. We shall also denote this relative end by §y . ,(S,7).
Similarly, the relative coend is an object C' € B with dinatural transfor-
mations Ay : S(N, N) = C such that

(3.5)
S(N<(*X ® X),N) —— S((N<*X)<X,N)
S(mN’*;XaidN)
S(idy<coevil idy) 'Yﬁq*x,N
S(N,N) S(N<*X,N<*X)
AN ANG*X
C

for any N € N, X € C. We shall also denote this relative coend by

fNeN(S/y).
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In the next Proposition we collect some results about the relative (co)end
that will be useful. The reader is referred to [3, Prop. 3.3], [3, Prop. 4.2].

Proposition 3.3. Assume M, N are left C-module categories, and S,§ :
MOP x M — A are functors equipped with C-prebalancings

B S(M,X>N)— S(X*>M,N),

Ban  S(M, X > N) = S(X*>M,N),
X eC,M,N € M. The following assertions holds
(i) Assume that the module ends ¢, (S, ,B),fMeM(g, 5) exist and

have dinatural transformations m, 7, respectively. If v : S — S is
a natural transformation such that

(3.6) Bﬁ,N’Y(M,XDN) = YoM, N BN
then there exists a unique map 7 : §y,c1,(S; 8) = fMeM(g, B) such
that
MY = VM, M)TM

for any M € M. If v is a natural isomorphism, then 7 is an iso-
morphism.

(ii) For any pair of C-module functors (F,c),(G,d) : M — N, the func-
tor

Homp (F(—),G(—)) : M x M — vecty

has a canonical prebalancing given by

(3.7) BﬁN : Homp (F(M),G(X > N)) — Homp (F(X* > M),G(N))
51\)517]\7(0[) = (61))( > id G(N))m)_(%‘,X,G(N) (id xx* D dX7NOé)CXﬂ«7M,
forany X € C,M,N € M. There is an isomorphism

Nato(F, G) ~ fMeM(HomN(F(—),G(—)),B).

0

The next result will be needed later. It follows from a combination of [3,
Prop. 3.3] (ii) and [3, Lemma 3.6]. Let M be a left C-module category, then
N = M°®P is a right C-module category with right action given by

MaX=X">M.
Assume A is a category equipped with a functor
S:NP XN — A,
together with a prebalancing
B S(MaX,N)— S(M,N<*X).

The functor
Hom(S(—,—),U) : M°P x M — vecty,

https://doi.org/10.4153/S0008414X24000531 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000531

14 LENTNER AND MOMBELLI

has a natural prebalancing

Yagn : Homy(S(M, N <*X),U) — Homu(S(M <X, N),U),

() = f o B
The proof of the next statement is similar to the proof of [3, Prop. 3.3 (ii)].

Proposition 3.4. If the coend fMGN(S, B) exists, then for any object U €
A, the end fMeM Homu(S(—,—),U) exists, and there is an isomorphism

MeN
f HomA<s<—,—>,U>:HomA<7§ (S,8),1).
MeM

Moreover, if fMeM Homy(S(—, —),U) exists for any U € A, then the coend
fMEN(S,B) exists. O

The proof of the next result is completely analogous to the proof in the
case of usual coend.

Lemma 3.5. Let M be a right C-module category, S : M°P x M — A
a functor equipped with a prebalancing v. If F : A — A’ is a right exact
functor, then there is an isomorphism

MeM MeM
F(;f (S.7)) = f (FoS,F(v)).

We shall also need the next result.

Lemma 3.6. Let M, N be right C-module categories and let (J,¢) : M — N
be an equivalence of C-module categories. Assume that S : NP x N — A
is a functor equipped with a prebalancing 8. The functor S(J(—),J(-)) :
MPCP x M — A has a prebalancing v given by

’YJ‘\;,N = S(ld J(M)> CNv*V)B}]/(M),J(N)S(CJTJ{Va id J(N))

for any M, N € M. There is an isomorphism

MeMm NeN
7{ (S(I(=), T(~)),) ~ 74 (S.5).

Proof. We only sketch the proof. Let Ay : S(N,N) — fNEN(S, B) the
associated dinatural transformations. If we define my; = Aj(py), for any
M € M, one can verify that these are dinatural transformations and they
satisfy (3.5). Universality of 7 follows from the universality of A and the
fact that J is an equivalence of categories. ([
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3.1. Existence of (co)ends. In this Section we shall prove that certain
(co)ends exists. All these (co)ends will be used in subsequent sections. We
shall use ideas from [25].

Let C be a tensor category, B be a right C-module category. Since our
definition of module category includes that the action is right exact in each
variable, hypothesis of [9, Thm. 2.24] are fulfilled. This means that, there
exists an algebra A € C such that

(3.8) B~ AC

as module categories. Consider C as a right C-module category with the
regular action. We shall denote by Rex¢(B,C) the category of right exact
C-module functors. The functor

& : B — Rexc(B,0),

&(B)(D) = How(D, B)*

is an equivalence of categories, since, under identification (3.8), the functor
® is the composition of equivalences

( )Op —> CA —> ReXC(AC C)

Here R : C4 — Rex¢(4C,C) is the functor given by R(V)(W) = Ve, W.
Let be (F,c) € Rex¢(B,C). In particular, we have natural isomorphisms

cpx : F(B<X)— F(B)®X,
for B € B, X € C. Consider the functor
B® x B — B,
(D,B) — D<*F(B).
This functor posses a C-prebalancing
(3.9) Ybp: D<*F(BaV) = D1*V®*F(B),
VE,D =idp« (¢%(B),v)71*(01_3,1v)'
Proposition 3.7. Let B be a right C-module category. For any right exact
C-module functor (F,c) : B — C the coend

B BeB
C(F,¢) :jf (B<*F(B),7) € B,

exists. Moreover, the functor (F,c) — C(F,c) is a quasi-inverse of ®.
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Proof. For any D € B we have

Nato (B(D), F) ~ ff} _ Home(@(D)(B), F(B)

:f Homg (Homg (B, D)*, F(B))
BeB

~ ]{ Home (* F(B), Homy(B, D))
BeB

:74 Homg(B <*F(B), D)
BeB

eB
~ Homg(?{B B<*F(B),D)

BeB
= HOI’HBOp(D,% B« *F<B))

The first isomorphism is Proposition 3.3 (ii), and the fifth isomorphism is
Proposition 3.4. Observe that, to prove the existence of the fourth isomor-
phism, one has to check that the natural isomorphisms

Home (*F(B),Homg(B, D) ~ Homg(B < *F(B), D)
commute with the respective prebalancings and then use Proposition 3.3

(i). This calculation is left to the reader. This proves both, that the coend

C(F,c) exists and that the quasi-inverse of ® is given by
® : Rex¢(B,C) — B°P,

BeB
B(F,c) = ?{ (B<*F(B),7).

For a pair of module functors (F, c), (F,¢) : B — C, the functor
BP x B —C,
(A, B) — F(B)®*F(A)
has a canonical prebalancing, given by
Bip: F(B)®* F(AaX) — F(Ba"X)®"F(A),
Bip = (EE:,I*X@id)(id ﬁ(B)®(¢lF(A),X)_1*(C;LIX))'

As a consequence of Lemma 3.5, one can apply F to the coend in Propo-
sition 3.7. Thus we get the next result.

(3.10)

Corollary 3.8. For any pair of right exact C-module functors F) F:B— C,
the coend

BeB
75 (F(B)="F(B),B) € B,

exists. O
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4. HOPF ALGEBRAS IN BRAIDED TENSOR CATEGORIES

4.1. Hopf algebras in braided tensor categories. Let us briefly recall
the notion of Hopf algebras in braided tensor categories, and how their
corepresentation categories are again tensor categories. For more details,
the reader is referred to [19], [20], [26] and references therein.

A braided tensor category is a pair (C, o) where C is a tensor category and
oyw : VW — W®V is a braiding, that is, a family of natural isomor-
phisms satisfying
1) ovuew = (ildu@ov,w)(ovu@idw),

' oveuw = (cyw®idy)(idveoyw).

Remark 4.1. Note that in the above axioms we are assuming that C is a
strict tensor category.

The braiding fulfills the braid relation, whence the name. We illustrate
this identity in terms of string diagrams, which we read bottom to top

w Vv U w Vv U

v v W v v W

Definition 4.2. A bialgebra in C is a collection (H, m, u, A, e), where (H, m,u)
is an algebra, (H, A, ¢) is a coalgebra, and A, e are algebra morphisms. ILe.

(4.2) Aom = (me®m)(id ®og,p®id )(A®A),
(4.3) Aou= (u®u)
(4.4) com = (e®e)
(4.5) cou=1idy
We illustrate the first identity
H H H H
H H H H
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If H is a bialgebra, then the space Hom¢(H, H) has a a convolution
product with unit given by wu o €. If the identity id y has an inverse S
under the convolution product, then H is a Hopf algebra, and S is called the
antipode. The next Theorem is well known, see for example [19].

Theorem 4.3. If H is a Hopf algebra in a braided tensor category C, then
the category of left H-comodules HC is a tensor category. Moreover, if C
is a finite tensor category, then "C is also a finite tensor category, and the
forgetful functor f:HC — C is an exact faithful monoidal functor. ([l

The tensor product of two left H-comodules is given as follows: If (V, py),
(W, pw) are objects in 7C, then the tensor product V@W in C has a left
H-comodule structure given by

(4.6) pvew = (m®id yew)(id g@ov,p@idw)(py @pw ).
H Vv w
Vv w

If (V, py) € HC then *V € HC. The coaction is given by
(4.7) pry = ((S®id )O'*V7H®€VV) (id « @py id *V) (coevv®id *v)-
The coaction of the right dual V* is defined similarly.

For any V € C we can endow V with a trivial H-comodule structure,
given by
P,V — HRV, pl, =uidy.

4.2. Yetter-Drinfeld modules. Let H be a finite dimensional Hopf al-
gebra in vecty. Then we shall denote by g)}D the category of finite-
dimensional Yetter-Drinfeld modules. An object V € Y D(vecty) is a left
H-module - : H®V — V, and a left H-comodule X : V — H®V such that
(4.8) A(h-v) = hyv—S(hs)) @) - v(0),

for any h € Hyv € V. If V € LY D(vecty), the map ox : V@ X — X®4V,
given by ox (v®z) = v(_1) - & (g) is a half-braiding for V.
This notion had been generalized in [5] to Hopf algebras H inside a braided

tensor category C:

Definition 4.4. Let H be a Hopf algebra in a braided tensor category C.
Then an H-H- Yetter-Drinfeld module V' is an object V € C, together with
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a structure of H-module m : H ® V — V and structure of H-comodule in
p:V — H®YV in the tensor category C, compatible in the following way

H V H |4

-

(.

N

H |4 H |4

The category 2V D(C) consists of Yetter-Drinfeld modules and of H-linear
and H-colinear morphisms. It becomes a tensor category with the usual
tensor product of H-modules and H-comodules V @ W. An useful feature
of this tensor category is that, it admits, by construction, a braiding

CVmy pv ), (Wonwpw) -V OW = WV

which is given on objects (V, my, py) and (W, mw, pw) by

C(Vimy v ), (Womwpw) = (pw @idy) o (id g ® cyw) o (pv @ idw)

and is invertible if H has a bijective antipode

(C(V7mV,PV)7(W7mW7/)W))_1 = C‘_/,IVV e} (mW & id V) 9} (CI_{,IW & id V)
o(idw ® S~ t®idy) o (idw @ py).

If C is rigid, then the dual object in C with the standard dual action and
coaction gives a dual object in Y D(C). The structure is summarized in
the following statement proven in [5]:

Theorem 4.5. Let H be a Hopf algebra in C. The Yetter-Drinfeld modules
over H in C have a natural structure of a braided tensor category gyD(C).
If C is rigid, then so is 2YD(C).

Recall that the Drinfeld center Z(B) is a braided tensor category associ-
ated to any tensor category B. The construction of Yetter-Drinfeld modules
gives a realization of a special case of the construction of a relative Drinfeld
center Z¢(B), a braided tensor category associated to any tensor category
B with a braided subcategory C < Z(B). More precisely we have

nyD(C) = 2c("e)

https://doi.org/10.4153/S0008414X24000531 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000531

20 LENTNER AND MOMBELLI

5. MONOIDAL MODULE CATEGORIES

Given C, B tensor categories. We shall define what means that a tensor
category C acts on B.

Definition 5.1. We call B a monoidal left C-module category if B is a left
C-module category, with action given by >: C x B — B, such that 1>1 ~ 1,

and there are natural isomorphisms Ix g : X > B — (X > 1)®B, for any
X €C, B € B, such that

(5.1) hip=idp, Ixi1=1idxp1,
(5.2)
(Xrl)®@((Yr1l)® B)
idxp1®ly,
Xs1) @B "
(Xr1l)®(Yrl)®B
Ix,yoB
lX,Yl>1®idB
(X>(Y>1)®B
mx,y,1®idp
Ixeoy,B

(X®Y)rl)®B

for any X,Y € C, B € B. Similarly, we shall say that B is a monoidal
right C-module category, with action <: B x C — B, such that

1al~1,

and there are natural isomorphisms ip x : B<4X — B®(1 < X), such that
forany X,Y €C,BeB

(5.3) lpp =idp, 1 x =id14x,
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(5.4)
(B®(1<X))®((1«Y)
Ip x®idiq
(BaX)®(1ay) 0
v
B®((1<X)® (1<4Y))
IBax,y
id B®liax,y
B® ((1<X)«Y))
idp®m1,x,v
B<4(X®Y) 1B xov
B®(1<(X®Y))
Example 5.2. (i) Any tensor category C is a monoidal vect -module

category, with the canonical action
o :vecty xC — C.
(ii) Let C be a tensor category. Any tensor subcategory D acts on C by
XY =X®Y.

In particular any tensor category acts on itself.
(iii) Let (C,0) be a braided tensor category and D C C be a tensor
subcategory. Then DY acts on C as

X>Y =Y®X.

In this case Ix p = 0B x.-

(iv) Let C be a tensor category and C' € C be a coalgebra. Then the
category ©C, of left C-comodules in C, is a right C-module category.
The action is given as follows. If (W, p) € ©C, then W aY = WQY,
where the coaction on WR®Y is given by p®idy.

Definition 5.3. If B, B’ are right monoidal C-module categories, a monoidal
module functor is a collection (F,c,§) : B — B’ where (F,c) is a C-module
functor, (F,&) is a monoidal functor and equation

(5.5) lps)v eBy = (d ppy@c1v)Egh o FlBv),
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is fulfilled, for any B € B, V € C.
5.1. Sections of monoidal functors.

Definition 5.4. Let C,B be tensor categories. If F' : B — C is a tensor
functor, a section to F' is a right exact tensor functor G : C — B such that
F oG ~1d ¢ as monoidal functors.

Example 5.5. (1) Any (linear) tensor functor F' : B — vecty has a
canonical section given by

G : vect — B,
GV)=Vel.
Here the action e : vect x B — B, is the one presented in (1.1).
(2) The previous example can be generalized to other kinds of fiber func-
tors. If C is a tensor category that acts on another tensor category B
then, any monoidal functor F': B — C that is also a C-module func-

tor has a section given by G : C — B, G(V) = V1. See Proposition
5.6 below.

(3) If (C,0) is a braided tensor category, and H € C is a Hopf algebra
with unit given by w : 1 — H, then the forgetful functor f : C — C
has a section given by G : C — HC, G(V) = (V,pl,). Here pi, =
u®id v is the trivial comodule structure.

(4) Let H be a Hopf algebra and R be a Hopf algebra in the category
of Yetter-Drinfeld modules gyD. Consider the corresponding Hopf
algebra obtained by bosonization R# H. Let us consider the functor

F :Rep(R#H) — Rep(H), F(V)=1V.
The action of H on V is given by h-v = (1#h)-v. The functor F' has
a section given by G : Rep(H) — Rep(R#H) given by G(V) =V,
where the action of R#H on V is given by
(r#h)-v=ce(r)h-v.

(5) Let (C,0) be a braided tensor category. The forgetful functor from
the center of C, f : Z(C) — C, has a section given by the inclusion
C—=Z(C),V— (V,o).

Proposition 5.6. Let B,C be tensor categories, and (F,§) : B — C be a

monoidal functor. The following notions are equivalent:

(i) The functor F' has a section;
(ii) B is a right monoidal C-module category (in the sense of Definition
5.1) and F is a monoidal module functor.

Proof. Let us only give a sketch of the proof. (i) implies (ii): Assume that
(G,¢) : C — B is a monoidal section to F. Let a: F'o G — Id be a natural
monoidal isomorphism. Define the right action of C on B as

B«V :=BaG(V),
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for any B € B, V € C. The associativity of this action is given by
mpByv,w : B« (V®W) — (B < V) aW,

. 1
mpv,w = id B&Cyyy,

for any B € B, V,W € C. Turns out that B is a monoidal module category
with isomorphisms

Iy :BaV — Be(1aV),
ZBJ/ =id B®RG(V)*

With this action, F' is a module functor. The module structure of the
functor F' is given by

cpy : F(BaV) — F(B)®V,

cp,v = (id F(B)®QV)§]§}G(V)F(ZB,V)'

Since ¢1,y = ay, then it follows that Equation (5.5) is fulfilled, that is
(F,&,c) is a monoidal module functor.

Let us prove now that (ii) implies (i): Assume that (F,&,¢): B — C is a
monoidal C-module functor. Define G : C — B, G(V) = 1< V. Axiom (5.4)
implies that isomorphisms

lav : GV)RG(W) = G(VaW),

endow G with the structure of monoidal functor. Define natural isomor-
phisms ay : F(G(V)) = F(1<V) = V, ay = c1,v. Let us check that
they are monoidal natural isomorphisms. For this, we need to verify that
equation
(5.6) (1v®ca,w) = Cl,V@WF(l{jV,W)&qV,NW
is satisfied. Using that ¢ satisfies diagram (2.18), it follows that the right
hand side of Equation (5.6) is equal to

= (c1,y®id W)CIQV,WF(ll_jV7w)§1<1V,1<1W

= (c1,y®id w)(id F(1<1V)®01,W)§1_411414WF(l14V,W)F(ll_qlv,w)élqv,lqw

= (cLy®c1,w).
The second equation follows from (5.5) O
Remark 5.7. Constructions in Proposition 5.6 are reciprocal in the following
sense. If B is a right monoidal C-module category and G : C — B is the

monoidal functor G(V') = 1<V, then one can endow B with a right C-module
structure

B 4V = BaG(V),

for any B € B, V € C. Turns out, that the identity functor Id : (B,<) —
(B, «) is an equivalence of module categories.
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5.2. Some natural module transformations. It is known that natural
transformations between additive functors are additive. For example, if
(F,€) is an additive monoidal functor, then, natural isomorphisms

éap: F(A)®F(B) = F(A®B),

are additive in each variable. In this section, we shall study what happens
when F' is a monoidal module functor. We aim at proving that £ is a module
natural transformation in the second variable.

Lemma 5.8. If B is a right monoidal C-module category, then for any
A € B, the functor La : B — B, La(B) = A®B is a C-module functor.

Proof. For any B € B,V € C, the module structure of the functor L, is
given by
NB,V : A®(B < V) — (A@B) aV,
B,y = lZéBy(id A®lB V)

Let us prove that n satisfies (2.18). Using that isomorphisms [ satisfy dia-
gram (5.4), it follows that for any C € B and any V,W € C we have that

(5.7) lovew = losvw (o ®id 1av) (id c@lavw).
On one hand we have that
nB,vVew :l;léz)B,V@W(id A®lB vVew)
=laom) v Uaspy@id1av) (id aes@haww) (id 4 50l w)
(id A®lp,y®id 1aw ) (id AR Bav, W)
=l aoyavar (as vy @id av) (id 4®lp,y©id 1av) (id AL Bav,w)
The second equation follows from using (5.7). On the other hand
(nB,v <idw)npav,w
is equal to
=(Labpy <idw)(id a®lpyv@id 1av ) pav) w (id AOlsavw)
=(Laepy VW) poaa)w (1 a®lE vy @id 1aw) (id a®lpav,w)
=l(_j®B)4V7W(lA?éB’V®id 1aw) (id A®(p v ®id 1aw ) (id AR Bav,w)-
The second and third equalities follow from the naturality of [. (]

Proposition 5.9. Assume that B is a monoidal right C-module category
and (F,c,€) : B — C a monoidal module functor. The following assertions
hold.

(i) The category B has structure of C-bimodule category.
(ii) There are C-module funtors

H H:BX:B-C,
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such that
H(AX B) = F(A®B), H(ARB) = F(A)®F(B),

for any A, B € B.
(iii) The monoidal structure of the functor F defines a natural module

isomorphism & : H — H.

Proof. (i). From Proposition 5.6 there is a section G : C — B of the functor
F. Define the left action > : C x B — B as Vi B = G(V)®B. With this
action B becomes a C-bimodule category. Thus, we can consider the Deligne
tensor product over C, BX B. This category has an obvious right C-module
category structure.

One can prove that functors B x B — C given by

(A, B) — F(A®B), (A,B)w— F(A)®F(B),

are C-balanced, thus defining functors H and H. The (right) C-module
structure of the functor H is the one inherited from the functor F. The
module structure of the functor H is more involved. One can prove that
natural transformations

eaByv : F(A®(B<V)) - F(A®B)®V,

eanyv = cappvF(5p, (id Al v))

are C-balanced, thus defining natural transformations
exy:H(XaV)— H(X)<V,

for any X € BX¢ B, V € C. One can prove also that (H,e) is a module
functor. Note that e is the module structure resulting from the composition
of module structures of F' and the functor L 4, presented in Lemma 5.8. This
proves (ii).

(iii). To prove that £ is a natural module transformation in the second
variable, we need to verify that the diagram

(5.8) H(A, BaV) —2 _ (A, BaV)
1d F<A)®CB’Vi \LEA,B,V
H(A,B)@V > H(A,B)®V,

€a,p01d v

is commutative for any A, B € B, V € C. Here

€ABV = CA@B,VF(ZAT%By(id ARIBV)).
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We have
eA,BvEA,Bav = CA®B,VF(lZé¢B,v(id A®lBV)) A, Bav

= (id ®Cl,v)§ZéB,1qu(id A®lB v )EA,BaV
= (i[d®c1,v)éagp 1ava,Boar) (id p)©F (I5,v))
= (i[d®c1,v)(6a,821d paa)) (id pay @654 4 ) (1d py©F (I8,v))
= (€4,8®id V) (id p(a)®(id p(p)@c1,v)E5 o F(lBV))
= (£4,8®1d v)(id p(ay®cB,v).

The second equality follows from (5.5), the third equality follows from the

naturality of &, the fourth one follows from (2.1). The last equality follows
from (5.5). O

6. FIBER FUNCTORS AND RECONSTRUCTION RESULTS

It is a classical result that, out of a fiber functor, which is a monoidal,
exact and faithful functor F' : B — vecty, one can reconstruct a (usual)
Hopf algebra H such that B is monoidally equivalent to the category of left
H-comodules. We shall generalize these reconstruction theorems for a fiber
functor F' : B — C, where C is an arbitrary braided tensor category acting
monoidally on B. The reconstruction of the Hopf algebra from these data
will be described in a similar way as the case C = vecti. See for example
[19], [22]. The main new ingredient will be the use of the relative coend, in-
troduced in [3], and the splitting condition; that is, the existence of a section
G : C — B of F. While dealing with the relative (co)end, the primary new
challenge will be demonstrate that some dinatural transformations satisfy
Equation (3.5).

6.1. Coalgebras constructed from a coend. Let C be a tensor category,
and B be a right C-module category. For the rest of this section, (F,c) : B —
C will denote a right exact module functor.

Consider the functor
SF B x B—C,
SF(A,B) = F(B)®*F(A).
This functor has a canonical prebalancing, given by
. Bip: F(B)®*F(A1X) = F(B<a*X)®*F(A),
(61) BXp= (Cg,l*X®id*F(A))(idF(B)®(¢§P(A),X)_1*(CZ,IX))'

We define
BeB BeB
Crag-cr) = " p=§ FBEFG).

Let mp : F(B)®*F(B) — C(F') be the associated dinatural transformations.
Existence of this coend follows from Corollary 3.8. The following Lemma is
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a generalization of [22, Lemma 2.1.9]. Recall that, for any M, N € B, X € C
we have natural isomorphisms

Ui, rvy : Home(F(M)®*F(N), V) = Home(F(M), VQF(N))
described in (2.7).

Lemma 6.1. The functor V +— Nat,,(F,VQF) is represented by C(F).
That is, for any V € C there are natural isomorphisms

w: Home(C(F), V) — Nat,, (F,V®F),
(6.2) o C(F)
w(g)B - (g®1d F(B))wF(B)7F(B)(7rB)'

Proof. Fix some object V' € C. The functor V®F is a right module functor,
then we can consider the prebalancing of the functor

Home (F(—), V®F(—)) : B x B® — vecty,
given by
vp.n : Home(F(N <*X), V®F(B)) — Home(F(N), VRF(B 1 X)),
7,5(f) = (idvees,x) (feid x) (et x®id x) (id gy @coev).

Note that here we are considering B°P as a left C-module category, with
action X > B := B < *X. Proposition 3.3 (ii) tells us that there is an
isomorphism

j([ B(Homc(F(B), VRF(B)),7y) ~ Nat,,(F,VQF).
Be

From the proof of Proposition 3.4, one can see that the dinatural transfor-
mations of the end §,_, Home(F(B)®*F(B),V) are given by

Fn ?{ Home(F(B)&* F(B), V) — Home(F(B)* F(B), V),
BeB

TB(9) =gomp.
Here, we are using identification
BeB
7{ Hom¢ (F(B)®*F(B),V) = Homc(f F(B)®*F(B),V).
BeB
It follows by a straightforward computation that

N @Fara x) 2o () = CEan rovax) (F 0 B
for any M, N € B and any f € Homg(F (M <*X)®*F(N), V). This implies,

using Proposition 3.3 (i) that, for any V € C, there exists an isomorphism

N 7{ Home(F(B)®*F(B),V) — Home (F(B), VRF(B)),
BeB BeB
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such that pp oy’ = w%(B),F(B) o7tg. For any V € C we have that

Home(C(F), V) ~ jé  Home(F(B)a"F(B), V)

~ }é Home(F(B).VOF(B)
~ Nat,, (F,V®F).

The first isomorphism is Proposition 3.4. Tracing this chain of isomorphisms,
one can see that, the composition coincides with w defined by Equation
(6.2). O

Proposition 6.2. Let C be a tensor category, and B be a right C-module
category. Let (F,c) : B — C be a right exact module functor. The object
C(F) € C has a coalgebra structure A : C(F) — C(F)QC(F),e: C(F) —» 1
determined by diagramms

(6.3) F(B)®*F(B) i C(F)
id ®CO€VF(B)®idl lA
F(B)&"F(B)®F(B)®"F(B) ———— C(F)oC(F),
(6.4) F(B)®*F(B) — C(F)
F(B

e\ /
1,

Proof. 1t follows by a straightforward computation that, the maps
eVF(B) : F(B)®*F(B) — ]_,

(rp@7mp)(id ®CO€VF(B)®id) : F(B)®*F(B) — C(F)®C(F),
are dinatural maps. It follows from Diagram (2.20) that evp(p) satisfies
(3.5). It follows from Diagram (2.21) and the fact that 7 satisfies (3.5)
that, (Tp@mp)(id ®coevp p)®id ) also satisfies Equation (3.5). Whence, the
existence of A and ¢ follow from the universal property of the relative coend.

The proof that (C(F), A,¢) is a coalgebra is standard, and it follows from
Diagrams (6.3), (6.4). O

for any B € B.

Let C be a tensor category and C' € C be a coalgebra. The category ©C,
of left C-comodules in C, is a right C-module category. The action is given
as follows. If (W,p) € ©C, then W «Y = WY, where the coaction on
W®Y is given by p®idy. The forgetful functor f : ©°C — C is a C-module
functor. The next result says that the coalgebra reconstructed from the
forgetful functor f coincides with C.
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In this case, the functor S7 has a prebalancing given by
BAp=idp®(dh x)
for any A, B € ¢C, X €.
Lemma 6.3. There exists an isomorphism of coalgebras C(f) ~ C in C.

Proof. In this particular case, if T' € C is an object, and Ay : WR*W — T
is a dinatural transformation, Equation (3.5) writes as

(6.5) Awerv (id w@(Dlygeyy) ") = Aw (id we* (id wRcoevy)),

for any W € €C,V € C.

If W € ©C has comodule structure given by py — CQW, then we de-
fine my : W®*W — C, the morphisms given by my = &%W(p) Recall
that, natural isomorphisms v were defined in (2.8). Maps 7y are dinatural
transformations, and they satisfy Equation (6.5).

Let A € C be another object, equipped with dinatural transformations
Aw : We*W — A such that they satisfy Equation (6.5). Define h as the
composition

B0 e pore Aoy gy,
Since A is dinatural, and it satisfies (6.5), one can see that h o myy = Ap.

This proves that, indeed, C(f) ~ C. O

Proposition 6.4. Let B be a right C-module category, and (F,c) : B — C
be a right exact module functor. Set C = C(F') the coalgebra defined in
Proposition 6.2.

1. The functor (F,c) : B— C factorizes as
cc
N
B———C.
F

Here f : €C — C is the forgetful functor, and the functor Fisa
C-module functor. R
2. If F is exact (respect. faithful) then F is exact (respect. faithful).

(6.6)

Proof. 1. For any A € B, define F(A) = (F(A), p4), where
pa = Vi) pa)(Ta) : F(A) = CRF(A).
Using diagrams (6.3), (6.4), one can prove that
(id c®pa)pa = (A®id )pa,

(e®id )pa = id F(A)-
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2. Clearly, if F' is faithful, then F is faithful. Assume that F is left exact.
Let f: A — B be a morphism in B with kernel & = ker f : K — A. Since
F' is left exact, then, F(k) = ker F/(f). We only need to prove that, the
morphism F'(k) : F(K) — F(A) is a map of C-comodules. That is, we need
to prove the equality
(6.7) (A @F (k)% 1) (i) (1K) = Viray,may (Ta) F(K).

Using the naturality of ¢, it follows that
Uiy ray (T F (k) = i) pay(ma(F(k)oid )
= T/JF (1), F(a) (Tr (Id @ F(K)))
= (I ®F ()% 1) () (TK)-

The second equality follows from the dinaturality of m, the third equality
follows again by the naturality of ¢. The proof that, if F' is right exact,
then F' is right exact, follows similarly. O

6.2. Some auxiliary results. In this section we shall present some tech-
nical results that will be used later. In particular, these results will be used
in the proof of our main result Theorem 6.7.

Let B be a right C-module category, and (F,c) : B — C be a module
functor. To make calculations easier, we shall assume that the associativity
of the C-module category B is trivial. Recall the relative coend

B B BeB
(6.8) aR@:czf' Ba*F(B) ¢ B,
presented in Proposition 3.7. Let us denote by

Ap: B<4*F(B) — C(F,c),

the associated dinatural transformations. Analogous to the definition of A,
given in (6.3), we shall define a map

(6.9) §:C(F,¢) = C(F,¢)<aC(F,c).
Lemma 6.5. There ezists a unique morphism 6 : C(F,c) — C(F,¢)<C(F,¢)
such that
(6.10) B <*F(B) Az ¢
iid a(coevppy@id) 5
Ba*F(B)@F(B)&*F(B) 222 . ¢ 4.

Proof. Let us denote dp i the following natural isomorphism

dpy : *F(BaV) = *V®*F(B),

dpy = (¢iv(3),v)_l*(c§,lV)‘
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Recall from Equation (3.9), that the prebalancing used in the coend C(F, ¢)
is given by
vb.p: D<*F(BaV) = Da*V®*F(B),

'yg’D = idD < dB,V'
Using that ¢ satisfies (2.18), it is not difficult to prove that

(6.11) dB,*V@V = (¢£V’V®id)(id *V®dB,*V)dB<1*V,V7
for any B € B, V € C. The naturality of ¢ and ¢ implies that
(6.12) F(*(id p <coevy)) = (*(coevy)®id « p(p) )dB vev,

for any B € B, V € C. Whence, using (2.6), it follows that
(6.13) F(*(idp <« coevv))d;]*vy = (ev+y)®id « p(p)) (id »y ®dp v).

In this case, if A € B, a dinatural transformation vp : B<*F(B) — A
satisfies Equation (3.5) if and only if

(6.14) vp(id g < F(*(id g < coevy)) = qu*Vygq*wB.

Using that dinatural transformations A and = both satisfy (3.5) and using
(6.13), it follows that dinatural transformation

()\B < WB)(idB N (COGVF(B)®id *F(B))

also satisfies (6.14). Now, existence of the map 0 : C(F,¢) — C(F,c) <
C(F,c) satisfying (6.10) follows from the universal property of the relative
coend. 0

For any A, B € B and V € C, define
TZE,A : Homp(B <*V, A) — Homp(B,AaV),
D 4(f) = (f<idy)(id g acoevy).

Compare with natural isomorphisms given in (2.7). For any B € B, define
also

(6.16) Pp = JZ%?(AB) : B— C aF(B).

(6.15)

One could check that, using Lemma 3.5, whenever F is right exact,

F(C) = C. The dinatural transformations of F'(C) is given by F(Ag).
In particular, this implies that

(6.17) Cé’F(B)F(ﬁB> = PB;

for any B € B. Using definition of A : C' — C®C given by diagramm (6.2),
one can see that

(6.18) ca o F(5) = F(A).
If hi,hy : CQF(B) - C®C®F(B) are defined as
hy =idc®pp, he = A®id p(py,

https://doi.org/10.4153/S0008414X24000531 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000531

32 LENTNER AND MOMBELLI

then, it is a standard result that, the kernel of the difference hy — ho is pp.
Using the above, we have the following:
Proposition 6.6. Assume that the module functor (F,c) : B — C is faithful
and exact. The map pp : B — C < F(B) is the kernel of the difference of
morphisms

- h

C < F(B) ~Z C<(C®F(B)),

ha

where hy = idz<pp and hy = d <id p(py-

Proof. Note that, we are using that F' is right exact so that F'(C') = C. See
Lemma 3.5. Using (6.17), (6.18) and the naturality of ¢ one can prove that

Cé,C®F(B)F(h1 —ha) = (h1 - h2)CG,F(B)'
This implies that F(pg) = ker F(hy — hy) = F(ker hy — hs), since F is also
left exact. The result follows, since F' is faithful. O
6.3. Reconstruction results. The following Theorem is one of our main
results and is a generalization of [22, Thm. 2.2.8].

Theorem 6.7. Let C be a tensor category, and B be a right C-module cat-
egory. Let (F,c) : B — C be an exact and faithful module functor. Let
C = fBEB F(B)®*F(B) € C be the relative coend coalgebra introduced in
Proposition 6.2 and consider its category of comodules ©C. Then the functor

F factorizes into an equivalence of C-module categories F:B -5 CC and
the forgetful functor f : €C — C:

B _cp
N
C.

Proof. Recall that we denote by

(6.19)

BeB
A F(A) F(A) - 7{ F(B)2" F(B)

the dinatural transformations of the relative coend C(F"). The definition of
the functor F : B — ¢C was given in Proposition 6.4. Since F is faithful, F
is also faithful. We need to prove that F' is essentially surjective and full.

Let us prove first that Fis essentially surjective. Take (M, p) € €C. We
endowed C®M structure of left C-comodule via A, then p: M — C®M is
actually a morphism in “C. We begin with the observation that, (M, p) is
the kernel (in ©C) of the difference of morphisms

Axid
CeoM ——Z CoC®M.
id @p
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Recall from Proposition 6.4 that, for any A € B, the object F'(A) has a left
H-comodule structure given by pa = wg(A) F(A) (ma). Hence, for any V € C,

the object F(A)®V has a left comodule structure given by ps®idy. The
next Claim will be crucial for the proof. To prove this claim, it is essential
that the dinatural maps 7 satisfy equation (3.5).

Claim 6.1. For any A € B,V € C, morphisms cay : F(A<dV) = F(A)®V
are C-comodule maps.

Proof of Claim. We need to prove that

(V5a) pay(mA)QIdv)cay = (id BOCAV)VE aqv) paav)(Taav)

This equation is equivalent to
(6.20)
(TA®1d p(ayev) (id ®@coev p4)®id v )eay = (Taqv®ca,v)(id ®coevpaqy))-

Since 7 satisfies equation (3.5), it follows that

Taqy = ma(id F(A)®*(F(id,4 < COGVV*)))(IBX;V,A)il.

Using the description of the prebalancing /5 given in (3.10), we obtain that

(6.21) Taqv =74(id F.(A)®*(CA<V,V*F(idA acoevy-)))(id @l aav) 1)
(cav®id«piaar))-
It follows from the naturality of ¢ that
cavev:F(id 4 <coevy«) = (id p(4)@coevy«).

Using Equation (2.18), it follows that

caqv,yv+=F(id 4 < coevy~) = (c;lv@id v+)(id F(A)®coevv*).
Whence
TAqy = mA(id F(A)®*(id F(A)(X)coevv*))(id F(A)®* (CZ}V®id v+))
(6.22) (id F(A)®¢ZF(A<1V),V* )(ca,y®id - peaqyy)
= ma(id p()@* (id pay®coevy)) (id pay @y paypr)
(CA,V®*(C;1,1V))-
The second equality follows from the naturality of ¢!. It follows by a tedious,
but straightforward, computation that
(6.23)

(*(id pay@coevy-)®id paysy) (B1+ payey ©id Fayey)

(id V®CO€VF(A)®V) = coevp(4)®idy
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Let us prove now equation (6.20). The right hand side of (6.20) is equal to

= (maav ®id payey)(id ®ca ) (id p(aq)@coevp(aqr))

= (ma®id payev ) (id pa)@* (id p(a)@coevy+)@id paygv)
(id () @Dy pa)ov@id payev) (Cav @™ (€))®id payer)
(id®ca,v)(id praay)®coevpaqv))

= (ma®id payev ) (id pay®* (id p(ay@coevy+)®id paygv)
(id )@Y+ p(ayey @id player) (cav®COeVE(a)ay)

= (ma®id p(a)ev)(id p(1)@coevp 4y @id v)ca,y.

The second equality follows from Equation (6.22), the third equality follows
from (2.3), and the last equality follows from (6.23). This finishes the proof
of the Claim. (]

From this Claim follows that, natural isomorphisms ¢ endow the functor
F with structure of module functor. Let

L BeB
C—C(F,c)—f B<*F(B) € B

be the object defined in Proposition 3.7, together with themap
§:C—Caq C,

presented in Diagram (6.10). Since F'(C) = C, it also follows from Claim
6.1 that, there are C-comodule isomorphisms

F(CaM) ~ C®M,
F(C<(CoM)) ~ CoCRM.
Hence (M, p) is the kernel of the difference of morphisms
- Fh1)
F(CaM) Z F(C<(CoM)),
F(h2)
where hy = 0 <id a7, hg = id 5 <p. Since F is left exact (M, p) ~ F'(ker(hy —

hg)). This proves that F is essentially surjective.

Let us prove now that F is full. Take A, B € B and f : F(A) — F(B) a
C-comodule morphism. We have a commutative diagram

(6.24) FlA) — " CeF(A)
lf lid HOf
F(B) ~ CRF(B).
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This implies that, we have a commutative diagram

(6.25)
0 F(A)— "2 car(A) — T cacaR(4)
f J{id@f lid@f
0 F(B)— " CoF(B)— "%, co(CaF(B)).

Where h{t = id g®@pa, h‘24 = A®id p(4). Note that, by the universal property
of the kernel, the map f : F(A) — F(B) is the unique morphism fitting in
this diagram. Define

L BeB
C’:C(F,c):j{ B<*F(B) € B

See Proposition 3.7 for the definition of this coend. Using Proposition 6.6,
for any B € B, we have an exact sequence

0= B —L% G aF(B) —'— G a(CaF(B)),

where hp = id z <pp — 6 <id p(p). For the definition of 6 and pp see (6.9),
(6.10). Since f is a comodule morphism, by the universal property of the
kernel, there exists a unique morphism 7 that fits into the diagram

(6.26)
0 A PA__ G qaF(A) " G q(CaF(A))
ln iid af ) lid «(id ®f)
0 B 5 _ G aF(B) "5 G q(CoF(B)).

Applying F' to this diagram we obtain diagram (6.25). By the uniqueness
of f, we get that F'(n) = f, proving that F is full. O

6.4. Hopf algebras in C constructed from a coend. In the case B is a
monoidal C-module category, and the functor (F,¢,§) : B — C is a monoidal
module functor, one can endow the coalgebra C' = C(F') with a Hopf algebra
structure. In this Section, we shall explain the construction of the product
and antipode on C'(F'). The new hypothesis needed to construct such Hopf
algebra is that C posses a braiding.

To construct the product m : C(F)®C(F) — C(F) we shall use ideas
from [19]. In few words, we shall construct some natural module transfor-
mation FRF — C(F)QF®F and use Lemma 6.1 to find m : C(F)®C(F) —
C(F).
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Lemma 6.8. Let C be a braided tensor category, B be a monoidal C-module
category, and a monoidal module functor (F,c,&) : B — C. Let us denote
dp,v the following natural isomorphism

dpy : *F(BaV) = *V®*F(B),

“1y, _
dpyv = (leF(B),v) (CB}V)-
Then, for any B € B, V € C, we have

(6.27) dprvev = (¢byy@id)(id v @dpv)dpevy,
Proof. 1t follows by a straightforward calculation, using (2.18). O

Recall, from Proposition 5.9, the functors
H,H:BX¢B - C,
determined by

H(AX B) = F(A®B), H(ARB)= F(A)®F(B),
for any A, B € B. Recall also that, we are denoting by np : F(B)®*F(B) —
C(F) the dinatural transformations, and the associated left C'(F)-coaction

PB = V5 (5).r5) (TB):

Remark 6.9. In the case C = vect, the following Proposition is trivial, since
it only says that some natural transformation is additive. In the general
case, where C is arbitrary, it is far from obvious, and it is a crucial step
towards the reconstruction of the product in C'(F'). Its proof will highlight
the importance of all required axioms.

For later use, 7 has to satisfy Equation (3.5), using prebalancing (6.1).
This means that
(6.28)

TBqY — TR (id F(B)®*F(id B <ICO€VV*)) (id F(B)®déi1v,v*) (CB,V®id *F(B<1V))-

Proposition 6.10. Let C be a braided tensor category, B be a monoidal
C-module category, and (F,c,§) : B — C be a monoidal module functor. The

natural transformation p: H — C(F)@IT[ determined by the composition

~ id @¢7t ~
H(A, B) 255 H(A, B) 2292, C(F)@ H(A, B) ——*2, 0(F)oH(A, B)

is a natural module transformation. That is p € Nat,,(H, C(F)®H).

Proof. 1t follows from Proposition 5.9 that £ is a natural module transfor-
mation. Once it has been established that the diagram

PARBAV

(6.29) H(A,BaV)

€A B,V
H(A, B)ov — P (Yo H(A, B)o V.

C(F)®H(A,B«aV)

iid c(F)®€eA,B,V
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is commutative, the proof will follow. Recall, from the proof of Proposition
5.9 that

€AB)V : F(A@(B < V)) — F(A@B)@‘/,
eanyv = cappvF(gp, (id Al v))
We shall also keep the notation

NA,B,V : A®(B < V) — (A(X)B) aV,

naBy = lappy(ida®lpv).
Using the definition of p4, one can see that diagram (6.29) amounts to
(6.30)

(id ¢(ry®ea,B,v ) (TagBav ®id pagBav)) (1d P(ABaV)®COCY F(AgBaV)) =
= (’/'['A®B®id F(A®B)®V) (id F(A®B)®CO€VF(A®B) ®id V)eA,B,V

Using the dinaturality of 7, one can see that the left hand side of (6.30) is
equal to

= (TasB)av (FBy)® F(n,'5))0ea8v) (id pagpav)Rc0ev p(agav))
= (m(aeB)v@caes,v) (F(na,B,y)Rcoevp(azp)av))

= (T(aep)v®id ) (F(na,p,yv)®id ®cagp,v) (id ©coev p(agB)av))

= (") ®id ) (F(na,pv)®id ®cagpv) (id ©d L 5 v ©Cab 5 1)
(id F(A®B4V)®*V@COEV 45 p@id v )(id p(agpav)®coevy)

= (T(aeB)r®id) (F(TIA,B,V)®CC;(§B,V ®id pagB)V)
(id pagBav) v @CcoevAgp®id v)(id p(agBav)®coevy)

= (TaeB®id ;15 ev)(id F(AgB) ®C0eVE(AgB)®id V)ea, B,y

The second equality follows from the definition of ey gy and (2.3), the
fourth follows from (2.21). The last equation follows by using (6.28) and
(6.27). O

Theorem 6.11. Assume (C,0) is a braided tensor category, B is a monoidal
right C-module category, and (F,c,§) : B — C is an exact and faithful
monoidal module functor with monoidal structure

éap: F(A)®F(B) — F(A®B).

The relative coend coalgebra C(F) from Theorem 6.7 has an algebra struc-
ture, with unit w = m and product m : C(F)QC(F) — C(F) determined
by

(m®id )(Ta@7pRid p(a)er(B)) (id ®OF4),F(B)2* F(B)®1d F(B))

6.31 ) . . _
(6.31) (id p ()@ coevp(a)®id p)@coevp(p)) = (id o(r) @64 ') PA0BEA B,
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for any A, B € B. The object C(F) becomes a bialgebra in C. Moreover,

o(

the equivalence of C-module categories F:B— ¢ s an equivalence of

tensor categories.

Proof. Recall from Lemma 6.3 that, if f : “®“C — C is the forgetful functor,
then C(f) = C®C and the dinatural transformations of this coend are given
by

A(va) WRW — C®C,

Awp) = i (P)-

Since the functor F' : B — C factorizes as I' = f o ﬁ, then the functor
H=®o0(FKXF):BKX¢B — C factorizes as

B X.B—1"

iﬁ&ﬁ
¢c Recc

|e

C®CC

f

Using Lemma 3.6, since Fis an equivalence of right C-module categories, it
follows that

C(H) = 7{ FEEE X0t H(X) = C(F)eC(F).

Lemma 3.6 also explains how to compute dinatural transformations of this
coend. If rx : H(X)®*H(X) — C(F)®C(F), X € BX¢B, are the dinatural
transformations associated to this coend, then
TARE = NF(A)oFB)) = ([dorscr®@evp) (id c®op4),c®id p(B)e+D)
(7TA®id F(A) RmpRid ) (id F(A)®COGVF(A)®id F(B)®COCV p(B) ®id«p),

for any A,B € B. Here D = F(A)®F(B). Here p : F(A)QF(B) —
C(F)®F(A)®F(B) is the comodule structure of the tensor product accord-
ing to formula (4.6). It follows from Lemma 6.1 that there is an isomorphism

w : Home (C(F)QC(F), C(F)) — Naty, (H,C(F)®H),
w(g)x = (99id WG DT ().

Since, by Proposition 6.10, (idc(p)@é;%)pA(ngA’B is a natural module
transformation, that is

(id o ©€4 p)Pasnéas € Natn(H,C(F)2H),
then there exists a morphism m : C(F)QC(F) — C(F') such that

w(m) anp = (id o), 5)Pav B B-
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Using the rigidity axioms, the naturality of ¢ and the formula for 7 4xp, this
equation implies (6.31). Using (6.31), follows that

mo (m®id ) = mo (id ®m),

mo (u®id) = id = m o (id ®u).

It follows also from (6.31) that & is a comodule morphism, giving the
functor F' structure of monoidal functor. O

Definition 6.12. For any monoidal module functor F' : B — C we shall
denote by

BeB
H(F) = f F(B)@"F(B) € C
the bialgebra with product given by Theorem (6.11) and coproduct (6.3).

Remark 6.13. In Theorem 6.11, some hypothesis on the functor F': B — C
are superfluous. It follows from [8, Corollaire 2.10] that, if F' is right exact
then it is exact and faithful.

Let (H, A, m) be a bialgebra in C. In the next results, we shall be devoted
to prove that the bialgebra reconstructed in Theorem 6.11, from the forgetful
functor f : 'C — C, coincides with the original bialgebra H.

In Lemma 6.3 we already proved that the reconstructed coalgebra coin-
cides with H. Moreover, if (W, py/) € #C, then we have defined dinatural
transformations

mw  WR*W — H,

w = Uipw (ow) = (id g®evi) (pw ®id -w).

See (2.8) for the definition of isomorphisms . In order to see that, the
reconstructed multiplication coincides with the product of H, we only need
to prove that the original product m satisfies diagram (6.31). This will be
done in the next Proposition.

Proposition 6.14. Let (H, A, m) be a bialgebra in C. Using dinatural trans-
formations Ty : WW — H, my = ¢I{{V,W(pW)7 we have that equation

m(ﬂ'v@ﬂ'w@id V®W) (id V®*V®0'V,W®*W®id W)(ld ® coevy ®id ®coevw) =
= PVew-

holds for any pair (V,pv), (W, pw) € HC.

Proof. 1t follows using the naturality of o and (4.6). O
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6.5. The antipode of H(F'). In the next results we shall construct an
antipode S : H(F') — H(F'), making the bialgebra H(F') a Hopf algebra in
C.

Lemma 6.15. Let (C,0) be a braided tensor category, and B be a monoidal
right C-module category. Let (F,c) : B — C be an exact and faithful monoidal
module functor. For any B € B, V € C there are natural isomorphisms

(6.32) tB,V : *(B < V) —*B<*V
such that the diagram

F
(6.33) “F(BaV) —2Y) _ pep g
i*(cg}v) lC*B’*V
“(F(B)®V) F(*B)®*V,

O V,*F(B)(¢lp*(3)7v)71
18 commutative.

Proof. We shall freely use the fact that F(*B) = *F(B), for any B € B.
Since we are under the same hypothesis as Theorem 6.7, the functor F' :
B — H(C is full. Since F(*B<*V) is a left H-comodule, and the composition

h=cheyoov,mm)(Prm ) (cgh)  TF(B<V) = F(*Ba*V),

is an isomorphism, we can endow *F'(B<V') with some H-comodule structure
such that, h is a H-comodule map. Fullness of F' implies that, there exist
some tgy such that F(tpy) = h. O

We shall use the same notation as in previous sections. We denote by
BeB
A F(AQ*F(A) - H(F) = 7{ F(B)®*F(B)

®
the dinatural transformations of the relative coend H(F'). Also, recall from
Proposition 6.4, that for any A € B we have that (F(A), pa) is a left H(F)-
comodule, with structure given by

H(F . .
PA = wF((A)),F(A) (7TA) = (7TA®1d F(A))(ld F(A)®COGVF(A)).
Henceforth, for simplicity, we shall denote H = H(F).

Lemma 6.16. Let (C,0) be a braided tensor category, and B be a monoidal
right C-module category. For any B € B, V € C, let us recall morphisms
dp,v, defined in Lemma 6.8, as

dpy : *F(BaV) = *V&*F(B),

—1y, _
dpy = ((f’lF(B),V) (CB,lv)-
Then, for any B € B, V € C, we have

(6.34) (05 g ®id«p(p)) (id H@dp v)pe(pav) = (id -y ®p+p)dp v
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Proof. Using Lemma 6.15, there are natural isomorphisms tpy : *(B<V) —
*B <*V such that

(6.35) cpvF(tpy) = 0wy p(p)dBy-

The naturality of ¢! and ¢ implies that

(6.36) F(*(id p <coevy)) = (*(coevy)®id « p(p) )dB vev,
for any B € B, V € C. Using the dinaturality of m we obtain that
(6.37) T (pav) = T Bav (F(tev)@ Ftgh)),

for any B € B, V € C. Also, dinatural transformations 7 satisfy (3.5), this
implies that, for any B € B, V € C, we have

(6 38) TBg*YV =T B (ld F(B)@F(*(ldB < COeVV))) (ld F(B)®dBL*V,V)
(¢, v ®id«p(pav))-

Next, when it is not absolutely necessary, as a space saving measure, we
shall write the identities id, without using subscripts. Using the definition
or p we obtain that

(00 g ®id - () (id #@dB V) p+ (Bavy Ay
is equal to
= (0oy y®id«p(p)) (id ERAB V) (T (ary@id ) (id ®coev- p(pav) )d gy
= (00} y®id«p()) (T By ®dp v ) (F(tpy )@ F(t5),)@id)
(id ®c0ev*F(B<,V))d§’1V
= (0-y y®id«p(p)) (T By @dp v ) (F(tB,v)®id - p gy @ F (t51))
(id ®coevF(*Bq*v))d§}V
= (o0 y®id« p(p)) (- p@Id ) (id OF (*(id « p < coevy ))®id ) (id @d- parv,y @id )
(e v ®id) (F(tpy)dpy @id-pepevy@dpy F(t5Y) (d ®di vy @i f )
(id ®@coev. p(py®id «v ) (id « p(pav)y @cOCV+Y )
= (0o g ®id«p(p)) (- p@id ) ([ @ (* (coevy)®id «5))dp +vey ©@id )
(id ©d- pa vy @id ) (cep v F(tBv)dgy @id « ps parv)@dB v F(t5 ) eop oy
(id @d= 5 . ®id ) (id @coevs p( ) @id -y ) (id « p( vy @ coev- )
= (id »y @7+ p®id )(GZ‘}F(*B)®*F(*B)®id )(id ®evsy ®id « p« B)g*ver F(B))
(a*v7*F(B)®id V@ F(*B)Q0+V,«F(B) )(id “V@*F(B)e*V@C0ev: p(p)®id V)
(id ®coev=y)
= (id+y®p-p).

The second equality follows from (6.37), the third equality follows from (2.3),
the fourth one follows from (6.38), the fifth equality follows from (6.36). The
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sixth equality follows by using (2.6) and (6.35), and the last equality follows
by using the rigidity axioms and (4.1). O

Recall that, sometimes we are denoting H = H(F).

Theorem 6.17. Let C be a tensor category, and B be a monoidal right C-
module category. Let (F,c) : B — C be an exact and faithful monoidal module
functor. There exists a map S : H(F) — H(F), such that, it corresponds,
under isomorphism

w: Hom¢(H(F), V) — Nat,(F,VQF)
presented in (6.2), to the natural module transformation o : F — H(F)®F,

ap = (evp(p)®id m(r)err) (d F(B) 205 ) 1(m@id F(B))
(id F(B)®pp®id F(B))(id F(B)®CO€UF(B))'
That is w(S) = a.
Proof. We only need to prove that, indeed, « is a module natural transfor-
mation, that is
(id p®cp,v)apay = (apRidy)cp,v,

for any B € B, V € C. Equations (2.20) and (2.21) implies that
EVE(BaV) = €VE(B) (id ®evv®id ) (CB,V®dB,V)7

6.39
(6.39) COVE(Bay) = (d;v@c;‘/) (id ®@coevp(p)®id )coevv

Using the definition of a we obtain that (id g®cp v )a qucl;lv is equal to

= (evp(Ba)®id g r(B)eV))(id F(qu)®0:}(qu),H®CB,v)

(id p(Bav)®p+(Bav)®id p(av)) (i p(Bav)©C0CY p(Bav))CE Y

= (evp(p)®id e r(p)ev)) (id @evy@id - p(pyoHEF(B)2V)

(id F(B)®V®U:‘}®*F(B),H®id FByav) (e v®id p@dp v@cpy)

(id p(Bav)@p(Bav)®id FBavy) (id p(Bav) ®d§}v®cé}v)

(id F(Bav)@+V ®coev p(g)®@id V) (id F(qu)@)coevv)c];,lv

= (evp(p)®id ger(B)av)) (Id ®evy®id - pp)oHor(B)oV)

(id @07 ) g ®id) (id @07y 4 @id ) (id @ (id g @dpv) pr(pav)dphy ©@id )
(id p(Bav)e v @coevpp)@id v ) (id p(pa)@coevy)

= ap®idy.

The second equality follows from (6.39) and the naturality of o, the third
equality follows by (4.1). The last equality follows from (6.34) and rigidity
axioms. O
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Remark 6.18. The above result is the most sensitive statement to prove in
order to prove the existence of the antipode for H(F'). In the case C = vecty,
the isomorphism

w: Hom¢(H(F),V) — Nat (F,VQF)

lands in the space of all natural transformations. So, in that case, there is
nothing to prove, and the existence of S is guaranteed by the fact that w is
an isomorphism.

Corollary 6.19. The bialgebra H(F), from Definition 6.12, is actually a
Hopf algebra. The antipode S : H(F) — H(F') is determined as the unique
morphism such that

(6.40) F(B)®*F(B) i H(F)
o
F(B)®*F(B)®H61M H(F),
s commutative. Here
vp = (id F(B)®U:;(B),H(F))(id F(B)®@mp®id « p(p)) (1d p(B)g+ F(B)® COCV(B))-

Proof. Taking the map S : H(F) — H(F) defined in Theorem 6.17, and
using the definition of «, one can prove that S satisfies Diagram (6.40).

Axioms
mo (idg®S)o A =uoce,
mo (S®idy)oA=uoce,
follow from (6.40) by a lengthy, but straightforward, computation. O

Remark 6.20. A version of the Hopf algebra H(F') has been previously con-
sidered in the work of Lyubashenko [13], [14], when F' is some fiber functor
and in [15], [16], when F' is the identity functor. See also the work of P.
Schauenburg [22], where C is the category of finite dimensional vector spaces.
However, there are new ingredients in our definition. We require that B is
actually a monoidal C-module category, and the functor F' is a monoidal
module functor. The use of the relative coend is another new feature of our
construction.

Let (H,A,m,S) be a Hopf algebra in C. In the next Proposition we
shall see that the reconstructed antipode given in Theorem 6.17, out of the
forgetful functor f : “C — C, coincides with the original antipode S : H —
H.

Proposition 6.21. Let (H,A,m,S) be a Hopf algebra in C. Using the
identification H = H(f) proven in Lemma 6.3, the reconstructed antipode
obtained in Corollary 6.19 coincides with the antipode S of H.
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Proof. Let us denote by S:H — H the map reconstructed in Proposition
6.19. For any V € C, recall the isomorphism (6.2)

w : Home(H(f), V) = Naty, (f, V),

w(g) (w,pn) = (g®id W)@Z)II/{/,W(WW)a

for any (W, pw) € C. Corollary 6.17 implies that, if a : f — H®f is the
module natural transformation defined as

AW,y = (v ®id pew)(id w@ory, y@idw)
(id @ pe1w @id 1) (id  @coevy),

for any (W, pw) € C, then
w(S) = a.
Using formula (4.7) for p«y we get that

Aw,pn) = (SIdw) pw = w(S) W o)
for any (W, pw) € fC. Whence S = 5. O

7. EXAMPLES AND APPLICATIONS

7.1. Generic Example. The next example was treated along the paper.
At the end we proved that the reconstructed Hopf algebra from the forgetful
functor I : HC — C coincides with H.

Example 7.1. Let H be a Hopf algebra in a braided finite tensor category C
and consider the tensor category B = C. Then the forgetful functor admits
an exact faithful monoidal functor F : #C — C and the counit ey gives rise
to a monoidal section #C < C that turns /C into a C-module category.

Example 7.2. Let H C L be Hopf algebras in vecty with ¢ : H — L the
inclusion and assume there is a left-inverse Hopf algebra map 7= : H — L,
called projection. Then we have the restriction functor * : Rep(H) «
Rep(L) and in addition B = Rep(L) becomes a modules category over C =
Rep(H) via 7 : Rep(H) < Rep(L). Assume that H is quasitriangular.
Hence our result shows that there exists a Hopf algebra C' € Rep(H) such
that there is an equivalence of monoidal modular categories

Rep(L) = “ Rep(H).

We now discuss how this is related to the classical Radford Projection The-
orem [23]. This result states that the existence of a Hopf algebra projection
7 implies that L is isomorphic to a Radford biproduct

L= R#H
where R is a Hopf algebra in #YD(Vecty). In our case we have assumed
that H is quasitriangular and ¢* lifts to a braided functor to the center of B.

This gives rise to a choice of a functor Rep(H) — £YD(Vecty) and shows
R to be in the image - more explicitly the R-matrix of H determines the
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H-coaction from the H-action. Then this R is precisely the dual of our Hopf
algebra C.

7.2. Generic Consequences. Our results has certain general implications,
for example

Example 7.3. If (C,0) is a braided tensor category, then the forgetful
functor f : Z(C) — C has a section G : C — Z(C), G(V) = (V,ov). Theo-
rems 6.7 and 6.17 imply that there exists a Hopf algebra H € C such that
Z(C) ~ HC. For C = Rep(H) for a factorizable Hopf algebra H this can be
obtained from the defining equivalence Z(C) ~ C X #C, but in the non-
nondegenerate case or the case without fibre functor, we are not aware of
such a result. In general, we recover thereby the recent result [17].

7.3. Lifting and cocycles deformations. In the classification of (e.g.
pointed) Hopf algebras H the strategy in the Andruskiewisch-Schneider pro-
gram [2] is to consider the coradical Hy (which is assumed to be a Hopf
algebra, for example a group ring) and classify the possible Nichols algebras
R, and then obtain H as a lifting of gr(H) = R#Hy. It is an important
question to determine whether this lifting is a 2-cocycle twist, and the ob-
servation is that this holds in almost all cases [1].

We view this problem in our setting: Since a main assumption is that
Hy C H we have a tensor functor ¢* : Comod(Hp) — Comod(H). The lift-
ing is a 2-cocycle twist precisely iff there is a tensor functor Comod(Hy)
Comod(H), if the 2-cocycle is trivial then it comes from a Hopf algebra
projection 7, and then our relative coend is R*.

While this view does not allow to decide the difficult question when a
lifting is a 2-cocycle twist, it shows the natural categorical context of this
question and it produces general statements, for example if R as a coalgebra
has a trivial lifting, then there is a monoidal section and hence the lifting is
tensor functor and thus the lifting comes from a 2-cocycle twist.

7.4. The logarithmic Kazhdan Lusztig conjecture. In conformal field
theory, there is in good situations a modular tensor category of representa-
tions of a vertex algebra V), which reflects the analytic properties for example
of solution spaces to certain differential equations (e.g. the braiding reflects
the monodromy around the singularity z = 0). One is often confronted with
the very difficult question to determine the representation category of rep-
resentations of a vertex subalgebra W C V if the representation theory of
V is known, for example being a free-field realization. A brief introduction,
references and an account for the statements below can be found in [6].

Categorically, one can understand as Rep(W) being a modular tensor

category and A =V being a commutative algebra in this category and C =
Rep(V) is the category of local A-modules Rep!®(A). Then by the results
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in [6] Section 3 we have under suitable conditions that Rep(WV) is a relative
Drinfeld center of Rep(A) with respect to the subcategory C = Rep'©(A).
In the cases relevant to logarithmic (i.e. nonsemisimple) conformal field
theory, it is often the case that all simple modules in Rep(A) are already
in Rep'°“(A). This gives rise via the socle filtration to a monoidal section
functor, see [6] Section 4

Rep'®©(A) = Rep'®©(A)
Then the results in our paper produce a Hopf algebra R*, such that
Rep(4) = f'¢

and in this case the mentioned equivalence to the relative Drinfeld center
means explicitly (see Section 4.2)

Rep(W) = £YD(C)

For example the celebrated and notoriously difficult logarithmic Kazhdan
Lusztig conjecture considers the lattice vertex algebra Vy of the root lattice
of a semisimple complex finite dimensional Lie algebra g rescaled by an
integer p, whose category of representations is the category of vector spaces
graded by an abelian group

Rep(VA) = Vect A*/A

Then it asserts that Vj contains as kernel of screening operators a certain
vertex algebra W, (g) C Va, whose category of representation is conjectured
to be equivalent to the category of representations of the small quantum
group u,(g) for ¢ = e™/P. In the first authors paper [6] the approach is
to view the small quantum group category as a category of Yetter-Drinfeld
modules over the Nichols algebra N

Rep(uq(g)) = N-YD(Vect 5«5

and develop the categorical tools above to reduce the equivalence in question
to proving that

Rep(A) = yVect p« /5

In the case sl the abelian category could be determined and this gives a
systematic proof of the conjecture in this case (initially we have used more
complicated proof methods for the case slo,p = 2 in [6], while [11] have
used very different arguments for sly, p). A main motivation for writing the
present paper is that now we have the clear statement that the category
Rep(A) is for abstract reasons given as category of representations of a
Hopf algebra N in C, and it now remains to determine that N is indeed the
expected Nichols algebra, namely the Nichols algebra of screenings.
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8. (QUESTIONS

Question 8.1. The result should be applicable if C is merely locally finite
tensor category an/or if N is infinite. The example we have in mind is
maybe the quantum group U,(g) at generic q.

Question 8.2. For given classes of semisimple modular tensor categories
C (for example: the category of representations of an affine Lie algebra at
positive integer level), can we classify semisimple Hopf algebras over C?

Question 8.3. Is there a general argument that the embedding of the coradi-
cal Hy into a pointed Hopf algebra H admits a categorical section of comodule
categories, if we assume in addition that the Yetter-Drinfeld module Hy/Hy
is semisimple over Hy?
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