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Fiber functors and reconstruction of Hopf
algebras

Simon Lentner and Martin Mombelli

Abstract. The main objective of the present paper is to present a version of the Tannaka-Krein type
reconstruction theorems: if F : B — C is an exact faithful monoidal functor of tensor categories, one
would like to realize B as category of representations of a braided Hopf algebra H(F) in C. We prove
that this is the case iff B has the additional structure of a monoidal C-module category compatible
with F, which equivalently means that F admits a monoidal section. For Hopf algebras, this reduces
to a version of the Radford projection theorem. The Hopf algebra is constructed through the relative
coend for module categories. We expect this basic result to have a wide range of applications, in
particular in the absence of fiber functors, and we give some applications. One particular motivation
was the logarithmic Kazhdan-Lusztig conjecture.

1 Introduction
1.1 Background

The main objective of the present paper is to present a version of the Tannaka-Krein
type reconstruction theorems. It is known that if B is a k-linear abelian locally finite
category and F : B — vecty is a fiber functor, that is, an exact faithful functor, then the
coend

C- fm F(B)®yF(B)"

has structure of k-coalgebra, and the functor F factorizes as

)

B Comod(C)
; /
vectk,

where f : Comod(C) — vecty is the forgetful functor, and F is a category equivalence.
We refer the reader to [12, 18, 22] and the references therein. If, moreover, B is a
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2 S. Lentner and M. Mombelli

monoidal rigid category and F is a monoidal functor, then it is possible to endow
the coalgebra C with structure of Hopf algebra. Succinctly, monoidality of B gives C a
product, turning it into a bialgebra, and rigidity of B endows C with an antipode.

Some generalizations of this result appeared in the literature. We only mention
some of them. In these more general versions, a fiber functor F : B — C is considered,
where C is an arbitrary monoidal category. In some versions, the object C is not a
Hopf algebra in C. For example, in [5], it is shown that if the functor F has a right
adjoint G : C — B, then the associated monad to this adjunction T=Fo G: € —» Cis
a bimonad, and there is a commutative diagram

B — T T
7
G - C.

Here, f : T — € is the forgetful functor. Beck’s monadicity theorem implies that
the functor F: B - €T is a monoidal equivalence. Rigidity of both monoidal cat-
egories B, € implies that T has a Hopf monad structure. In [16, 17], Lyubashenko
reconstructed the object C as a coend fBEB F(B)® F(B)*, belonging to some
completion of the Deligne tensor product C ® C, and it turns out to be a squared
coalgebra. In the work of Majid [18, 19], he started with a monoidal functor F: B — C,
where C is a braided monoidal category, and he reconstructed a Hopf algebra C =

fBE% F(B)*®F(B), and set up a commutative diagram

With this generality, the functor F no longer need to be an equivalence.
1.2 Our approach

The point of view of this paper owes a lot to [23]. However, we shall work only with
finite categories. Let k be an arbitrary field, and let B, € be finite k-linear abelian
categories. Assume that both C,B are rigid monoidal categories and F: B — C is
a monoidal functor. If F has a section G : € - B, that is, F o G ~ Id ¢ as monoidal
functors, then it is possible to endow B with an action of € such that F is a monoidal
C-module functor. This action behaves well together with the monoidal product of B,
in a sense that we call monoidal module category.

Under these conditions, we aim at constructing a Hopf algebra H € € and obtaining
a kind of Radford projection theorem in this categorical setting.

The reconstruction of such Hopf algebra is given in some steps, which we describe
as follows. If B is a right C-module category and F : B — C is an exact faithful module
functor, then we construct a coalgebra C(F) € C as

C(F) = 95363 F(B)®"F(B).

https://doi.org/10.4153/50008414X24000531 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000531

Fiber functors and reconstruction of Hopf algebras 3

Here 95 stands for the relative coend, a new tool, developed in [4], in the context
of module categories. This tool is one of the new features that we incorporate in
these reconstruction theorems. The coproduct and counit of C(F) are defined using
universal properties of the dinatural transformations associated with the relative
coend. See Proposition 7.2. Moreover, we show that the functor F factorizes as

g F ce
N
C.
Here, f: € - C is the forgetful functor and F: B — €€ is an equivalence of C-
module categories. The existence of F is stated in Proposition 7.4, and the proof that it
is an equivalence of categories is given in Theorem 7.7.

If, in addition, C is a braided rigid monoidal C-module category, B is a rigid
monoidal category, and F is a monoidal functor, then we endow the coalgebra C(F)
with a product, turning it into a bialgebra in C. Rigidity of B allows to define an
antipode on C(F), making it into a braided Hopf algebra. These results are stated in
Theorem 711 and Corollary 7.19.

The contents of the paper are the following. In Section 3, we give a brief account
of some basic facts about tensor categories and module categories that will be used
throughout the paper. In Section 4, we review the notion of relative (co)end of a functor
in the setting of module categories over a tensor category C. This tool was developed
by the second author in [4] as generalization of the usual (co)end. Let € be a tensor

category, M be a left C-module category, and A be some target category. If a functor
S : M°P x M — A has a prebalancing, that is, natural isomorphisms

Bry i S(M, X >N) —» S(X* >M,N),

then the relative coend

N sm

is an object in A equipped with dinatural transformations 7y : S(M, M) =

¢ Me (S, B), such that it satisfies some extra condition (see, for example, (4.3)), and

it is universal with this property. When € = vecty, the relative (co)end coincides with
the usual (co)end.

Since relative (co)ends are objects defined by a universal property, they may not
exist in general. Section 4.1 is devoted to prove that all relative coends, used in this
work, actually exist. In this section, it is crucial that all categories, the tensor category
C and the module category M are finite. We also require that the action € x M - M
is exact in each variable, allowing us to use [9, Theorem 2.24], that says that there is
an equivalence of module categories M =~ C,, for some algebra A € C.

In Section 5, we review the definition of a Hopf algebra H in a braided tensor
category C and its tensor category of comodules €. We also review the definition
of H-H-Yetter-Drinfeld modules in this setting, which produces a braided tensor
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category #YD(C). Then we introduce a notion of a C-module category B with a
compatible tensor structure in the sense that there is a natural isomorphism

Ixp:X >B— (X >13)®B,

for all X € C, B € B, satisfying certain axioms. Note that there is a second reasonable
notion of a monoidal module category, where the action X > — is a monoidal functor,
and this definition is not equivalent. Under the presence of a monoidal functor
F:B — C, compatibility of the monoidal product in B and the action of C on B is
equivalent to the existence of a section to F, that is a monoidal functor G: C - B
such that there is a monoidal natural isomorphism F o G ~ Id.

2 Preliminaries

Throughout this paper, k will denote an arbitrary field. We shall denote by vecty the
category of finite-dimensional k-vector spaces.

A finite category [10] is an abelian k-linear category such that it has only a finite
number of isomorphism classes of simple objects, Hom spaces are finite-dimensional
k-vector spaces, all objects have finite length, and every simple object has a projective
cover. All these conditions are equivalent to requiring that the category is equivalent to
the category of finite-dimensional representations of a finite-dimensional k-algebra.

If M, N are categories and F : M — N is a functor, we shall denote by F™, F'2 :
N — M its right and left adjoints, respectively. We shall denote by M°P the opposite
category. If f : M — N is a morphism in M, sometimes we shall denote by f°P : N —
M the same map but understood as a morphism in M°P.

Any abelian k-linear category M has a canonical action of the category of finite-
dimensional k-vector spaces

(2.1) o :vect x M — M.

See, for example, [23, Lemma 2.2.2]. Any additive k-linear functor F : M — N between
abelian k-linear categories respects the action of vecty, that is, there are natural
isomorphisms

dV’Mip(V.M) - VOF(M),

V e vecty, M € M, satisfying certain axioms.

From now on, all categories will be assumed to be finite abelian k-linear categories,
and all functors will be additive k-linear. Here, k is an arbitrary field. All our proofs
work in the presence of an associator, but for simplicity we assume in the presentation
that the categories are strict.

3 Representations of tensor categories
3.1 Finite tensor categories

A finite tensor category € is a monoidal rigid category, with simple unit object 1€ C.
We refer to [10] for more details on finite tensor categories. Without loss of generality,
we shall assume that tensor categories in this work are strict.
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If €,D are monoidal categories, a monoidal functor is a functor F:C — D
equipped with natural isomorphisms

¢ap: F(A)®F(B) — F(A®B),
such that

(3.1) $aBec(id p(4)®&s,c) = §asn,c(£a,8®1d r(cy).

If (F, £), (F, &) : @ > D are two monoidal functors, a monoidal natural transforma-
tion between F and F is a natural transformation a : F - F such that

(3.2) aaoséan = Eas(aa®ag),

forany A, B € C.
If C is a category, for any X € C, we shall denote by

evy : X*'®X -1, coevy:1l— X®X"
the evaluation and coevaluation. By abuse of notation, we shall also denote by
evy : X®*X -1, coevy:1— "X®X

the evaluation and coevaluation for the left duals. We will use the following basic
result. If f : X — Y is an isomorphism in C, then

(id«x®f)coevy = (* f®id y)coevy,
eVy(f®id y) = er(id X®*f).

It is well known that for any pair of objects X,Y € C, there are canonical natural

(3.3)

isomorphisms
(3.4) Pxy Y ®X" - (X®Y)",
(3.5) ¢XY Yo'X > F(X®Y).

These isomorphisms allow us to compute coevaluation and evaluation maps of duals;
more precisely, we shall need the following identity:

(3.6) evey = *(coeVX)qbiX,X.
We are going to make use, very often, of the canonical natural isomorphisms
v% y : Homs (X®"Y, Z) - Homg (X, Z9Y),

(3.7) s
v,y (f) = (f®id y)(id x®coevy).

And, its inverse
7% , - Homg (X, Z&Y) > Homsp (XY, Z)

74 v(g) = (id z®evy) (g&id - y).
We shall also need the following basic fact.

(3.8)

Lemma 3.1 For any pair V, W € C, the evaluation of VQW is given by

(3.9) evvew = evy (id y®evi®id «v) (id vow® (¢} w) ™).
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3.2 Module categories over tensor categories

A left module category over € is a category M together with a k-bilinear bifunctor
>: € x M — M, exact in each variable, endowed with natural associativity and unit
isomorphisms

mxym: (X@Y)DM->XD>(YDM), {y:1>M—> M.

These isomorphisms are subject to the following conditions:

(3.10)
(X®Y)® 2Z) DMW(X@Y) >(Z>M)
(X®(Y®Z2)) > X>(Y>(Z1>M))

X>((Y®Z)>M)
forany X,Y,Z € C, M € M, as well as
(311) (ldx > EM)mX,l,M =id.

Sometimes we shall also say that M is a C-module category or a representation of C.
Let M and M be a pair of C-module categories. A module functor is a pair (F, ¢),
where F : M — M’ is a functor equipped with natural isomorphisms

CX,MZF(X DM) - X DF(M),

for X € G, M € M, such that

(3.12)
F(X > (Y >M)) ron X >F(Y >M)
F(mx,y,m) ldx\
F((X®Y) > M) X > (Y >F(M))

(X®Y) > F(M)
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forany X,Y € C, M € M, as well as

(3.13) Ceny cu,m = F(Uy)-

Module functors are composable, if M is a C-module category and (G, d) : M’ —
M is another module functor, then the composition

(3.14) (GoF,e): M —M", ex,m = dx,r(a) © G(cx,m)

is also a module functor.
A natural module transformation, between module functors (F, ¢) and (G, d), is a
natural transformation 6 : F — G such that

(315) dX,MGXDM = (ldX > GM)CX,M,

for any X € C, M € M. The vector space of natural module transformations will be
denoted by Nat,, (F,G). Two module functors F, G are equivalent if there exists a
natural module isomorphism 6 : F - G. We denote by Fune (M, M') the category
whose objects are module functors (F, ¢) from M to M’ and arrows module natural
transformations.

Two C-modules M and M are equivalent if there exist module functors F : M —
M, G : M’ - M, and natural module isomorphisms Id 5t/ - Fo G,Id ¢t > Go F.

A module category will be called strict if isomorphisms m and [ are identities. Any
module category is equivalent to a strict one. We will often assume that the module
category is strict without further mention.

A right module category over C is a category M equipped with an exact bifunctor
< : M x € - M and natural isomorphisms

ﬁ;lM’X’YZMQ(X®Y)—>(M<]X)4Y, rv - M11-M

such that
(3.16)
M (X®(Y®Z)) B e— (M1 X)<(Y®Z)
14 ;EMQX,Y,Z
M (X®Y)®2) (M X)<Y)< 2Z)
My, xev,z y,x,y<idz
M« (X®Y))< Z
as well as
(317) (TM < idX)ﬁM,l,X =id.

If M, M" are right C-modules, a module functor from M to M’ is a pair (T, d)
where T:M — M’ is a functor and dy x: T(M < X) > T(M) < X are natural
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isomorphisms such that for any X, Y € €, M € M:

(3.18)
T(M<1X)<Y) T TIMAX)<Y
%X Y) dM)&
T(M< (X®Y)) (TIM)< X)QY
T(M)< (X®Y))
as well as
(3.19) reen dma = T(rum).

3.3 The internal Hom

Let C be a tensor category and M be a left C-module category. For any pair of objects
M, N € M, the internal Hom is an object Hom(M, N) € C representing the left exact
functor

Homy (- > M, N) : C°? — vecty.
This means that there are natural isomorphisms
Home (X, Hom, (M, N)) ~ Homy (X > M, N).
The internal Hom for right C-module categories is defined similarly.
The next technical result will be needed later. Recall natural isomorphisms ¢'

defined in (3.5).

Lemma 3.2 Let M be a right C-module category with action given by < : M x € - M.
If(F, ¢) : M — @ isa module functor, then, for any B € M, X € C, the following diagrams

commute.
(F(B)®X)®*(F(B)®X)
cs,x@V \K@W’lp(s),x)l
F(B< X)®*F(B< X) (F(B)®X)®(*X®*F(B))
m %)(im’ev;(@id)
(3.20) 1

https://doi.org/10.4153/50008414X24000531 Published online by Cambridge University Press
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(*X®*F(B))®(F(B)®X)
*CB,V W@id
*F(B< X)® F(B< X) “(X®F(B))®(F(B)®X)
COEVE(BI X) (id®coevg gy ®id)coevy
1

(3.21)
Proof The proof follows by simply checking that morphisms
eVE(BqX) = €VE(B) (id ®evy®id )(CB,X®(*CB)X¢§;(B))X)_1),
COEVE(Bqx) = (* CB,XqSé(B),X@c,}}X)(id ®coevr(p)®id )CO€VX

satisfy rigidity axioms. ]
4 The (co)end for module categories

In this section, we recall the notion of relative (co)ends, a tool developed in [4] in the
context of representations of tensor categories, generalizing the well-known notion of
(co)ends in category theory.

Let C be a tensor category and M be a left C-module category. Assume that A is a
category and S : M°P x M — A is a functor equipped with natural isomorphisms

(4.1) Brn i S(M, X >N) > S(X* >M,N),
for any X € C, M, N € M. We shall say that f is a prebalancing of the functor S.
Sometimes we shall say that it is a C-prebalancing to emphasize the dependence on C.

Definition 4.1 The relative end of the pair (S, ) is an object E € A equipped with
dinatural transformations 7y : E = S(M, M) such that

(4.2)
SX* >X)DM,M)+— S(X* > (X > M), M)
S(m,  \pidy)
S(evyf Didp,idy) ﬁ§1>M,M
S(M, M) S(X > M,X > M)
M TXpM
E

for any X € €, M € M, and is universal with this property. This means that, if EcA
is another object with dinatural transformations &y : E = S(M, M), such that they
fulfill (4.2), there exists a unique morphism 4 : E — E such that &y = 7 o k.

https://doi.org/10.4153/50008414X24000531 Published online by Cambridge University Press
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The relative end depends on the choice of the prebalancing. We will denote the
relative end as §,,.,(S, B), or sometimes simply as ¢, S, when the prebalancing
B is understood from the context.

The relative coend of the pair (S, ) is defined dually. This is an object C € A
equipped with dinatural transformations 7, : S(M, M) = C such that

(4.3)
SIM,(X*®X) bM) —— > S(M, X > (X* > M))
S(idy,mx x ar)
S(idm,coevy Didy) ﬂ}’; XM
S(M, M) S(X* > M, X* > M)
F197e TTx* M
C

forany X € C, M € M, universal with this property. This means that, if C € Aisanother
object with dinatural transformations A : S(M, M) <> C such that they satisfy (4.3),
there exists a unique morphism g : C - C such that g o 7y = A . The relative coend
will be denoted § MEM(S, B), or simply as [ Mg,

A similar definition can be made for right €-module categories. Let A be a category,
and let N be a right C-module category endowed with a functor § : N°? x N — A with
a prebalancing

Yan:S(M < X,N) > S(M,N< *X),
forany M,N e N, X € C.

Definition 4.2 'The relative end for S is an object E € A equipped with dinatural
transformations Ay : E = S(N, N) such that

(4.4)
S(N, N« (X®*X)) SGandond 0 S(N,(N< X) <4 *X)
S(idy,idy< evy) Yﬁ,qu
S(N,N) S(NG4 X,N< X)
AN ANax
E

for any N € N, X € €. We shall also denote this relative end by §, (S, y).
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Similarly, the relative coend is an object C € B with dinatural transformations Ay :
S(N,N) = C such that

(4.5)
S(N< (*X®X),N) S((N< *X)< X,N)
S(mg 2% Hidn)
S(idn< coev';(P,idN) yl)\(ld*X,N
S(N,N) S(N< *X,N<q *X)
AN Ana*x
C
s . NeN

for any N € N, X € C. We shall also denote this relative coend by ¢ © (S, y).

In the next proposition, we collect some results about the relative (co)end that will
be useful. The reader is referred to [4, Proposition 3.3] and [4, Proposition 4.2].

Proposition 4.3  Assume that M, N are left C-module categories and that S, St MOP x
M — A are functors equipped with C-prebalancings

Brin:S(M, X >N) - S(X* >M,N),

BXn:S(M,X >N) - §(X* > M,N),
X € C, M, N € M. The following assertions holds:

(i) Assume that the module ends §,,.,.(S,B), ¢M5M(§’ B) exist and have dinatural
transformations 7, i, respectively. If y : S — S is a natural transformation such that

(4.6) ﬁﬁ,NY(M,X >N) = Y(x* DM,N)ﬁZ}\(/I,N’
then there exists a unique map 7+ §;0c (S, B) = Fryen (Ss B) such that

?EM?: Y(M,.M)TTM

for any M € M. If y is a natural isomorphism, then y is an isomorphism.
(i) For any pair of C-module functors (F,c), (G,d) : M — N, the functor

Homy (F(-),G(-)) : M x M — vecty
has a canonical prebalancing given by

(47) B : Homx(F(M),G(X > N)) - Homx (F(X* > M),G(N))

ﬂl)\(/I,N(“) = (evx > idG(N))m)_(l*,X,G(N)(idX* > dx)NOC)Cx*,M,
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forany X € C, M, N € M. There is an isomorphism

Nat, (F, G) = 5& _ (Homx(F(=),G()), B).

The next result will be needed later. It follows from a combination of [4, Proposition
3.3] (ii) and [4, Lemma 3.6]. Let M be a left C-module category, then N = M°P is a right
C-module category with right action given by

M1 X=X">M.
Assume that A is a category equipped with a functor
S:NPxN->A

together with a prebalancing

Brn:S(M< X,N) > S(M,N< *X).
The functor

Hom 4 (S(—,-),U) : M°? x M — vecty
has a natural prebalancing

Yy : Homa (S(M,N < *X),U) - Homu (S(M < X,N),U),
VﬁN(f) =fe /31}\€1N

The proof of the next statement is similar to the proof of [4, Proposition 3.3(ii)].

Proposition 4.4 If the coend §,,.,.(S, ) exists, then for any object U € A, the end
$rrene Homua (S(—, —), U) exists, and there is an isomorphism

MeN
55 HomA(S(—,—),U):HomA(jg (S,8),U).
MeM
Moreover, if §,;5Homg(S(—,-),U) exists for any UeA, then the coend
¢ MGN(S,/S) exists.

The proof of the next result is completely analogous to the proof in the case of usual
coend.

Lemma 4.5 Let M be a right C-module category, S : M°P x M — A a functor equipped
with a prebalancingy. IfF : A — A’ is a right exact functor, then there is an isomorphism

B sm= T (FesEG)).

‘We shall also need the next result.

Lemma 4.6 Let M, N be right C-module categories, and let (J,c): M — N be an
equivalence of C-module categories. Assume that S : N°P x N — A is a functor equipped
with a prebalancing 8. The functor S(J(=),J(=)) : M°? x M — A has a prebalancing
y given by

yaen = S3d jans e, v) By oy S(eat,v» id yv)
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for any M, N € M. There is an isomorphism

MeM NeN
$ U= 6B,
Proof We only sketch the proof. Let Ay : S(N,N) — ¢ NEN(S, B) be the associated
dinatural transformations. If we define s = A;(ar, for any M € M, one can verify that
these are dinatural transformations and they satisfy (4.5). Universality of 7 follows
from the universality of A and the fact that ] is an equivalence of categories. [ ]

4.1 Existence of (co)ends

In this section, we shall prove that certain (co)ends exists. All these (co)ends will be
used in subsequent sections. We shall use ideas from [24, 25].

Let C be a tensor category, and let B be a right C-module category. Since our
definition of module category includes that the action is right exact in each variable,
the hypothesis of [9, Theorem 2.24] are fulfilled. This means that there exists an algebra
A € € such that

(4.8) B~ 4C

as module categories. Consider C as a right C-module category with the regular action.
We shall denote by Rex ¢(B, €) the category of right exact C-module functors. The
functor

®: BP > Rexe(B,0C),

®(B)(D) = Hom(D, B)*

is an equivalence of categories, since, under identification (4.8), the functor ® is the
composition of equivalences

(AG)OP i’ GA L ReX@(Ae,e).

Here, R: G4 - Rexe(4C, €) is the functor given by R(V)(W) = V@4 W. Let be
(F,c) € Rex (B, €). In particular, we have natural isomorphisms

cgx : F(B< X) - F(B)®X,
for B € B, X € C. Consider the functor
BP xB > B,
(D,B) » D < *F(B).
This functor possesses a C-prebalancing
(4.9) yip:D< *F(B< V) > D< *V®*F(B),
yp,p = idp < (¢;(B),V)_l*(‘5§}v)-

Proposition 4.7 Let B be a right C-module category. For any right exact C-module
functor (F,c) : B — C, the coend
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C(F,c) = jﬁm(m “F(B).y) ¢ B,

exists. Moreover, the functor (F, c) — C(F, c) is a quasi-inverse of ®.

Proof Forany D € B, we have
Nat, (®(D).F) = §  Home(®0(D)(B). F(B))

Be

~ Jq§ , Home(Homy, (B, D)", F(B))
Be

N 55 , Home("F(B), Hom (B, D))
Be

N 515 Homs (B < *F(B), D)
BeB

BeB
. Homg(jé B< *F(B),D)

BeB
- Homer (D, 55 B< *F(B)).

The first isomorphism is Proposition 4.3(ii), and the fifth isomorphism is Proposition
4.4. Observe that, to prove the existence of the fourth isomorphism, one has to check
that the natural isomorphisms

Home (*F(B), Hom, (B, D) ~ Homs (B < *F(B), D)

commute with the respective prebalancings and then use Proposition 4.3(i). This
calculation is left to the reader. This proves both that the coend C(F, ¢) exists and
that the quasi-inverse of @ is given by

D: Rexe(B,C) - BP,

_ BeB
&(F,c) = 95 (B< *F(B),y). -
For a pair of module functors (F, ¢), (F, ¢) : B — €, the functor
BP x B - C,

(A,B) — F(B)®*F(A)
has a canonical prebalancing, given by
Bi5:F(B)® F(A< X) -~ F(B< *X)®"F(A),
Bis= (5§,1*x®id)(idﬁ(3)®(¢;(A),x)_l*(CZ}X )-

As a consequence of Lemma 4.5, one can apply F to the coend in Proposition 4.7.
Thus, we get the next result.

(4.10)

Corollary 4.8  For any pair of right exact C-module functors F, F : B — C, the coend

95363(1?(3)@@(3),@ ¢B

exists.
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5 Hopf algebras in braided tensor categories
5.1 Hopf algebras in braided tensor categories

Let us briefly recall the notion of Hopf algebras in braided tensor categories, and how
their corepresentation categories are again tensor categories. For more details, the
reader is referred to [19, 20, 26] and the references therein.

A braided tensor category is a pair (C, o) where C is a tensor category and oy, :
VOW — WV is a braiding, that is, a family of natural isomorphisms satisfying

ov.vew = (ildy®ov,w)(ov,uv®id w),
(51) OyeU,W = (O'V,W®id U)(ld V®0U,W)~

Remark 5.1 Note that in the above axioms we are assuming that C is a strict tensor
category.

The braiding fulfills the braid relation, whence the name. We illustrate this identity
in terms of string diagrams, which we read bottom to top.

w 14 U w \%4 U

U 14 w U \%4 w

Definition 5.2 A bialgebra in C is a collection (H, m, u, A, ), where (H, m, u) is an
algebra, (H, A, €) is a coalgebra, and A, ¢ are algebra morphisms. That is,

(5.2) Aom = (mem)(id®oy,x®id ) (A®A),
(5.3) Aou = (uku),

(5.4) eom = (e®e),

(5.5) cou=id;.

We illustrate the first identity:
H H H H
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If H is a bialgebra, then the space Home (H, H) has a convolution product with
unit given by u o &. If the identity id i has an inverse S under the convolution product,
then H is a Hopf algebra, and § is called the antipode. The next theorem is well known
(see, for example, [19]).

Theorem 5.3 If H is a Hopf algebra in a braided tensor category C, then the category
of left H-comodules T'C is a tensor category. Moreover, if C is a finite tensor category,
then T1C is also a finite tensor category, and the forgetful functor f : HC — C is an exact
faithful monoidal functor.

The tensor product of two left H-comodules is given as follows: if (V,py),
(W, pw) are objects in ¥ €, then the tensor product V@ W in € has a left H-comodule
structure given by

(5.6) Pvew = (m@idv(gw)(idH@O'V,H@id W)(pV®PW)
H |4 w
|4 w

If (V,py) € G, then *V € HC. The coaction is given by
(5.7) prv = ((S®id)U*V,H®evv)(idw®pv®id*V)(coevv®idw).

The coaction of the right dual V™ is defined similarly.
For any V € €, we can endow V with a trivial H-comodule structure given by

py V> H®V, pi,=udidy.
5.2 Yetter—Drinfeld modules

Let H be a finite-dimensional Hopf algebra in vect ;.. Then we shall denote by EYD the
category of finite-dimensional Yetter-Drinfeld modules. An object V € HYD(vecty) is
aleft H-module - : H® V — V and a left H-comodule A : V - H®; V such that

(5.8) /\(l’l . V) = h(l)V(_l)S(h(3))®h(2) “V(0)>

for any he Hve V. If Ve EYD(vecty), the map ox : VX - X®,V, given by
ox(v®x) = v(_y) - x®V(q), is a half-braiding for V.

This notion had been generalized in [3] to Hopf algebras H inside a braided tensor
category C:
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Definition 5.4 Let H be a Hopf algebra in a braided tensor category C. Then an H-H-
Yetter-Drinfeld module V is an object V € C, together with a structure of H-module m :
H® V — V and structure of H-comodule in p : V - H ® V in the tensor category €,
compatible in the following way:

H \%4 H \%4

-

\

N

H 14 H \%4

The category 2YD(C) consists of Yetter-Drinfeld modules and of H-linear and
H-colinear morphisms. It becomes a tensor category with the usual tensor product of
H-modules and H-comodules V ® W. An useful feature of this tensor category is that
it admits, by construction, a braiding

C(V,mv,Pv),(W,mw,Pw) VW ->-WeV
which is given on objects (V,my, pv) and (W, my, pw) by

C(Vomyapy ) (Womypw) = (Pw ®id v) o (id g ® cy,w) o (pv ®id w)

and is invertible if H has a bijective antipode

(CVmyp ) (Womwopw)) = w0 (mw ®id v) o (i ®id v)

O(idw®871®idv)0(idw®pv).

If C is rigid, then the dual object in € with the standard dual action and coaction
gives a dual object in 7Y D(€). The structure is summarized in the following statement
proven in [3].

Theorem 5.5 Let H be a Hopf algebra in C. The Yetter-Drinfeld modules over H in C
have a natural structure of a braided tensor category ¥YD(C). If € is rigid, then so is
H

YD(C).
H

Recall that the Drinfeld center Z(B) is a braided tensor category associated with any
tensor category B. The construction of Yetter-Drinfeld modules gives a realization of
a special case of the construction of a relative Drinfeld center Z¢(B), a braided tensor
category associated with any tensor category B with a braided subcategory € — Z(B).
More precisely, we have

HyD(e) =2e("e).
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6 Monoidal module categories

Assume that €, B tensor categories. We shall define what means that a tensor category
C acts on B.

Definition 6.1 We call B a monoidal left C-module category if B is a left C-module
category, with action given by > : € x B — B, such that1 [>1 ~ 1, and there are natural

isomorphisms Ix 5 : X > B — (X >1)®B, for any X € C, B € B, such that

(6.1) hp=idp, Ix;1=idxp1,
(6.2)
(X>1)e((Y>1)®B)
idyx p1®ly,8
(Xp>1)® (Y >B)
(X>p1)®(Y>1)®B
Ix,y>B
X > (Y D>B) Ix,y1®id g
(Xp>(YP>1)®B
my, y,1®idp
(X®Y)>B .
X®Y,B

(X®Y)>1)®B

for any X, Y € €, B € B. Similarly, we shall say that B is a monoidal right C-module
category, with action < : B x € - B, such that

191~1,
and there are natural isomorphisms I x : B<t X > B®(1< X), such that for any
X,YeC BeB,
(6.3) lpp=idp, hx=idigx,

https://doi.org/10.4153/50008414X24000531 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000531

Fiber functors and reconstruction of Hopf algebras 19

(6.4)
Be®(1<4X)®(14Y)
Ip,x®id1qy
(B4 X)®(14Y)

B® (14 X)®(14Y))

Ipax,y I

(B4 X)«Y idp®hqx,y
B (1< X)«Y))

idp®iiy x,y
B (X®Y) ,
B,X®Y

B® (1< (X®Y))

Example 6.2 (i) Any tensor category C is a monoidal vect-module category, with
the canonical action

e :vecty x C— C.
(ii) Let C be a tensor category. Any tensor subcategory D acts on C by

XD>Y=X®Y.

In particular, any tensor category acts on itself.
(iii) Let (C, o) be a braided tensor category and D ¢ € be a tensor subcategory. Then
Dr¥ acts on € as

XD>Y=YRX.

In this case, Ix,p = 05, x.

(iv) Let € be a tensor category and C € C be a coalgebra. Then the category ©C, of left
C-comodules in C, is a right C-module category. The action is given as follows.
If (W,p) € C, then W < Y = W®Y, where the coaction on W®Y is given by

P®id Y.
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Definition 6.3 If B, B’ are right monoidal C-module categories, a monoidal module
functor is a collection (F, ¢, &) : B — B’ where (F, ¢) is a C-module functor, (F, &) is
a monoidal functor, and equation

(6.5) Iecey,v ca,v = (id p(py®cr,v) €5 1q v F(Is,v)
is fulfilled for any B € B, V € C.

6.1 Sections of monoidal functors

Definition 6.4 Let C, B be tensor categories. If F : B — Cisa tensor functor, a section
to F is a right exact tensor functor G : € — B such that F o G ~Id ¢ as monoidal
functors.

Example 6.5 (1) Any (linear) tensor functor F : B — vecty has a canonical section
given by

G :vecty — B,
G(V) =Vel.

Here, the action e : vecty x B — B is the one presented in (2.1).

(2) The previous example can be generalized to other kinds of fiber functors. If C
is a tensor category that acts on another tensor category B, then any monoidal
functor F : B — € that is also a C-module functor has a section given by G : € —»
B, G(V) =V > 1 See Proposition 6.6 below.

(3) If (C, 0) is a braided tensor category and H ¢ C is a Hopf algebra with unit given
by u : 1 - H, then the forgetful functor f : € — € hasa section givenby G : € —
He,G(V) = (V,pL). Here, p!, = u®id v is the trivial comodule structure.

(4) Let H be a Hopf algebra and R be a Hopf algebra in the category of Yetter-
Drinfeld modules #YD. Consider the corresponding Hopf algebra obtained by
bosonization R#H. Let us consider the functor

F:Rep(R#H) - Rep(H), F(V)=V.

The action of H on V is given by h - v = (1#h) - v. The functor F has a section given
by G : Rep(H) — Rep(R#H) given by G(V') = V, where the action of R#H on V
is given by

(r#h)-v=e(r)h-v.

(5) Let (C, 0) be a braided tensor category. The forgetful functor from the center of
C, f: Z(€) — C, has a section given by the inclusion € - Z(C), V ~ (V,0).
Proposition 6.6 Let B, C be tensor categories, and let (F, &) : B — C be a monoidal

functor. The following notions are equivalent:

(i) The functor F has a section.
(ii) B is a right monoidal C-module category (in the sense of Definition 6.1) and F is a
monoidal module functor.

Proof Letus only give a sketch of the proof. (i) implies (ii): assume that (G, {) : € —
B is a monoidal section to F. Let a : F o G — Id be a natural monoidal isomorphism.
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Define the right action of € on B as
B4V :=BaG(V),
for any B € B, V € C. The associativity of this action is given by

mpy.w:B< (VW) > (B V)a W,

. -1
mp,v,w = 1dB®(V,W,

for any Be B, V, W € C. Turns out that B is a monoidal module category with
isomorphisms

lB,V:B<1 V> B®(1<] V))

Ip,v =id oG (v)-

With this action, F is a module functor. The module structure of the functor F is
given by

CB,v : F(B < V) g F(B)®V>

B,V = (idF(B)®‘XV)£;G(V)F(IB,V)'

Since ¢1,v = ay, then it follows that equation (6.5) is fulfilled, that is, (F,&,¢c) is a
monoidal module functor.

Let us prove now that (ii) implies (i): assume that (F, &, ¢) : B — € is a monoidal
C-module functor. Define G: C - B, G(V) =1« V. Axiom (6.4) implies that iso-
morphisms

hav.w :G(V)®G(W) - G(VeWw)

endow G with the structure of monoidal functor. Define natural isomorphisms ay :
F(G(V))=FQ1< V) -V, ay =c,v. Let us check that they are monoidal natural
isomorphisms. For this, we need to verify that equation

(6.6) (eL,v®cLw) = Cl,V@WF(lf<l1 v.w)éraviaw

is satisfied. Using that c satisfies diagram (3.18), it follows that the right-hand side of
equation (6.6) is equal to

= (c,v®id w)crqv,w (I v.w) Eiaviaw
= (cr,v®id w) (id raavy®cw) &G vaq wF (hav.w) F(d v ow) Elaviaw

= (CI,V®CI,W)~
The second equation follows from (6.5) [ ]

Remark 6.7 Constructions in Proposition 6.6 are reciprocal in the following sense.
If B is a right monoidal C-module category and G : € — B is the monoidal functor
G(V) =1« V, then one can endow B with a right C-module structure

B« V =BaG(V),
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for any B € B, V € C. Turns out, that the identity functor Id : (B, <) — (B, «) isan
equivalence of module categories.

6.2 Some natural module transformations

It is known that natural transformations between additive functors are additive. For
example, if (F, &) is an additive monoidal functor, then natural isomorphisms

§as: F(A)®F(B) > F(A®B)

are additive in each variable. In this section, we shall study what happens when F is a
monoidal module functor. We aim at proving that £ is a module natural transformation
in the second variable.

Lemma 6.8 If B is a right monoidal C-module category, then for any A € B, the functor
Ls:B — B, La(B) = A®B is a C-module functor.

Proof Forany B € B,V € C, the module structure of the functor L, is given by

nsv:A®(B< V) - (A®B) < V,

nB,v = Ligp,v(id 4®lpv).

Let us prove that # satisfies (3.18). Using that isomorphisms [ satisfy diagram (6.4), it
follows that for any C € B and any V, W € C, we have that

(6.7) lewew = leav,w(lcy®idigw)(id c®hav,w).
On one hand, we have that
n5.vew = lags,vew (id 4®15,vew)
= la@B)q vow(lies,v®idiqw) (id aes®hqv,w) (id 4es®lg v, w)
(idA®lB,V®id1<] W)(idA®lB<] V,W)
= l(_1§®B)<] V,W(lX(IX>B,V®id 14 W)(idA®lB,V®id 14 W)(idA®lB<] V,W)~
The second equation follows from using (6.7). On the other hand,
(n8,v < idw)nsqv,w
is equal to
= (lgs,v < 1dw)(id 4815 v ®id 1qw) lag (4 vy, w (id a®lsqv,w)
= (l;‘lx,B)V < id W)LX%@B@(IQ V),W(idA®lB,V®id1<] W)(idA®lB<] V,W)
= lasnyav,w(lies,v®idiaw) (id 4815 v @id 1q w) (id 4®ls4 v, w).
The second and third equalities follow from the naturality of . ]

Proposition 6.9 Assume that B is a monoidal right C-module category and that
(F,c, &) : B » Ca monoidal module functor. The following assertions hold.
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(i) The category B has structure of C-bimodule category.
(if) There are C-module functors
H,H:BmeB €
such that
H(A®mB) = F(A®B), H(Aw B) = F(A)®F(B),
forany A, B € B.

(iii) The monoidal structure of the functor F defines a natural module isomorphism
§H- H.

Proof (i). From Proposition 6.6, there is a section G : € — B of the functor F. Define
the left action >: € x B - Bas V > B = G(V)®B. With this action, B becomes a C-
bimodule category. Thus, we can consider the Deligne tensor product over C, B ®¢e B.
This category has an obvious right C-module category structure.

One can prove that functors B x B — C given by

(A,B) » F(A®B), (A,B)~ F(A)®F(B)
are C-balanced, thus defining functors H and H. The (right) C-module structure of

the functor H is the one inherited from the functor F. The module structure of the
functor H is more involved. One can prove that natural transformations

eanyv:F(A®(B< V)) - F(A®B)®V,

eanyv = cags,vF (I gp v (id a®lpv))
are C-balanced, thus defining natural transformations
exv:H(X<V)—>H(X)4V,

for any X € BRe B, V € C. One can prove also that (H, e) is a module functor. Note
that e is the module structure resulting from the composition of module structures of
F and the functor L4, presented in Lemma 6.8. This proves (ii).

(iii). To prove that & is a natural module transformation in the second variable, we
need to verify that the diagram

EaBav

(6.8) H(A,BQ V) H(A,B< V)

id F(A)®CB’Vi lm,s,v

H(A,B)®V ————— H(A,B)®V

$a8®idy
is commutative for any A, B € B, V € C. Here,
easyv = cagn,vF (I gp v (id 4®15v)).
We have

easvéapqv = CA@B,VF(lZég,B,V(id a®lgv))éapav
= (id®c1,v ) Ergpaq v F(id a®lp,v)Eapay
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= ([d®c1,v)Exgp1qvEaseaav)(id ray®F (Igv))

= (id®c1,v ) (£4,8®1d r(1q v)) (id p(a)®E5 14 v) (id pay®F (I,v))
= (E4,5®id v) (id p(4)®(id p(3y®c1,v) E5 1 v F(I5,v))

= (84,30®id v)(id p(a)®cp,v).

The second equality follows from (6.5), the third equality follows from the naturality
of £, and the fourth one follows from (3.1). The last equality follows from (6.5). [ |

7 Fiber functors and reconstruction results

It is a classical result that, out of a fiber functor, which is a monoidal, exact, and faithful
functor F : B — vecty, one can reconstruct a (usual) Hopf algebra H such that B is
monoidally equivalent to the category of left H-comodules. We shall generalize these
reconstruction theorems for a fiber functor F : B — C, where € is an arbitrary braided
tensor category acting monoidally on B. The reconstruction of the Hopf algebra from
these data will be described in a similar way as the case C = vecty. See, for example,
[19, 23]. The main new ingredient will be the use of the relative coend, introduced in
[4], and the splitting condition, that is, the existence of a section G : € — B of F. While
dealing with the relative (co)end, the primary new challenge will be demonstrated that
some dinatural transformations satisfy equation (4.5).

7.1 Coalgebras constructed from a coend

Let C be a tensor category, and let B be a right C-module category. For the rest of this
section, (F, c) : B — € will denote a right exact module functor.
Consider the functor

SF:BPxB - C,
S¥(A,B) = F(B)®*F(A).
This functor has a canonical prebalancing given by
Bip:F(B)®*F(A< X) - F(B< *X)®*F(A),
(71) Bis = (caox®idepa))(id F(B)®(¢IF(A),X)71*(C2X))'

We define

C(Ro)=C(F)= § " (SF.p) = 4 * F(B)e F(B).

Let g : F(B)®*F(B) — C(F) be the associated dinatural transformations. Existence
of this coend follows from Corollary 4.8. The following lemma is a generalization of
[23, Lemma 2.1.9]. Recall that for any M, N € B, X € C, we have natural isomorphisms

%Y(M))F(N) : Home (F(M)®*F(N), V) » Home(F(M), VOF(N))

described in (3.7).
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Lemma 7.1 The functor V ~ Nat,, (F, V®F) is represented by C(F). That is, for any
V € C, there are natural isomorphisms

w : Home (C(F), V) - Nat,,(F, V®F),
(72) ©(8)5 = (88id 5(5)Wpp). () (78)-

Proof Fix some object V € C. The functor V®F is a right module functor, then we
can consider the prebalancing of the functor

Home(F(-), V®F(-)) : B x B°? - vecty,
given by
3. : Home(F(N < *X), V®F(B)) » Home(F(N), VRF(B< X)),

yﬁ’B (f) = (ld V®CB’X)(f®id X)(CI_\rl’*X@)idx)(id F(N) ®COCVX).

Note that here we are considering B°P as a left C-module category, with action X >
B := B < *X. Proposition 4.3(ii) tells us that there is an isomorphism

¢ (Home(F(B), VOF(B)). ) = Nat,,(F, V&F).

From the proof of Proposition 4.4, one can see that the dinatural transformations of
the end ¢, Home (F(B)®*F(B), V) are given by

o qu  Home(F(B)®"F(B), V) ~ Home(F(B)®"F(B), V),
Be?
75(g) = g © 7.
Here, we are using identification
BeB
55  Home(F(B)®"F(B), V) = Home(jg F(B)®"F(B), V).
Be

It follows by a straightforward computation that

Y§,N(1//}‘:(M<1 *X),F(N)(f)) = V’I‘?/(M),F(Nq X) (fe ﬁ)I\(I,M)’

for any M, N € B and any f e Homg (F(M < *X)®*F(N), V). This implies, using
Proposition 4.3(i) that, for any V € C, there exists an isomorphism

v f Home (F(B)®*F(B),V) - 515 Home (F(B), V®F(B)),
BeB BeB
such that g o gV = WI‘?Z(B),F(B) o 7. For any V € C, we have that
Home (C(F), V) = 515  Home(F(B)®"F(B), V)
Be

~ y{B _, Home(F(B), VeF(B))
~ Nat,, (F, V®F).

The first isomorphism is Proposition 4.4. Tracing this chain of isomorphisms, one can
see that the composition coincides with w defined by equation (7.2). [ |

https://doi.org/10.4153/50008414X24000531 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000531

26 S. Lentner and M. Mombelli

Proposition 7.2 Let C be a tensor category, and let B be a right C-module category.
Let (F,c) : B — C be a right exact module functor. The object C(F) € C has a coalgebra
structure A : C(F) - C(F)®C(F), e : C(F) — 1 determined by diagrams

B

(73) F(B)®*F(B) C(F)

id ®coevg(p) ®idi lA

F(B)®*F(B)®F(B)®*F(B) B C(F)®C(F),

(7.4) F(B)®*F(B) — 22— C(F)

M/

Proof It follows by a straightforward computation that the maps

for any B € B.

€VE(B) * F(B)®*F(B) -1,
(mp®mp)(id ®coevp(p)®id) : F(B)®*F(B) - C(F)®C(F)

are dinatural maps. It follows from diagram (3.20) that evg(p) satisfies (4.5). It follows
from diagram (3.21) and the fact that 7 satisfies (4.5) that (73®7 ) (id ®coevy(z)®id )
also satisfies equation (4.5). Whence, the existence of A and ¢ follows from the
universal property of the relative coend.

The proof that (C(F), A, €) is a coalgebra is standard, and it follows from diagrams
(7.3) and (7.4). [ |

Let C be a tensor category, and let C € € be a coalgebra. The category “C, of left
C-comodules in C, is a right C-module category. The action is given as follows. If
(W,p) € €C, then W < Y = W®Y, where the coaction on W®Y is given by p®id y.
The forgetful functor f : ©C — € is a C-module functor. The next result says that the
coalgebra reconstructed from the forgetful functor f coincides with C.

In this case, the functor S/ has a prebalancing given by

B =ids®(¢x) 7,
forany A,Be €C, X € C.
Lemma 7.3  There exists an isomorphism of coalgebras C(f) ~ C in C.

Proof In this particular case, if T € C is an object, and Ay : W®*W — T is a
dinatural transformation, equation (4.5) writes as

(7.5) AW@,*V(id W®(¢€/V®*V,V)71) = Aw(ld W®*(id W®C0€Vv)),

forany W e €C, V € C.
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If W € C has comodule structure given by py — C®W, then we define 7y :
W®*W — C, the morphisms given by my = V/ng( p). Recall that natural isomor-
phisms ¥ were defined in (3.8). Maps myy are dinatural transformations, and they
satisfy equation (7.5).

Let AeC be another object, equipped with dinatural transformations Ay :
W®*W — A such that they satisfy equation (7.5). Define h as the composition

heC4e® cgre e A

Since A is dinatural, and it satisfies (7.5), one can see that h o my = Ay . This proves
that, indeed, C(f) ~ C. ]

Proposition 7.4 Let B be a right C-module category, and let (F,c) : B — C be a right
exact module functor. Set C = C(F) the coalgebra defined in Proposition 7.2.

1. The functor (F,c) : B — C factorizes as

(7.6) ce

Here, f : ©C — € is the forgetful Junctor, and the functor F is a C-module functor.
2. If Fis exact (resp. faithful), then F is exact (resp. faithful).

Proof 1.Forany A € B, define F(A) = (F(A), p4), where
pa = Vicayra)(ma) : F(A) > COF(A).
Using diagrams (7.3) and (7.4), one can prove that
(idc®pa)pa = (A®id )pa,
(e®id)pa = id p(ay.

2. Clearly, if F is faithful, then F is faithful. Assume that F is left exact. Let f : A — B
be a morphism in B with kernel k = ker f : K — A. Since F is left exact, then F(k) =
ker F(f). We only need to prove that the morphism F(k) : F(K) - F(A) is a map of
C-comodules. That is, we need to prove the equality

(7.7) (id ®F (k) W5k, r(x) (7)) = W?(A),F(A)(”A)F(k)'
Using the naturality of v, it follows that
wg(A),F(A)(T[A)F(k) = wg(K),F(A)(ﬂA(F(k)@)id))
= I//Ig(K),F(A)(T[K(id ®"F(k)))
= (id@F(k))wg(K),F(K)(ﬂK)'

The second equality follows from the dinaturality of 77, and the third equality follows
again by the naturality of y. The proof that if F is right exact then F is right exact
follows similarly. u
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7.2 Some auxiliary results

In this section, we shall present some technical results that will be used later. In
particular, these results will be used in the proof of our main result Theorem 7.7.

Let B be a right C-module category, and (F,c): B — € be a module functor.
To make calculations easier, we shall assume that the associativity of the C-module
category B is trivial. Recall the relative coend

- - BeB
(78) C(F,c)=C= 55 B< *F(B) ¢ B
presented in Proposition 4.7. Let us denote by
Ap:B< *F(B) - C(F,c)

the associated dinatural transformations. Analogous to the definition of A, given in
(7.3), we shall define a map

(7.9) 8:C(F,c) - C(F,c) < C(F,c).
Lemma 7.5 'There exists a unique morphism & : C(F,c¢) - C(F,c) < C(F,c) such
that
(710) B < *F(B) Ao ¢
lid < (C0eVrp,@id) la
A< 7p

B< *F(B)®F(B)®*F(B) —— =~ C« C.
Proof Let us denote dp,y the following natural isomorphism:

dpy:*F(BQ V) - *V&*F(B),

dpv = (‘Piu(g),v)_l*(CE,IV)

Recall from equation (4.9) that the prebalancing used in the coend C(F, ¢) is given by
yip:D<*F(B< V) —>D< *V®*F(B),
yX’D =idp < dp,v.

Using that ¢ satisfies (3.18), it is not difficult to prove that
(711) dpvev = (¢ty, y®id)(id+v®dpv)dsasv,v
for any B € B, V € C. The naturality of ¢ and ¢ implies that
(712) F(*(id g < coevy)) = (*(coevy)®id gy )dp vev,
for any B € B, V € C. Whence, using (3.6), it follows that

(713) F(*(idg < COCVv))d};L*V’V = (eV*V)®id*F(B))(id»«V®dB,*V).
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In this case, if A € B, a dinatural transformation vg : B< *F(B) — A satisfies equa-
tion (4.5) if and only if
(7.14) vg(idp < F(*(id g < coevy)) = vqsvyhqv.p-

Using that dinatural transformations A and 7 both satisfy (4.5) and using (713), it
follows that dinatural transformation

(Ap < 7p)(id g <1 (coevp(py®id «p(p))
also satisfies (7.14). Now, existence of the map 6 : C(F, c) - C(F,c) < C(F, c) satis-
tying (7.10) follows from the universal property of the relative coend. [ ]
Forany A,B e Band V € C, define
¥p.4 : Homg (B< *V,A) > Homs(B,A< V),
(715) Vs a(f) = (f<idy)(idp < coevy).

Compare with natural isomorphisms given in (3.7). For any B € B, define also

(7.16) P =72 (As) : B~ C < F(B).

One could check that, using Lemma 4.5, whenever F is right exact, F (C) = C. The
dinatural transformations of F(C) is given by F(Ap). In particular, this implies that

(7.17) cz.rs)F(PB) = B>

for any B € B. Using definition of A : C - C®C given by diagram (7.2), one can see
that

(7.18) cz oF(8) = F(A).

If hy, hy : CRF(B) » C®C®F(B) are defined as
h] =id c®ps, hz = A®id F(B)»

then it is a standard result that the kernel of the difference h; — h; is pg. Using the
above, we have the following.

Proposition 7.6 Assume that the module functor (F,c) : B — C is faithful and exact.
The map pg : B — C < F(B) is the kernel of the difference of morphisms

C< F(B) __Z C< (C®F(B)),
I
whereﬁl =idz < ps andﬁz =8 < id p(a).

Proof Note that we are using that F is right exact so that F(C) = C. See Lemma 4.5.
Using (7.17), (718), and the naturality of ¢, one can prove that

66,C®F(B)F(ﬁl —ﬁz) = (I’ll - I’lz)CaF(B).

This implies that F(pp) = ker F(hy — hy) = F(ker by — hy), since F is also left exact.
The result follows, since F is faithful. [
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7.3 Reconstruction results

The following theorem is one of our main results and is a generalization of [23,
Theorem 2.2.8].

Theorem 7.7 Let C be a tensor category, and let B be a right C-module category. Let

(F,c) : B — C be an exact and faithful module functor. Let C = ¢ Beb F(B)®*F(B) €
C be the relative coend coalgebra introduced in Proposition 7.2 and consider its category of
comodules © . Then the functor F factorizes into an equivalence of C-module categories
F:B 5 CC and the forgetful functor f : €€ — €:

B;CG
N
C.

Proof Recall that we denote by

(7.19)

BeB
7 F(A)® F(A) > 9{ F(B)®"F(B)

the dinatural transformations of the relative coend C(F). The definition of the functor
F: B - €€ was given in Proposition 7.4. Since F is faithful, F is also faithful. We need
to prove that F is essentially surjective and full.

Let us prove first that F is essentially surjective. Take (M, p) € ©€. We endowed
C®M structure of left C-comodule via A, then p : M - C®M is actually a morphism
in € C. We begin with the observation that (M, p) is the kernel (in ©€) of the difference
of morphisms

A®id
CeM —__Z CoCeM.
id®p
Recall from Proposition 7.4 that for any A € B, the object F(A) has a left H-comodule
structure given by p4 = Vlg(A)’F(A)(T[A). Hence, for any V € C, the object F(A)®V
has a left comodule structure given by p,®id y. The next claim will be crucial for the

proof. To prove this claim, it is essential that the dinatural maps 7 satisfy equation
(4.5).

Claim 71 For any AeB, V eC, morphisms cayv:F(A<QV)—> F(A)®V are
C-comodule maps. ]

Proof of Claim We need to prove that
(Wiay,r(a) (ma)®id v)eay = (id ®ca,v)VE(aq vy raq vy (Taav)-
This equation is equivalent to

(7.20)
(m4®id p(aygv) (id ®coevp(4)®id v )ca,v = (Taqv®ca,v)(id ®coevpaqvy).
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Since 7 satisfies equation (4.5), it follows that

* . * -1
TTAQV = ﬂA(idF(A)® (F(ldA < COCVv*)))(ﬂXq V,A)

Using the description of the prebalancing f given in (4.10), we obtain that
aqv = 7a(id p(ay®* (caqv,v+F(id a < coevy«)))(id @B 4q vy ve)
(7.21) (ca,v®id«piaqvy)-
It follows from the naturality of ¢ that
ca,vev+F(id 4 < coevyx) = (id p4)®coevy+).
Using equation (3.18), it follows that
caqv,v+F(id 4 < coevy+) = (ci'y®id v+ ) (id p4)®coevys ).
Whence
Maqv = ma(id p(a)®* (id p(4)®coevys ) ) (id g4y ®* (' ®id v+))

(722) (id £ (4) ®Pp(aq vy, v+ ) (€a,v®id«F(aqv))

= 4 (id pea)®” (id p(a)®coevy+))(id F(A)®¢IV*,F(A)®V)

(cav® (cav))-

The second equality follows from the naturality of ¢'. It follows by a tedious, but
straightforward, computation that

(* (id p(a)®coevy« Y®id F(A)®V)(¢IV*’F(A)®V®id F(A)®V)

(7.23) (id V®c0evF(A)®V) = coevp(4)®id v.
Let us prove now equation (7.20). The right-hand side of (7.20) is equal to

= (maqv®id p(a)ev)(id ®ca,v) (id paqv)®coevraqv))

= (nA®id F(A)®V)(id F(4)®" (id p(a)®coevy- ) ®id F(A)®V)

(id (1) @Dy payov®id rayav) (cav® (caly)®id p(ayev)

(id®ca,v)(id p(aq v)®COeVE(aq V)

= (nA®id F(A)®V)(id F(a)®” (id pea)®coevy- )®id F(A)®V)

(id F(A)®¢IV*,F(A)®V®id F(A)®V) (CA,V®coeVF(A)®V)

= (ma®id p(a)ev ) (id p(a)®coeVE(4)®id v)ca,v.

The second equality follows from equation (7.22), the third equality follows from (3.3),
and the last equality follows from (7.23). This finishes the proof of the claim. [ ]

It follows from Claim that natural isomorphisms ¢ endow the functor F with
structure of module functor. Let

o BeB
C:C(F,c):jlg B< *F(B) ¢ B
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be the object defined in Proposition 4.7, together with the map
8 : 6 - 64 C;

presented in diagram (7.10). Since F(C) = C, it also follows from Claim 71 that there
are C-comodule isomorphisms

F(C<a M) =~ CoM,
F(C< (C®M)) ~ CRCOM.
Hence, (M, p) is the kernel of the difference of morphisms

_ F(h) _
F(C<] M) : F(C<] (C®M)),
F(h2)

where hy = 8 < id i, h, =id & < p. Since F is left exact, (M, p) ~ F(ker(hy - hy)).
This proves that F is essentially surjective.

Let us prove now that F is full. Take A, B € B and f : F(A) - F(B) a C-comodule
morphism. We have a commutative diagram

(724) FA) — . CeF(A)

L e
F(B) — "~ CoF(B).

This implies that we have a commutative diagram

A A

0 F(A) COF(A) — " co(CoF(A))

lf lf lf
hB-_nB

0 F(B) P CeF(B) — > C®(C®F(B)).

PA

Where h{* =id y®p4, hj = A®id p(4). Note that, by the universal property of the
kernel, the map f: F(A) - F(B) is the unique morphism fitting in this diagram.
Define

_ - BeB

C:C(F,c):'(]g B< "F(B) € B.

See Proposition 4.7 for the definition of this coend. Using Proposition 7.6, for any
B € B, we have an exact sequence

0-B—"CaF(B) —— C< (COF(B)),

where ZB =id z < pp — § < id p(p). For the definition of § and p3, see (7.9) and (7.10).
Since f is a comodule morphism, by the universal property of the kernel, there exists
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a unique morphism # that fits into the diagram

(7.26)
0 A P T F(A) —— M T a (CoF(A))
Ln lidqf iidﬂ(idébf)
0 B P &4 F(B) B ey (C®F(B)).

Applying F to this diagram, we obtain diagram (7.25). By the uniqueness of f, we get
that F(#) = f, proving that F is full.

7.4 Hopf algebras in C constructed from a coend

In the case B is a monoidal C-module category and the functor (F,¢, &) : B —» Cis
a monoidal module functor, one can endow the coalgebra C = C(F) with a Hopf
algebra structure. In this section, we shall explain the construction of the product and
antipode on C(F). The new hypothesis needed to construct such Hopf algebra is that
C possesses a braiding.

To construct the product m : C(F)®C(F) — C(F), we shall use ideas from [19].
In few words, we shall construct some natural module transformation F®F —
C(F)®F®F and use Lemma 71 to find m : C(F)®C(F) — C(F).

Lemma 7.8 Let C be a braided tensor category, B be a monoidal C-module category,
and a monoidal module functor (F,c, &) : B — C. Let us denote dg v the following
natural isomorphism:

dp,v: "F(BQ V) > *V®*F(B),
dg,v = (‘Pé(s),v)_l*(cg,lv :
Then, for any B e B, V € C, we have
(7.27) dp vev = (¢£V,V®id )(id «v®dp +v)dpq+v,v,
Proof It follows by a straightforward calculation using (3.18). [ ]
Recall, from Proposition 6.9, the functors
H,H:BweB ¢,
determined by
H(AmB) = F(A®B), H(A®B) =F(A)®F(B),

for any A, B € B. Recall also that we are denoting by np : F(B)®*F(B) - C(F) the
dinatural transformations and the associated left C(F)-coaction pg = ‘//g( B).F(B) (7B).

Remark 7.9 1In the case C = vecty, the following proposition is trivial, since it only
says that some natural transformation is additive. In the general case, where € is
arbitrary, it is far from obvious, and it is a crucial step toward the reconstruction of
the product in C(F). Its proof will highlight the importance of all required axioms.
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For later use, 7 has to satisfy equation (4.5), using prebalancing (7.1). This means
that

(7.28)
TBqV = ﬂB(id F(B)®*F(id3 < coevy= ))(ld F(3)®d§1<] A ) (CB’V®id *F(BAV) )
Proposition 7.10  Let C be a braided tensor category, B be a monoidal C-module cate-

gory, and (F, ¢, &) : B — C be a monoidal module functor. The natural transformation
u: H— C(F)®H determined by the composition

&aB PA@B &,

F(AB) 2% H(A, B) 2% C(F)8H(A, B) —*% C(F)oH(A, B)
is a natural module transformation. That is, u € Nat,,,(H, C(F)®H).

Proof It follows from Proposition 6.9 that £ is a natural module transformation.
Once it has been established that the diagram

(7.29) H(A,B< V) —22Y _ C(F)®H(A,B< V)
leA,B,V iidC(F)®eA,B,V
id
H(A,B)®V — "' C(F)oH(A, B)®V

is commutative, the proof will follow. Recall, from the proof of Proposition 6.9, that

€A,B,V : F(A@(B < V)) - F(A®B)®V,

eas,v = caosvF(I1gp v (ida®l5v)).
We shall also keep the notation
Nasyv: A®(B< V) - (A®B) 4V,

Nasv = Ligp,v(ida®lsy).
Using the definition of p 4, one can see that diagram (7.29) amounts to
(730) (id c(ry®ea,,v ) (Taera v®id p(agsqv)) (id F(aeB<q v)®COVE(AgB4 V)) =
= (7TA®B®id F(A®B)®V) (ld F(A®B)®C0€VF(A®B)®id V)eA,B,V-

Using the dinaturality of 77, one can see that the left-hand side of (7.30) is equal to

= (m(aeya v (F(1p,v)® F(rap v))®eas,v ) (id (asa v) ®COCVE(apB4 V)
= (”(A@B)q V®CA®B,V)(F(WA,B,V)®C06VF((A®B)<1 V))
= (T[(A@B)q y®id )(F(nA,B,V)tX)id ®CA®B,V)(id ®COEVE((AgB)< V))
= (7(aeB)av®id ) (F(1a,5,v)®id ®caer,v ) (id ®d, g5 v®Capp v )
(id Fa@Ba V)@* Vocoevaeseid v ) (1 F(agB< v)®COEVY )
= (7(a08)av®id ) (F(114,8,v)®d g5 v®id r(aeB)ov)
(id p(aeBa v)e* v®COeVAgp®id v) (id F(agBq v)®COEVY)

= (T[A@B@id F(A®B)®V)(id F(A®B)®CO€VF(A®B)®id V)eA,B,V.
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The second equality follows from the definition of e4 g,y and (3.3), and the fourth
follows from (3.21). The last equation follows by using (7.28) and (7.27). [

Theorem 711 ~Assume that (C, 0) is a braided tensor category, B is a monoidal right C-
module category, and (F, c, &) : B — Cis an exact and faithful monoidal module functor
with monoidal structure

(a5 : F(A)®F(B) — F(A®B).

The relative coend coalgebra C(F) from Theorem 7.7 has an algebra structure, with unit
u = m and product m : C(F)®C(F) — C(F) determined by
731) (m®id )(14@7mp®id p(a)eF(8)) (id ®0F(a),F(B)o* F(B) ®id F(5))

' (ld F(A)®C0€VF(A) ®id F(B)®C0€VF(B) ) = (ld C(F) ®sz )PA@B EA,B)

for any A, B € B. The object C(F) becomes a bialgebra in C. Moreover, the equivalence
of C-module categories F : B — “(F) € is an equivalence of tensor categories.

Proof Recall from Lemma 7.3 that, if f: “®“@ — € is the forgetful functor, then
C(f) = C®C and the dinatural transformations of this coend are given by

A(W,p) TWTW - C®C,
Aw.py = Vi (p)-

Since the functor F : B — € factorizesas F = f o F, then the functor H = ® o (F® F) :
B xe B — C factorizes as

B ReB—2 =€
iﬁz?

C C f

C ®e “C
i®

C®Ce

Using Lemma 4.6, since F is an equivalence of right C-module categories, it follows
that

C(A)= ¢ TR ()@  H(X) = C(F)eC(F).

Lemma 4.6 also explains how to compute dinatural transformations of this coend. If
nx : HX)®*H(X) - C(F)®C(F), X € Bre B, are the dinatural transformations
associated with this coend, then
Tamp = A(r(a)er(8).p) = (id c(mac(r)®evD ) (id c®0F(4),c®id p(p)erD)
(7TA®id F(A)®7TB ®id )(ld F(A) ®CO€VF(A) ®id F(B)®CoevF(B) ®id *D)3

for any A,BeB. Here, D=F(A)®F(B). Here, p:F(A)®F(B)~>
C(F)®F(A)®F(B) is the comodule structure of the tensor product according
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to formula (5.6). It follows from Lemma 7.1 that there is an isomorphism

w : Home (C(F)®C(F), C(F)) — Nat,, (H, C(F)®H),

w(8)x = (88id fi(x) )V oy 1) (7):

Since, by Proposition 710, (id C(F)®£ng)pA®B &4, is a natural module transforma-
tion, that is,

(idC(F)®£;1}B)PA®BEA,B € Nﬂtm(ﬁ, C(F)@H),
then there exists a morphism m : C(F)®C(F) — C(F) such that

w(m) amp = (id C(F)®EZ}B)PA®B£A,B‘

Using the rigidity axioms, the naturality of ¢, and the formula for 7 x5, this equation
implies (7.31). Using (7.31), it follows that

mo (m®id) =mo (idem),
mo (u®id) =id = mo (ideu).
It follows also from (7.31) that & is a comodule morphism, giving the functor F

structure of monoidal functor. [ ]

Definition 712 For any monoidal module functor F : B — C, we shall denote by

H(F) = %BEB F(B)®"F(B) € €

the bialgebra with product given by Theorem (7.11) and coproduct (7.3).

Remark 7.13 In Theorem 711, some hypothesis on the functor F : B — C are super-
fluous. It follows from [8, Corollaire 2.10] that if F is right exact, then it is exact and
faithful.

Let (H, A, m) be a bialgebra in C. In the next results, we shall be devoted to prove
that the bialgebra reconstructed in Theorem 7.11, from the forgetful functor f : 7€ —
C, coincides with the original bialgebra H.

In Lemma 7.3, we already proved that the reconstructed coalgebra coincides with
H. Moreover, if (W, pw) € PG, then we have defined dinatural transformations

mw: W W — H,

mw = Uiy w(pw) = (id p®eviy) (pwdid « ).

See (3.8) for the definition of isomorphisms . In order to see that the reconstructed
multiplication coincides with the product of H, we only need to prove that the original
product m satisfies diagram (7.31). This will be done in the next proposition.

Proposition 714 Let (H, A, m) be a bialgebra in C. Using dinatural transformations
mw: W*W — H, myw = ¥y (pw), we have that equation

m(ﬂv®ﬂw®id V®W)(id VvervOOy we* weid W)(id ®coevy ®id ®C0€VW) =
=pvew

holds for any pair (V, pv), (W, pw) € €.

https://doi.org/10.4153/50008414X24000531 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000531

Fiber functors and reconstruction of Hopf algebras 37
Proof It follows using the naturality of ¢ and (5.6). [ |
7.5 The antipode of H(F)

In the next results, we shall construct an antipode S : H(F) - H(F), making the
bialgebra H(F) a Hopf algebra in C.

Lemma 7.15 Let (C, 0) be a braided tensor category, and let B be a monoidal right C-
module category. Let (F,c) : B — C be an exact and faithful monoidal module functor.
For any B € B, V € C, there are natural isomorphisms

(7.32) tgv:"(BQV)—>"Bq*V
such that the diagram

(733) “F(Ba V) —)__ p(*Ba*V)

i*(c&l‘,) lcw’*v

*(F(B)®V) —————= F(*B)®"V

1
oxy x5(8) (Pp(a),v
is commutative.

Proof We shall freely use the fact that F(*B) = *F(B), for any B € B. Since we
are under the same hypothesis as Theorem 7.7, the functor F : B — H€ is full. Since
F(*B< *V) isaleft H-comodule and the composition

h=cpevoy.rm) (S v) (cay)  "F(BQ V) > F(*B<Q *V)

is an isomorphism, we can endow *F(B < V) with some H-comodule structure such
that & is a H-comodule map. Fullness of F implies that there exist some ¢p,y such that
F( tB,V) = h. | ]

We shall use the same notation as in previous sections. We denote by
BeB
74t F(A)®*F(A) - H(F) = §£ F(B)®"F(B)

the dinatural transformations of the relative coend H(F). Also, recall from Proposi-
tion 7.4 that for any A € B, we have that (F(A), p4) is a left H(F)-comodule, with
structure given by

pa= WII;I((AF)))F(A)(HA) = (ma®id p(4))(id p(a)®coeVE(a) ).
Henceforth, for simplicity, we shall denote H = H(F).

Lemma 716 Let (C, o) be a braided tensor category, and let B be a monoidal right C-
module category. For any B € B, V € C, let us recall morphisms dp, v, defined in Lemma
7.8, as

dpy:*F(BQ V) > *Ve*F(B),

dg,v = (‘Pé(s),v)_l*(cg,lv :
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Then, for any B € B, V € C, we have

(7.34) (O':‘l/)H®id *F(B))(ld H®dB,V)P* (BaV) = (ld *V®P*B)dB,V-

Proof Using Lemma 7.15, there are natural isomorphisms tg,y : *(B< V) - *B <
*V such that

(7.35) c:pvF(tpyv) = 0vy p5)ds,v.

The naturality of ¢’ and c implies that

(7.36) F(*(idp < coevy)) = (*(coevy )®id (s )dp, vev,
for any B € B, V € C. Using the dinaturality of 77, we obtain that
(7.37) e (gavy = mpav(F(tsv)® F(t5'y)),

for any B € B, V € C. Also, dinatural transformations 7 satisfy (4.5); this implies that,
for any B € B, V € €, we have

(738) Tpq+*Vv = 7B (ld F(B) ®F(* (1d B < COCVV)))(id F(B) ®d;;1<] * V,V)

' (CB,*V®id*F(B<*V))-

Next, when it is not absolutely necessary, as a space saving measure, we shall write the
identities id , without using subscripts. Using the definition or p, we obtain that
(07, 1®id -k (8)) (id 1®d5,v ) p- (3 vy A5y
is equal to
= (07y y®id «p(p)) (id p®dp,v ) (7« (34 vy ®id ) (id ®coeve r(pq vy ) d5y
= (0-y y®id -« p(p)) (e pq+v®dp,v) (F(tp,v)® F(t5,)®id)
(id ®coever(pq v))dpy
= (0:y y®id «p(p)) (75 +v®dp,v) (F(tp,v)®id « g+ pg - vy ®F (t5'y))
(id ®c0evF(*B<*V))d§)1V
= (05y g ®id «p(p)) (m-p®id ) (iId ®F (* (id 5 < coevy))®id ) (id ®d«pq v,y ®id)
(e v®id ) (F(tp,v)dphy®id « p(- pq-vy®dp, v F(t5hy) ) (id ®dih .y ®cip oy
(id ®coevsp(py®id v ) (id « p(p4 vy ®coevsy)
= (0vy y®id«g(p)) (m:5®id ) (id ®(* (coevy )®id ) )dp + vo v ®id )
(id ®d«pq+v,v®id ) (cop v F(tp,v)dg y®id « g pq+v)®dp,vF(t5'y ) gy
(id ®d-} ., ®id ) (id ®coevs p( 5y ®id « v ) (id + p(pq v) ®COEVs V)
= (id+y®m«p®id ) (07 p(+pygr (- 5y ®1d ) (id ®eve v ®id « p(+ B)g+ v+ F(B))

(0«v,«p(B)®Id wx v p(+B)®T+y «£(8) ) (Id « v g+ F(B) o+ v ®COEV+ () ®id + v/ )
(id ®coevv)
= (id*v@[)*B).
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The second equality follows from (7.37), the third equality follows from (3.3), the
fourth one follows from (7.38), and the fifth equality follows from (7.36). The sixth
equality follows by using (3.6) and (7.35), and the last equality follows by using the
rigidity axioms and (5.1). ]

Recall that sometimes we are denoting H = H(F).

Theorem 717 Let C be a tensor category, and let B be a monoidal right C-module
category. Let (F,c) : B — C be an exact and faithful monoidal module functor. There
existsamap S : H(F) — H(F) such that it corresponds, under isomorphism

w : Home (H(F), V) - Nat,,(F, V®F)
presented in (7.2), to the natural module transformation « : F — H(F)®F,
ap = (evp(s)®id n(ryer(p)) (id F(8)®I 1 5y, (r) ®1d F(5))
(id p(py®p+p®id p(py) (id p(5) ®CcOEVE(p) ).
That is, w(S) = a.
Proof We only need to prove that, indeed, « is a module natural transformation, that
is,
(id p®cp,v)apqv = (ap®id v)cp,v,

for any B € B, V € C. Equations (3.20) and (3.21) imply that

eVF(Bq V) = eVF(B) (ld ®eVV®id )(CB)V@dB,V),

(7.39) COEVE(BqV) = (d;;}V@c,}}V) (id ®coevy(p)®id )coevv.
Using the definition of &, we obtain that (id y®cp,v) a4 vcz'y is equal to

= (evr(Bav)®id ner(B)ev)) (id F(84 V)®0':1}"(Bq v),H®CB,V)

(id 5B v)®P (B v)®id (84 1)) (id (B4 V) ®COVE(Bq V) ) Bl

= (evi()®id Hor()av)) (id ®evy®id « r(p)eHaF(B)aV )

(id £(5)0 v @0~ v+ £ (), 1®1d F(B)ov) (¢B,v®Id H®dp,v&CB,v)

(id p(a v)®p+ (B v)®id p(g V))(id F(BQ V)®d§,lv®51§,lv)

(id F(B< V)e* v®COoevE(p)®id V)(id F(B4 V)®c0evv)c1§}V

= (ev()®id Hor(p)av)) (i ®evy ®id « r(p)eHaF(B)aV )
(id@ow gy y®id ) (id @07y ;®id ) ([d @ (id H®dp,v ) p+ (54 vy dpy ®id )
(id F(B<1 V)e+* v ®COeVE(p)®id V)(id F(B< v)®COeVY)

= ap®id y.

The second equality follows from (7.39) and the naturality of ¢, and the third equality
follows by (5.1). The last equality follows from (7.34) and rigidity axioms. ]
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Remark 718 The above result is the most sensitive statement to prove in order to
prove the existence of the antipode for H(F). In the case € = vecty, the isomorphism

w :Home(H(F), V) - Nat (F, V®F)

lands in the space of all natural transformations. So, in that case, there is nothing to
prove, and the existence of S is guaranteed by the fact that w is an isomorphism.

Corollary 7.19  The bialgebra H(F), from Definition 7.12, is actually a Hopf algebra.
The antipode S : H(F) — H(F) is determined as the unique morphism such that

(7.40) F(B)®*F(B) — = H(F)
!
F(B)®*F(B)®H SV Sidnm H(F)
is commutative. Here,
vp = (id F(B)®0'*_1£(B),H(F))(id F(B)®7+3®1d « p(py ) (id p(B)e* (B) ®COEV+F(B) ).

Proof Taking the map S: H(F) — H(F) defined in Theorem 7.7, and using the
definition of &, one can prove that S satisfies diagram (7.40).

Axioms
mo (idg®S)oA=uog,
mo (S®idy)oA=uoe
follow from (7.40) by a lengthy, but straightforward, computation. |

Remark 7.20 A version of the Hopf algebra H(F) has been previously considered in
the work of Lyubashenko [16, 17] when F is some fiber functor and in [14, 15] when F is
the identity functor. See also the work of Schauenburg [23], where € is the category of
finite-dimensional vector spaces. However, there are new ingredients in our definition.
We require that B is actually a monoidal C-module category and the functor F is a
monoidal module functor. The use of the relative coend is another new feature of our
construction.

Let (H, A, m, S) beaHopfalgebrain C. In the next proposition, we shall see that the
reconstructed antipode given in Theorem 7.17, out of the forgetful functor f : 7€ - C,
coincides with the original antipode S : H - H.

Proposition 7.21 Let (H,A,m,S) be a Hopf algebra in C. Using the identification
H = H(f) proven in Lemma 7.3, the reconstructed antipode obtained in Corollary 7.19
coincides with the antipode S of H.

Proof Let us denote by S: H — H the map reconstructed in Proposition 7.19. For
any V e C, recall the isomorphism (7.2)

w : Home (H(f), V) = Nat, (f, V&f),
©(8) (w,pw) = (g®id w) ¥y w(7w)
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for any (W, pw) € #C. Corollary 717 implies that, if a: f - H®f is the module
natural transformation defined as
A(W,pw) = (eviy®id gew ) (id W®O‘:%V)H®id w)
(ld w®p+ w®id W) (ld W®COve),
for any (W, pw) € €, then

w(S) = a.
Using formula (5.7) for p-w, we get that
A(w,py) = (S®Id w) pw = @(S) (w,py)>
for any (W, pyw) € 7C. Whence § = S. ]

8 Examples and applications

8.1 Generic example

The next example was treated along the paper. At the end, we proved that the
reconstructed Hopf algebra from the forgetful functor F : € — € coincides with H.

Example 8.1 Let H be a Hopf algebra in a braided finite tensor category € and
consider the tensor category B = €. Then the forgetful functor admits an exact
faithful monoidal functor F: € — @ and the counit ey gives rise to a monoidal
section € « € that turns #€ into a C-module category.

Example 8.2 Let H c L be Hopf algebras in vecty with ¢ : H — L the inclusion, and
assume that there is a left-inverse Hopf algebra map 7 : H — L, called projection. Then
we have the restriction functor :* : Rep(H) < Rep(L) and in addition B = Rep(L)
becomes a modules category over C = Rep(H) via n* : Rep(H) < Rep(L). Assume
that H is quasitriangular. Hence, our result shows that there exists a Hopf algebra C €
Rep(H) such that there is an equivalence of monoidal modular categories

Rep(L) =  Rep(H).

We now discuss how this is related to the classical Radford Projection Theorem [21].
This result states that the existence of a Hopf algebra projection 7 implies that L is
isomorphic to a Radford biproduct

L = R#H,

where R is a Hopf algebra in #YD(Vecty). In our case, we have assumed that H is
quasitriangular and ¢* lifts to a braided functor to the center of B. This gives rise to a
choice of a functor Rep(H) — #YD(Vecty) and shows R to be in the image — more
explicitly the R-matrix of H determines the H-coaction from the H-action. Then this
R is precisely the dual of our Hopf algebra C.

8.2 Generic consequences

Our results has certain general implications, for example:
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Example 8.3 If (C, o) is a braided tensor category, then the forgetful functor f :
Z(C) - Chasasection G: C - Z(C), G(V) = (V,0oy). Theorems 7.7 and 7.17 imply
that there exists a Hopf algebra H € € such that Z(€C) ~ #C. For € = Rep(H) for
a factorizable Hopf algebra H, this can be obtained from the defining equivalence
Z(€) ~ e m €, but in the non-nondegenerate case or the case without fiber functor,
we are not aware of such a result. In general, we recover thereby the recent result [13].

8.3 Lifting and cocycles deformations

In the classification of (e.g., pointed) Hopf algebras H, the strategy in the
Andruskiewisch-Schneider program [1] is to consider the coradical Hy (which is
assumed to be a Hopf algebra, for example, a group ring) and classify the possible
Nichols algebras R, and then obtain H as a lifting of gr(H) = R#Hy. It is an important
question to determine whether this lifting is a 2-cocycle twist, and the observation is
that this holds in almost all cases [2].

We view this problem in our setting: since a main assumption is that Hy c H,
we have a tensor functor +* : Comod(H,) — Comod(H). The lifting is a 2-cocycle
twist precisely iff there is a tensor functor Comod(H,) < Comod(H), if the
2-cocycle is trivial then it comes from a Hopf algebra projection 7, and then our
relative coend is R*.

While this view does not allow to decide the difficult question when a lifting is a 2-
cocycle twist, it shows the natural categorical context of this question and it produces
general statements, for example, if R as a coalgebra has a trivial lifting, then there is
a monoidal section and hence the lifting is tensor functor and thus the lifting comes
from a 2-cocycle twist.

8.4 The logarithmic Kazhdan Lusztig conjecture

In conformal field theory, there is in good situations a modular tensor category
of representations of a vertex algebra V, which reflects the analytic properties, for
example, of solution spaces to certain differential equations (e.g., the braiding reflects
the monodromy around the singularity z = 0). One is often confronted with the very
difficult question to determine the representation category of representations of a
vertex subalgebra W c 'V if the representation theory of V is known, for example,
being a free-field realization. A brief introduction, references, and an account for the
statements below can be found in [6, 7].

Categorically, one can understand as Rep(W) being a modular tensor category
and A =V being a commutative algebra in this category and € =Rep(V) is the
category of local A-modules Rep'°(A). Then, by the results in [6, Section 3], we have
under suitable conditions that Rep(W) is a relative Drinfeld center of Rep(A) with
respect to the subcategory € = Rep'°“(A). In the cases relevant to logarithmic (i.e.,
nonsemisimple) conformal field theory, it is often the case that all simple modules in
Rep(A) are already in Rep'®°(A). This gives rise via the socle filtration to a monoidal
section functor (see [6, Section 4])

Rep'®(A) 2 Rep'(A).
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Then the results in our paper produce a Hopf algebra R* such that
Rep(A) =*'¢,

and in this case the mentioned equivalence to the relative Drinfeld center means
explicitly (see Section 5.2)

Rep(W) = RYD(@).

For example, the celebrated and notoriously difficult logarithmic Kazhdan Lusztig
conjecture considers the lattice vertex algebra V, of the root lattice of a semisimple
complex finite-dimensional Lie algebra g rescaled by an integer p, whose category of
representations is the category of vector spaces graded by an abelian group

Rep(Va) = Vect p« /4.

Then it asserts that V, contains as kernel of screening operators a certain vertex
algebra W, (g) c V, whose category of representation is conjectured to be equivalent
to the category of representations of the small quantum group u,(g) for g = e™/? In
the first author’s paper [6], the approach is to view the small quantum group category
as a category of Yetter-Drinfeld modules over the Nichols algebra N

Rep(uq(g)) = %HD(VectA*/A)

and develop the categorical tools above to reduce the equivalence in question to
proving that

Rep(A) = nVect g+ /4.

In the case sl,, the abelian category could be determined and this gives a systematic
proof of the conjecture in this case (initially we have used more complicated proof
methods for the case sl,, p =2 in [6], while [11] has used very different arguments
for sl, p). A main motivation for writing the present paper is that now we have the
clear statement that the category Rep(A) is for abstract reasons given as category of
representations of a Hopf algebra N in C, and it now remains to determine that N is,
indeed, the expected Nichols algebra, namely the Nichols algebra of screenings.

9 Questions

Question 9.1 The result should be applicable if C is merely locally finite tensor category
and/or if N is infinite. The example we have in mind is maybe the quantum group U, (g)
at generic q.

Question 9.2  For given classes of semisimple modular tensor categories C (for example,
the category of representations of an affine Lie algebra at positive integer level), can we
classify semisimple Hopf algebras over C?

Question 9.3  Is there a general argument that the embedding of the coradical H into a
pointed Hopf algebra H admits a categorical section of comodule categories, if we assume
in addition that the Yetter-Drinfeld module H,/H, is semisimple over Hy?
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