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HAAR MEASURE AND COMPACT RIGHT TOPOLOGICAL GROUPS

PauL MILNES

The consideration of compact right topological groups goes back at least to a paper
of Ellis in 1958, where it is shown that a flow is distal if and only if the enveloping
semigroup of the flow is such a group (now called the Ellis group of the distal
flow). Later Ellis, and also Namioka, proved that a compact right topological
group admits a left invariant probability measure. As well, Namioka proved that
there is a strong structure theorem for compact right topological groups. More
recently, John Pym and the author strengthened this structure theorem enough to
be able to establish the existence of Haar measure on a compact right topological
group, a probability measure that is invariant under all continuous left and right
translations, and is unique as such. Examples of compact right topological groups
have been considered earlier. In the present paper, we give concrete representations
of several Ellis groups coming from low dimensional nilpotent Lie groups. We
study these compact right topological groups, and two others, in some detail,
paying attention in particular to the structure theorem and Haar measure, and
to the question: is Haar measure uniquely determined by left invariance alone?
(It is uniquely determined by right invariance alone.) To assist in answering this
question, we develop some sufficient conditions for a positive answer. We suspect
that one of the examples, a compact right topological group coming from the
Euclidean group of the plane, does not satisfy these conditions; we don’t know if
the question has a positive answer for this group.

1. CoMpacT RIGHT ToprpoLoGICAL GROUPS

A compact right topological group (G,T) is a group that is also a compact, Haus-
dorff, topological space with topology 7 for which the right multiplications z — zy,
G — G are all continuous. The groups that we consider here also have the property
that the topological centre

A(G):={yeG|z—yz, G— G is continuous}

is dense in G. This property characterises the compact right topological groups that
arise as the Ellis groups of distal flows. There is a powerful structure theorem for such
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groups {13, 3, 11]. A very simple case of it suffices for the examples we want to consider
here. We will assume that

(*) G has a smallest compact normal subgroup (L,7) with the properties
that the quotient group (G/L,r) is a topological group and the restricted
multiplication mapping

(z,y) 2y, GXL -G

is (jointly) continuous.

We point out that the continuity condition implies that L (as well as G/L) is a
topological group, and that we are using T also to denote subspace and quotient space
topologies coming from 7. An explicit expression for L is

L= n{U‘lUU_lU | U is a neighbourhood of the identity of G}.

See [13, 3, 11] for all these matters.

A consequence of the structure theorem (in the present setting and in general) is
that G has a Haar measure g, which we regard as a linear functional on C(G), the
C* -algebra of continuous C-valued functions on G. Now p is

(i) a probability measure on G;

(i) right invariant, that is, u(R.f) = u(f) for all z € G and f € C(G); and

(i) left invariant, that is, u(Lof) = u(f) for all z € A(G) and f € C(G).
(Here R.f(y) = f(yz) and L, f(y) = f(zy), as usual.) The probability measure x is
uniquely determined by (ii) [11]) and is constructed from the Haar measures p; and
itz on the compact topological groups L and G/L. (We remind the reader that Haar
measure on a compact topological group is both right and left invariant, is uniquely
determined by either of these properties, and is uniquely determined even by invariance
under left, or right, translations by all members of a dense subset of the group [6,
Chapter 1V].) Haar measure p on G is constructed as follows. For

f€CL(G):={f € C(G) ] f is constant on the cosets zL of G} = C(G/L),
p(f) is defined to be pa(f). For f € C(G), we define first
7e) = [ S dn) = [ Lfdm.

The continuity condition in (*) assures us that L. f|; € C(L) and that f € C(G); in
fact, f € C(G), by the invariance of g;. So, we define

p(f) == p(f) = p(F).
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Since f = f for f € CL(G), this definition coincides with the first one given for such
functions.

Note particularly that the Haar measure on a compact right topological group G
is not necessarily uniquely determined by left invariance alone even if A(G) contains
an (algebraically) isomorphic copy of Z that is dense in G [2].

The theorem which follows gives a setting where Haar measure is the unique left
invariant probability measure on a compact right topological group. We need a strong
(joint) continuity hypothesis for it, (i) in the next lemma.

LEMMA 1. For a compact right topological group G satisfying (x), the following
assertions are equivalent.
(i) (z,y)— z 'yz, G x L — L is continuous.

(ii) (=,y)— yz, G x L — G is continuous.

PROOF: Recall that L is normal in G, and set
B:={(z,zy) |z€G, ye€L}={(z,yz)|z€G, ye L} C G

If (i) holds, it follows that u: (z,y) — (z,27'yz), G x L — G x L is continuous;
since u is 1 - 1, it is a homeomorphism. The continuity hypothesis of (x), yields the
same conclusion about v: (z,y) — (z,zy), G X L —» B. Then vou: (z,y) — (z,yz),
G x L — B is continuous, which gives (ii). Conversely, if (ii) holds, then v o u is
continuous, as is u = v~ o (v o u), which gives (i). 0

THEOREM 2. Suppose that G is a compact right topological group satisfying (*)
and that A(G) D L. Suppose as well that (i) (equivalently, (ii)) of Lemma 1 is satisfied.
Then Haar measure u on G is uniquely determined by left invariance.

PROOF: Suppose that ' is a left invariant probability measure on G, u'(L,f) =
p'(f) forall f € C(G) and all y € A(G). Since A(G) is dense in G, we see immediately
that u' agrees with u on Cr(G), because left invariance forces the restriction of u' to

CL(G) = {f € C(G) | f is constant on each coset zL} = C(G/L)

to be just integration with respect to Haar measure gy on G/L, which is the definition
of 4 on CL(G). Let f € C(G). Bearing in mind the hypothesis L C A(G), we then
have

I"'(.f)=Ly’(f)d#1(y)=/LF'(Lyf)dp,1(y)=LLf(yz)d#:(z)dﬂl(y)
=/G/Lf(z(z‘1yz)) dﬂl(y)d”"(z)=/G/;f("’y)dl‘l(y)dﬂ'(z)
N /a?(’)dﬂ'(z) =p'(F) = u(f) = u(),
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the fifth equality holding because the continuous automorphism y + 2~ yz of L leaves
Haar measure y; on L invariant, and the eighth one holding because f € Cr(G) and
p' =p on CL(G).

The assumption (*) says that we are dealing with group extensions. We need to
establish notation for Schreier’s analysis of such extensions. Suppose that G; and G,
are groups, the identity of each of them being denoted by e. Suppose that there is a
homomorphism of G, into the automorphism group of G, that is, for every t € G»,
there is an automorphism s — ¢(8) of G; (acting on the left). Suppose also that there
is a function (',t) — [t',t] from G2 X G2 — G, so that the following conditions are
satisfied:

e(8) = s and [t,e] = [e,t] = e for s € Gy, t € G2, and also
[, ')t (s") = t(¢'(s"))[t,¢'] and [t,¢'][tt',2"] = ¢([t',t"])[t,2't"]
fort,t',t" € G, and s §', s" € G;.

Note that the function sending ¢ to the automorphism s — #(s) of G is not necessarily
a homomorphism. However, the hypotheses do ensure that the formula

(1) (3"t’)(3a t) = (3’t'(3)[t’1t]7t't)

defines a group operation on the set G = G; X G, that G; x {e} is a normal subgroup
isomorphic to G;, and that G/G; = G,. We say that- G is an eztension of G, by
G2 . Further, if G is a group with a normal subgroup G; and G, := G/G,, then one
can find functions satisfying the conditions above, so that G is canonically isomorphic
(algebraically) to Gy x G2 with group operation (1).

Because of the asymmetry of continuity in the definition of compact right topolog-
ical group, we also need the notation for the analogous situation, where G = G; x G2
is an eztension of Gy by G, that is, G, is a normal subgroup of G and G; = G/G,.
In this case, we have automorphisms ¢ — (t)s of G2 (acting on the right) and the
multiplication formula is

(2) (s',t')(s,t) = ('3, [s', 8](t")st).

The reader will see how the two forms are needed to deal with the examples. In
another paper, we will use the two forms alternately to generalise a construction of
Ruppert [16]. A situation in which left and right notations can be used at the same
time is that of Zappa products [17, 3], where a group G has subgroups G; and G,
with

G = G1G, ={8t l s€EG, te Gz} and G; NG, ={e}.
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Then G is (algebraically) isomorphic to G; X G2 with operation
(s',¢')(s,2) = (s't'(), (')st);

here the functions s — t'(s) = Ly(s) and t' — (t')s = (t'),R are not necessarily
automorphisms or even endomorphisms of G; and G2, respectively; however, the maps

t'— Ly, Gy —»GIG‘ and s —» ,R, G ——»G-?’

are homomorphisms (the group operation in Gf;‘ and GS? being composition of func-
tions). The conditions that make the Zappa operation associative are

Lo(s's) = Lo L1y, =) (#)] 20d (£8),R = [(#)e,(anR](E),R-

COROLLARY 3. Suppose that G; and G, are compact topological groups, and
that the product space G := G; X G, has multiplication (1), or (2), which makes it a
compact right topological group. With (1), Haar measure p on G is always uniquely
determined by left invariance. With (2), L is (isomorphic to) a subgroup of G2, L C
{e} x G2, and p is uniquely determined by left invariance if L C A(G) and the action

(sst)— (t)s, Gi1 xL—>L

is continuous.

PROOF: In setting (1), we have containments L C G; x {e} C A(G), which follow
from the form of L given after () and the multiplication formula (1). The map (i) of
Lemma 1, (z,y) — yz, G x L — G is then just

((¢',2),(s,€)) > (s,€)(s's ') = (s4',2),

which is continuous, since GG; is a topological group.

In setting (2), L C {e} x G2 and the continuity hypothesis ensures that
(s, '), (e, ) > (e, t) (8", t') = (&', (t)8't'), Gx L — G
is continuous.

Thus, in both settings, the hypotheses of the theorem have been satisfied, and we
get the desired conclusion. 0
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2. EXAMPLES

We present three examples, identifying (in most cases) the subgroups A(G) and
L, and Haar measure, among other things. Some aspects of the first example have been
discussed in [7], of the second and third in [13, 3, 8], where other examples of compact
right topological groups are given.

Let us indicate how we find these compact right topological groups. We start with
a minimal distal flow (S, X) and identify S (sometimes a homomorphic image of S) in
the natural way with a subset of XX ; then the enveloping semigroup G := §~ C X%
is a compact right topological group with S C A(G) dense in G (closure, density, et
cetera being in the product topology) if and only if (5, X) is distal. One way of getting
such a flow begins with a locally compact topological group S and subgroup H C S
such that the quotient space X := S/H is compact. Then (S, X) with action

(s,tH)— stH, Sx X - X

is always a minimal flow; we don’t bother to check specifically for distality in our
examples (although this is not hard to do), because the enveloping semigroups turn
out to be groups, which implies that the flows are distal. See [5, Chapter 6] (or [3,
1.6.18(e)]) for all this. One task that is always a part of these deliberations is to identify
G, which starts out as S, a usually “small” closed subset of the “large” product space
XX, in some more reasonable way. We are unable to complete this task for Example
2, and the problem seems even worse for an example given in Remark 2(iv).

For ease of reference, we quote a consequence of Pontrjagin duality for the almost
periodic compactification AP of a locally compact abelian group &, which we identify,
as a set, with its canonical image in &4? [1], or (3, 4.3.18].

THEOREM 4. Let & be alocally compact abelian group with dual group 6 =0"

Then AP = ((8)) , and the members of AP that are continuous on & are
precisely the ones in ®.

EXAMPLE 1. Let S be R® with multiplication
(23, 25,25)(z1,22,23) = (2} + 21 + 2522, 25 + T2, T3 + z3).

This is the (connected and simply connected) nilpotent Lie group of dimension 3 and
may be viewed as the group of (real) 3 x 3 matrices with ones on the diagonal and zeroes
below the diagonal. Let H be the non-normal subgroup {(z1,22,23) | z1,22,23 € Z}.
We deal with the flow (S, S/H) as indicated above. (In [5, pp.53-4], Ellis gives a quite
different discussion of this flow.) Now, each coset (z;,z2,z3)H € S/H contains a
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unique member (z},z5,23) € X := [0,1)8; (2,25, 2y) satisfies

(2},25,24) (21,22, 25) = (—2} + ohah, —2h, —25)(21, 22, 23)

= (—z) + zhzy + 21 — TyT2, ~zy + 23, —23 + 23) € H,
that is, 5 = 23 (mod )1, z, = 2z, (mod 1), and
z, = (z1 — z3 (mod 1)z; + z; (mod 1)z3 (mod 1)) mod d1 = (2, — zsf[z2]) (mod 1),

where [z;] is the integral part of z,, as usual. To get the topology of X right (that is,
so that X is homeomorphic to the quotient space S/H and the quotient map

S—>S/H=X
is continuous), it is convenient to identify X with T x [0,1) x T via
(61,62,03) . (e21ricl,c2,ez7ric3)_
Then the quotient map § — X is given by
(z1,22,23) — (ez""’l e~ 2mizalza] o, (mod 1), ez’"'”‘) ,
so, in X we must have
C];igl (w1, c2,ws) = (w1 /ws, 0,ws);

otherwise, the topology of X = T x [0,1) X T is the product topology. We determine
the action of S on X by looking at the image of

(21, %2, 23) (w1, €2, ws) = (21, 22,23)(c1,¢2,¢3) = (21 + €1 + T3€3, 22 + c2,23 + ¢3)
in X=Tx[0,1)xT. Itis
(821n'=1wleZ'n’zscze—21riza[23+c3]ws—[zz+52]’ (22 + c2) mod 1, eZWizaws).
Thus we identify the transformation coming from (z,z3,zs) with

T= (C:avg:h) € G:=Tx [0,1) X RAP X Z'AP,

T = (e2rizle—2rizs[zz]’z2 (mod 1)’ ez'xiza-’( )“[’2]);
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then T(w;,c2,ws) = ((Cwig(e2)h(ws))/(9(1)ws),(a + ¢2) mod 1,9(1)ws), the denomi-
nator appearing if a +¢; 2 1. So, in G we must have

li)"ll (C’a,gsh) = (C/g(l),O,g, h/( )):

otherwise, the topology of G = T x [0,1) x RAP x ZA? is the product topology. Writ-
ing out T'T(w;, c2,ws), we find that

('Cg'(a)h'(g(1))

(+) T'T=("d g k)¢ a9,h) = < 7'(1)g(1)

'
’(al + a) mod lfg'g’ :L_—’)z) b
the denominators appearing if ¢' +a > 1.
We continue our analysis of this example by observing that the map 1, which
sends (z1,22,z3) € S to T = ({,a,g,k) € G (as above) has kernel Z x {0} x {0}, a
normal subgroup of S, and that 1(S) is dense in G, which is a group with inverse

¢ 'g(a)h{g(1)) 1
9(1) ’

and (¢,0,9,h)7" = (¢~'h(9(1)),0,972,h7"). The density claim follows from the last
assertion of Theorem 4, which says, in this setting, that the continuous characters on

71! =(C,a.,g,h)_1 = ( —a,g A7 )) , 0<axl,

R~ R, {y — €*™*¥ | z € R}, are dense in RA?, and the continuous characters on
Z =T, {ww— w" |n € Z}, are dense in ZAP. Thus

AMG)=Tx[0,1) xRxZCTx[0,1) x RA? x ZA? = G.

We want to show that L = T x {0} x {1} x {1}, which also equals the centre Z(G)
of G. Now

L= n{U_lUU_lU | U is a neighbourhood of the identity of G},

that is, a member of z € L can be expressed in the form z = Ty ' T, Ty ' Ty, where the
T’s can be arbitrarily near the identity of G. Bearing in mind that the topology and
product for the last three coordinates are not quite what one would expect from the
notation, one shows readily nonetheless that these coordinates of z must be arbitrarily
near the identity, and so must be the identity. Writing out the first coordinate of
Tl"szT;lT.; , one sees there are so many variables involved that there is plenty of room
to use Kronecker’s Theorem [6] and make this coordinate equal to any given ¢ € T.
So, for @ =T x [0,1) x RA% x ZA? | the compact topological groups of (*) are

L=Tx{0} x{1} x {1} = T and G/L = [0,1) x RA? x Z4?,
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the latter a compact, abelian, topological group, in which lim, ~ (a,g,h) = (0,9,h/( ))
and
(a', 9'1"')(“’9’ h).= ((a” + @) mod 1,9'9,h'R/( )
the denominator appearing in the last coordinate if @' +a > 1. As was shown in Section
1, Haar measure p on G is given for f € C(G) by integrating with respect to p; and
fi2, the Haar measures on the compact topological groups L and G /L, respectively; for
f €C(G), put f(z) = [, L.f dp, and then p(f) = p2(f), f beingin CL(G) = C(G/L).
Since L C A(G) N Z(G), Theorem 2 shows that g is uniquely determined by left
invariance, as well as by right invariance. We must have u, ({0} x RA? x ZA?) =0, s0
p2 is still just the product of the Haar measures on (the compact topological groups)
[0,1), R4?and ZAP. Similarly, one sees that Haar measure u on G is just the product
of the Haar measures on all four component groups on G.
The natural map
6: (C’a"ga h) = (C101171)(11a’91h) = (¢, (a'7g,h))’ G- G :=Lx G/L
is not a homeomorphism of G onto the product of the compact spaces L = T and
G/L = [0,1) x RA? x ZAP,
because {1} x [0,1) x RAP x ZAP is not a closed subset of G. However, 8 is an
algebraic isomorphism of G onto G' with multiplication, as for G in (%), given in
Schreier formulation (1); the automorphisms of L coming from G/L are all just the

identity (a situation we have called the “trivial homomorphism” case in [8]), and the
function from (t',t) — [t',t], G/L x G/L — L is given by
! U
((a',g', k'), (a, 9,k)) = [(a', ', h'),(a, 9, )] = g—(;."()—f)g(]:(l—;)) €T,

the denominator appearing if a + a’ > 1. This last function is not continuous in either
variable, so G' is neither right topological nor left topological (analogously defined).
The only difference in Schreier formulation (2) is that the order of the coordinates in
L x G/L is reversed.

G has another closed normal subgroup G; := T x [0,1) x {1} x ZAP, whose
quotient group G/G; = RA? is (algebraically and topologically) isomorphic to {1} x
{0} x R4? x {1} C G. In Schreier formulation (1), the extension G" := G, x G/G;
has a somewhat simplified multiplication,

(((l,a',h'),g')((c,a, h),g) = ((('Cg'(a)h(g"l(l)),(a' + a) mod lvh,h/( ))’glg)’

the donominator appearing if a + a' > 1. However, the algebraic isomorphism

(C’aig’h) = ((h(g'l(l),a,l,h)(l,O,g,l) — ((Ch(g—l(l)),a, h))ﬂ)a G- G”)
is not continuous, and G" is neither right nor left topological. The situation is much
the same in Schreier formulation (2).
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REMARKS. 1. Since the homomorphism % : § = R® — G has kernel Z x {0} x {0},
we will end up with the same compact right topological group G if we start with the
Heisenberg group

S'=(S/(Zx{0}x{0})) TxRxR
with multiplication
(w’1z,1’z'2)(w1 z1,%2) = (w'wez.m.zszl 21 + 21,25 + 32)
and subgroup {1} xZx Z C §'.
2. As we have stated, R® (as above) is the (connected and simply connected)
nilpotent Lie group of dimension 3. Nielsen [15] Lists all such groups of dimension less
than 7, along with much useful information about them. The methods here can be

applied to these groups, with varying success.

(i) § = G5, = R®, with multiplication (z},z},z},z4,z5)(z1,%2,23,%4,s5)
o ' ' ] ' ' '
= (2] + 21 + 2323 + T5T4, %y + 3,25 + T3,Ty + T4,T5 + T5)

[15, p.4] and subgroup H = Z%. The compact right topological group coming from the
distal flow (S, S/H) may be identified as

G =T x [0,1) x RA? x Z4? x [0,1) x RA? x ZA?,

z= (Z1,22,:!:3,z4,25) €S corresponding to T = (C1aligi1hlsa2792’h2) =

(ezrizl e—21rizg[z;]e—2m'25[z4],zz (mod 1), ezﬁz;-,( )—[zz],z4 (mod 1),e21n'=5-,( )-[24])

in G, where

a]iil/'nl (C’alvglrhlya2’921h2) = ((/yl(l)’o;ghhl/( )’a21927h2)s
lil}.ll (C’al,glahlaahghhz) = ((/gz(l)aal,gl’hlvoighhz/( ))’
a3

and multiplication is given by

o (C'Cgi(w)yé(az) hll(gl(l))hlz(gz(l))

91(1)g1(1)g5(1)g2(1) ’

h’ hzhz
(al +al)m°d 179191’ ( ) ,(a2+a2)m°d 1192g2, ( )

where the denominators involving subscript j appear if a; + a; > 1, j =1,2. Again,
the image of § is dense in G. Also

AG)=Tx[0,1) xRxZx[0,1])xRXZCG

https://doi.org/10.1017/50004972700030306 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700030306

f11] Compact right topological groups 409

and L = Z(G) = T x {0} x {1} x {1} x {0} x {1} x {1}, so Haar measure p, which
is again just the product of the Haar measures on the component groups, is uniquely
determined by left invariance, as well as by right invariance.

(ii) $ = G52 = R® with multiplication (z},z},z%,z},25)(21,22,23,24,%5)
— ] [} [} [ 1 [ !
= (2] + 21 + 223,29 + T2 + T5Za, Ty + T3, 24 + T4,Z5 + T5)

[15, p.6] and subgroup H = Z5. Much as for G5, in (i), here X = S/H and the
compact right topological group G = §~ C XX turns out to be

T x [0,1) x R4% x ZAP x T x [0,1) x ZA?
with multiplication

T'T = (G’a’ng"h'hg’alz’h;)(claalagshl,ﬁya‘h”d)
' ' '
1, 9 (al)hl(g(l)) ' ’ h1h1
= =22 (a; +e1) modl,g'g, ——
<C1<l g'(l)g(l) ( 1 1) ( ) ’

L Sehe) L Bk
A6 TR o e mea1, )

where the denominators in terms involving subscript j appear if a_',- +a; 21,37 =12,
The interested reader can fill in the other details.
(ili) S = Ge,15 = R®, with multiplication

! ! 1 1 ! [
(’1:32,33734,39”e)(zlazz,zs,34,25,20)

! ! ! ] ! ! ! ! !
= (21 + Z1 + 2¢Z4,%; + 22 + 2524, 25 + T3 + Tg2T5,24 + T4, T5 + T5,Zg + Ts)

[15, p.78] and subgroup H = Z°®, can also be dealt with successfully, because the
multiplication formula has only quadratic terms. However, ...

(iv) S = G4 = R* with multiplication (z},z},z§,z})(21,22,23,24)
= (’5'1 +z + (222:3)/2,2'2 +z3 + T4T3, Ty + T3,Z4 + :1:4)

[15, p.2] and subgroup H = Z/2 x Z?. The quotient space X = S/H can be iden-
tified with T* in a satisfactory way, but the cubic term in the multiplication formula
presents difficulties in the identification of S~ C XX that we have not overcome to
our satisfaction.

EXAMPLE 2. Let G' = T x TT, where T is the circle group, and multiplication is given
by (w",h")(w',h') = (v"w',R,h"h'). (We are using Schreier formulation (2) here,
and are just using the right translation notation R,/h" for functions h" € TT, instead
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of (h")w' = (h"),R asin Section 1.) G' is a compact right topological group; it arises
when we consider the Euclidean group of the plane § = T x C with multiplication

(w',2')(1,2) = (w'w, 20 + )
(also in Schreier formulation (2)) and its subgroup
H={1}x(Z+iz) (2% c {1} xC.
The quotient space X = S/ H is identified with T® via
(w,2)H = (w,z + H) — (w,v,u) := (w,ez"in“,ez'a"").

Inspection of (w',2')(w,2)H shows that the appropriate action of S on X is

(wl,zl): (w’v,u) — (wlw,ezrt”R_e (z’m)v, leiIm(z'w)u)
= (w'w, h'(w)v, h'(w/i)u),

if we write h'(w) = &*™%e ('w) = g2mil#'|cos (Arg (s'w)) Thus, the transformation
of X coming from (w',2') is identified with (w',h') = (w',ez"""Re ("')) € G', and
the transformation of X coming from (w",2')(w’,2') = (w"w', 2'"w' + 2') is identified
with

(w”w',Rw,h”hl) — (w"’h")(w',hl) € G'.
(The flow (S, X) was arrived at by a different route in [8].)

As noted in [8], the closure G := §~ C G' is a lot of G', but not all of it. It is
clear that G = T x K for a closed translation invariant subgroup K of TT; h' € K if
and only if there is a net {z,} C C such that
(3) ho = e2*iRe (2a°) — eZJrilza|cos(Al'g (za-)) SR
pointwise on T. Thus there is a natural injection f — hys, RA? — K given by
hy(w) = f(Rew). But K must be much larger than this image of RA? because of the
possibility of varying Arg (z4), as well as |24/, in (3). On the other hand, trigonometric
identities show that there are many restrictions on the A'’s in K. In particular, we
have for all 8,9%,7 € R and m = 2,3,4, ...

(i) cos(8+ )= —cos(8 + =+ ), and more generally
(i) Ep cos(8+ 27k/m + ) =0; and
(1) 2cosmcos(0+¢)=cos(0+n+9)+cos(8d—n+).
2xiRe (z

These imply that, for any h' = e I'), z' € C, and hence for any h' € K, we must

have for all w € T and m = 2,3,4, ...
() W(-w)=F);
(i) Hpgh'(we?™*/m) =1; and
(i) A'(w)* = k' (we) R (we=)?, if cosn = p/g € Q.
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Beyond these comments, we are unable to describe the subgroup K of TT explicitly.

We give some additional information about G. (The corresponding information
about G' is easier, sometimes trivial, to arrive at.) For a start, the centre Z(G) = {e}
and the topological centre of G,

A(G) = {(v',h') | ' € K is continuous}.

It seems very likely that the subgroup L of G is {1} x K; however, we are not able
to prove that this is the case. Nonetheless, we can determine Haar measure g on G,
with the method of Section 1, from the Haar measures on the compact topological
groups {1} x K = K and G/({1} x K) = T; in fact, g is just the product of the
Haar measures on T and K (which one verifies readily to be right invariant). We do
know that L is not trivial, and expect that the continuity hypothesis of Corollary 3 for
Schreier formulation (2) is not satisfied. (It is not satisfied if L = K.) So, we doubt
that this corollary (or Theorem 2) can be used to conclude that u is the unique left
invariant probability measure on G; perhaps it is not!

Instead of H = {1} x (Z+iZ) C S = T x C, one might take n = 3, 4, or 6 and
root of unity a = €***/* and start with subgroup

H:={a*|0<k<n}x{k+ma|kmecZ}CS=TxC.

The Ellis group of such a distal flow (S, G/H') is not much different from that of G/H,
a little more complicated topologically.

EXAMPLE 3. Let G = T x E, where T is the circle group and E = E(T) is the set
of all endomorphisms (continuous or not) of T; as indicated in Theorem 4, E may

be identified with the almost periodic compactification of Z, E = (Tq) = ((2) d) =
ZAP, where T4 denotes T with the discrete topology. The operation

(w',h')(w, h) = (w'wh’ o h(e**),h'R)

makes G a compact right topological group with Schreier multiplication (1); the auto-
morphisms w — h(w) of T are all trivial, that is, the identity, and the function

(h',h) — [h’, h], Gz X Gz - G]

is given by [k',h] = h' o h(€*') (which is continuous only in the variable h'). G is the
Ellis group of the distal flow (Z,T’), which has action

. 2.
2ni ns
n: (wy,wz) — (e w, e w;‘wz),

https://doi.org/10.1017/50004972700030306 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700030306

412 P. Milnes [14]

namely, n € Z corresponds to (e"",( )") € G (where ( )": v — v™), and the resulting
isomorphic image of Z is dense in G. The topological centre of G, A(G), equals

{(w,h) € G | h € E is continuous} = {(w,( )") € G |n € Z}.

See [14] for the claims of the last two sentences, especially for the proof that Z~ = G.

So, for G = T x E, the compact topological groups of () are L = T x {e} = T and
G/L = E. As for Example 2, Haar measure pu on G is just the product of the Haar
measures on T and F. Furthermore, since G = T X E = G; X G2 has multiplication
in Schreier formulation (1), the corollary tells us that g is uniquely determined by left
invariance. At first glance, it seems strange that there are much larger compact, normal,
topological, even abelian subgroups L' of G with G/L' a compact topological group.
For example, if E; := {h € E | h(e?*) = 1}, then L' := T x E, is such a subgroup,
with quotient G/L' isomorphic to T via the quotient map (w,h) — h(e?*). Similarly,

r":i=Tx {he E|h(e¥) =1=h(e"%)}

is another such subgroup of G; now G/L" is isomorphic to TZ.

The normal subgroup L' of G permits us to consider G as an extension of L'
by G/L' = T. Insofar as we have been able to write out the details, it seems that
the product in L' X T (in either Schreier formulation) and the algebraic isomorphism
G — L' x T must be messy algebraically, and very bad topologically; in particular, G
is not homeomorphic to the product space L' x T. However, the method of Section 1
can still be used to express Haar measure 4 on G in terms of the Haar measures on
the compact topological groups L' and T.
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