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Multidimensional linear hyperbolic systems with constraints and delay are
considered. The existence and uniqueness of solutions for rough data are established
using Friedrichs method. With additional regularity and compatibility on the initial
data and initial history, the stability of such systems are discussed. Under suitable
assumptions on the coefficient matrices, we establish standard or regularity-loss type
decay estimates. For data that are integrable, better decay rates are provided. The
results are applied to the wave, Timoshenko, and linearized Euler—Maxwell systems
with delay.
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1. Introduction

The aim of this paper is to study linear symmetric hyperbolic systems with damp-
ing, differential constraints and delay. Differential constraints for the states occur
naturally in certain models in fluid dynamics and electromagnetism. They appear
in the system itself, for example in the Euler—-Maxwell system, or they are intro-
duced to factor out spurious solutions as in the case of the wave equation. In this
work, we consider the multidimensional hyperbolic system

d
AOpu(t,x) + Y A0, ult, ) + Lu(t,z) + Mu(t — 7,z) =0,

Jj=1

d (1.1)
Z Qjafﬂju(tax) + Ru(taw) =0, U(O,l‘) - UO(I)a u(ovx) - 20(03 JZ),

j=1

for t >0, z € R? and 0 € (-7, 0) with unknown state u : (0, oo) x R? — R™. The
positive integers d and n represent the dimension and the number of equations in
the system. For this system, ug and zy correspond to the initial data and initial
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2 G. Peralta

history, respectively. Our main concern is to develop a well-posedness theory, pro-
vide sufficient conditions that lead to the asymptotic stability of the solutions, and
determine the decay structure. The positive constant 7 represents a delay.

In (1.1), we assume that all of the coefficient matrices have real entries. The
matrices L, M and A7 for 0 < J < d have size n x n, while the matrices R and
@’ for 1 < j < d have size n; x n, where n; represents the number of constraints.
Here, L and M will be referred as the damping (or relaxation) and delay matrices,
respectively. It is allowed that the matrices 7 and R to vanish and in such case
we simply have a hyperbolic system with delay. All throughout, we suppose that
(1.1) is symmetric, that is, A7 is symmetric for all 0 < j < d. Moreover, we assume
that A9 is positive definite.

The physical models we often encounter deal with the case where the state is
independent of the past. However in some situation, this is only an approximation
and a more realistic setting is to include the dependence of the dynamics on the
past states. For this reason, one could incorporate delay in the system and study
its effect. The study of delay to partial differential equations caught its attention
in control theory, specifically in the boundary feedback stabilization of the one-
dimensional wave equation. It has been shown in [5, 6] that the presence of delay
in the boundary feedback for the string equation can lead to instability. These works
have been extended in the multidimensional setting in [15]. Roughly, if damping
dominates the delay factor, then the energy of the solutions for the wave equation
tends to zero exponentially. The delay in the damping occurs either in the interior
or on the boundary. In the event where the damping and delay factors are equal,
there are solutions where the energy is conserved. The proofs rely on semigroup and
energy methods, observability estimates and a compactness-uniqueness argument.

The main goal of this paper is to determine sufficient conditions on the damping
and delay matrices in (1.1) in order for its solution to be stable for every delay 7 > 0.
Our structural condition, see condition (M) below, is similar to the one stated in [8]
for systems of differential equations with delay.

By introducing a state variable that keeps track of the history, system (1.1) will
be expressed as a hyperbolic system coupled to a transport system with parameter.
For partial differential equations with delay on a bounded domain, for example,
the wave, heat and Schrodinger equations, the existence and uniqueness of solu-
tions can be obtained through semigroup methods, Kato’s theorem for evolution
equations and Faedo—Galerkin approximations, see [7, 12, 15-19] to name a few.
The approach we shall pursue here is based on the Friedrichs method. The basic
idea is to derive a priori estimates for suitably smooth functions and apply a dual-
ity argument. Weak solutions for rough data are formulated through a variational
equation. The corresponding results rely on the well-posedness theory for hyperbolic
systems as well as for a decoupled system of transport equations with parameter.
For completeness and clarity, we present the results of the latter.

For data that are smooth and compatible, we expect better regularity for the
solutions. This will be proved by a standard approximation argument and the a
priori estimates for hyperbolic operators in Sobolev spaces. We would like to note
that the advantage of Friedrichs method is its applicability even in the case of
variable-coefficients, see for instance [3]. Another reason of using this method is
the following: For hyperbolic partial differential equations, there is a trade-off in
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the regularity between time and space. The higher regularity with respect to time,
the less spatial derivatives are available. Now for the delay variable, which satisfies
a hyperbolic partial differential equation with parameter, the trade-off is now on
three quantities, namely time, space and the variable with respect to history.

The plan of the paper is as follows. In § 2, we present the suitable conditions for
the matrices involved in (1.1) that guarantee stability. The well-posedness of trans-
port equations with parameter and hyperbolic systems with delay will be developed
in § 3 and 4, respectively. In §5, 6, and 8, we establish the asymptotic stability, stan-
dard decay estimates, and regularity-loss type estimates. Specific examples that
illustrate our results are provided in § 7 and 8. These are the wave, Timoshenko,
and Euler-Maxwell systems with delay.

The Sobolev space W#P?(R?) will be simply denoted by W*? and H* := W2,
We let H® :=>"_, H*. If X is a Banach space and m is a nonnegative integer,
then C™(0, T; X) is the space of functions from [0, 7] into X whose deriva-
tives up to order m are continuous. We shall also use the shorthand W: P(Wiha)
= WhP(—7, 0, WH4(R?)). For example, L3(H*) := L?(—7, 0; H*(R%)). Depending
on the context, (-, -} denotes the inner product in C"™ or R™. The gradient of a func-
tion u : R — R™ is denoted by d,u := (0z,u, ..., Oz,u)’ where the superscript”
represents transposition.

2. Structural conditions on the coefficient matrices

In this section, we list the structural assumptions on the coefficient matrices that
will guarantee the stability of the solutions of system (1.1). We follow the pre-
sentation in [29]. The principal symbol of (1.1) is given by tA(€), where A(§) :=
AYE o Adgy for €= (€, ..., &)T € RY. Similarly, we define by iQ(¢) :=
i(QY¢; + - - - + Q7€,) the principal symbol of the constraint. The unit sphere in R? is
denoted by S¢~!. Given a square real matrix A, the symmetric and skew-symmetric
parts of A are given by A; := (A + AT)/2 and A, := (A — AT) /2, respectively, so
that A = A; + As. The orthogonal projection of C™ onto the orthogonal comple-
ment of the kernel of A will be denoted by P4. Equivalently, P4 is the orthogonal
projection onto the range of AT, and as a consequence, I — P4 is the orthogonal
projection onto the kernel of A. Recall that P4 and I — P4 are symmetric matrices.
For the damping or relaxation matrix L, we impose the following condition.

(L) The matrix L is nonnegative and has a nontrivial kernel.

It is not assumed that the relaxation matrix L is symmetric. Thus, condition (L)
provides dissipation only in the orthogonal complement of the kernel of L;. To
obtain dissipation terms in the space Ker(L)*, we introduce the compensating
matrix S as in [29].

(S) There exists a real n x n matrix such that SA° is symmetric, (SL + L); > 0,
Ker((SL+ L);) = Ker(L), and

(SMz,u)y =0 for all (z,u) € C" x Ker(L). (2.1)

Equation (2.1) means that the range of SM and the kernel of L are orthogonal.
With respect to the delay matrix M, we assume the following condition.
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(M) There exist real n x n symmetric matrices G and N such that GA® is sym-
metric positive definite, N is positive definite on Ker(M)L, Ker((GL);) =
Ker(Ly),

(GMz,u) =0 for all (z,u) € C" x Ker(Ly),
and the symmetric block matrix

2(GL); — PyNPy GM
Van = MTG N

is positive definite on Ker(L;)* x Ker(M)*.

This condition is similar to the one presented in [8, p. 107]. Due to the pos-
sible degeneracy of the matrices L and M, positivity is only assumed on the
orthogonal complements of their kernels. If M vanishes, the case when there is no
delay, one can see that condition (M) follows from condition (L) by taking G = I
and N = L;. Also, condition (M) implies that Ker(L;) C Ker(M). Indeed, sup-
pose that u € Ker(L;). Then, for some constant ¢y > 0 it holds that cy|Pprul? <
(N Ppu, Pyu) < 2((GL)1u, u) = 0 because the kernels of L; and (GL); coincide.
Thus, Pyru = 0, which implies that u € Ker(M).

The constraint in (1.1) will be satisfied for all ¢ > 0 as soon as the initial data
satisfies it and if the matrices appearing in the constraint as well as those in the
PDE satisfy certain conditions. For this, we consider the following assumption.

(Q) The matrices Q(w) and R satisfy

QW)(A°)'A(w) = R(A°) 'L = R(A°)"'M =0,
Q)(A°) 'L+ R(A") M A(w) = Q(w)(A°) "' M =0,
for every w € S?71.

We denote by II; the orthogonal projection of C™ onto the image of R, and
hence IT, := I — II; is the orthogonal projection onto the kernel of R”. To derive
energy estimates for the derivatives of the state components, we need the following
condition, which is referred as the Shizuta—Kawashima condition [27].

(K) There exist n x n real matrices K' for 1 <1< d such that K'A% is skew-
symmetric for all [ and

d
D (K'AT)wjw >0 on Ker(ILQ(w)) N Ker(L)
7,0=1

for every w = (wy, ..., wq) € S47L.

Conditions (S) and (K) imply the existence of a constant ¥ > 0 such that

k
> (K'AM)wjw + 9(SL+ L)1 >0 on Ker(ILQ(w)) (2.2)
7,l=1

for every w € S
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Our final set of assumptions deal with conditions that will determine the decay
structure of (1.1). For a standard decay, the following assumption is sufficient.

(S)s A real ny x ny real matrix W exists with W3 > 0 on the image of R and
i(SA(w) — Qw)TIIWR), >0 on C"
for every w € S¥7!, where S is the matrix in condition (S).

A weaker version of the previous condition is the following, whose corresponding
decay will be of regularity-loss type. This means that we need additional regularity
for the initial data to obtain stability of solutions.

(S), There is an n1 x ng real matrix W such that W5 > 0 on the image of R and
i(SA(w) — Q)T IWR), >0 on Ker(Lq)
for every w € S¥7!, where § is the matrix in condition (S).

Both conditions (S), and (S), were introduced in [29]. The rest of the section will
be devoted in studying condition (M) and specifically on the block matrix ¥ n ar-
The first observation is that the positivity of W n ar is equivalent to the positivity
with respect to Ker(L;)* with possibly a different matrix N.

THEOREM 2.1. Let G be a real symmetric matriz as in condition (M). Then, there
is an n X n symmetric matriv N that is positive definite on Ker(M)* such that

(Pa nar(u, 2), (u, 2)) = al|Pryul® + |Paz]?) (2.3)

for some o >0 and for every (u, z) € C" x C™ if and only if there is an n X n
symmetric matriz N which is positive definite on Ker(M)* such that

(Ve 5oar(ws2), (u,2)) = alPruf® (2.4)
for some a > 0 and for every (u, z) € C" x C".

Proof. One can sce that (2.3) implies (2.4) by taking N = N. For the other direc-
tion, let N = N+ ePy; where € > 0. The block matrices associated with N and N
are related by

—EP]V[ 0
VYo nNMm= \IJG,N,M + < 0 EPM> .

As before, (2.4) implies that the kernel of L; lies in the kernel of M and as a
consequence (Ppju, u) = (PyPr,u, Pr,u). By choosing € < a/| Pa||, where || - ||
is the operator norm, we have &|Pp,u|* — e(PyPp,u, Pr,u) > (& — ¢||Pu|)|Pr,
ul? > 0. Then, we can see that (2.4) implies (2.3) with a = @ — ¢|| Pa/||. O

If the delay matrix is symmetric and nonnegative, then a sufficient condition

for the positivity of the block matrix in condition (M) is given by the following
theorem.
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THEOREM 2.2. Suppose that M > 0 is symmetric and Ly — M >0 on Ker(Lq).
Then, V1 arar > 0 on Ker(Ly)t x Ker(M)*.

Proof. Given (u, z) € C" x C" we have

(U1 (u, 2), (u,2)) = 2(Lyu,u) — (M Pypu, Pyu) + 2Re(Mu, 2) + (Mz, z).
(2.5)

By the symmetry of the delay matrix M, we obtain (Mz, z) = (M Py z, Py z) and

(Mu, z) = (M Pyju, Pyz), and therefore, by the Cauchy—Schwarz inequality we
have

1
[(Mu, 2)| < =(M Ppru, Pyru) + §<MPMZ, Pyrz). (2.6)

[N

Using (2.6) in (2.5) yields the estimate
<\I/]7M,]\/[(U,Z), (U,Z)> 2 2<(L1 — PMMPM)U,U> = 2<(L1 — M)u,u> 2 &|PL1U|2,
for some o > 0. The conclusion now follows from theorem 2.1. O

We close this section by proving the invariance of the condition (M) with respect
to a class of orthogonal matrices.

THEOREM 2.3. Let J be a real orthogonal n x n matriz, that is, J*J = I, such
that

(a) J(Ker(M)) = Ker(M) and J(Ker(M)*) = Ker(M)=+
(b) (NPpu, Pyu) = (NPyJu, PpyJu) for all u € C™.

If M satisfies condition (M), then so is M J. In particular, —M satisfies condition
(M) if and only if M satisfies the condition.

Proof. Property (i) implies that the kernels of MJ and M coincide, and in
particular, Ker(MJ)t = Ker(M)* and Py; = Py. Given u € C™ there holds

PyJu = PMJPMU+PMJ(I—PM)U = JPyu

since JPyru € Ker(M)*+ and J(I — Py )u € Ker(M). Hence, Py and J commute,
and consequently, Py and J7 also commute by symmetry of Pys. If (u, z) € C" x
C™, then we derive from (ii) and the preceding statement that

(Yo nm(u,Jz), (u, Jz))
= 2(Lyu,u) — (N Ppu, Pypu) + 2Re(GM Jz,u) + (N Jz, Jz)
= 2(Lyu,u) — (JTNJPyryu, Py yu) + 2Re(GM Jz,u) + (JENJz, 2)
= (‘I’G,JTNJ,MJ(% z), (u, 2)).

Using condition (M) and the fact that Py; and J commute, we can see from these
equations that Wg yr g > 0 on Ker(Ly)* x Ker(M)*. Finally, since J is bijec-
tive, it follows that (GM Jz, u) = 0 for every z € C"™ and u € Ker(L;). These prove
that M J satisfies condition (M). O
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Notice that M satisfies (2.1) if and only if M.J satisfies (SMJz, u) = 0 for every
z € C" and u € Ker(L). Also, the conditions involving the matrix M in hypothesis
(Q) hold if and only if those conditions are satisfied by M.J. The previous theorem
together with the above remark will imply the stability of (1.1), with M replaced
by MJ, where J is an orthogonal matrix satisfying (i) and (ii), provided that the
original system with delay matrix M is also stable.

3. Transport equations with parameter

The goal of the present section is to discuss the well-posedness of the following
transport equation with parameter

0:2(t,0,2) — Opz(t,0,7) + az(t,0,2) =0 for (¢,0,x) € (0,T) x (—7,0) x R%,
z(t,0,2) = v(t,x) for (t,z) € (0,T) x R,
2(0,0,2) = (0, x) for (0,z) € (—7,0) x RY,

(3.1)

that will be useful in the study of system (1.1). Here, a is a fixed real number
and z : (0, T) x (=7, 0) x R? — R™ is the unknown state. Such equation will occur
once we introduce a state component that keeps track of the history. We would like
to point out that the results in this section are analogous to the usual transport
equations. However, for clarity in the development of the well-posedness for (1.1)
and for future reference, we decided to include them here. Define the differential
operator

Lz =0z — Opz + az, (3.2)

whose formal adjoint is given by £}z := —0iz + Opz + az.

First, we start with the definition of a weak solution for given square integrable
data v € L2(0, T; L?) and zy € L3(L?). A function z € L?((0, T) x (-7, 0) x R%)
is called a weak solution of (3.1) if the variational equation

T r0 0 T
/ / (Z,fl*ll))LNith = / (20,’(/)‘,5:0)[/2(19 + / (U,Q/J‘gzo)det (3.3)
0 J—7 0

-7

holds for every 1 € L*(R% H'((0, T) x (-, 0))) such that tp_r =0 and
11[}|9:—T = 0.
It is clear that every classical solution is also a weak solution. The existence of

weak solutions will be obtained using the following result in [22] inspired by the
Friedrichs work [7].

THEOREM 3.1. Let X and Z be Hilbert spaces, Y be a subspace of X, and A :
Y —-X,U:Y - Z, &:Y — Z be linear operators. Suppose that W = Ker(®) and
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A(W) are nontrivial. If there exist v > 0 and C > 0 such that

wlk +1VwlZ < COHTHAwX +[Qw]Z),  foralweY,  (3.4)
then the variational equation
(u, Aw)x = (F,w)x + (G, Yw)z, for allw e W, (3.5)

for a given (F, G) € X x Z has a solution v € X. In addition, the solution is unique
if and only if A(W) is dense in X.

Applying the above result requires some a priori estimate. First, let us derive the
estimate associated with .Z;. For a smooth function 1, we multiply both sides of
equation (3.2) by e=27%1), where v > 1 is a constant to be chosen below, to obtain

SO ) — 500(e TR + (v + a)e 2P = e T LAY, ),

Integrating this equation over (0, o) x (—7, 0) x R%, using Young’s inequality to
the right-hand side, and then choosing vy > 1 sufficiently large, we have

o o

T Al PP (e
0 0
1 g B (e B
<0 (Il + 2 [ P ULyt + [ P ol
0 0
(3.6)
for every o € [0, T, for every 7 = 7, and for some C' > 0. By a density argument,

(3.6) is satisfied for every v € L2(R%; H((0, T) x (-7, 0))). The dual version of
this estimate is the following: for every v > ¢ and o € [0, T it holds that

||¢\t:0”%3(L2)+7/0 €2w||¢||2Lg(L2)dt+/O 62’Yt||¢|0:0||2L2‘dt

1 (oa . (o8
<O (@ Wmaliyun + 5 [ FUG Ut + [ e )
(3.7)

for some constants C' >0 and 7§ > 1, and for every ¢ € L2(R% H'((0, T) x
(7, ).

For data that will be regular and compatible, we have additional regularity of
the weak solution. For this we need a priori estimates in terms of the Sobolev
norms. Given 0 < j < m, if we replace 1) by 9{0k94¢ in (3.6), take the sum over
al 0<k<m—7,0<j<mand 0 </ <s, and then finally take the supremum
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over all o € [0, T|, we obtain the weighted a priori estimate

>

7=0

m T
+ 30 [ e ol < Z / L R
7=0

I LG +72/ B C LI

su
0<\

+CZ / e~y oHHsdth 107bollZ s (3.8)

for every 1 € H™T1((0, T) x (-7, 0); H®).

THEOREM 3.2. Given zy € L3(L?) and v € L*(0, T; L?), equation (3.1) admits a
unique weak solution.

Proof. Let X = L?((0, T) x (—7, 0) x R?), Y = L?(R% H'((0, T) x (-7, 0))), and
Z = L*(0, T; L?) x LZ(L?). Define the operators A:Y — X, U:Y — Z, and & :
Y — Z as follows:

A = L7, U = (Y19—0, Yt=0); D = (Y1g=—r, Yji=1)

for 1) € Y. The variational equation (3.3) can now be written in form (3.5). From
the a priori estimate (3.7), one can see that (3.4) is satisfied, and therefore by
theorem 3.1, (3.1) has a weak solution.

To establish uniqueness, we proceed by a duality argument. Suppose that z; and
2o are two weak solutions and let z := z; — z5. Then, it follows that

T r0
/ / (2, L5)2d0dt = 0 (3.9)
0 J—71

for every ¢ € Ker(®). Let (¢,,)52; be a sequence of infinitely differentiable functions
with compact support in (0, T') x (—7, 0) x R? such that ¢, — z in L?((0, T) x
(-7, 0) x RY). The backward-in-time transport equation

—0¢thn + Ogthn + athy, = ¢, wn|t=T =0, ¢7L|9=—7— =0

has a classical solution, so that ,, € Y for each n. Using this test function in (3.9)
and then passing to the limit, we see that z = 0 almost everywhere. Therefore, the
weak solution of (3.1) is unique. O

To prove regularity of the solutions, the following observation will be useful.
Given zy, we define recursively z; := 0pz;—1 — az;—1. We say that the data (zo, v)
is compatible up to order k — 1 if agv|t:0 = zjjg=0 for every 0 < j <k — 1.

THEOREM 3.3. Let k and s be nonnegative integers. If the pair (zo, v) € HE(H®) x
H*(0, T; H%) is compatible up to order k —1 if k > 1, then there is a sequence
(20n, Un) € Hy TH(HSTY) x H¥Y(0, T; H*+Y) compatible up to order k for every n
and (2on, vn) — (20, v) in HY(H®) x H*(0, T; H*).
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Proof. Let p. be a standard mollifier with respect to x, that is, p.(z) := e~ %p(x/e)
where p € 2(R?) satisfies [, pe(2)dz = 1, and let R.v := p. * v. Then, the regular-
ized data (R.zp, R.v) € HY(H>) x H*(0, T; H*) is still compatible up to order
k—1 and

(R:z0, Rev) — (20,v) in Hé“(HS) X Hk(O,T; H?)

as £—0. For a fix £>0, take a sequence (z§,,v5;) € HYT(H>) x
H*1(0, T; H*) such that as n — oo there holds

(25, 051) — (Rezo, Rev) in Hy (H®) x H"(0,T; H).

For example, we first extend R.zp to a function in H¥(R; H*) by a standard
reflection argument, see [1] for instance, and if E(; is the corresponding convolution
operator with respect to 8, then we may take zf,, to be the restriction of El/n(Rszo)
in (=7, 0).

Define v& := v5; — v5, where vi, € HFT1(0, T; H*t1) is a function that will be
constructed below that satisfies v5, — 0 in H¥*1(0, T; H**1). For each 0 < j < k,
define

Onj = ag“iut:o - ZSnj\@:O € HE-its+s,
From the compatibility conditions for the data (R.zp, R.v), we have o,; — 0 in
HF=i+543/2 a5 n — oo for every 0 < j < k. According to trace theory, for each n
there exists h,, € H*™5T2((0, T) x R?) C H*"1(0, T; H**') such that & hy,j—o =
onj for all 0 < j < k, OFhyjy—o = 0, and h,, — 0 in H*1(0, T; H*T1).
Let v55 := hy + gn, where g, := g, ® 0 1 and g, € H*1(0, T) satisfies
gP0) =0, for j=0,1,...k =1, g O) =1, [[gallzrsr0,m) — 0.
For the construction of g,, we refer to [22, 25]. If j < k, then

J € Y _ a9 _ e
o Unlt=0 = 0 Uni|t=0 Ot hpji=0 = Z0nj|0=0"

ke _ Ak, _ __ L€
Also, 0y Unjt=0 = 9; Unijt=0 — Ink = Zonk|o=0
We now construct the sequence (2o, v,) as follows. Given a positive integer n,

let (zon, vpn) := (zé]/\,n, U]l\,/n) for a sufficiently large N = N(n) be such that

1
| (zon, vn) — (Rl/nZ07Rl/nv)HH"’(HS)XH’C(O,T;HS) < -
0 n

From the above construction, we can see that the pair (zo,, v,,) satisfies the desired
properties. 0

If the function zo in the previous theorem satisfies 2o € L3(L'), then we have
R.zp — zo in LZ(L'). Now, for a fixed € > 0, it holds that Ri/n(R:20) — Rezo in
L?(R; L), see for example [2, Section 1.3]. In particular, we have 2§, — R.2o in
L2Z(L') and by the same argument as above, we can choose zp, such that zq, €
L2(LY) for every n and zp, — 20 in L2(L'). With a diagonalization argument we
obtain the following.
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COROLLARY 3.4. Given (29, v) € L3(L?) x L?(0, T; L?) and positive integers k and
s, there exists a sequence of data (2on, v,) € HY(H?®) x H*(0, T; H®) compatible up
to order k — 1 for each n and

(20m>Vn) — (20,v) in L3(L*) x L*(0,T; L?).

Moreover, if zo € L(L"'), then zo, can be chosen to be an element of Li(L') and
Zon — 20 in LE(LY).

Let {t > =0} :={(t, 0) : t > —0} and {t < —0} := {(¢t, 0) : t < —0}. Notice that
the weak solution of (3.1) z as well as .%; z lie in L?(R%; L((0, T) x (-, 0))), and
hence, a priori we have the trace regularity zj9—_-, 2j9—0 € L2(R% H-Y2(0, T)).
Now we show that in fact they are both in L?(0, T; L?) and that the weak solu-
tions coincide with the one given by the method of characteristics. The former is
sometimes called hidden regularity in control theory literature.

THEOREM 3.5. The weak solution of system (3.1) satisfies z € C(0, T; L3(L?)),
2|9=—r, Zj0=0 € L2(0, T; L?) and the following energy estimate

T
sup e 2 [2(t) 132 ) + 7/0 e 2025 12t

tx

T T
+ / eW(z|e=_T||iz+||z9=o|%2>dt<c<|zO||ig<L2>+ / e”mnizdt)

holds for every v = vy and for some constants C > 0 and vy > 1. The weak solution
18 given explicitly by

(4.6,2) = { e y(t + 6, ) in ({t > =0} 0 (0,7) x (~7,0)) x RY, (3.10)

eP2(t+0,z) in ({t<—-0}N(0,T) x (—7,0)) x R™
Proof. By choosing k and s sufficiently large in corollary 3.4, one can construct
a sequence (zon, v,) of continuously differentiable data that are compatible up to
order 1 and tends to (29, v) in L3(L?) x L?(0, T; L?). For example one may take
k=2 and s > d/2+ 1. It can be easily verified that the transport equation (3.1)
with boundary data v,, and initial data zg, has the classical solution

e, (t+6,2) in ({t>—-60}N(0,T)x (—7,0)) x RY,
(t.6,2) = {e O20n(t+0,2) in ({t <—0}N(0,T) x (—7,0)) x RY. (3.11)

Applying the a priori estimate (3.6) to z, — 2,,, one can see that (z,), is a Cauchy
sequence in C(0, T LZ(L?)), while (219=—r)n and (2,90 )n are a Cauchy sequences
in L2(0, T; L?). By passing to the weak formulation of the equation for z,, we can
see that the limit in C(0, T; Lg(LQ)) is a weak solution, and thus, the limit must be
the weak solution of (3.1) by uniqueness. Note that the traces z,j9—_, and z,j9—o
tend to zjg—_, and z9—g in L?>(R%; H~Y/2(0, T)), respectively, and consequently in
L?(0, T; L?) by uniqueness of limits in the sense of distributions. Passing to the
limit in (3.11), up to a subsequence we can see that the weak solution of (3.1) is
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12 G. Peralta
given by (3.10). The energy estimate can be obtained by passing to the limit of the

priori estimate (3.6) for z,. O

If z is the weak solution of (3.1), then the differential equations are satisfied in
the sense of distributions, the boundary and initial conditions are satisfied in L2,
and the variational equation

T r0 0 T
/ / (2, Z7¢)2d0dt =/ (Zo,¢|t:o)L2d9+/ (u,Pj9=0) L2dt
0 J—7 0

—T

T
- /0 (2‘9:—T7¢|9:—T)L2dt (312)

holds for every o € L2(R% HY((0, T) x (-7, 0))). Letting n — oo in (3.11), it
follows that z9—_, is given by

() e ot —T,x) ift>T,
2g=—r(t,x) = )
l0==r e Tt —Tx) HO<t<T

With additional regularity for the initial and boundary data, one can obtain better
regularity of the solutions. If m is a nonnegative integer and the data (zq, v) €
Hp'(H®) x H™(0, T'; H®) is compatible up to order m — 1 if m > 1, then the weak
solution of (3.1) satisfies

m
z€ () C/0,T; Hy 7 (H"),  29——r € H™(0,T; H?), (3.13)
j=0

and we have also a corresponding energy estimate

Z sup e~ 21|90 2 ()||Hm i(me) +'yZ/ 2th8Jz||Hm i)

0 0st<T

5 / o]0l dt < C ol + 3 / e%fnaﬁun%{sdt).
=0 =0

(3.14)

The proofs rely on additional a priori estimates in Sobolev spaces, see (3.8). On
the other hand, if (3.1) with initial data (2o, v) € HJ*(H®) x H™(0, T; H®) has a
solution satisfying (3.13), then the data (u, zp) is compatible up to order m — 1.

4. Well-posedness for hyperbolic systems with delay

We will recast system (1.1) as a coupled hyperbolic system-transport system with
parameter. In this section, there are no assumptions on the matrices L and M
aside from that they have real entries. Introducing the variable z(t, 8, z) = €%/ Pyu
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(t+0, z) for (t, 0, z) € (0, 00) x (—7, 0) x R?, the system (1.1) can be written as

AOpu(t, ) + zd: Al u(t,x) + Lu(t,x) + e Mz (t,z) = 0,

8Zz(t, 0,xz) — 5']9:,21(t,9,x) +ez(t,0,2) =0, 2(t,0,z) = Ppyu(t,z), (41)
> Q0 u(t,z) + Ru(t,z) =0,

ZL:((l),x) = ug(x), 2(0,0,2) = e Pyr2o(0, ),

fort >0,z € R¥and @ € (—7, 0). Here and in the succeeding sections, z, will denote
the trace zjg—_.
Define the following differential operators

d d
Lyu = A0+ A0y u+Lu, Lyu:=» Q0;u+ Ru

j=1 j=1
whose distributional adjoints are given respectively by

d d
Lu = — A0 — Z Aoy u+ LT, Lfu:=— Z(Qj)Tanu + RTu.

j=1 j=1
We can then rewrite (4.1) as follows:

Lou = —e "Mz,
.,2”1,2 = 0, 21=0 = PMU (42)

0
Lyu =0, uy—g=1uo, 2= =e" Przo.

Before we deal with (4.1), we briefly recall the results for hyperbolic systems with-
out constraints. With respect to the hyperbolic operator % we have the weighted
a priori estimate, see [3] for example,

T
sup e 2 u(t) 3. +7 / e u . dt
0<t<T 0

1 T
<C <|u(0)||§qs + ;/O 6_2“’t||,,%u||%gdt> (4.3)

for every u € HY(0, T; H®) and v > 71, for some positive constants C' and v > 1.
There is also an analogous a priori estimate for the dual operator .Z5. Given
an initial data ug € L? and a source term f € L?(0, T;L?), a function u € L?
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((0, T) x R?) is called a weak solution of the system
Lou(t,x) = f(t,x), u(0, z) = up(x) (4.4)

if for every test function ¢ € H*((0, T) x R?) such that ¢;;—s = 0 we have

T T
/ (u, Z5' ¢) r2dt = (ug, APjr—o) 12 +/ (f @) r2dt.
0 0

If up € H* and f € L?(0, T; H®), then it is known that the Cauchy problem
(4.4) has a unique weak solution, and moreover, we have u € C(0, T; H®) and the
estimate (4.3) holds where %u is replaced by f.

For source terms with more regularity, the corresponding solution has also more
regularity as well. Again they follow from the a priori estimates for Sobolev spaces.
It can shown that if the source term satisfies f € ﬂ;:() HI(0, T; H*=7) and ug € H?,

then the weak solution of (4.4) satisfies the regularity v € C7(0, T; H*~7) for every
0 < j < s, see [24] for instance. Moreover, we have the energy estimate

s s T
> sup e‘”llﬁiu(t)llisfﬁvZ/ e 2|0 u(t) |13 - dt
j=0"0

S0 OSIST
2 1 - r 24t j 2
<c{luolf +2 3 / 03 ()| | (4.5)
j=0""0

Now, we define the weak solutions for the hyperbolic system (4.1). Given ug €
L? and 2z € L3(L?), the pair (u, 2) € L?(0, T; L?) x L2((0, T) x (=7, 0) x R%) is
called a weak solution of (4.1) if the variational equation

T T 0
/(Uv$2*¢*PM"/)|9=0)L2dt+// (z, L5 ) 2dOdt
0 0 J—71
0

= (ug, A%¢pi—o) 2 +/ (20, €= Paytdj—o) 20 (4.6)

-7

is satisfied for every test function (¢, v) € H((0, T) x RY) x L}(R%; H*((0, T) x
(=7, 0))) such that ¢;;—7 = 0, Yj;—p = 0 and eETMTp = Y19=_, and equation

T
/ (u, L5 p) p2dt = 0 (4.7)
0

holds for every ¢ € L*(0, T; H').
For systems without constraints, the last equation trivially holds. Weak solutions
are necessarily unique according to the following lemma.
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LEMMA 4.1. If (u, 2) is a weak solution of system (4.1), then u is the weak solution
of the Cauchy problem

Lou = —eTMz,, Lu =0, Ujp—o = Uo, (4.8)
and z is the weak solution of the transport system
Lz=0, 2j9=0 = Puru, 2|4=0 = %% Pas 20. (4.9)

In particular, we have u € C(0, T; L?), z € C(0, T; L3(L?)), zr € L*(0, T; L?), and
the weak solution satisfies the estimate
lullco,r;r2) + 1zllcorez22)) + 2rlL20,1;02) < Ce ™ (Jluoll L2 + 20/l 22 (z2))

for some positive constants C' and .

Proof. Taking ¢ = 0 in (4.6) shows that z is the weak solution of (4.9), and there-
fore, we have z; € L?(0, T; L?). Given ¢ € H'((0, T) x R?) such that ¢ =0,
the homogeneous backward-in-time Cauchy problem

*atd} + 89111 + 5#) = 07 w‘@:—r = 66TMT¢, q/}|15=T =0

has a compatible data, and thus, according to the previous section it has a solution
satisfying

¢ € C0,T; Hy(L*) N Li(H")) N CH(0,T; Lj(L?)),

and in particular, ¢ € L2(R% H'((0, T) x (—, 0))). Choosing the pair (¢, ) in the
variational formulation (4.6) and using (3.12), it follows that u is the weak solution
of (4.8). The energy estimate of the lemma follows from the energy estimates for
solutions of (4.8) and (4.9), and by taking v sufficiently large. O

The above lemma together with theorem 3.5 imply that z(t, 8, x) € Ker(M)=* for
almost every (¢, 0, x) € (0, T) x (—7, 0) x R Let

d
Xe:=Que LY Q0 u+Ru=0
j=1

with the differential equation taken in the sense of distributions.

THEOREM 4.2. If (ug, 20) € X x LZ(L?) and assumption (Q) holds, then (4.1) has
a unique weak solution.

Proof. Uniqueness follows immediately from the previous lemma. For existence, we

apply theorem 3.1 and for this we introduce the function spaces X := L2(0, T'; L?) x
L2(0, T: L3(L2)), ¥ == H((0, T) x RY) x LA(RY, H((0, T) x (-7, 0))) any Z :=

https://doi.org/10.1017/prm.2023.93 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.93

16 G. Peralta

L2(0, T; L?) x L? x L2(L?). Define the operators A:Y — X, ¥:Y — Z and & :
Y — Z as follows:

(¢,7) := (L5 ¢ — Puibjo—o, £1 1)

(¢, 0) == (0, A%py—g, €= Payipyi—o)

((ba 1/)) = (eETMT(b - QZ}|9:—T7 ¢|t:T7 w\t:T)'
(.

The variational equation (4.6) can now be expressed as

((u, 2), A(¢, ) x = ((0,u0, 20), ¥(9,9))z

for every (¢, ) € Ker(®). From the a priori estimates for the transport equation
with parameter (3.7) and for hyperbolic systems, the dual version of (4.5), we obtain
the priori estimate (3.4) with the help of an absorption argument. More precisely,
the terms ||¢[|z2(0,7;22) and [[1j9—o|| £2(0,7;12) arising on the right-hand side can be
absorbed by the left-hand side by making ~ sufficiently large. Therefore, (4.6) is
satisfied for some (u, z) € X.

It remains to verify the constraint. For this purpose, let wus:= Rsu €
L%(0, T; H*®) and zo5 := Rsz0 € L3(H>). Let 25 be the solution of the transport
system with initial data €% Pyrzos and boundary data Ppsus. Let u® be the solu-
tion of the hyperbolic system with source term —e®” M z5, and initial data ugs :=
Rsug. Then, we have zs, € L%(0, T; H*), and consequently, u € H'(0, T; H*).
Moreover, u® — u in L? by uniqueness of weak solutions. Therefore, for every
0 € 2((0, T) x R?) we obtain from the Parseval’s identity that

A
v
P

T T P
/ (Lo, ) 2t = / Re((i/€|Q(w) + R)uj, §)zdt
0 0

where ~ is the Fourier transform.
According to condition (Q) and the differential equation for u%, we have

(i€]Q(w) + Ryu
= €2 Qw)(A%) M A(w)ud — il€[(Q(w)(A%) 1L + R(A®) M A(w))ul
— R(A%) T L +ieT €| Q(w)(A%) T M Z5r + T R(A%) T M 25, = 0.

Thus, Z3u? is constant, and in particular, we have Z3u’ (t) = Lsups = Rs(Lsug) =
0 for every ¢ > 0. Passing to the limit in fOT(u5, L5 ) 2dt = 0 and using the density
of 2((0, T) x RY) in L%(0, T; H'), we infer that the weak solution satisfies the
variational form (4.7) of the differential constraint. O

THEOREM 4.3. If ug € X, N H® and zy € LZ(H?), then the weak solution of (4.1)
satisfies w € C(0, Ty H®), z € C(0, T; L2(H®)), and 2, € L*(0, T; H®).

Proof. Let u® := ug and 2° := e*? Py;2y. Given u™ !, let 2" be the solution of the
transport system (4.9) with boundary data Ppu™"' and initial data e Pyrz.
Then, we have 2" € L?(0, T; H*). Let u™ be the solution of the hyperbolic system
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(4.8) with initial data up and source term —e*”M2zI'. Hence, it follows that u™ €
C(0, T; H®). Using the energy estimates for the transport equation with parameter
and hyperbolic systems, one can derive

[u" =" 0 7y + 112" = Zn_lHZC(o,T;Lg(Hs)) + 127 =27 a0,
(CeQ'yTT)n—l
< W(Hul - UOH%{S + Hzl - ZOH%@(Hs))

for some C' >0 and for every n. This implies that (u"),, (2")n, and (z7),, are
Cauchy sequences in C(0, T; H*), C(0, T; L(H*®)), and L?(0, T; H*), respectively.

One can see that the limit of (u™, z™) is the weak solution of system (4.1). In
fact, this follows from

T T
/ (u", L5 ¢ — Pypig—o) p2dt + / (u" —u""!, Pyijg—o) r2dt
0 0

T (0 0
+ / / (Zn7 gz*lﬁ)deedt = (uo, AO(;S‘t:o)Lz + / (20, eEGPM@/J‘tZO)Lz de
0 J—71

—T

which holds for every test function (¢, 1) € H'((0, T') x R%) x L2(R%; H*((0, T) x
(=7, 0))) such that ¢y—r =0, Yp—r =0, and eETMT¢ = Yjg——-. Therefore, u €
C(0, T; H®), z € C(0, T; L2(H*)) and z, € L2(0, T; H*). 0

The solution space for problem (4.1) with compatible data is based on the
following function spaces

Lk = ﬂ Hg(Herkfj)’ Xk = ﬂ Cj(O,T; Hm+k7j)’
j=0 j=0

Yok = () CV(0.T5 Zin—jr), Wi = () H? (0, T H™+)
7=0 7=0

for nonnegative integers m and k. The norms of these functions spaces will be the
sum (or the max) of norms appearing in the intersections.
Given ug and zy we define recursively the following functions

~ g0 ~ ~ ~
20 = e’ P, Zj = O0pZi—1 — €Zi—1,
d
pyp— ] ET ~
U = — E Aj(?mjui_l - Lui_l — € MPMZi—l\O:—T-
j=1

The data (ug, zo) is said to be compatible up to order k if Zijo—o = u; for all 0 <
1 < k.

THEOREM 4.4. Let m and k be nonnegative integers. Assume that the initial data
(ug, 20) € (H™TF N X,) x Zm i is compatible up to order m —1 if m > 1. Then,
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(4.1) has a unique solution (u, z) € Xk X Y i satisfying the differential con-
straint for every T > 0. Furthermore, z; € W,, . There exist positive constants C
and vy such that

Vs T 122w, < C (o]l prmsr + 20|

Zonre)- (4.10)

Proof. The case m = 0 has been already established from the previous theorem, and
so, we only consider m > 1. Initially we have the regularity u € C(0, T; H™+F),
z € C(0, T; LZ(H™**)), and 2, € L?(0, T; H™**) according to theorem 4.3, and
from the differential equation for u, we can see that uw € H'(0, T; H™T*=1), The
compatibility of the data (Pysu, €9 Pyr2o) implies that z € C(0, T; HY(H™ 1)) N
CY0, T; L2(H™*=1)) and 2, € HY(0, T; H™*=1) c C(0, T; H™**~1). Conse-
quently, u € C1(0, T; H™*=1)yn H2(0, T; H™*#~2) according to the PDE for u
once more. Continuing the process, we obtain that z € Z,, ,, and 2z, € Wy, j, and
consequently, u € X,, ;. The energy estimate (4.10) is a direct consequence of
(3.14), (4.5), and by making v sufficiently large. a

[l x i + 121

In deriving energy estimates for (4.1), we will take more derivatives than those
that are allowable by the regularity of the solution. However, the final estimates
only contain the norms of the space where the solution belongs. Therefore, one can
approximate first the solution by smoother ones, derive energy estimates for the
approximations and then pass to the limit to obtain the energy estimates for the
solution.

As an illustration, suppose we have data (ug, zo) € (H™* N X,.) X Z,,  which
is compatible up to order m — 1 if m > 1. The previous theorem implies that the
weak solution of (4.1) satisfies (u, z, 2;) € Xk X Yk X Wiy . Given mg > m
and ko > k, by theorem 3.3 there exists (200, vy) € Hy"(H") x H™ (0, T; H*)
that is compatible up to order mg — 1 for every n and

(Zon, vn) — (€59 Parzo, Ppru) in Zpy g X W k-
The solution of the transport system with parameter
Lz =0, Zn|0=0 = Un,  Zn|t=0 = Z0n;,

satisfies 2z, € Yy,0.5, and zpr € Wiy i, and we have z, — z in Yy, ;, and 2z, — 2-
in Wka.

For each n, let g, := Ry ug € H™ T so that ug, — uo in H™* N X.. Now
we use z, to approximate the solutions of the hyperbolic system. Let w, be the
solution of the hyperbolic system

ET
Lotty, = —€" Mz, Lsu,, =0, Up|t=0 = UOn-

Then we have u,, € X, 1, and u,, — u in X, . Combining the above systems, we
have

Loup, = —€eT Mz,
Lizp =0, Zn|0=0 = Ppyn + 0n,
Lzuy, =0, Up|t=0 = UOn, Zn|t=0 = *0n-

where the residual p,, is given by 0, := v, — Pprtiy,-
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Notice that the above system is the same as (4.2) except for the boundary condi-
tion for z, which contains the residual p,,. According to the continuous embedding
Xk C Wi we have u, — u in Wy, ;, and therefore g,, — 0 in Wy, ;.. From this,
it follows that by taking mg and kg large enough, we can take any derivatives and
as long as the final estimate involves only the norms of the states in X, x, Yo i,
Zm i, and Wy, 1 where they are applicable. The energy estimates for the approxi-
mate functions (u,, z,) imply those for the solution (u, z) of (4.2). If in addition,
the initial data are integrable in the sense that ug € L' and zo € LZ(L'), then we
have ug,, — ug in L' and 2¢,, — 2o in L2(L'), see the paragraph after the proof of
theorem 3.3. This information will be used in § 8 in deriving decay estimates under
the additional integrability assumption on the data.

5. Asymptotic stability and standard decay estimates

The goal of the present section is to derive energy estimates for the solutions of (4.1)
under the conditions for the coefficient matrices presented in § 2. We begin with
condition (S)s, which is known to provide standard decay estimates for symmetric
hyperbolic systems. For simplicity we denote by

w:= Pru, v:=Pru

the projection of u onto Ker(L)* and Ker(L;)*, respectively. Also, we simply write
U for the block matrix ¥ n as in condition (M). Generic constants will be denoted
by C or with a subscript and their values may possibly vary from line to line.

THEOREM 5.1. Suppose that conditions (L), (S), (M), (Q), (K), and (S)s are

satisfied. Assume that (ug, z0) € (H* N X.) x LZ(H®) for some s > 1 and define

I2 = |juoll%. + ||z0H%2(HS). Then, the solution of (4.1) with data (ug, €% Ppr2o)
0

satisfies
t
lu@liZs + 120172 e +/0 10zu(0) |21 do

t
+ [ (1w )@ + 1@ ) do < €L 1200 5)

Proof. As mentioned in the preceding section, we can formally take the derivatives
of the partial differential equations. We divide the derivation of the energy estimate
in several steps.

Step 1. Applying 9% to the PDE for u and then taking the inner product with Go%u
yields

d 1< .

a<GAOaf;u, dbu) + 3 > 0u (GATDu, 04u) + ((GL) 0w, Ou)

Jj=1

[N

+ T (GMIt 2y, 05u) = 0 (5.2)
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for 0 < £ < s. By taking the inner product of the transport equation for z with Nz
and then integrating over (—7, 0), we obtain

1d

’ ¢ i ’ ¢ ¢
3ar | (NoLe(o).0kx0)a0 e [ (NoLx(0).0L(0) 0

1 1
- §<NPM8£u, Profu) + Q(Naﬁzﬁ dbz) =0. (5.3)
Getting the sum of (5.2) and (5.3), integrating with respect to x, and using the
fact that the range of GM is orthogonal to the kernel of L;, we have

1d

2th1[+€(Na z, (9 Z)Lz(Lz)

by [ U@k 0L), Bk, D))o + (67~ D(GMOLzr, B0 =0 (5.0
Rd

where
E1 A (GAOaEU 8£ )L2 + (N@fz, 8£Z)L§(L2)~

Using condition (M) on (5.4) and then choosing ¢ sufficiently small, we have

d
5 Bue + CUIOL I3 + 1942135 10 + 10520 122) < 0. (5.5)

Step 2. The next step is to derive dissipation terms involving w. For this purpose,
we differentiate ¢ times the equation for u and take the inner product with ST9%u

to obtain
5 37 (54%0%u.0Lu) + Z< (SAT0Lu, gu) + <(SAj)gaxjaﬁu,a£u>)
((SL)10%u, 0bu) + €T (SM L 2., 0bw) = 0. (5.6)

Here, we used the fact that the range of SM is orthogonal to the kernel of L. The
second term in the sum can be rewritten as

d d
> ((SA)20,,05u,0bu) = > ((Y;0r,04u, 0bu) + (QT LW R)20,, 0bu, 05u))
j=1 j=1
(5.7)
where
= (SAT — QT IT,WR)s, 1<j<d.

Integrating both sides with respect to x and then applying Parseval’s identity to
the first sum on the right-hand side of (5.7), we get

TjYx

d
> (Y0, 05u, 0bu) 2 = (|2 FY (w)E, 0) 12, (5.8)

j=1
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where w := £/|¢| and
Y (w) :=i(SA(w) — Q(w)" W R),.
According to condition (S)s, (5.8) is nonnegative. On the other hand, using the
constraint Z3u = 0, we obtain

d
> QT I W R)20,, 05u, dbu) = (Wi ROLu, RO4u) > 0

j=1
because W is nonnegative on the range of R. Therefore, integrating (5.6) over R,

using the above information, and Young’s inequality, we have the estimate

1d
2dt

where 1 > 0 and

— B+ ((SL)10pu, 0yu) 2 — (l|ogw(|Zs + Cylloz-ll7.) <0 (5.9)

By = (SA°0Lu, Obu) 2
From condition (S), there exist positive constants Cy and Cjy such that
((SL)105u, dhu) 2 = ((SL + L)104u, du) 2 — (L1dbu, Obu) 2
> C1l|0pwl7e — CallOyv]|Z.-

Plugging this estimate to (5.9) and choosing 7 < Cy, we obtain

1d
gt C(llogwllFe — 1052172 — 1950]|72) <O (5.10)
Multiplying (5.10) by small enough « > 0 and then adding with (5.5), we have

1d

5 (Bre + aBa) + Call0kelEa + 195wl + 1042135 sy + 0521 32) <

(5.11)
for some C,, > 0 and for all 0 < ¢ < s.

Step 3. The final step is to derive dissipation terms for the derivatives. Applying
9t to the equation for u, taking the L2-inner product with ZZ:1 K*T9,, 0tu, and
applying the anti-symmetry of K*A°, we obtain

d d
1
5(% > (EFAu, 0, 00u) 2 + > (KFAT, 04, 0y, Obu) 2
k=1 7,k=1
d
+Y (K*Lotw, 8, 0%u) 12 + e T (K* M3’ 2;, 0y, 00u) 12) = 0 (5.12)
k:l

for every 0 </ < s—1. Let I; and I denote the last two sums in this equation.
The term I5 can be estimated as

L] < ll0g  ullZ + Cp(ll0gwl|Z + (10527 [172)

for every n > 0.
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Now, applying (2.2), the fact that u(t, §) € Ker(IloQ(w)) for every ¢ > 0 and for
every & € R?\ {0}, and using Parseval’s identity, we infer that
I, = Re(|€ 2 K () A(w)T, ) 12
= (|€*"2(K (w)A(w) + 9(SL + L))13,0) 12 — 9(|E|*F2(SL + L)1, D) 12

> Cillle***al 7. — CalllEP @l

for some constants Cy, C2 >0 and ¢ is the constant in (2.2). Here, K(w) :=
22:1 K*wy. Using Plancherel’s identity to the latter terms and then combining
the above estimates, we obtain from (5.12)

1d
537 Poe + Co(l0z ulfa — 07wl = 1052-([72) <0 (5.13)

by choosing 1 > 0 small enough, where

d
Esy:= Y (K*A°0Lu,0,,00u) 2.

kYT
k=1

Multiplying (5.13) by 3 > 0 small enough and then adding the result to (5.11)
yields, for 0 < £ < s — 1, the estimate

1d
5&(151,@ + E1 041+ a(Eop+ E2441) + BE30)

+ 0|0z ullZe + 105017 + |105wlFn + 1052072 1y + 10520 1 72) <O (5.14)

for some constant C' = Cy g, > 0. By reducing a > 0 and then 3 > 0 if necessary,
we can see that there are constants C;, Co > 0 such that

Cr(llgullFr + 1052072 1)) < Bre + Ergsr + o Eag + Bapi1) + BB,
< Ca(l|0zullFp + 10220172 1r1y)- (5.15)

Taking the sum of (5.14) for 0 < ¢ < s — 1, integrating with respect to time, and
then using the equivalence (5.15), we acquire the estimate in the theorem. g

Using the energy estimate of the previous theorem, one can also derive the cor-
responding estimates for the derivatives with respect to time and history under an
additional compatibility condition.

THEOREM 5.2. Suppose that conditions (L), (S), (M), (@), (K), and (S)s are

satisfied. Assume that (ug, 20) € (H**™ N X.) X Zm i is compatible up to order
m—1 for some k>0 and m > 1. Let s:=k+m and I§ := ||uo3- + [l20]l% -
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The solution of (4.1) satisfies

Z[naf O+ [ 10fu(o) ]

m t
3 (1062015, + [ (10 + 102001, ) 0] < 08

=0
(5.16)

for every t > 0.

Proof. First, since Z, x, C Zo,s = Li(H?®) it follows that (5.1) holds. The next step
is to obtain an estimate for the time derivatives of u. Taking the (£ — 1)st derivative
with respect to t of the equation for u, for 1 < ¢ < m, we have

d
Ofu=—(A") "1 A0, 0 tu — (A°) Lo w — €T (A0) T MO 2 (5.17)
j=1
Using an induction argument, it can be easily seen that the estimate

£—1

10 ()| o-e < C(II%u(t)llqul )|+ ||8§ZT(t)||?qu1) (5.18)

j=0
holds for every 1 < /¢ < m and t > 0.
On the other hand, by applying 9f0% to the transport equation for z and
multiplying with 9/0%z, we have
1 1
§8t(|3f552|2) - gﬁe(laff?;ZIQ) +eldfdy2|* =0 (5.19)
for every 0 </ < m and 0 < v < m — £. From the boundary condition at § = 0 and
the fact that Ker(L;) C Ker(M), we have zjg—g = Pyru = Py (v + (I — Pr,)u) =

Pyv. Integrating (5.19) over (0, t) x (—7, 0) x R? and then taking the sum over all
0 < v < s — £ produce the estimate

t t
10f2(1) 25 100y + € / 10 20113 ey dor + / 02+ (0) 3. —edlo

t
(10O g0y + [ 10F0(o) By (5.20)
for every 0<{<m. We note that for every 0<{¢<m it holds that

10 2(0 )||L2 me-0y < |20l 2,1 -
We estabhbh by strong induction the following estimate for 0 </ < mand t > 0

t t
10 2(6) 125 -0y + / 108 2(0) 25 72yl + / 10f2-(0)|3.—odo < CT. (5.21)

The case ¢ = 0 has been already established in theorem 5.1. Suppose that (5.21)
holds for every 0, 1, ..., £ — 1. Applying (5.1), (5.18), and the induction hypothesis,

https://doi.org/10.1017/prm.2023.93 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.93

24 G. Peralta

one has

t
/O 1880(0)|2.—edo
/—1

t
<© [ (10su(@)ecs + Lot} + 10050 (@leses o < €I
j=0
Plugging this in inequality (5.20) proves (5.21).
Similarly, using a strong induction argument and the equation 0pz = 0sz + €z,

we can obtain estimates involving derivatives with respect to 8. More precisely, we
have

t
CE RO —— / 10£0 ()12 gro-eydlo < CIE (5.22)

for every 0 < £+ p < m. Given 0 < £ < m, taking the sum over all 0 < p < m — /¢
in (5.22) results to

m—{ t

S (10800 ae-cony + [ 1060 gt ) < CR. (529
n=0

Combining (5.21) and (5.23), and using the definition of Z,, ., we obtain

m t

S (10t .+ [ (bt 1020, ) do] < 22

£=0

By the Poincaré inequality we have, for every 0 < j < m — 1,
107 27 (8) | rro-5-1 < CUOL2(0) | gz (ro-s-1)-

Utilizing this estimate in (5.18) together with (5.1) and (5.23), we have the other
part of the desired estimate

m t
Z [H@fu(t)”que +/ 0fu(0)||3.—edo | < CT3.
=1 0

This completes the proof of the theorem. O

The above energy estimates imply the uniform decay of u and z on R¢ and
(=7, 0) x R4, respectively. We denote by [r] the largest integer less than or equal
tor eR.
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COROLLARY 5.3. Suppose that the conditions of theorem 5.2 hold. Let sq := [d/2] +
1 and k > 1. Then, for every 0 <L <m—1and 0 < j < m— ¥, we have

10Fu(t)]|yyrs—s0—t-1,00 — 0 as t — 00, if s = s+ L+ 1, (5.24)
10F (v, W) () lyyraso—t.00 — 0 as t — oo, if 5 > s + £, (5.25)
||(“)fz(t)||H5(WS,SO,2,J-,OO) — 0 ast— oo, if s =89+ L+ 7. (5.26)

In particular, for every 0 <L <m—1and 0<j<m—~{—1, we have
||8fz(t)ng.oo(ws_so_g_j_lm) — 0 as t — oo, ifs>so+j+0+1.  (5.27)

Proof. First, let us prove the uniform decay (5.24). To do this, we introduce the

functional ®1(t) := [|0,0u(t)||%.-.—». According to (5.1) and (5.16), we have ®; €

W0, 0o) and therefore ®;(t) — 0 as t — oo. Let r = d/(2s¢). Then, r = d/(d +
2) if d is even and r = d/(d + 1) if d is odd, and in any case, we have r € [1/2, 1).
In virtue of the Gagliardo—Nirenberg inequality [20], we get
10 u()l[ws—s0-t-1.00 < ClOufu(t) a2 | 0Fu(t) | 172" oy
< O 0, 00u(t) [y — 0

as t — oo. To prove (5.25) and (5.26), we consider the functional

Da(t) 1= 110 (0, )0 3 er + 30 10F 2O ey

From the energy estimates (5.1) and (5.16) we can see that ®; € W1(0, 00), and
hence, ®5(t) — 0 as t — co. The Gagliardo-Nirenberg inequality once more imply
(5.25), and similarly

R [ ——

Hs—so—¢—J

< c/ 0L0L D 2(t, )| 2.5 | 0L 2(t, )12, a6 (5.28)

for every 0 < pu < j and 0 < j < m — £. Applying Holder’s inequality and using the
fact that » < 1, we get

1070 2() | 2 (wo-s0-e-ae) < ClOFOY 2() |72 gro-e-1) 10705 2 (1)

HL2 Hs—so— £— _])

< CI 00 2Ol ey

< CIglog ()"

Hg(Hs—l/.—j—l)

for every 0 < p < j. Passing to the limit ¢ — oo, this estimate imply (5.26). Finally,
(5.27) is a consequence of (5.26) and the Sobolev embedding. O
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The next goal is to derive time-weighted decay estimates for (4.1) under the
assumption (S)s. For this, we define the energy functionals

S

No()®:= ) sup (1+0) (|8%ulo) 7 + 1022(0) I3 (gr-—)

=0 0<o<t

DuBR = 3 [ 1+ o (080w 2 ) s +1082(0) o) (5:20)
=0

s—1 t
+Z/ (14 0)? |07 u(0)]|4e—s-1do. (5.30)
j=0"9

THEOREM 5.4. Under the assumptions of theorem 5.1, there exists a constant C' > 0
independent of t and the initial data such that Ns(t)? + Ds(t)*> < CIZ for every
t > 0. In particular, we have

103u(®) | -5 + 10520 | 3oy < C(L+ 1)/ (5.31)
for every 0 < j < s andt > 0. Moreover, for every 0 < j < s, we have
107 Ru(t) || gre—i—1 < C(1 +t)~3/2=1/2), (5.32)

The proof of this theorem follows immediately from the following energy estimates
together with an induction argument. Estimate (5.32) follows from (5.31) and the
differential constraint.

LEMMA 5.5. In the framework of theorem 5.1, there exists C > 0 such that we have
the following time-weighted energy estimates

(1407 (102u) 75 + 10220172 (11+-))
T / (1 ) (108 00,20 () s + 10820 g o) < CIR (5.33)
for every0 < j<sandt >0, and
/Otﬂ T oY 10 () [y s-rdo < O (5.34)

for every0 < j<sandt>0.

Proof. Multiplying (5.11) by (1 +t)7, integrating with respect to ¢, and then taking
the sum of the corresponding inequalities for j < ¢ < s — 7, we obtain

(1 +8) (102w 135 + 1022172 (go-1))
t
+/O (L +0) (104 (v, w, 20) () | Frems + 1022(0) 123 (pye-s))der

t
<CI+C [ (14 ) ([0200) s + 1025(0) g o))
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for every 0 < j < s. On the other hand, if we multiply (5.14) by (1 + ¢)?, integrate
from 0 to ¢, and then take the sum for every j << s—j — 1, we get

t
/ (14 0V (102 a0 ey s + 11057 2(0) 12 o-s-1))do
0
t
<CR+Cj / (L o) (101 a0 3msms + 105 2(0) 2 g1y
0

Induction argument yields that these estimates imply (5.33) and (5.34). O

Due to the dissipative structure of the damping matrix L, we have the following
better decay for the component w and z assuming that the kernel of L lies in the
kernel of its symmetric part L. More precisely:

(L)+ The matrix P;, commutes with GA® and SA° and we have Ker(L) C Ker(L;).

THEOREM 5.6. Suppose that the conditions of theorem 5.1 hold and in addition that
(L), is satisfied. Then, we have

& w(t Hes—i—1 + & z(t r2ge—i-1y < C(1+t —3/2-(1/2) 5.35
x x 9( )
for every0 < j<sandt>0.

Proof. Taking the inner product of the differential equation for u with Go‘w =
GPr0%wu and then using the fact that P, and GA® commute, we have

%%(GAoaﬁw,3£w> + ((GL), 05w, 0 w) 4+ €T (GM L 2, 05w) = Ry, (5.36)

where Ry, := — Zizl(GAkﬁxkﬁﬁu, 0tw). We claim that Pp,w = v. Indeed, since
(I — Pp)u is in the kernel of L, and hence in the kernel of L, we have Pr,
(u— Pru) = 0. Using the definition of w and v, this implies our claim. Since
Py, = P, and the range of GM is orthogonal to the kernel of L;, equation

(5.36) can be written as
1
§%<GA08ﬁw, O'w) + ((GL)10%,0%0) + e (GM Oz, 0%v) = Ry (5.37)

Similarly, from the fact that Py, and SA° commute, we obtain by multiplying the
equation for u by ST9%w

%%@A%ﬁw, Oyw) + ((SL)10,w, pw) = Ra, (5-38)

where Ryp := —e*T(SM O’ 2., 0bw) — 27=1<5Ak8mk8£u, 0Lw). Here, we use the fact
that SLu = SLw. Multiplying (5.38) by «, taking the sum with (5.37) and (5.3),
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and then the sum for all j </ < s—j— 1, we obtain

s—j—1

1
dE +e(NOI 2,09 2 )L2(He-i-1) —|—f Z / U (0w, 052,), (0, 0k 2, ))dx

2dt
+ (e — 1)(GM8;ZT76£U)H5—J-—1 + a((SL)10iw, dw) ro-i-1 = Ry,

where Ej := ((GAOJraSAO)@Zw Ogw)ga—i—1 + (N8yz, 852)13(gga—s—1) and  the

right-hand side is given by R ZS TN (Ryg + aRyy).

Applying the Cauchy— Schwarz mequahty, using condition (M), and then making
« and € small enough, we can see that there exist positive constants ¢ and C' such
that

d

B B < CloF a3

Multiplying both sides by e and then integrating from 0 to ¢ yields

t
E;(t) < Ej(0)e " + C/ e~ =9I (o) || %1 do

E(O) —ct_|_0/ —c(t— U)(I—FO') i— 1d0’
<C+t)y7~h
This estimate implies (5.35) and this completes the proof of the theorem. a

Next, we have the following estimates on the spatio-temporal derivatives. With
additional structure on the matrices associated with the constraints we get better
decay.

(Q)* For each 1 <1 < d there exists a ny x n matrix él such that I1,Q" = QZPL.

COROLLARY 5.7. In the framework of theorem 5.2, for 0 < £ < m, we have
VO3 gees + 1OLOL=E) 1y r1e—emsy < C(1+ 861 (5.39)
10£ 0" Ru(t) || gro—e—n—1 < C(1 +t)~W/2=01/2) (5.40)

forevery0 < j<s—0, 0<v<s—0—jand 0 < p<s—~L In addition, if (L),
and (Q). are satisfied, then we have

107 03w ()| re—e-s-1 + 10;052(t) | 1y (pre-e-s-v—1) < C(L 4 1)~ U/~ (5.41)
|0£0" Ru(t) || pre—e—n—2 < C(1+ 1)~ /271 (5.42)

forevery 0 < j<s—{¢—1and 0<v<s—¥0—j—1, and for every 0 < pu < s —
{—1.
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Proof. Applying 9% to (5.17) and then taking the sum over j < v < s — £ — j yields

10 D2u(O) ey < OO O ()| Fpememsos + COF D0 (t) [Ty
+ OOy Oz (D) Feems - (5.43)

Multiplying equation (5.19) by (1 +t)7, integrating with respect to (¢, 6, z), and
then getting the sum for j < v < s — £ — j, we have

t
(L+ )7 [0 2 gromis) + / (L+ oV [£02(0)|2a g1y
+ / (1+0)7 0 2,(0) 3o, do < CIZ +C / (1+ o) 10808 0(0) 3o do
0 0
t
+Cj/0 (1+a)f—lHafa;'z(a)||2Lg(H5,g,j)da. (5.44)

The estimate involving z in (5.39) when v =0 can be obtained from (5.43) and
(5.44), and when v > 0 we use the equation dypz = J;z + £z together with strong
induction. The constraint and (5.39) immediately imply (5.40). Finally, (5.41) and
(5.42) can be shown using the same argument as in the preceding theorem. O

6. Asymptotic stability and regularity-loss decay estimates

If we replace condition (S)s by (S),, then the inequality (5.11) does not hold any-
more. For this reason, we need to revisit the second and third steps of the proof
of theorem 5.1. As a result, the corresponding estimates will be weaker than those
that were derived from (S)s.

THEOREM 6.1. Assume that the conditions (L), (S), (M), (Q), (K), and (S),

hold and let s > 2. Suppose that (ug, zo) € (H* N X.) x LZ(H?®) and define Ig :=

|uoll%s + ||20H%2(HS). Then, the solution of (4.1) with data (ug, e Pyrzo) satisfies
6

t
) s+ 1Ol )+ | 1050 s

t
+ / (1w, 20) @) e + (@) s + 1) 2 g1y ) do < CIB, 220, (6.1)

Proof. Note that inequality (5.5) is still satisfied. The next step is to revise the
estimation of Step 2 in the proof of theorem 5.1. Since Y (w) is nonnegative only
on the kernel of L1, we need to proceed in a different way to treat the first term
on the right-hand side of (5.7). Recall that Y; := (SA7 — QT II; W R),. We rewrite
the said term as follows:

(Y0, 05, 0bu) 2 = (Y0, 0% (u — v), 85 (u — v)) 2 — (Y3040, 0, 05u) 12

J Ay jTx

+ (Y505, 0% (u — v), 050) 2. (6.2)
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Applying Parseval’s identity and the fact that u(§) — v(§) € Ker(Lq) for every &,
we obtain from condition (S), that

d
D (V00,0 (u—v), 04 (u —v)) 12 = (|EFHY (w) (@ —0),@ — D)2 > 0.

Jj=1

We apply Young’s inequality to estimate the last two terms on the right-hand
side of (6.2) as follows:

d
0
S 15050, 00, 0ka0) 2] + (V50,04 (1 = 0), 060) 2] < 2105 3 + Clj0fvl
j=1

for every 0 < £ < s—1 and g > 0. Plugging these estimates to (5.6) and (5.7), we
obtain

1d

0
5B+ ClI0kw]3e — 0420]32) — Collobold — 2106l <0 (63)

for every 0 < £ < s — 1. We perform a similar procedure and integrate by parts to
pass the derivatives on v to get

1d

0
gz Prent + U0 wlge = 105" 20 172) = Coll oz ol — 5105 ullZze <0

(6.4)

for every 0 < /£ < s — 2.
Combining estimates (5.5), (5.14), (6.3), and (6.4), we obtain the following:

1d~
5&& +(C = aCy)|0gvll3 + (C = aC = afCy)||0r2 | 3y

T a(C = BO 04w 3 + a(BCy — |0 ul3 + CIOA 2z <O (65)
for every 0 < £ < s — 2, where we used the abbreviation
Ep:= Ev o+ Ev 41+ Ev 40+ a(Eap+ Ez 1) + afE5 4.

Choosing the positive constants o, 3, and « in such a way that 8 < C/Cy,, 0 < BC,,
and o < max(C/C,, C/(C + BCy)), we can see that every constants appearing on
the left-hand side of inequality (6.5) are positive. Integrating this inequality with
respect to t and taking the sum for all 0 < ¢ < s — 2, we get the desired inequality
stated in the theorem after reducing v and then  if necessary. |

Analogous to theorem 5.2, one can also derive estimates for the time-derivatives.
The details are left to the reader.

THEOREM 6.2. Suppose that the conditions (L), (S), (M), (Q), (K), and (S),
hold. Assume that the initial data (ug, 29) € (H*™ N X,) x Zm i 15 compatible up
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to order m —1 for some k>1 and m > 1. Let s:=k+m and Iy := ||uo||gs +
20| 2, - The solution of (4.1) satisfies

9l [LROTR NI I S ATl

=1

Z— L,k—1

e,H)dO < CIg, t=0. (6.6)

30 [ (108 + 10201,
£=0

The energy estimates in theorems 6.1 and 6.2 imply the following uniform decay.
The proofs are similar to corollary 5.3 and for this reason they are omitted.

COROLLARY 6.3. Assume that the framework of theorem 6.2 holds. Let sg := [d/2] +
1,50:=spifd>1andsy:=so+1ifd=1. Forevery0 < <m—1and0<j<
m— £

|05 (t)||yyra—s0—t-2.00 — O as t — o0, if s > s+ 0+ 2, (6.7)

and (5.25), (5.26), and (5.27) are also satisfied, with so replaced by Sp.

One can also derive time-weighted decay estimates with condition (S),. To this
end, we define the following energy functionals:

[s/2]
No(8)?:= D sup (L4 o) (|03u(0) |25 + 1022(0) 12 (gg0-2))

=0 0<o<t

[s/2]
Z/ (1 + o) (1020, 20) (0)[Fe-2s + 1022(0) |72 (gro-20)do

[s/2]-1

+ Z / (1 + o) (107w (o) |[F7a—2s -1 + 107 u(0) [F7e-25-2)do.

THEOREM 6.4. With respect to the assumptions of theorem 6.1, there is a constant
C > 0, which is independent of t and the initial data, with N,(t)> + D,(t)*> < CI3
for every t > 0. In particular, we have

10wt o2 + 1022(D) | b2 (ro—2i) < C(L+ )7/
for every 0 < j < [s/2]. Furthermore, for every 0 < j < [s/2], we have

18 Ru(t)]| o201 < C(1+1)=G/2=0/2),
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Proof. Given 0 < j < [s/2], we multiply (5.5) by (1 +¢)7, take the sum over all j <
{ < s — j, and integrate with respect to time to obtain the time-weighted inequality

(1 +6) (|02 Fpa=2s + 102212 pre-21)
t
+/O 1+ 0) (104 (v, 20 ) () Frsm2s + 1022(0) |72 (gre-25))do

t
<CR+Cj / (Ut o)~ ([00(0) Bgemas + 182(0) |23 125, dor

Now, given 0 < j < [s/2] we multiply (6.5) by (1 + ¢)? and then add the correspond-
ing terms for j < ¢ < s — j — 2 to have the estimate

t
/ (1 + o) (102w (0) | Fe-2s—1 + 107 u(t) |32 -2 )do
0

t
<CR+Cj / (L4 0) (1 080(0) 3 + 1922(0) 23 .21, )dor

A straightforward induction argument shows that these two estimates imply
N,.(t)? + D,(t)> < CI§ for every t > 0 and for some constant C' > 0. The rest of
the theorem follows from the latter estimate and the constraint. 0

We also have better decay under the assumption (L).. The proof is similar as
before and therefore we omit the details.

THEOREM 6.5. Assume that the conditions of theorem 6.1 hold. Suppose also that
(L) is satisfied. Then, we have

10w ()| re—25-2 + [032() | 3 (rre—ri—2) < (14 )70/D =072 (6.8)
for every 0 < j < [s/2] and t > 0.

Finally, we close this section with estimates on the time derivatives and deriva-
tives with respect to @ for the delay variable z. The proofs are the same as before
and for this reason we again omit the proofs.

COROLLARY 6.6. In the framework of theorem 6.2, for 0 < £ < m, we have
VOLO3U(E) g5 + 0203 (0) sy ooy < CL+H)"6/D (6.9)
10£0" Ru(t) || pre—e—20—1 < C(1+ )~ W/2=1/2) (6.10)

for every 0 < j<[(s—0)/2], 0<Sv<s—€—2j, and 0 < pu < [(s —¥)/2]. If (L)«
s satisfied, then

10§ 03w ()| pro—e-23-2 + 10f 02 2(t) |y (rro—e-25-v-2) < C(L+ )7 0/A=0/2 (6.11)
forevery0 < j < [(s—0)/2] —1and0 < v < s — L0 —25—2, and if (Q)« holds, then
0£0" Ru(t)|| pre—e—2u—a < C(14t)~W/2=1 (6.12)

for every 0 < p < [(s—¢)/2] — 1.
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7. Applications to the wave, Timoshenko and Euler—-Maxwell systems

In this section, we shall apply the results of § 5 and 6 to certain physical systems.
This includes the Timoshenko system, system of wave equations with delay in the
interaction, and the linearized Euler—-Maxwell system.

7.1. Timoshenko system

Our first example is the following dissipative Timoshenko system with delay

{wtt — Wgy + wx = Oa (71)

1piﬁt - a21/}xz — Wy + ¢ + adjt + 5"/]157' =0,

fort > 0 and € R. The unknown scalar functions w and v represent the transversal
displacement and rotation angle of a beam, respectively. The constants « and a are
positive while the sign of 3 is arbitrary. As in [10, 11, 29], by introducing the state
variable u = (w; — ¥, wy, athy, Py), we can rewrite this system in form (1.1) with
the matrices A° = I,

0100 0 00 1 0000
|t o000 (o 00 o0 0000
A==1oooal =10 00 ol M=|oo0o0 o0

00 a0 -1 0 0 « 0003

The system has no constraints so that Q@ = R = 0, and so condition (Q) is trivially
satisfied.

Note that the damping matrix is nonnegative and the delay matrix is symmet-
ric. The kernels of L and its symmetric part are given by Ker(L) = {es, e3} and
Ker(Ly) = Ker(L) U {e; }, where e; for 1 < j < 4 are the canonical unit vectors in
R%. This means that e; is the vector in R* with entry 1 in the jth component and
zero elsewhere. Choosing the compensating matrices S and K' by

0001 0 1.0 0
B 00 a 0 . =100 o0
S==1lg a0 0|l ©=l0o 00 -1

100 0 0 01 0

and by choosing 1 > 0 small enough, conditions (S) and (K) are satisfied. Moreover,
if a # 1, then (S); is satisfied while (S),. holds when a = 1. We refer to [29] for the
computations. If a > |3], then it follows from theorem 2.2 and theorem 2.3 that
condition (M) holds. One can easily verify that condition (L). holds. Therefore,
the asymptotic stability and decay estimates presented in § 5 and § 6 for o # 1
and o = 1, respectively, are applicable to the state u corresponding to (7.1). In this
example, we have Pru = (uq, 0, 0, ug).
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7.2. System of wave equations I

Consider the following coupled system of three-dimensional wave equations with
delay in one component

{¢tt —A¢ +ag; + ar)y + Boir = 0, (7.2)

Y — A — agy =0,

for (¢, 0, z) € (0, 00) x (=7, 0) x R%. Here, ¢ and v are scalar-valued. A similar
system in the bounded case has been studied in [9].

When oo = 0in (7.2), the wave equations are uncoupled, where one has a damping
term with delay, while the other one is undamped. For a # 0, we can think of the
terms a); and —a¢; as feedback interconnection that links the two vibrating media
through their velocities. If « > 0, then a negative velocity 1, accelerates the damped
wave, while a negative velocity ¢; decelerates the undamped wave. This approach is
related to the concept of indirect damping mechanisms introduced by Russell [26],
wherein dissipation in one component in elastic systems can be transferred to that
of the whole system.

We shall recast system (7.2) in the form of (1.1). To do this, we define the state
variable u = (V¢, ¢y, V), ¢,). Let ¢; and €, for 1 < j < 8 and 1 < k < 3, denote
the jth and kth canonical vectors in R® and R3, respectively. The above system
can be written in the form of (1.1) with A% = I,

0 ¢ 0 0 0O 0 0 0 0 0 0O
~T
i__ €& 0 0 O _ 0 a 0 « _ 0 8 0 O
A 0 0 0 ¢ » L 0O 0 0 O » M 0 0 0 0]’
0 0 é;-r 0 0 —a 0 0 0 0 0 O
for j =1, 2, 3.

The eigenvalues of the principal symbol A(&) are given by +i|¢| and the multiple
eigenvalue 0. Thus, some solutions of the system does not correspond to a solution
of wave system (7.2), and to factor them out we need to add the constraints V x
(Vo) =V x (Vip) = 0. The corresponding matrices are then given by R = 0 and

Q% 00 0
: 0 0 0 0 ‘
@=10 00 of ITLZE
0 0 0 0

Given ¢ = (£, &, €3)T € R3, the skew-symmetric matrix Q¢ is defined by

0 —& &
Qg = fs 0 _51
& & 0

so that Q¢1p =& x 1), where  x 9 is treated as a column vector. The damping
matrix is nonnegative and the delay matrix is symmetric. The kernel of L and
its symmetric part are given by Ker(L) = {e1, ea, €3, €5, eg, e7} and Ker(Ly) =
Ker(L) U {es}, respectively.
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Taking S = I, one can immediately see that (S) and (L). are satisfied. Because
IT, =0 and Il = I, we can take W = 0 and (S); holds. Let us verify condition (K).
For this purpose, define the compensating matrices

0 —¢ 0 0
~T
i_le 0o 0 o0 .
K 0 0 o -l j=1,2,3.
0o o e o

J

Note that Ker(Q(w)) = {(¢1, ¢1, ¥, ¢2) 1w X 91 =w X ¢ho = 0}. If (1, 1, Y2, ¢2) €
Ker(Q(w)), then wwyp =w x (w x ¥g) + Yp(wTw) =9 for k=1,2 and w €
S9!, From this, one can immediately see that condition (K) holds. Also, it is
clear that Q7A* = QL = Q7 M =0 for every j, k =1, 2, 3 and as a consequence,
condition (Q) is satisfied. Under the assumption a > ||, we see that condition
(M) holds. The results in § 5 can be applied to the state u and the corresponding
orthogonal projection onto Ker(L)* is given by w = (0, 0, 0, ug4, 0, 0, 0, ug).

7.3. System of wave equations II

Now let us consider the following coupled system of wave equations with delay
in the interaction

{(btt — A¢ + ads + athir + By =0, (7.3)

VYig — A + dipy +YPir + 6y = 0,

for t > 0 and z € R3. This has been studied in [23] in the case of one-space dimen-
sion. The system (7.3) is a generalization of (7.2), in which the two waves have
damping with delay, and the effects of the feedback interconnection also include
delays. In other words, the transmission of the dissipation terms does not occur
instantaneously.

The coefficient matrices for this problem are the same as those that are given in
the previous subsection except for the delay and damping matrices. In the current
situation, they are given by

0000 0 0 0 O
10 a 0 O 10 a 0 g
L_OOOO’M_OOOO

0 0 0 d 0 v 0 9

In this case, the delay matrix is not necessarily symmetric anymore. Condition (M)
holds if we have (a — |a])(d — |d]) > |B7|, see the Appendix in [21] for instance.
More precisely, by taking G and N of the form

00 0 0 00 0 0

{0 a0 0 [0 a3z 0 0

=10 00 0ol Y lo oo ol
0 0 0 a 0 0 0 ay

there are positive constants ay, ag, az, and a4 that fulfil condition (M). On the other
hand, conditions (L), (S), (Q), (S)s, and (L), can be easily verified. Therefore, the
results of § 5 are valid to system (7.3) with the state variable u = (V@, ¢, Vb, 1y).
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The wave equations (7.2) and (7.3) were written as first-order hyperbolic systems
with delay in terms of the velocities and the gradients of the displacements, that is,
using the ansatz u = (V¢, ¢, Vb, ¥;). On one hand, this is a typical formulation
for the wave equation as the L?-norms of these quantities represent the potential
and kinetic energies of the system. On the other hand, it is also interesting to
derive estimates and study the time-asymptotic behaviour with respect to ¢ and
1. However, the results and methods provided here cannot be applied directly to
such problems. For example, estimates for V¢ cannot be transferred to ¢ since, in
general, the Poincaré inequality is not valid in the whole space R%. Nonetheless, in
the case of bounded Lipschitz domains with homogeneous Dirichlet conditions, this
approach is meaningful.

For the damped wave equation without delay, Matsumura [14] obtained estimates
for the displacement, including the spatio-temporal derivatives, in L? and L*°.
The results were based on the analysis of the equivalent second-order differential
equation with the Fourier variable as a parameter. It is not clear at this point
how such methods can be applied and extended to the case of wave systems with
delays. As this is outside the scope of the paper, we leave these tasks for future
investigations.

7.4. Linearized Euler—-Maxwell system

Our final example is the following Euler-Maxwell system arising in the study of
plasma physics. We consider the system linearized at the constant equilibrium state
Uy = (ps, 0, 0, B.), where p, > 0 and B, € R?,

pt + psdive = 0,

PVt 4+ puVp = —po(E +v x B,) — p.(av + Bv;),

Ey, —V x B = p,v, (7.4)
Bi+VxE=0,

divE =p, —p, divB =0,

for t >0 and z € R3. The unknown state variables are the density p: (0, co) x
R3 — R, velocity v : (0, o) x R® — R3, electric field E : (0, co) x R® — R3, and
magnetic field B : (0, oo) x R3 — R3. Here, p, is constant.

By letting u := (p — p«, v, E, B — B,), system (7.4) can be written in the form
of (1.1) with the coefficient matrices

pefps 0 0 0 0 p& 00

o | 0 pd 00 i_|pel 0 0 0
A= 0 0 1ol =0 o o —0, |

0O 0 0 I 0 0 9 0

0 0 0 0 0 0 0 O

[0 Bp.I 0 0 10 p(al =Qp,) pd O

M=1g "0 o ofl =0 —p.d 0 0

0 0 0 0 0 0 0 O

The damping matrix L is nonnegative and the delay matrix M is symmetric.
Observe that Ker(L) = {e1, es, eg, e10} and Ker(L;) = Ker(L) U {es, es, e7}. The
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coefficient matrices corresponding to the differential constraints are given by

(00 & 0
J — J
Q_(oo 0 ’éj>’ R

Tt has been verified in [29] that (S), (K), (Q), and (S),, without the conditions
pertaining to the delay matrix M, hold with the matrices W = (np./p«)1,

Il
N\
O =
o O
o O
o O
~___

0 0 00 0 (1/p)é; 0 0
10 0 I 0 i | —=(ps/pi)ET 0 0 0
S=n1o q/nr 0 o] K= 0 0 0 Q
0 0 00 0 0 Q. 0

-7

for n > 0 sufficiently small and for 7 =1, 2, 3. However, it can be easily verified
that the properties in connection to M for conditions (S) and (Q) are satisfied.
Moreover, as in the previous examples, condition (M) is verified when o > |3].
Finally, conditions (L), and (Q). are satisfied with G = I and the fact that

0000
(o1 00 i (00 &

Pu=1g o 1 of M@ (000 )PL
0000

Hence, the Euler—-Maxwell system (7.4) with delay has the regularity-loss type decay
and the results of § 6 can be applied to this system. In this example, note that
Pru= (0, v, E,0), Pp,u=(0,v,0,0), and Ru= (p— px«, 0,0, 0). See also [31]
and [32] for related results.

8. Decay estimates for integrable data

If the initial data and the initial history are both integrable, then we can improve the
decay rates given in the previous sections. In this section, we only focus with decay
estimates for the derivatives with respect to space. The derivatives with respect
to time and delay variable can be handled in a similar way as in the previous
sections. The basic idea is to carry the calculations in the preceding sections in
the Fourier space. More precisely, we take the Fourier transforms with respect to
x of the differential equations and perform the calculations as in the primal space.
As before, using an approximation argument, we can use the differential equations
directly.
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8.1. Standard decay estimates

Taking the Fourier transform of system (4.1) with respect to the spatial variable
yields the following equations:

A%y (t, &) +il€| A(w)a(t, &) + La(t, &) + T MZ-(t,§) = 0,
ze(t,0,8) — 2p(,0,€) +e2(t,0,£) =0,
2(t,0,€) = Pyu(t, §),
2(0,6,¢) = e’ Przo(0, € )
(il€]Q(w) + R)u(t, &) =
u(0,&) = uo (&),

where w:=¢/[€| if £ #0 and w:=01if £ =0.
Getting the inner product of the first equation in (8.1) with Gu and taking the
real part, we have

(8.1)

1
5%@1‘10 @) + ((GL)14,3) + ¢ Re(GMZ,,0) = 0.

Taking the inner product of the second equation in (8.1) with NZ and integrating
with respect to 6 yields

1d [0 1 PO
BT 7T<Nz(0),z(9)>d9 - §<NPM'U,,PM’LL>
1 0
+ §<N3T,ET> + 6/ (NZ(0),z(0))dé = 0.

Taking the sum of the above equations, we obtain the energy identity

1

5&81 < (U,ZT),(U,ZT»

0
te / (NZ(8),5(6))d + (7 — 1)Re(GMZ,,q) = 0,

-7

where & = (GA f z(0))d6.

If we get the inner product of the ﬁrst equation in (8.1) with S7% and then take
the real part, we have

1d

5 &2 T HEl(SAW))2u,w) + ((SL)1a, 1) + e Re(SMZr, ) =0,

where & := (SA%, ). Finally, we take the inner product of the first equation in
(8.1) by —i|¢|K(w)T% and then take the real part to get

2dtg3 + |§| (K(w)A(w)) 11, w)
— |€|Re(iK (w) L@, 8) — i[€|e"" Re(K (w)MZ,, @) = 0,
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where &3 1= —1/2|¢|(i K (w) A%, @). From the above energy identities, we obtain

(1+|£|2)%5+D1 +Dy+Ds =0 (8.2)
where & := 2(& + a&s + %53) and
Dy = 27 (1 4+ (€W (@ ), (@, 31)) + (V3 D)o noy + (7 — DRe(GME, )
Dy 1= a1+ ) HIEN(SAW))a @) + (SDN, @) + e Re(SMZ, @)
Dy := af{|¢* (K (w)A(w))1a, a) — i|¢|Re(i K (w) Lw, ©) — i|¢]e’" Re(K (w)MZ,, 0)}.

One can easily see that there exist constants n > 0 and ¢,), C}, > 0 such that for
every a, 3 € [0, n], we have

en([a)* + 12122 (—r.0) < € < Cy([al® + 121 Z2(—r.0))- (8.3)
Utilizing condition (M) and then making e small enough, we obtain
Dy > C(1+ €)1 + 2 + (121172~ r0))- (8.4)
On the other hand, using conditions (S) and (S),, we have
Dy > a1+ ) (((SL + L)@, @) — (L19,0) — ol@]* — ClZ:[?)
> a(1+[€°)(Cr]af? — Cofo]? — CalZ:[?) (8.5)

by choosing g > 0 small enough. According to the condition (K) and (¢, §) €
Ker(IIoQ(w)) we have, after using Young’s inequality,

D3 > af(C1l¢]*[al* — Col@|* — Cal2: ). (8.6)

Taking (3 sufficiently small and then « small enough, we obtain from (8.3) to (8.6)
that

d ~ ~
(1+ |£|2)5<S + €l ([al + 2] 22— r0)) <O (8.7)
for some constant ¢ > 0. This inequality sets up the proof of the following theorem.

THEOREM 8.1. Assume that conditions (L), (S), (M), (Q), (K), and (S)s are sat-
isfied and let s > 1. Suppose that (ug, z0) € (H* N X.NLY) x LF(H* N LY). Then,
the solution of (4.1) satisfies the pointwise estimate

[a(t, &) + 12t )l 22 (~r.0) < Ce™ PO ([ ()] + [120(6) [l 22(~7,0)) (8.8)

where p(€) == |€|?/(1 4 |£]?), for some constants ¢ > 0, C' > 0 and for every t >0
and & € R%. Moreover, we have the decay estimate

105u() L2 + 1052(8)ll 312y < CL(L+ )" WO=E) 4 Ol et/ (8.9)

for every 0<€<s and t >0, where I :=|luolrr + [lz0llz3(z1) and Ine:=
|08uol| L2 + ||8f.z0||Lg(Lz). In particular, for every 0 < £ < s, we have

10X Ru(t)|| > < CI (1 + )~ W/HD=C/20=Q/2) L O, et/ (8.10)
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Proof. The pointwise estimate (8.8) in Fourier space follows immediately from
inequality (8.7) and the equivalence (8.3). The proof of (8.9) relies on integrat-
ing (8.8) over R? and separating the integral into low- and high-frequency parts.
For |¢] > 1, we have 2p(§) > 1 and consequently from (8.8) we infer

/ €L )2 + 13 €)[12(r.0))dE
1€]>1
< Ce / P (E) + [1B0(E)]12(_r.00)E < CIE et
[¢[>1

by Plancherel’s formula and Fubini’s theorem. On the other hand, for |¢] < 1, we
have p(&) > ¢|¢|? for some constant ¢ > 0, and thus,

[ 16RO + 12 )2 )
[€1<1
con [ e etiag < on @A
l€l<1

Taking the sum of these estimates and then using Plancherel’s formula and Fubini’s
theorem, we obtain the decay estimate (8.9). Finally, (8.10) follows immediately
from the constraint and (8.9). O

COROLLARY 8.2. Suppose that the assumptions of the previous theorem hold. If in
addition, (L), and (Q). hold, then for some ¢y > 0 and C > 0, there holds

5w (®) L2 + 1052(8) 1212 < CIi(1L 4 )~ WD =W L Oy et (8.11)
10X Ru(t)|| L2 < CT, (1 + )~ /D=1 L O, ) ge~c0t (8.12)

for every 0 < €< s in (8.11) and 0 < j < s—1 in (8.12).

Proof. The proof of the decay estimate (8.11) is the same as in the proof of
theorem 5.6. On the other hand, (8.12) follows from (8.11) and the constraints. [

EXAMPLE 8.3. As an application, we consider the system of wave equations (7.3).
If the initial data corresponding to this system when written in the form of (1.1)
are integrable with respect to space, then the associated state satisfies the decay
estimates (8.8) and (8.11). These results are also valid for the wave system (7.2)
and the Timoshenko system (7.1) when a # 1.

8.2. Regularity-loss decay estimates

In this section, we derive decay estimates for integrable data where condition
(S)s is replaced by the weaker condition (S),. For systems without delay, we refer
o0 [29]. Recent advances for regularity-loss decay estimates can be found in [4, 13,
28, 30] and the references therein.
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Let us start with the energy identity

d ~
(1+|€P)° €+ (L+ [ D1 + D + D5 = 0 (8.13)

where £ = 1/2(& + a(l + |£2) 71 + aB(1 + |¢[2)2€3), while &; and Dy, for j =
1, 2, 3, are the same terms as in the previous subsection. Equivalence (8.3) also
holds in place of £. First, we rewrite

(i(SA(w))2T, 1) = (Y (w)(@ — 1), 1 — 0) + (Y ()0, ) + (Y (w)@, D)
+ (Y (w)0,0) + (i(Q(w)T I, W R)2u, 1).

According to condition (S),, the first term on the right-hand side is nonnegative.
The last term can be written as (i(Q(w)? II;W R)2u, u) = (W1 R, @), which is non-
negative as well since W7 is nonnegative on the range of R. Therefore, by applying
Young’s inequality, we get

[€1(L + [€1*)(i(SA(w))2t, ) = —nlE*[al* — Cp(1 + [€]*)?[0]?
for every 1 > 0, and consequently,
Do 2 a1+ [€°)(C1]@f* — Cofo]? — Calz: %) — anlé]?[al* — aCy (1 + [€[*)?[0]*.
Using this inequality together with (8.4) and (8.5), we have
(1 +1E)D1 + D2 + D = (1 + [E){(C — aCy)(1 + [€]%) — aCa)}ol?
H{CA+[E*)* = aCa(1 + [¢]) = aBCa}Z|* + alg*(BC) —n)[al?
+CA+IEP)IZ17 (—r0) + {C1(1 + [€]%) = BC} @,

Choosing the constants «, 3, and 7 in such a way that 8 < C;/Cs, n < 8C4, and
a < min{C/(C, + Cs2), C/[Ca(5 + 1)]}, and then using them in the energy equation
(8.13), we get

d 2L e
(L4 [€%)* 7€ + cleP ([l + 12172 (—r0)) <O (8.14)

for some constant ¢ > 0. With this estimate, we are now ready to establish the
following theorem.

THEOREM 8.4. Suppose that the conditions of theorem 8.1 hold where (S)s is
replaced by (S),. The solution of (4.1) satisfies the pointwise estimate

[, )] + 12t )l 12(—r0) < Ce™ O ([ao ()] + 120(6) | 22(r,0)) (8.15)

where o(€) == |€]2/(1 4 |€|?)2, for some constants ¢, C > 0, and for everyt > 0 and
¢ € R, In particular, we have the decay estimate

105u()l|zz + 1052(8)ll 312y < CLi(L+ )~ W=D 4+ CLy g (14 8) 742 (8.16)

for every 0 <k+€<s and t >0, where Iy == [luol|r + |20/l 22(11) and Iz o4k :=
105 *ug]| 12 + Hﬁﬁ"’konLg(La). Moreover, for every 0 < ¢ < s, we have

||8£Ru(t)||Lz <CL(1+ t)*(d/4)f(€/2)7(1/2) + Clhpini (14 t)*(k/2)f(1/2).
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Proof. First, let us notice that we can obtain the same estimate as in the proof
theorem 8.1 at lower frequencies since o(¢) > ¢|€|? for some constant ¢ > 0 and for
all |¢] < 1. For |¢] = 1, we have o(£) > C|¢]72 for some C > 0, and based on this
we have the estimate

/£>1 €1 ([at, ) + 12t )l T2 (—r.0))dE

e—cC’t|£|72
<Csup ———
T s €

S OIL gy (117"

/€>1 €2 (a0 ()7 + 120 ()72 (—r.0))dE

When combined with the estimate at lower frequencies, we obtain (8.16). The rest of
the theorem can be verified following the comments in the proof of theorem 8.1. [

We also have the following result analogous to corollary 5.4.

COROLLARY 8.5. In the framework of the previous theorem and with the additional
conditions (L). and (Q)«, we have

105w()llz +1052(D) 1312y < CL(L )~ @WH=ED=A2)

+ Clo o1 (1 + t)f(k/z)f(l/m (8.17)
105 Ru(t)[| > < CL(1+8)~ W=D 4 Ly gy o (14 1) /2
(8.18)

for every 0 < 0+ k < sin (8.17) and 0 < L+ k < s—1 in (8.18).

EXAMPLE 8.6. Estimates (8.16) and (8.17) are valid for the Timoshenko system
(7.1) with delay when a = 1. In this system, recall that Pru = (uq, 0, 0, u4). Like-
wise, (8.16)—(8.18) are satisfied by the Euler-Maxwell system (7.4) with delay, and
for this system, the state components w = Ppu and Ru are given in § 7.
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