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Abstract

We construct travelling waves in the Burgers equation with the fractional Laplacian (D*)?, a € (1/2, 1).
This is done by first constructing odd solutions u, of uu’ = K, * u — ke, u + &2u”, u(—00) = u. > 0, with
K, * u — k., u nonsingular, and then passing to the limit &1, &, — 0, to give K, * uy — kg us — (D*)uy
pointwise. The proof relies on operator splitting.
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1. Introduction

We study the equation
U + Uity — (0x)"'u =0, (1.1)

in which the fractional power of the Laplacian in one dimension for « € (0, 1] can be

represented as
1 u(y) — u(x)
D*)*u(x) = — 4% dy,
By ) = = G aycosta) fR PINTET

where PV denotes the Cauchy principal value. It is also a pseudodifferential operator
of the symbol —|¢]>* given by

(D)u = F ' (—é**(Fu)) foralluesS,

where S is the Schwartz class.
The simplest Cauchy problem for the classical Burgers equation

{u,+uux =0,

u(x,0)=(1 - Hx)u_ + Hx)u,, (1.2)

where H is the Heaviside function, has two types of solutions. If u_ > u,, the shock
wave u(x,t) = (1 — H(x — st))u_ + H(x — st)u,, with s = %(u_ + u,), is the unique weak
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solution of (1.2). If u_ < u,, the rarefaction wave

u_ forx<u_t,
u(x,t) =4 x/t foru_t <x<ut, (1.3)
u, for x> u.t,

is the unique weak solution of (1.2) with the entropy condition.
Here we are interested in the first type of solution of (1.1), that is, travelling waves
U(x — st), such that U(—o0) = u_ and U(c0) = u,, where u_ > u,. Thus U satisfies

U'(U - s) = (D*)"U.

If weletu = U — s, then
u’ = (D*)u. (1.4)

Integrating (1.4) over R shows that u, = u(—o00) = —u(o0), and thus u, = %(u_ —uy)and
s = %(u_ + u, ) (the Rankine—Hugoniot condition). These solutions are expected to be
globally stable, that is, the solution of the Cauchy problem with an initial value having
tails asymptotic to u_ and u,, where u_ > u,, should converge to a translate of the
travelling wave asymptotic to u_ and u,.

The only result in the literature in this direction is the formal nonexistence of smooth
travelling waves of (1.1) in the case @ € (0, 1/2] in [5, Proposition 5.1]. Solutions of
the Cauchy problem with an initial value having tails asymptotic to u_ and u,, where
u_ < u, were shown to converge to the rarefaction wave (1.3) in the case @ € (1/2,1)
[11], to a self-similar solution in the case @ = 1/2 [4] and to the solution of the linear
part of (1.1) with initial condition (1 — H(x))u- + H(x)u, in the case a € (0, 1/2) [4].
Solutions of the Cauchy problem always remain smooth in the cases @ € (1/2,1) [10]
and @ = 1/2 [12, 13], and may become discontinuous in the case a € (0, 1/2) [3]. In
[6], such a weak solution was shown to become smooth eventually for « a little less
than 1/2. Some other papers on the subject are [1, 2].

Existence of travelling waves was a longstanding problem for the nonlocal Burgers
equation

u+un,— K+u+u=0, (1.5)

where K is nonsingular. It was solved in [8] and in more generality in [7]. See also
the references in [7, 8] for the special case K(x) = %e""‘, which was solved earlier.
The travelling wave can be a shock wave, that is, discontinuous, if u, is large enough.
Travelling waves for (1.5) are the starting point of our construction, which uses the
idea from [9] of deriving travelling waves of (1.1) from an appropriate limit. In [9],

we constructed travelling waves of
U — (axx)a + f(w) =0,
where f is bistable, by passing to the limit from travelling wave solutions of

Uy = bo(Je * u = jeu) + fu) = 0, (1.6)
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where b, = —1/2I'(—2a)cos(na)),

1/|x|"*2*  for |x| > &,

Js(x) = {1/81+2a for |x| <eg, (17)

and j, = & Js = (@' +2)/£%, so that, formally, b, (J; * u — j.u) — (D*)*u. Travelling
waves of (1.6) are guaranteed to be smooth (not discontinuous) if j, is large enough.
This should also be the case for (1.5) if the nonlocal operator is as in (1.6). However,
it is not known how to show it. Since members of the limiting sequence need to be
smooth, we overcome this difficulty by first using (1.5) to construct odd solutions of

uu' = by (Kg, * u — keu) + e2u”, (1.8)

with u, = u(—oc0) and K,, = J,,, as in (1.7). If &, > 0 is appropriately chosen, we can
then pass to the limit £}, &, — 0 to obtain the following result.

TueorEM 1.1. Let @ € (1/2,1). There exists an odd and smooth solution of (1.4) such
that u(—o0) = u. and u’ < 0.

We prove Theorem 1.1 in Section 2. Getting the necessary estimates for the passage
to the limit is harder than in [9], even though we use the same operator splitting trick.

2. Existence
The following proposition was proved in [8].

Prorosition 2.1. Suppose that fRK =1, K is even, K>0, K€ WH(R), K is
nonincreasing on (0, 00) and K(y) = o(1/y*) as y — co. Then there exists an odd
solution u of

uw' = K *u—u,

such that u’ <0 and u(—o0) = u.. If u. > 2 fR |x|K(x) dx, then u is discontinuous at
zero.

It follows that there is such a solution us of the equation
1
un’ = bo(Ke, 5 % u — ke, sut) + E(L(; * U — U), 2.1

where K, s /" K,, and 672(Ls * ¢ — ¢) — £2¢” for smooth enough ¢ as § — 0. Here
L is even, Ls(x) =6~ 'L(x67"), L >0, & L=1and & =3 Jﬂ% x*L(x) dx. Since each
us is monotone, from Helly’s theorem there is a subsequence of us, denoted again
by us, such that us — ug as 6 — 0. We need to show that u satisfies (1.8) and that
up(—o0) = u.. For the first, we use the weak formulation, and for the second we use the
strong. Let § > 0 be such that [ § =1, € W2!(R) and vs = § * us. Applying S to
(2.1) and integrating from —co to x,

1 1 * 1
N (Euﬁ) - Euf = Iw[bo/(Kal,é * Vs — kg, 5Vs) + E(Lé * Vs = Vs) |
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Passing to the limit 6 — 0 and integrating from O to x,

X X 1
f (S *(lug)—luf): f f YooK, (¥) f vo(s + 1y) di dyds + savo(x),  (2.2)
o 2 2 0 Jr 0

where vg = S * ug. This is derived from

X X 1
| butKas v =k = tim [ [ oo [ vits s mdrdyas
- = Jr JR 0

1
= fybaKa,é(Y)f [vs(x + ty) — u.] dt dy
R 0

1
efybaKsl(y)f vo(x +ty)dtdy asd — 0,
R 0

where we used Fubini’s theorem and dominated convergence twice, and

X 1 y
f 55 (Lo 5 = vg) = 27 + f L(y) fo (v = DIVy(x + 61) = Vil di dy,
_ R

00

where v; — v from ﬁ@ |IS’| < co with dominated convergence and

< 6max|vg'|fL(y)‘fy(y—t)tdt' dy
R 0

-0 asd—0,

Y
f L(y) fo (v — DIVy(x + 61) — V()] dt dy
R

using fR |S”’| < oo and an additional assumption that fR IV IL(y) dy < oo.

It is clear that uy # 0. We would now like to take S .(x) = 'S (xe™!) in (2.2) and
pass to the limit € — 0. However, we do not know if ug is continuous, and if it is not
continuous at xz., then vy(xz.) — %(uo(xdc—) + up(x4.+)) as € — 0. Before we return
to (2.2), we use the weak formulation to show that 1 is continuous.

Multiplying (2.1) by ¢ € C;°, integrating over R and passing to the limit 6 — O,

1
L[Eu(z)qﬁ’ + bo (K, * Uy — ke, ttp)$ + g2upd” | = 0. (2.3)

For any finite a, b, by integration in (2.3) over (a, b),

b
f 8" =0,

.Xl X A
fx)=— f 5ué+ f ds f bo(Ks, * g — ke, o) + £2110(x). (2.4)
0 0 0

It is standard that

where

f(x) =c; + cpx  almost everywhere,

https://doi.org/10.1017/S0004972717000740 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000740

106 A. Chmaj [5]
where c1, ¢; satisfy the system F(b) = 0, F»(b) = 0, with
Fl(x)zf(f(s)—cl—qs)ds, Fg(x)zf F

Then uy in (2.4) is continuous since ugp is L™ and Ky, is L'. We can now differentiate
(2.4) twice to show that u is a solution of (1.8).
Replace S by S in (2.2), pass to the limit € — 0 and differentiate to get

1
—uo(x) - —u = f]RybaKgl (y)f0 uo(x + ty) dtdy + grup(x).

On the other hand, we can integrate (1.8) with ug from —oo to x to get

1

1
—uo(x) 1u(z)(—oc) = fybaKEl (y)f uo(x + ty) dt dy + eruj(x). (2.5
2 2 R 0

Thus ug(—o0) = u.. In the last line, we used L Xm uy = uy(x), which can be obtained
from u € L'(R), since

1K, * uo = ke, uoller < fllegl(y)lluf)IIu
R

and |luoujllz1 < ucllufl, and any W'(R) function tends to zero at infinity.

In passing to the limit &1, &, — 0, if we can show that the first three derivatives
of the solution u,, -, of (1.8) are uniformly bounded, then, from the Arzela—Ascoli
theorem, there is a subsequence of u,, .,, also denoted by u,, 5, such that u,, ,, — up
as €1, & — 0 pointwise on R and

2\«
b(l(KS] * u&],&z kb‘l u&] 82) + 82”8 &2 (D ) l/t() as ‘91a82 - 0

pointwise on R (see, for example, [9]), so that uq satisfies (1.4). The idea is to split
boK; =P, +R;,
with R, >0, P, € WLL(R) and De, = fR Pg, = 2|minycrug, . (x)], by taking

Po () = {baKgl (x)  for x e R\[-e,e],

bosz] (—6) for x € (e, e), (26)

where e = p;l] / 2("(2 + 1/a)'/?*. Note that the minimum is attained, since R, >0 and
Uz, £,(x) = 0as x - —oo from (2.5). Let ry, = fRRgl. After differentiating (1.8), at the

minimum,
. , v
_T = Psl * Ugy g, + Ry * Ug gy ~ Te ll 81 o T 82U 5 2 Pé‘] Uy e
With (2.6), this becomes
p_il < 2ucb, (1+2a)/20

(2 + l/a,)(l+2(1r)/2(1r €1
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Since a > 1/2, p,, is bounded. However, we need to show that such a splitting exists.
Note that here we are adjusting it to the solution, whereas in [9] the splitting in (1.6)
was adjusted to the nonlinearity, that is, we had J. = K + S, with b,k + f* > 0. We
show that |[min,cgu, . (x)|is of order lower than b,k,,. From (2.5),
1 )('/2“)" 20+ 1

’ 1 - o
slu'| < Euf + Ltcl?wlcéI 172 (2 + p a1

£1,&2

It now suffices to take &, = 1 /kf where B < 1/2a.
To estlmate max g |u’ max,er, ., first note that this maximum is attained,

t21 £2| - £1,82°
since u.! ., — 0 as x > —oo from (1.8) and u, _ (x) —» 0 as x —» —oo. Use another

£1,82 £€1,€2
splitting
boKs, = P+R,,. 2.7)
After differentiating (1.8) twice, at the maximum,
"
(p + 3”8] 82) E1,&2 S P * usl ,&2°
Since |ug, .| is uniformly bounded, so is |u | after taking P such that p + 3u; ., > 0.
To estimate maxer|uy/,, |, note that
max lutg, | = max ( max uy! = I}lel]él uy ”82)

and both the maximum and minimum are attamed Using another splitting as in (2.7),
after differentiating (1.8) three times, at max cgu.,

£1,82°
(p + 4“81 87) ;,1/52 < P« u;;/l 27
and at mmxeRugl e
_(p + 4”81 87) .,s,llsz = —P % u‘,ell &2 + 3”;‘,]2,82’

7

so, as before, |u;] | is uniformly bounded.

To show that uo(—OO) = u., we argue as before. Integrate (1.8) from —co to x, pass
to the limit €1, &, — 0, then integrate (1.4) from —oo to x and compare the two. The
only difficulty is in showing that

X X
2
f (K81 * u81,£2 - k81 u&],&z) - f (D )a/u() as ‘91 - O
—c0 —00

To manage the singularity, it is standard to consider separately integration on R\(—1, 1)
and (-1, 1), that is,

X
f (KS] * u€|,82 - kS] u{-)],é‘z) = Il + 125
—00

where

X 1
I, = lim f K, (y)f uy ., (s+1ty)dtdyds
o JR\(=1,1) 0 o

r——oco

1
= f stl(Y)f usl,sz(-x+ty)dtdy
R\(-1,1) 0
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and

I

X 1 1
lim f f V2K, () f (1 -t . (s+ty)dtdyds
== Jr J-1 0

1 1
f VK., ) f (1= 0, (x + 1y)dr dy.
-1 0

By passing to the limit &;,&, — 0 in /; and I, and doing the same integrations in
"X
[ (D u,

X
L+ — f (D*)uy.

Note that we can show that /; is finite only for @ > 1/2.

To show that uj < 0, differentiate (1.4). If u{(xmax) = 0 at a point xpmax, then also
Uy (Xmax) = 0. On the other hand, ((D*)up)(Xmax) < 0, which is a contradiction. To
justify ((D*)%up) = (Dz)"u('), it suffices that |u’| is bounded. After, additionally,

showing that |u;”, | is uniformly bounded, this follows in the same way as above.
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