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Transport Inequalities for Log-concave
Measures, Quantitative Forms, and
Applications

Dario Cordero-Erausquin

Abstract. 'We review some simple techniques based on monotone mass transport that allow us to ob-
tain transport-type inequalities for any log-concave probability measures, and for more general mea-
sures as well. We discuss quantitative forms of these inequalities, with application to the Brascamp-
Lieb variance inequality.

1 Introduction

Throughout the paper we work, when needed, with some fixed scalar product - and
Euclidean norm |-| on R”. Although our main motivation is to analyse log-concave
densities, meaning densities of the form e~" with V' convex, our results apply to more
general situations, regardless of the convexity of the potential V. We can often work
with a locally Lipschitz function V:R"” — R with the mild assumption that

(L1) f(1 Faf + [V ()]2)e™V™ dx < +oo.

Actually, when V is convex, we don’t need these assumptions, but not much is lost by
imposing it. Given such V, we introduce the probability measure yy defined by
e V(x)

duy(x):= W dx.

Note that the density is by assumption everywhere strictly positive.

Following Kantorovich’s idea, given a function ¢:R” x R” — R (one interprets
c(x, y) as the cost of moving a unit mass from x to y or of bringing back a unit mass
from y to x), we can define a transportation cost W, between two Borel probability
measures 4 and v on R” by

We(pt,) = Wegey () s=inf [ c(xy)dm(x,y)

where the infimum is taken over all probability measures 7 on R” xR” projecting on y
and v, respectively. From the definition of W, (¢, v) and Fubini’s theorem, we see that
it suffices to show that the cost is well defined on (R” \ X) xR" only, where u(X) = 0.
Under very mild hypotheses on ¢, one can prove that there exists a coupling 7 that is
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optimal, that is, which achieves the infimum above (see [32, Chapters 4 and 5]). The
costc(x, y) = |y — x|P, p € [1, +00), is used for the definition of the L?-Kantorovich-
Rubinstein (or Wassertein) distance

1/p
Wy (e v) = (Wieoypo (1:v)) 7
Recall that given two probability measures ¢ and v on R”, the relative entropy of
v with respect to y is defined by

H(v|u) = {fflog(f)dﬂ if dv(x) = f(x)du(x) with flog, (f) € L'(u),

otherwise.

Accordingly, we should only consider probability measures that have a density, in
short “absolutely continuous” probability measures. Recall also that the variance of a
function g € L?(u) is defined by

Var,(g) ==f(g—fgdﬂ)2d

The inequality in the next proposition appeared in [6] where it was derived in the
dual form (1.5) as a consequence of the Prékopa-Leindler inequality. By now it is
folklore in optimal mass transportation theory and known to most specialists. The
investigation of equality cases seems to be new.

Proposition 1.1  Let V:R" — R be a locally Lipschitz function satisfying (1.1). Define
for every y and almost every x in R" the (asymmetric) cost

(12) cv(x,y) = V(y) - V(x) - VV(x)- (y - x).
Then for every (absolutely continuous) probability measure v on R", we have
(13) We, (v, v) <H(v|uv).

Moreover, when V is convex, equality holds if and only if v is a translate of uv.

Remark 1.2 Regarding the treatment of the equality case, we can prove a sharper
result. Namely, we will establish the following statement. Let V:R" — R be locally
Lipschitz function satisfying (1.1), and assume that gy has a positive Cheeger constant
h(uv) > 0 (see definition below; this is the case when V is convex). Then there is
equality in the transport inequality (1.3) of Proposition 1.1 if and only if V' is convex
and v is a translate of yy.

The fact that the convexity of V is necessary for equality cases is reminiscent of the
equality cases in the Brunn-Minkowski inequality.

When V is convex, it is possible to define the cost for every x (and not just for al-
most every x) by using the subgradient 0V (x) at x of the convex function V (see [29]
for background on subgradients):

oV(x)={weR"%V(x+h)>V(x)+w-h, VheR"}.

Indeed, the Proposition can then be stated with the following cost ¢y in place of (1.2):

(14) V(x,y) e R" xR", cy(x,y):= sup {V(y)—V(x)—w~(y—x)}.

wedV(x)
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Recall that V is locally Lipschitz and so differentiable y-almost-everywhere.

Note that when V is convex, we have cy(x, y) > 0 with cy(x,x) = 0 in (1.2)
and (1.4); when V is strictly convex, cy (x, y) > 0if x # y.

Let us mention that by a simple and standard dualization procedure for transporta-
tion inequalities (see [21]), the statement of Proposition 1.1 is equivalent to the follow-
ing infimal convolution inequality: for every (bounded) function g:R" — R,

(1.5) / Qv (®) gy, < of gduy,
where
(1.6) Qe ()(7) = inf { g(x) +ev(x.7)}.

We should also mention that transportation cost inequalities of the form stated above
imply concentration of measure inequalities (for cy-neighborhoods); we refer the
reader to [21] for details.

The interest of the statement in Proposition 1.1 resides in the fact that no uniform
convexity of V is needed. This is reminiscent of the Brascamp-Lieb variance inequal-
ity [8] (anticipated in different context by Hérmander), which states that for a C*
smooth convex function V:R"” — R with [ e™" < +oo, we have, for every locally
Lipschitz function g € L*(uy),

17) Vary, () < [ (D?V(x))"Vg(x) - Vg(x) dpv ().

Since the cost ¢y (x, y) in Proposition 1.1 behaves, when x and y are close to each
other, like 2D?V(x)(y - x) - (y — x), it follows by a standard linearization argument
that Proposition 1.1 implies the Brascamp-Lieb inequality (1.7). We will recall the
argument later.

Another interesting feature of Proposition 1.1 is that it is an affinely invariant state-
ment, in the sense that it does not depend on the Euclidean structure we put on
R". More precisely, we do not need a scalar product in the statement: the gradi-
ent w = Vf(s) (or a subgradient) comes from a linear form ¢ = df(x) € (R")",
and we can use #(y — x) in place of w - (y — x). This also reflects in the fact that the
Brascamp-Lieb inequality (1.7) shares the same affine invariance: if : R" — R" is
an (invertible) affine map, then the functions V,, = Vo 9" and g, = go ¢' satisfy

Vary, (gy) = Vary,(g) and

[ D2V, (0)) Vg0 ()92 (x) i, (x) = [ (D*V () Vg(x) Vg (x) day (x).

Other consequences of Proposition 1.1 are Talagrand’s transportation inequalities
for Gaussian-like measures. Observe that for the standard Gaussian measure y, when
V(x) = |x|*/2, we have

cv(x,y) =y - x*/2
and the inequality becomes exactly Talagrand’s inequality [30]: for every probability
density v on R",

1
SWE(v) < HOl),
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with equality if and only if v is a translate of y. More generally, if V is C* with D*V >
AId on R” for some A > 0, then by second-order Taylor expansion we see that the
cost satisfies

cv(x,y) 2 Ay - x[*/2,

and therefore we deduce that in this case, for every probability measure v on R", we
have

(1.8) %Wé"(wm) <H|uv).

This inequality appeared in [3, 6,28]. We refer the reader to [18, 21] for background
and references on transportation inequalities.

The proof of Proposition 1.1 is very short; it is a minor adaptation of the transporta-
tion proof of Talagrand’s inequality (1.8) given in [10]. With a little more effort one
can actually prove a quantitative form of the inequality involving a remainder term.
To state the result, we need some notation. Given a probability measure y on R”, we
denote by () the best (i.e., largest) nonnegative constant for which the inequality

(1.9) h(u)[‘g(X)—fgd#|d#(X)éf|VgldM

holds for every sufficiently smooth g € L'(u). This constant, up to a factor 2, is also
known as the Cheeger isoperimetric constant.

When y is log-concave, then it is known that h(y) > 0, and h(u)? is actually
equivalent, up to an universal constant, to the spectral gap of the Laplacian associated
with p (or equivalently the inverse of the Poincaré constant). More explicitly, if we
denote by A() the best nonnegative constant for which the inequality

M) [ e~ [gdu] dut) < [ 19gPdu

holds for every smooth enough g € L?(y), then when y is a log-concave measure on

R”, we have

(1.10) ch(u)* <A(p) < Ch(u)?

for some universal (numerical) constants ¢, C > 0, independent of y and #; see [22,
25].

In the rest of the paper, we will adopt the lazy but convenient tradition from as-
ymptotic functional analysis to call “a numerical constant ¢” any positive constant
larger than 2 or smaller than 1/2 (¢ may even vary from line to line). So a numerical
constant refers to a universal constant (in particular, it does not depend on n, V, y, v,
etc.) whose exact value is irrelevant but who could a priori be computed explicitly.

There is another natural cost function associated with any measure having a posi-
tive Cheeger constant, namely the cost min(h(u)?|y—x|?, h(p)|y—x|) = N(h(u)|y -
x|), where

Vt >0, N(t) := min(?, t).

This cost (in this form or in some equivalent form) has been studied by several authors
(see [18,21] for details).
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Since equality holds in Proposition 1.1 when v is a translate of y, it is natural, if
we want a remainder term, to minimize over translations, or equivalently, to impose
some centering.

The main result of this note is the following theorem.

Theorem 1.3 (General transport inequality with a remainder term) Let V:R" - R
be a locally Lipschitz function satisfying (1.1) and let cy be the cost defined by (1.2).
Introduce the cost

Ty (x,y) =cy(x,y) + cN(h(uv)ly - x|),

where ¢ > 0 is an appropriate numerical constant.
Then for every probability measure v on R" such that [ xdv = [ x duy we have

(111) Wzv([lv,v) SH(VH[/lv).

As a consequence, we have the quantitative version of Proposition 1.1 when [ xdv =
[ xduy:

(112) H(v[uv) > We, (v, v) + ¢ W(h(uy) y-2)) (B> V)

and, in particular, we also have
(L13)  H(v]uv) 2 We, (v, v) + cmin { h(uy)? W2 (v, v), h(pv) Wiy, v) )

Note that unlike the quantities H and W, the cost N(x(uy)[y-«|) i very much
dependent on the scalar product, which should therefore be chosen with care.

Let us explain how the consequences of (1.11) stated in the theorem are obtained.
The first one (1.12) follows from a general and straightforward principle: given two
costs ¢, ¢z, we always have W .., (+, - ) 2 W, (-, - ) +W,, (-, -). The “in particular’,
may seem more dubious. The reason that (1.13) follows indeed from (1.12) is that, up
to numerical constants (see below) we can replace the function N(s) = min(s?,s)
by a convex increasing function F(s), and then we can invoque Jensen’s inequality to
ensure that Wa(|,_x) (v, ) > F(W),_4 (> v)).

Note, however, that the form (1.13) is strictly weaker than the forms (1.11) and (1.12).
In particular, we should note that the cost N(h (v )|y—x|) behaves like h(uy )?*[y—x|*
when x and y are close to each other, and this behavior is well adapted to linearization
procedures.

Let us describe some consequences of Theorem 1.3 in the case where V is convex.
Applied to Gaussian type measures, when cy(x, y) > Alx — y|*/2, it amounts to a
quantitative version of the transport inequality (1.8).

Proposition 1.4 (Gaussian type transport with a remainder) Let V:R" — R be a C*
convex function with D>V > A1d on R" for some A > 0 (we have mainly in mind the
Gaussian measure, for which A = 1). Then for every probability measure v on R” such
that [ xdv = [ xduy, we have

A
(114) H(v[uv) - Esz(ﬂv,V) > ¢ W (n(uy)ly-x)) (BV> V)

> 'Emin{h(yv)ZWf(#V,V), h(MV)Wl(I/‘V’V)}
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for some numerical constants ¢, € > 0. One can also replace h(uy )* by A, since h(pv )? >
¢’ A for some numerical constant ¢’ > 0.

Next, linearization of the inequality (1.11) in Theorem 1.3 leads to a reinforced
Brascamp-Lieb inequality in the case of centered functions.

Proposition 1.5 Let V:R" — R be a C* convex function with [ e~V < +oo. For every
locally Lipschitz function g € L*(uv ) with

[ #(s) - [ gduv) duv(x) =0,
we have
Var,, (g) < f [D*V +ch(uy)’1d] Vg Veduv,
for some numerical constant ¢ > 0. We can replace h(uv)* by A(uv), in view of (1.10).

One can derive a similar result using Hormander’s L?-method (see e.g., [1]).

We should add, as is apparent from the proof, that the convexity of V is not really
needed in Propostion 1.5. The correct assumption is that D*V + ¢ h(uy ) Id is non-
negative. In particular, the result applies to perturbed log-concave measures, provided

h ( uv ) > 0.
Equality cases in the Brascamp-Lieb inequality (1.7) are given, exactly, by the func-
tions g of the form

(115) g(x)=VV(x) up+co

with 4y € R” and ¢ € R. In order to have a nice quantitative version, one would like
to get rid of the centering assumption and to measure, in some form, a “distance”

inf d(g,VV -uy+c¢o)

Uup,Co

to the set of extremizers (1.15). Here is an attempt.
Proposition 1.6 (Brascamp-Lieb inequality with a remainder term) Let V:R" - R

be a C? convex function with [ eV < +oo. Then for every locally Lipschitz function
g€ L*(uv), if we denote

go(x) = g(x)=VV(x)ug—co, ¢o:= /gdﬂv and ug :=fy(g(y)—Co)dﬂv(y),

we have

[ (V) g(x) - Vg(x) duy (x) - Var,, () >

Auv) [ (D*V)(D?V + eM(uv) 14) ' Vgo - Vo duv,
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where ¢ > 0 is a numerical constant. As a consequence, if we denote by Amax(x) the
largest eigenvalue of the nonnegative operator D*V (x), we have

[ (V) Vg(x) - V() duv(x) - Vary, (g) >

cAluy) [
d
b e () = Aay) J 8 Y

and

[ (V) g(x) - Vg(x) duv (x) - Var,, () >

TMpv)? ,
/lmax(lmaxf;\(yv))dw(flgold#v) ,

where ¢ > 0 is a numerical constant.

Let us recall that A(py ) can be estimated by

c
A(#V) - f A(l'l'll]'l d”V,

where Anmin(x) denotes the lowest eigenvalue of the nonnegative operator D*V (x)

and ¢ > 0is a numerical constant (see [26,31]). Therefore, the constant in the previous

proposition (which is an increasing function of A(yv)) can be lower bounded by

some integrals of Ayin and Apax with respect to py. For instance, using the previous

bound and the fact that ([ A, dpv) ™ < [ Amax duv, we find

A(uv)? N ¢
J Amax(Amax + A(uv)) dpv ([ A4 duy)® [A2,.d

for some numerical constant ¢ > 0. This might provide a computable constant beyond
the easy case where A < D*V < R on R”.

We conclude this introduction with some bibliographical comments. Part of this
note is rather elementary, and many arguments are known to specialists in mass trans-
port, some having appeared implicitly or explicitly in recent or older works. For in-
stance, we already said that Proposition 1.1 was folklore in the theory, and while writ-
ing these notes we heard about the work of Bolley, Gentil, and Guillin [7], which con-
tains an analogue, in a less straightforward form, of the inequality of Proposition 1.1
together with its connection to the Brascamp-Lieb inequality. If we go back in time,
the idea of using the remainder term in the transportation proof of [10] appears, in the
case of dimension one, in the paper by Barthe and Kolesnikov [2]. Similar arguments
in higher dimensions for unconditional measures were recently used in [20] and in a
form very close to the one used here in [11]. Mass transport arguments combined with
Poincaré inequalities (of a different nature than the one we use) were put forward to
exhibit remainder terms in isoperimetric type inequalities in the far-reaching work
of Figalli, Maggi, and Pratelli, in particular in [15] for the case of log-concave mea-
sures (or rather convex sets). Our treatment is in part very close to the recent work of
Fathi, Indrei, and Ledoux [14] where the mass transport remainder term is combined
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with a Poincaré inequality in order to get a bound on the deficit for Talagrand’s in-
equality (1.8) in the case of the Gaussian measure (they have also similar, but deeper,
arguments for the log-Sobolev inequality, a case that was also considered in [4]).

The quantitative transport inequality obtained by Fathi, Indrei, and Ledoux [14]
for the standard Gaussian measure 4 = y on R" (a case where A(y) =1) is as follows:
for any probability measure v with [ xdv(x) = [ xdy(x) =0,

Wi (. v) VVl,l()”V))
n = n
where Wy1 := Wy,_,, with |x — y|; == X7 [xi — yi|. If we compare with inequal-

ity (1.14) in Proposition 1.4 above applied to the Gaussian measure y = y, we see that
our result is formally stronger, since

1 .
H(v|y) - EWZZ()/, v) 2 cmm(

Wii(g,v)
e

Actually, our bound is significantly better in many cases, but both bounds are “equally
bad” when v is a product of centered measures being at a “large” distance from the
one-dimensional Gaussian, since in this case one expects a remainder of order n and
both results give something of order /7 (on the other hand, it is not clear to us that
this situation is the most relevant one).

As to quantative versions of the variance Brascamp-Lieb inequality, Hargé [19]
(by an L*-method) and recently Bolley, Gentil, and Guillin [7] (by linearization of a
transport inequality) obtained a remainder term which is, up to constants depending
on yy, of the form

(ngdﬂv—fgd#vde#v)Z:Rv(g)-

Note that, unlike the remainder term in Proposition 1.6, this term Ry (g) does not
vanish only for extremizers. For instance, Ry (g) is zero if V is even and g odd. Actu-
ally, the space where Ry vanishes is of co-dimension one in L*(uy ), whereas extrem-
izers (1.15) form a (n +1) dimensional subspace. Of course, it could be that such type
of remainder is nonetheless sometimes better and more useful than the one we ob-
tained. Bolley, Gentil, and Guillin also derive, in the same work [7] but by a different
method (namely by linearization of a functional Brunn-Minkowski inequality), a sec-
ond quantative form of the variance Brascamp-Lieb inequality with a remainder term
that vanishes exactly for the extremizers (1.15), as expected. This remainder, however,
is not an L' or L? distance to the space of extremizers, and so the comparison with
the result of our Proposition 1.6 is not clear to us.

The plan of the paper is as follows. In the next section we prove Proposition 1.1
and Theorem 1.3. For this we recall some tools from the Brenier-McCann mono-
tone mass transport theory, and prove a general lower bound for the remainder term
(Lemma 2.2) that might be of independent interest. Then we prove Propositions 1.5
and L.6.

Wi(p,v) >
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2 Mass Transport, Minoration of the Remainder and Proofs of
Proposition 1.1 and Theorem 1.3

The proofs of Theorems 1.1 and 1.3 use monotone transportation of measure in the
spirit of [10].

Given two probability measures ¢ and v on R" with densities F and G, respectively,
we know from Brenier [9] and McCann [23] that there exists a convex function y such
that the map Vy pushes forward y onto v. By the simple but useful weak-regularity
theory of McCann [24] we have, for y-almost any x,

(2.1) F(x) = G(V(w(x)) det D*y(x).

Here, D*y/(x) stands for the Hessian of the convex function y in the sense of Alek-
sandrov, that exists almost everywhere. There are several ways to use this equation
to prove our inequalities. One can use the McCann weak theory of change of vari-
ables [24], as in [10]. The advantage is that it relies on simple arguments in convexity
and Lebesgue measure theory. Alternatively, one can use results on the regularity of
Monge-Ampeére equation, in the spirit of those obtained by Caffarelli. This relies on
more difficult and deeper arguments. However, partial regularity results for solutions
of Monge-Ampeére have been simplified and extended recently, and we shall favor this
point of view.

Let us assume that p and v are supported on the whole R”, and that the densi-
ties are continuous and strictly positive (so locally bounded above and away from
zero). Since the support of the target measure is convex (here R"), one can prove
that the convex function v solves the Monge-Ampere equation (2.1) also in the sense
of Aleksandrov (see the argument given in the proof of [16, Theorem 3.3], and by
the assumption above on the densities, the local regularity of [27], say, applies). In
particular, v is Wlicl(]R”) To prove the transport inequality of Proposition 1.1 for
duy = eV /[ e7Vdx, we assume that dv = f(x) duy(x). It is sufficient to prove
the inequalities in Proposition 1.1 and Theorem 1.3 in the case where f is continuous
and strictly positive on R”, so that the previous assumptions are satisfied. We can also
assume that v has second moment.

We introduce the Brenier map T = Vy between uy and v. We have that v €
W2!(R") and that almost everywhere

loc
e V) = £(T(x))e”V T det D?y ().

It is convenient to introduce the displacement VO(x) = T(x) - x = Vy(x) — x (i.e.,
0(x) = w(x) - |x|*/2). If we take the log in the previous equation and introduce
cv(x, T(x))=V(T(x))-V(x)-VV(x)-VO(x), we find

log(f(T(x))) —cv(x, T(x)) = VV(x)-VO(x) - logdet D*y(x)
=VV-V0-Af+ Af - logdet(Id +D*6).

https://doi.org/10.4153/CJM-2016-046-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-046-3

490 D. Cordero-Erausquin

We integrate with respect to uy. Noticing that [ log(f o T)duy = [ flog(f)duv,
we have

H("Hﬂv)—/cv(x, T(x))dpy =

[ [V v6-26] duy + [ [86-logdet(1d+D26)] dpy.

The first term in the right-hand side vanishes after integration by parts, thanks to the
integrability assumptions we have made. Let us justify this.

Fact 2.1 [ABeV=[vVO-VVe .

Proof Since [ [Vy|* eV = [ |y|*dv(y) and v as second moment, we have in view
of our assumptions that [ [VO?e™" < +oo and [ |V6|e™" < +oo. Let h be a C'
function on R”, with values on [0,1], that is compactly supported and is identically
one in a neighborhood of 0 € R". Introduce the sequence hy(x) = h(x/k). We have
0 < hg <1, hg(x) 1 1for every x € R" and | Vhg| e — 0 as k — +00. We have

fhkAee‘V:—fvhk-vee“’+[hkv9~VVe‘V.

For the left-hand side, we wan write

fhkAGe_V:fhkAwe_V—nfhke_V

and each term converges using the monotone convergence theorem (since Ay > 0),
giving [AyeV —n[eV = [(Ay—n) eV = [ AGe V. The first term in the right-
hand side tends to zero, since it is bounded by | V|« [ V6] e~V For the last term,
we conclude by using the dominated convergence theorem, since

2[|v0~vv|e*"gf|v6|2e*"+f|vv|2e*"<+oo. ]
So we have arrived at the elementary formula

(2.2)H(v\|yv)=[cv(x, T(x))dyv(x)Jrf[A@—logdet(IdJrDZ@)] duy
:/cv(x, T(x))d/,tv(x)+/[trDZH—tr(log(Id+D29))] duv

:fcv(x, T(x))dyv(x)+ftr(3"(D20))d‘uV,

where F:[-1, +00[— [0, +oo[ stands for the convex (increasing on R*) function de-
fined by

F(t) =t -log(1+1), teR*.

Since by definition [ cy(x, T(x))duv(x) > W, (uv,v) and F > 0, we have
proved, in particular, the inequality in Proposition 1.1.

The treatment of the cases of equality in Proposition 1.1 requires a bit of extra work
(in particular since T was not a priori the cy-optimal map); we postpone it to the end
of this section and go on with the proof of Theorem 1.3.

In order to prove Theorem 1.3, we have to play a bit with the second term in the
right-hand side of (2.2), as was done in the works we mentioned in the introduction.
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Indeed, a “remainder” term of this form appears in several mass transport proofs (for
instance [2,11,14,15,20]), sometimes in equivalent forms such as

52

T S
Z(‘S’|+1+|5,~| 1) or Z

1+|Si|

(here s; refer to the eigenvalues of D*0). Anyway, the crucial property of the these
functions and of the convex function ¢ — log(1 + t) is that it behaves like ¢ for ¢ close
to zero, and like ¢ for ¢ large. More precisely, we have, for every ¢ €] — 1, +oo[, that
F(t) > F(Jt]) and that for every s > 0,

(2.3) i min(s?,s) < F(s) < min(s, ).

But we find it more convenient to work with the convex function F(|¢|) rather than
with N(|¢|) = min(#2, |¢]).

The treatment of the remainder term is stated in the next, central, lemma, which
is of independent interest.

Lemma 2.2 Let y be a probability mesure on R™ absolutely continuous with respect
to the Lebesgue measure and 6 € W2 (R") with D*6 > —1d almost everywhere. We
assume that |V 0| € L' (u) with [ VOdu = 0. Then

(2.4) ftr(&‘“(DZG))d,u2cf?(h(y)|vﬁ|)dy

for some numerical constant ¢ > 0.

Note that our assumption [ x dyy = [ x dv can be rewritten as [ V@ duy = 0, so
if we use (2.2) and the previous lemma with g = gy and 6 our displacement function,
we find

HOluv) > [ (o T(0)) duy > Wey (),

as claimed in Theorem 1.3.

So it only remains to prove Lemma 2.2.

Denote by ¢ the uniform probability measure on $”~*. Recall that for every vector
X € R", we have

" fs (X - u)do(u) = | X

and that
(2.5) c|x|sﬁf IX - uldo(u) < |X|
Snfl

for some numerical constant ¢ > 0.
We will use the following fact, the proof of which is postponed below.

Fact 2.3  Let A be a symmetric matrix with eigenvalues > 1. Then

tr(s—f(A))»f (VnlAu]) do(u).
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We will combine this with the following isoperimetric type inequality. It is due to
Bobkov and Houdré [5], where it is stated with the median. We will include a proof
below for completeness.

Fact 2.4 (Bobkov-Houdré) Let u be a probability measure on R". For every regular
enough f:R” — R we have

(2.6) f&"(|f—ffd,u|)dygcf?(ﬁWfl)dy

for some numerical constant ¢ > 0 (for instance, ¢ = 3 x 4> works).

With these two facts in hand, we can now finish the proof of (2.4). We have, by
Fact 2.3 and Fubini’s theorem, that

2.7) f t(F(D*0)) dy > é f f F(/nD*0u|) du do (u).
Sn—1
For any fixed vector u € $"7!, we have that the function g(x) = h(u)/n VO(x)-u
is Wb (R™) with derivative Vg(x) = h(u)\/n (D?0(x))u, and [ gduyv = 0. Apply-

loc

ing Fact 2.4, we have that
1

[ F (VD 0u) du> s [ F(h(u)/n|76-ul) du

Back to (2.7), integrating the previous inequality with respect to do(u), using that F
is convex and (2.5), we find

RESE S0
f w(FD0) du> s [ F(h)vn [ 190-ulda(u))du
> ¢ f F(h(u)|v0]) dp.
This completes the proof of Lemma 2.2, modulo the two facts above that we now

prove.

Proof of Fact 2.3 Letus first collect some straightforward properties of &, or equiva-
lently, in view of (2.3), of min(s?, |s|). These functions commute with power functions.
In particular, we shall use that

(2.8) Vs >0, F(V5) <V TF(s) <2F(V/5).
Note that F(2s) < 4F(s). Observe also that for a finite family s;, ..., sx > 0, we have
2.9) Y5 = 9, [34).
i<k 4 i<k
Indeed, if we denote by syax the largest number, we see using (2.3) that

2
Z F(si) > i Z min(si,s?) > %min(smax,sfnax) Z ( Si ) .

i<k i<k i<k * Smax

Then distinguishing between smax < 1, and smayx > 1, a case for which we replace it by

using Smax < \/ X<k 52, we find
Z?(si)zimin(ZSf, Zsf) >

i<k i<k i<k

F(\ )25

i<k

AN
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Let us mention that inequality (2.9) will be the one responsible for the loss of a factor
/7 in the case of product measures.

Back to the proof of Fact 2.4, let us notice that F(A) > F(|A]), since F(s;) > F(|s;|)
for any eigenvalue s; of A. Denote

H:=|Al = VA* A

it is a nonnegative symmetric matrix. Let (ej,...,e,) be an orthonormal basis of
eigenvectors of A. Then

1
u(F(H)) = Y |F(H)ei| = Y F(|Heil) 2 5 3 VF(Heil),
i<n i<n i<n
where we used (2.8). Let us mention in passing that using the convexity of J, we can
establish more generally that for for any u € $"~! we have |F(H)u| > 11/F(|Hv|?).

From this, using the fact that VT is concave on R*, then (2.8) again, and fi-
nally (2.9), we find that

tr(F(H)) > % > \/§(|Hei|2) = % > \/f:"(n[sH(He,- u)? da(u))

i<n i<n
1 JF u)? 1 N
25 > VF(n(He;-u)®)do(u) > 5 > F(Vn|He; - u|) do(u)
st i<n snt i<n
zé/ (i, [ He,-uP) do(u) = %f F(v/mlHul) do(u).
sn—l lsn Sn—l
To conclude, use that |Hu|* = H*u - u = A%u - u = |Aul*. [

Proof of Fact 2.4 By scaling the metric, we can assume that #(y) = 1. More pre-
cisely, we can change the scalar produce x - y into h(u)'x - y, which changes the
gradient accordingly in (1.9) and (2.6).

Denote by m a y-median of f. By a standard argument, it is enough to prove that

4 [ F(1f-ml) du<3x 4 [ F(vs))dp

Indeed, since F(2t) < 4F(¢t) and since F is convex increasing on R*, we have for any
function g with y-median m,:

[ 5(1g-1gdul) du<2 [ F(1g-myl)du+25(] (g - mp) du])

< 4] F(Ig—mgl)du.

The same kind of argument shows that one can use a median m, instead of the mean,
in the definition (1.9). Indeed, for any g € L' () with median mg, we have

[ 1g=mgldus [ |g-rgdul du+| rgdu-my.
We can assume that m, > [ g du (otherwise use —g), and by the definition of m4 and
by Markov’s inequality we have
1

— [ gsgdy| du,
mg_fgdﬂf\g sgdul du

% <u({g2mg}) <u({lg—sgdul2mg—sgdu}) <
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and so |mg - fgdy| <2f |g—jgdy| dy. Therefore, we have

flg—mgId#£3f|g—fgdﬂ|dﬂs3f|VgIdM-

Given our f with y-median m, let us introduce the (continuous) function g such
that

o) = {ﬁ”(lf(x) —ml) i f(x)2m,
~F(|f(x)=m|) if f(x) <m.

Since F > 0, the function g has zero y-median. Therefore,

(2.10) [ 5f-mdu= [lgldu<3 [ 1veldu.

We will now use an argument inspired by [20]. Let us observe that for every s € R*,
t € [0,1] (this is the only good choice to estimate the Legendre transform of F), we
have

1
st <4F(s) + —12.
16

Indeed, for s > 1 the inequality is obvious, since 4F(s) > s > st, and for s < 1, use that
45 (s) > s to complete the square. Since F’ € [0,1] on R*, we have

[ vdldu= [ 5 -mhIvfldu<s [ TSy dus [ Tf - ml)du
<4 [ 509 fdu+y [ 705 -mDdu,

where the second inequality follows from F/(s)? < 4F(s) for every s € R* (this can
be seen, for instance, by computing (4F — F72)'(s) = 2s(1+ 2s + 2s*)/(1+5)* > 0).
Plugging this into (2.10), we find

1
o [ FUr-mhdus<sxa [ 5(vl)dp
which gives the desired inequality. |

This completes the proof of Lemma 2.2 and Theorem 1.3. It only remains to treat
the cases of equality in Proposition 1.1.

Determination of equality cases in Proposition 1.1 The idea is that if equality holds
in Proposition L1, and if v and py have the same barycenter (a situation that can
be imposed by translating v, provided we know that translation preserves equality
cases), then we can apply Theorem 1.3 and conclude that W; (uv, v) = 0, which implies
v = py. Oddly enough, the converse also requires some work; even the fact that there
is equality when v = pv is not straightforward, and actually requires the convexity of
V.

We will prove the stronger result of Remark 1.2. Given a vector u € R”, let us
denote by T,v the translation by u of the probability v; if dv(x) = F(x)dx , then
dT,v(x) = F(x — u) dx. The following lemma is essential as it establishes the trans-
lation invariance of the inequality under study.
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Lemma 2.5 (Translation invariance) With the notation of Proposition 1.1, we have,
for any probability v and any vector u € R", that

H(Twv|pv) = We, (uv, Tuv) = Hv[uv) = We, (v, v).

Proof To simplify the notation, we can assume that [ e~" = 1,and also that dv(x) =
f(x)duy(x) = f(x)e”V®dx. To treat the transportation term, we will need the
following observation.

Fact 2.6 Given u € R", introduce i = (0,u) € R*". Let y and v be two probability
measures on R" and let cy be the cost from Proposition 1.1. If m is a ¢y -optimal coupling
for (u,v), then Ty is a cy-optimal coupling for (u, T,v).

Let us prove this fact. The coupling condition is clear, so we only need to check
that Ty is cy-optimal when 7 is. Equivalently, by the characterization of optimality
in terms of cyclical monotony (see [32, Chapter 5]), it suffices to check that the sup-
port of Ty is cy-cyclically monotone when the support of 7 is cy-cyclically mono-
tone. Let (x1, y1), ..., (xk, yx) be arbitrary points of R*", with the convention that
(xk41> Yks1) = (x1, ¥1). We have

k k k
Yoev(xiyim+u) =Y cv(xinyi+u)==> VV(x;) - (yis1 — yi)
i=1

i=1 i=1 -
k k

= ZCV(xi,)/i+l) - ZCV(xl" yi)’
i=1 i=1

which shows that, indeed, the support of T;7 is ¢y -cyclically monotone if and only if
the support of 7 is cy-cyclically monotone.

With this fact in hand, let us finish the proof of Lemma 2.5. Let 7 be a ¢y -optimal
coupling for (v, v). Then by the previous Fact we have that

We, (s Tuv) = We, () = [[ [ev(ey+ ) = ey (x,9)] dn(x)

= / [V(y+u)=V(y)]dv(y),

where we used that [[ VV(x)-udn(x,y) = [ VV(x) -ueV® dx=0.
The entropic terms are easier to analyse. Since d T, v(x) = f(x —u)e™ V™) dx =
flx —u)e V&V dyy, (x), we have

H(T,v|uv) - H(v|pv)
- f [log(f(x—u)) = V(x—u)+V(x)]f(x- w)e VW gy
~ [ 1og f(x)log(f(x))e™V ™ dx
- [ [ - V(x)+ V(x+u)]dv(x).

By subtracting the previous two equations, we obtain the conclusion of Lemma 2.5.
|

Next, the role of the convexity of V' can be summarized as follows.
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Lemma 2.7 Let V:R" — R be a locally Lipschitz function satisfying (1.1) and let cy
be the cost given by (1.2), which is well defined for almost every x € R”. If there exists an
absolutely continuous probability measure y with support R" such that W, (u, u) = 0,
then V is convex on R". Conversely, if V is convex, then W, (u, u) = 0 for every
absolutely continuous probability measure .

Proof Since c(x,x) = 0, if We(y, 4) = 0, then it means that the image 7 of y by
the map x — (x, x) is an optimal coupling, and therefore its support is cy-cyclically
monotone. By the assumption on y, this implies that for (almost) all x, y € R” we
have cy (x, y) + cv(y,x) > cv(x,x) + cv (¥, y), which can be rewritten as

(2.11) (VV(»)-VV(x)) - (y-x)20.

For a locally Lipschitz function (therefore also Wllo’i), this property implies that V is
convex. Indeed, we can consider V, = V * 5, where y.(x) = ¢ "1(x/e) is an approx-
imation of the identity in R”, with # compactly supported. Then the property (2.11)
passes to V;, which is now smooth, so that this property holds at every (x, ¥) and this
implies that V is convex on R", because it implies that the restriction of V; to any
affine line has a nondecreasing derivative. We conclude by using that V. converges to
V, point-wise as € — 0.

Conversely, the fact that ¢y (x,x) = 0 implies that W, (g, 4) < 0 for any abso-
lutely continuous probability measure y. Since ¢y > 0 when V is convex, we get in
this case that W, (4, 4) = 0. (One can also verify that when V is convex, the set
{(x,x);x € R"} is cy-cyclically monotone.) [ |

We now have all the ingredients for the study of equality cases. If there is equality
in (1.3) for some v, then by Lemma 2.5 there must be equality for any translated mea-
sure T,v, u € R". But for u := — f xdv + f x dyy, we have the centering condition
[ xdT,v = [ xduy(x),and so we must have that Wi (pv, T,v) = 0, thatis, T,v = uy
or equivalently v = T_,, uy. This shows that for equality to hold, v must be a translate
of yy. But this in turn implies, again by Lemma 2.5, that there is also equality for
v = py. Since H(pv||uv) = 0, we must have W, (uy, yy) = 0. By Lemma 2.7, this
implies that V is convex.

Conversely, if V is convex, there is equality for v = y, because Lemma 2.7 ensures
that W, (uv, gv) = 0, and by Lemma 2.5 we then also have equality for any translate
of py. [ |

3 Variance Brascamp-Lieb Inequalities

It is well known that linearization of transportation type inequalities give Poincaré
type inequalities. One often uses the dual infimal convolution inequality (1.5) to per-
form the linearization, but one can do it also directly from the transportation in-
equality. The procedure for linearizing the Wasserstein distance is standard, espe-
cially in the framework of the so-called “Otto calculus” (see, for instance, [28]). It is
also known that only the local behavior of the cost matters for linearizing a transport
inequality (see, for instance, [18, Section 8.3]. However we did not find a reference
for the precise situation studied here, and so we include the following statement for
completeness.
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Lemma 3.1 Let ¢R" x R" — R* be a function such that c(y, y) = 0 and c(x,y) >
8o|x — y|* for every x, y € R", for some 8y > 0. Assume furthermore that for every y
there exists a nonnegative symmetric operator H, for which

c(y+h,y)= %Hyh -h+ |ho(1)

uniformly in y on compact sets when h — 0.
Then if u is a probability measure on R™ and g is a C' compactly supported function
with [ gdu =0, we have

2
o1 1 ([gfdu)

liminf 5 Welw (L eg)du) 2 5 50 5 Fau

for any C' compactly supported function f.

Proof Given a (bounded) function F on R”, we introduce its infimal convolu-

tion (1.6) associated with our cost ¢, which satisfies: for every (x,y) € R" x R”,
Qc(F)(y) — F(x) < c(x, y). It then follows from the definition of W, that

Wc(y,v)zfQC(F)dv—dey.

In our situation where v = (1+&g) dy (¢ small enough and later tending to 0), we pick
F = ef with f of class C' compactly supported and [ f du = 0. Let us write

Qe(ef)(y) =inf {f (x) + c(x, y)} =inf{ef (y+ k) +c(y + h, )}

For any given y, let h = h, , be a point where this infimum is achieved. Since the
function f is Lipschitz, of constant M > 0 say, we have by our assumption on the cost
that

ef(y) —eMlhe| + 60|h£|2 Sef(y+he)+c(y+hey)<ef(y)
so that

M
he| < —e.
Il < e

In other words, h, tends to zero like ¢ uniformly in y. Also, since f is continuous
compactly supported, we can find (because the cost is nonnegative and large when
points are far-apart) a bounded open set Q, which contains the support of f such that
Qc(ef)(») > 0 for every y € R” \ Q. Consequently, we have

We(p (1+eg)du) > [ Qulef) (1+eg)du> [ Qulef) (1+2g) du

We have, uniformly for y in the bounded set Q,

Qc(ef)(y) =ef(y+he) +c(y+he,y) =ef(y) +eVf(y) he+ %Hyhs “he +o(e),
and so

Qe () > ef () = &S H, 1 () - TF () + o(&2).
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After multiplying by (1 + £g), we can integrate on Q) using that the o(&?) is uniform
in y:

Wl (1 egd)> [ fedu=> [ HIF 9 fd+ o).

This implies, using that Q contains the support of f, that

limiglfgizwc(#: (1+eg)du) > ffgd‘u - % / H;1Vf~Vfdy.
The result follows by homogeneity (replacing f by A f and optimizing). ]

The linearization given in Lemma 3.1 shows that the Brascamp-Lieb inequality
follows immediately from Proposition 1.1 for v = (1 + eg)duy with [ gduy = 0,
when ¢ — 0. Indeed, without loss of generality, we can assume that D>V > 28, (by
adding a small §|x|* and later making 8 — 0) so that the cost verifies also ¢y (x, y) >
Solx - y|2. Moreover, if V is C2, we see from the definition (1.2) of the cost that, when
h—0,

1
cv(y+h,y) - EDZV(y)h-h =

fol[DZV(er(1—t)h)—D2V(y)]h-h(1—t)dt: IhPo(1),

where the o(1) is uniform in y on compact sets, since D>V is uniformly continuous
on compact sets. On the other hand, if g is a C' compactly supported function with
[ gduv =0, we have

1
H((1+eg)duv|uv) :Eszfgzd‘uv+o(sz).

So we find, by applying Proposition 1.1 with v = (1+ eg)dpuy and Lemma 3.1 with the
choice f = g (which is the optimal one in the present situation), at the limit, that

1 (fgaw)’ < [ga
2[(D?V(x)) Vg vgduy ~2J 5T
which is the Brascamp-Lieb inequality (1.7).
Let us apply the same procedure with inequality (1.11) in Theorem 1.3, the crucial
point being that N(h(uv) |(y + k) — y|) behaves like h(uy )?|h|? for h small. So the
cost satisfies, for h — 0,

Sr(y+hy)=cv(y+hy)+cN(h(py) |hl) = cv(y + hy) + ch(py)?|h]* + o(h?)
= %[DZV(y)h “h+2c h(‘uv)2 Id] h-h+o(h?),

where c is a numerical constant. The same argument as before for v = (1 + eg)duy
shows that if g is a C' compactly supported function with [ g¢duy = 0 and

| xg(x)duv(x) =0,
we have
[gzd,uvsf(D2V+ch(yv)zld)_IVg'ngyv,

as claimed in Proposition 1.5.
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Finally, let us derive Proposition 1.6. With the notation of the proposition, for
given g, denote gy := g — VV - ug — co. It is readily checked by elementary calculus
that for every vector 1y and constant ¢y (so not only for the ones we have picked), if
g=80 +VV - ug+co,

A= [(DV(x)Vg(x) - Vg(x) duy (x) - Var,, (g)
= [ (DV()) " 9g0(x) - Tgo(x) iy (x) = Vary (80).

Next, for our choice of u and ¢q observe that [ go duy = 0 and

[ x80x)du(x) =0,

since, in the standard basis, writing x; = x - ¢j for j =1,..., n, we have

ijVV(X)'ModHV(X):fej'uodHV:ej'“O:ij(g(x)_CO)d.”V(x)'

So by Proposition 1.5, we find

AZf(DZV)_IVgO'VgOd!‘V‘f(D2V+CA(HV)Id)_1Vgo'Vgodﬂv
:C/\(yv)f(DZV)*l(D2V+cA(yV)Id)*lng.vgodyv.

From this bound, we can proceed in two different ways. First, we can use a uniform
lower bound and combine it with the Brascamp-Lieb inequality

cMuv)
" sup, Amax(x) + cA(pv)

cApv) / 2
> duy.
" sup, Amax(x) + cA(pv) 8ol duv

f(DZV)_lvgo -Vgoduy

Otherwise, using again that D*V < A,y Id, we can use Holder’s inequality, to arrive
at

2
As ([ IVgolduv)
- fAmax(/\max"’CA(,“V))d,uV'

But (1.10) implies that [ |Vgo|duv > c\/A(uv) [ |go|duy for some numerical con-
stant ¢ > 0. This ends the proof of Proposition 1.6. ]
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