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Abstract

We investigate the almost sure asymptotic properties of vector martingale transforms.
Assuming some appropriate regularity conditions both on the increasing process and
on the moments of the martingale, we prove that normalized moments of any even
order converge in the almost sure central limit theorem for martingales. A conjecture
about almost sure upper bounds under wider hypotheses is formulated. The theoretical
results are supported by examples borrowed from statistical applications, including
linear autoregressive models and branching processes with immigration, for which new
asymptotic properties are established on estimation and prediction errors.
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1. Introduction

Let (X,,) be a sequence of real, independent, identically distributed random variables with
E[X,] = 0 and E[X?] = 02, and let

n
Si=Y_ Xi.
k=1

It follows from the ordinary central limit theorem that

Sn

n

5 N0, oY),

which implies that, for any bounded continuous real function 4,

li)rgoE[h(j%)} :/Rh(x)dG(x),
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where G stands for the Gaussian measure N (0, 02). Moreover, by the celebrated almost sure
central limit theorem (ASCLT), the empirical measure

n

1 1
On = logn ]; ES{S"/‘/;}’

where § denotes the Dirac delta function, satisfies
G, = G almost surely (a.s.).
In other words, for any bounded continuous real function #,

D S W A
Tim 1ognz%h<ﬁ> _/Rh(x)dG(x) a.s.

k=1

The ASCLT was simultaneously proved by Brosamler [3] and Schatte [16], and, in its present
form, by Lacey and Phillip [11]. In contrast with the wide literature on the ASCLT for
independent random variables, very few references are available on the ASCLT for martingales,
apart from the recent work of Bercu and Fort [1], [2] and the important contributions of Chadbane
and Madaouia [4], Chadbane [5], Chadbane and Touati [6], and Lifshits [14], [15]. The ASCLT
for scalar martingales is as follows. Let (¢,,) be a martingale difference sequence adapted to a
filtration F = (¥,,) with E[eﬁ b | Fal= o2 as. Let (d,) bea sequence of random variables
adapted to I, and denote by (M,,) the real martingale transform

n
M, = Z D18k
k=1

We also need to introduce the explosion coefficient f;, associated with (®,):

o2 "
fu= S—", where s, = Z <I>,%.
n k=0

As soon as ( f) goes to 0 a.s. and, under a reasonable assumption on the conditional moments

of (&,,), the ASCLT for martingales asserts that the empirical measure

n

> Sy s = G as. (1.1)
k=1

_ 1
"~ logs,

G

In other words, for any bounded continuous real function 4,

im ! th( Mk )—/h(x)dG(x) as (1.2)
oo logs, =\ s ) T e o '

k=

It is quite natural to overcome the case of unbounded functions 4. To be more precise, we
might wonder if convergence (1.2) remains true for unbounded functions /. It has recently been
shown in [1] and [2] that, whenever (&) has a finite conditional moment of order greater than
2 p, then convergence (1.2) still holds for any continuous real function / such that |z (x)| < x2p.
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Theorem 1.1. (Convergence of moments in the scalar case.) Assume that (e,) is a martingale
difference sequence such that E[sﬁ 1 | Fal = o a.s. and satisfying, for some integer p > 1
and some real number a > 2p,

supE[len+11¢ | Ful <00 a.s.
n>0

If the explosion coefficient ( f,) tends to 0 a.s. then

" MZ N o2 (2p)!
M \ser) T 2ep!

lim
n—o0 log s, P

(1.3)

Limit (1.3) is exactly the moment of order 2p of the Gaussian distribution A (0, ). The
purpose of the present paper is to extend the results of [1] to vector martingale transforms,
which is strongly needed in various applications arising in statistics and signal processing.

Let (M,,) be a square-integrable vector martingale with values in R¢, adapted to a filtration
F = (¥,). Its increasing process is the sequence ({M),) of symmetric, positive, semidefinite
square matrices of order d given by

M)y = S EI(Mi = Me—))(Mi = M) | Fii]
k=1

A first version of the ASCLT for discrete vector martingales was proposed in [5] and [7],
under fairly restrictive assumptions on the increasing process ({M),). Hereafter, our goal is to
establish the convergence of moments of even order in the ASCLT for (M,,) under suitable
assumptions on the behaviour of ({(M),). We shall work in the general setting of vector
martingale transforms (M,,), which can be written as

n
M, = My + Z D&k,
k=1

where My can be taken arbitrary and ($,,) denotes a sequence of random vectors of dimension
d, adapted to IF. We also introduce

n
Sp=) OO +5,
k=0
where S is a fixed deterministic matrix, symmetric and positive definite. We can obviously
see that if E[s’%_ir1 | £.1= o2 a.s. then the increasing process of (M,) takes the form (M), =
028,_1. Ifd, = det(S,), the explosion coefficient associated with (®,,) is now given by

dn - dn—l

fo= 8 0y = =
n

After this short survey, the paper will be organized as follows. The main theoretical
result for vector martingale transforms is given in Section 2, at the end of which a quite
plausible interesting conjecture is formulated, involving minimal assumptions. In Section 3 we
propose some statistical applications to estimation and prediction errors for linear autoregressive
processes and for branching processes with immigration.
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2. On the convergence of moments

As mentioned above, our main result is given in Theorem 2.1 and it clearly extends Theo-
rem 1.1 to the vector case. Note that, in mathematics, the difficulty of the problem is almost
always a strictly increasing function of the dimension of some underlying space: it is also the
case here.

Theorem 2.1. Let (¢,) be a martingale difference sequence satisfying the homogeneity con-

dition E[8n+1 | £.1 = o2 a.s. and such that, for some integer p > 1 and some real number
a>12p,
supE[len+11¢ | Ful <00 as. 2.1
n>0

In addition, assume that the explosion coefficient (f,) tends to 0 a.s., and that there exists
a positive random sequence (o) increasing a.s. to 0o and an invertible symmetric matrix L

such that {
lim —S, =L a.s. 2.2)
n—0o0 o,
Then, the following limits hold a.s.:
p—1
_ 2 ;
lim log Z M S MP = £(p) = do” E(d +2)), 23)
Ii 1 - P _ —1 P
Jim logd, Z((Mk S MOP — (M ST MP) = w(p) = —e(p)- (24)

Remark 2.1. The limit £(p) corresponds exactly to the moment of order 2p of the norm of
a Gaussian vector N (0, 621;), where I; is the identity matrix of order d. Consequently,
Theorem 2.1 indeed shows the convergence of moments of order 2p in the ASCLT for vector
martingales. Here, the deterministic normalisation given in [5] has been replaced by the natural
random normalisation associated with the increasing process.

Remark 2.2. The convergence hypothesis (2.2) clearly implies that f,, — 0 a.s. if and only if
oy, ~ a,_1 a.s. As a matter of fact, we deduce from (2.2) that

n—oo

d
lim —’; =det(L) >0 as.
n
2.1. Proof of the Theorem 2.1
For the sake of shortness, we shall define the following variables:
Vo =M, S M,, on=a,'® L7 D, v =a, ML M,.
First of all, by using the symmetry of L, convergence (2.2) ensures that

fn=@n +olgn) as., (2.5)
Vi =v, +0(v,) as. (2.6)

Indeed, we have the decomposition

fo=onta O L7V (L2572 — 1) L7 20,
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Moreover, the matrix R, = &, L'/2S; 1LY/ — I, is symmetric. Thus, if p, stands for its
spectral radius, we clearly have

oy ' @y L2 R,LTV2 04| < .

Since p,, converges to 0 a.s., the last inequality leads to (2.5). The proof of (2.6) goes along the
same lines starting from the decomposition

Vo =v, + M (ST —a !t LTYM,.

Hence, by (2.6), V' = vl + o(vf) a.s. In order to find the limit in (2.3), it is enough, by
Toeplitz’s lemma, to study the convergence

lim
n—oo log d,

As in the scalar case [1], Theorem 2.1 will be proved by induction with respect to p > 1. The
first step consists in writing a recursive relation for M,] L='M,,. Let

Bn = te(L™V28, L7172, Vo = M,
:311
ML '® i _
Oy = nﬂ—n’ my = IBn_ler—er an-
n

According to the definition of (M},), the following decomposition holds:
My L™ "My = M, L™ M,y + 26,1 @) L' M, + 62, @, L™ D,
so that
Mug1 = (1= Ya)iy + 28,8041 + Yneoy ). .7
Theorem 2.1 relies essentially on the following lemma.

Lemma 2.1. Under the assumptions of Theorem 2.1, we have

n

. 1 4(p)
P _
nhj;o lozd, kg_l Vimy = o a.s. (2.8)
In addition, if g, = MnTSn__llcbn, we also have
2. p—1 _ A(p)
nlgréo log - E (I - fogim, = pdr T a.s. 2.9)

Proof. Raising equality (2.7) to the power p implies that

k
D 2tk Ciy sk = yyma) P et (2.10)
=0

A;M“

After some straightforward simplifications, we obtain the relation

mb 1+ An(p) =m| + Bus1(p) + War1(p), (2.11)
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where
2 pP— 1 n

An(p) =D BB = BLmy. Bup(p) = D D> b(Dsf ),
k=1

=1 k=1

n
2
Wit1(p) = Z Vkpgkf_l'
k=1

For1 <¢ < p — 1, we have

L€/2]

i =7 i i =27 _ .

be(t) = Y 27M e, )yl e T (= yomP T,
j=0

while, for p <€ <2p —1,

L£/2]
i ~l—] ) j l—2j — i
)= Y 27Hce, ] vls T = ym)rm
j=t—(p—-1
L—pr2p—t 2p—t_ L—p
+C, P27 =57 Ty

In order to extract useful information about 4, (p), it is necessary to study the asymptotic
behaviour of W,1(p), Bn+1(p), and m5.
Case 1: p = 1. First of all, we can observe that

n
log B, ~ Z Yk as.
k=1
Hence, by Chow’s lemma [8, Theorem 1.3.18, p. 22] we obtain

lim Wor1(1) =02 as.
n— 00 ]()g ﬁn

Now, the strong law of large numbers for martingales [8, Theorem 1.3.24, p. 26] together with
the inequality 85 < yumy implies that 8, 11(1) = o(A,(1)) a.s. In addition, from relation

(2.30) of [18], it follows that m, 1 = o(log B,) a.s. Consequently, by (2.11),

lim An(1) =02 as.
n— 00 log ,Bn

But the basic convergence assumption, (2.2), immediately implies that

ﬂn

lim — =d a.s.,
n—oo yn
so that log d,, ~ d log B, a.s. Hence,
. o’
lim Ay,(1) = — as,
n—oo log d, d
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which establishes (2.8). As for the proof of (2.9), we can proceed in the same way, starting
from the decomposition

Vit = M, S My + 26019, S, My + €241 fo
= hn + 2£n+1g,, + E,%+1fn-

Letting a, (1) = M,] S7'\ M, — M} S;7'M,, = V,, — hy,, we can write
Vit + An = Vi + Bayt + Wit 2.12)

where
n n n
An=Y_ar(l),  Buy1=2) &rig, Wap1 =D i1 fie
k=1 k=1 k=1
By Riccati’s formula,
g2 = (1= fu)an(1). 2.13)

Consequently, it follows from (2.13) together with the strong law of large numbers for martin-
gales that
By,+1 =0(An) as.

On the other hand, m,, = o(logB,) a.s. Hence, (2.6) gives the almost sure estimate V,, =
o(logdy). Furthermore, as (f;;) tends to O a.s., we also have

n
logd, ~ ka a.s.
k=1

Therefore, Chow’s lemma yields

We conclude the proof of Lemma 2.1 for p = 1 by simply dividing both sides of (2.12) by
log d,, and letting n tend to co.
Case 2: p > 2. First of all, using Chow’s lemma once again, we can write

War1(p) = o(logd,) as.
Also, we shall show that

Bu41(p) = S (p)logd, +o(logdy) +0(Ax(p) s, (2.14)

Setting, forall 1 < ¢ <2p —1,
Enp1 = ent1(0) + Bleyy | Fal = ens1(0) + 0u(0),

we can split

Y by, = Cap1 (D) + D(b)
k=1
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with
Cot1(6) =Y br(exs1(£) and Dy(0) =Y bp(L)ox ().

k=1 k=1
First, for any £ such that 1 < £ < p — 1, using the strong law of large numbers for martingales
once again and Equation (2.30) of [18], we have

Cu+1(8) = o(logd,) a.s.

Now suppose that 3 < £ < p — 1. From Holder’s inequality and the assumptions on the
moments of (g,,), it follows that, forall 1 < j < 2p — 1, |0, (j)| is bounded, which implies

that
n
/2 —£/2
|:on(m|=(9< yP2? />.
k=1

For even ¢, the induction assumption leads to D, () = o(logd,) a.s. When £ is odd, the
Cauchy—-Schwarz inequality and the induction assumption yield

n 1/2
|Dn (6)] = (9((2 viemy, ) (Z yimy ) ) =o(logd,) as.
k=1

Now suppose that p < £ < 2p — 1. Itis easy to obtain

n
| D, (0)| = (9(2 y,f/zm,f_l/z) a.s.
k=1

Now, from the induction assumption, we find that, for any integer ¢ # 2,
D, (£) =o(logd,) as.

It remains to study C,41(£). By Chow’s lemma we have C,+1(€£) = o(v,(£)) a.s., where

n n
2p—0)p/L
(O = Y Ik = O(Z ylmr 0 )
k=1 k=1

For £ > p, we apply Holder’s inequality with exponents £/p and £/(¢ — p). Then, v,({) =
o(logdy) a.s. In the particular case p = £, we find by the strong law of large numbers for
martingales that |Cj, 41 O)]? = O(ta(p) log 7, (p)) a.s., after having set

w(p) =Y bi(p) =0 (Z y{’m,’j)
k=1 k=1

Then we can deduce that C,+1(¢) = o(logd,) a.s., since by Equation (2.30) of [18], mb =
o((log d,)?) a.s. for some 0 < § < 1. As for the last term D, (2), we need to study, for p > 3,

the quantity
Dy ( 2- 2+4j
22 2]C ]C 1’ J
logd logd ]; JX(:) 2-j
_ 2p(p = Do?
= 82m
" logd, Z et iogd, gd Zy"
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It is easy to show that

= (@S M,)? =d*8? + o(yum,) as.

n* n—1

Then the induction assumption and Toeplitz’s lemma imply that

R TR o e 2 _ Mp—1
nlggo log d, ];(Skmk - n—>oo dzl Zak(l)mk - (p— Ddr

Consequently, we find that

lim

n—oo logdy,

a.s.

Du(2) 2p(p —Do? | po? 4
=4(p— D(T d_l’> = WE(P)

We can observe that this convergence is also valid for p = 2, which leads to (2.14). On the other
hand, still applying Equation (2.30) of [18], we derive the estimate mP = o(logd,). Thus,

lim An(p) =

A, Yoz dy dP+1 —t(p) as.

Since

-1 —1—
Bi =Bt (BT
=y (= ~pya as.,
=\ B

n

we finally obtain

1 £(p)
Zykmk = lim An(p) = dp% as.,

n—>oo logd n—o0 plogd,

I‘lkl

which completes the proof of convergence (2.8). As for the second part of Lemma 2.1, we
could proceed along similar lines via the equality

P k
k—t ~k 0 _k—t, p—k okte
Vi =2 2 2Tt e
k=0 (=0
with g, = ®) S'\ M, and h, = M, S; ' M,,.

The proof of Theorem 2.1 is completed as relations (2.3) and (2.4) are clearly direct
consequences of (2.8) and (2.9), respectively. Indeed, since 8, ~ dwj, a.s., we have, a.s.,

Vo ~dm, and f, ~dy,.

Therefore, convergence (2.8) immediately yields (2.3). Moreover, in the particular case p = 1,
the second convergence (2.9) is exactly (2.4). Now, for p > 2, the elementary expansion

p-] y\P1
P _yP = (x — y)xP! z
W=y z()
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leads to
an(p) = (M, S, My)? — (M,] S, M,)?

p-1 _ p=l-q
= a, (Y™ Z(V"—an(l)) : (2.15)

q=0 Vn
Riccati’s formula implies that

an(1) = (1 — f)M,] S7' @, d75 1 M,

n* n— 1
< - fuws, Po,a]s “/2>v
< fuVa.

As (fy) tends to O a.s., we clearly have a, (1) = o(V,) a.s. and, by (2.15),
an(p) ~ pay(HVL ™" as.

Finally, we obtain

Zak(p)— lim o) as.
naoo log n—00

In most statistical applications encountered so far, the convergence assumption (2.2) is
satisfied. However, this technical hypothesis somehow circumvents the vector problem, which
in its full generality is not yet solved. Indeed, (2.2) entails that all eigenvalues of the matrix
S, grow to oo at the same speed «;,. Thus, our method of proof has some features in common
with the scalar case. Hopefully, we should be able to establish the following result, stated for
the moment as a conjecture, without assuming (2.2).

Conjecture 2.1. Let (g,) be a martingale difference sequence satisfying the condition that
E[8n+1 | %1 = o2 a.s. and assumption (2.1) introduced in Theorem 2.1 for some integer
p > 1. Then

ka(Mk A le)p O(ogd,) a.s.,
k=1

n
Y (M S MP — (M ST MP) = Ologd,)  as.
k=1

3. Applications

3.1. Linear regression models

Theorem 2.1 is the keystone to understanding the asymptotic behaviour of cumulative
prediction and estimation errors associated to the stochastic regression process given, for all
n > 1,by

Xpr1 =0 @y + £np1, 3.1

where 0 € R? is the unknown parameter. The random variables X,,, ®,, and ¢, are the scalar
observation, the regression vector, and the scalar driven noise, respectively. We propose here
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two applications. The first one concerns stable autoregressive processes while the second one
deals with branching processes with immigration.

For a reasonable sequence (6,) of estimators of 6, we shall investigate the asymptotic
performance of é,;'— ®,, as a predictor of X,,+1. More precisely, we shall focus on the prediction
error, X, 11 — é,;r ®,,, and on the estimation error, é,, — 0. In fact, it is more relevant and
efficient [10] to consider the cumulative prediction and estimation errors defined, for p > 1, as

n—1

Ca(p) =) (Xiy1 — 6] D)*P
k=0

and
n

Gu(p) =D kP16 — 07
k=1
In the scalar case, d = 1, under suitable moment conditions, asymptotic estimates on (Cp,(p))
and (G, (p)) were established in [1] by means of the standard least-squares estimator

n
O =511 Op_1 X (3.2)
k=1

It turns out that Theorem 2.1 allows us to improve the results of [1] and [2]. To the best of the
authors’ knowledge, only partial results in the particular case p = 1 have been obtained, namely
in [8] and [18], where the authors derived the asymptotics of (C,,(p)) and (G, (p)). For the
proofs of the strong consistency of the least-squares estimator for general linear autoregressive
processes, we refer the reader to [9], [12], and [17]. Also, various results on the asymptotic
behaviour of the empirical estimator of the covariance associated with process (3.1) can be
found in [9], [12], [13], and [17].

One might wonder how the convergence of the moments in the ASCLT helps us to deduce
the almost sure asymptotic properties of the sequences (C,,(p)) and (G, (p)). It follows, from
(3.1) and (3.2), that

by —6=S5" M, (3.3)

where

n
My = Mo+ D15
k=1

with My = —S6. If
_ ATd AT
Tn = (0 —0,) &, = Xnt1 — en D, — ent1, (3.4)
relations (3.3) and (3.4) yield
2 =M,S " @018 " M,
It follows from Riccati’s formula given in [8, pp. 96 and 99] that
S =8+ = fS, 1 @0, 8,

Hence, we can write

an() =M, S My — M S M, = (1 — f)m?. (3.5)
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It is often difficult to obtain asymptotic information on the explosion coefficient f;. Neverthe-
less, in our framework, it is possible to show that ( f,,) converges a.s. to 0. So, the asymptotic
behaviours of (G,(p)) and (C,(p)) can be deduced from the properties of (a,(1))?, under
some suitable moment conditions on the driven noise (g,). By the same token, the moments of
order 2 p can also be estimated.

Corollary 3.1. Under the assumptions of Theorem 2.1, we have, a.s.,

[ 0 ifp>1
li 1))? = ’ 3.6
dim o l;(ak( ) !02 I (3.6)

Proof. In the particular case p = 1, convergence (3.6) is exactly given by (2.4). Now
suppose that p > 1. Since

ap(1) < fuVy

and f, — 0 a.s., we obtain, once again by Lemma 2.1 and Kronecker’s lemma,

1 " 1 "
i p i N P —
0< nhm logd, kg 1(ak(l)) < nhm logd, kE l(fk Vi)! =0 as.

3.2. Moment estimation, prediction, and estimation errors

2

Assume that (e,,) is a martingale difference sequence such that E[s}% 1 | .1 = o~ as. for

alln > 1, and let
] n
A, = — 2.

If (¢,) has a conditional moment of order a > 2 then the strong law of large numbers for
martingales implies the almost sure convergence of A, to o2. Under the assumptions of
Theorem 2.1 with p = 1, convergence (3.6) leads to the strong consistency of the estimator

of 62,
1 n—1
= — AT & N2
== KXepr =0 902,
k=0
since
lim (T, — Ap) =02 as. (3.7)
n—o0 log d,

Hence, a natural estimator of higher moments of (¢,,) can be proposed. For any integer p > 1, let

n—1

1 N
Tn2q) = — > (Xep1 — 6 0.
k=0

We can readily observe that nl",, (2p) = C,,(p). For any integer p > 1, we let
An(2p) = ! i el
' "= .

Almost-sure asymptotic properties of I',,(2p) are given in the next corollary.
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Corollary 3.2. Assume that (e,,) satisfies (2.1) with p > 1. In addition, suppose that, for some

integer 1 < q < p, E[ei‘j_ 1 | Ful = 0 (2q) a.s. Then, T',,(2q) is a strongly consistent estimator
of o (2q) with

(Ta(29) — Ay(2g))? = (9(%”) as. (3.8)

Proof. We have already shown via (3.7) that Corollary 3.2 holds for ¢ = 1. Now assume
that g > 2. By expanding the expression of I';,(2¢q), equality (3.4) leads to

n—1 2g—1 n—1
2 2q—
n(Cw2q) = M) = Y w7t + 3 CLY mt el
k=0 =1 k=0

Using the almost sure convergence of f; to 0 and Corollary 3.1, we deduce from (3.5) that
n
Z n,fq =o(logd,) as.
k=0

Forall £ € {1, ...,2q — 1}, let us write

n—1
2qg—1

> 1 ey = Pa@) + Qu(0)

k=0

with

n—1 n—1
P =Y m 0@ and 0,0 = > m ers1(0),
k=0 k=0

where 0, (€) = E[e}, | | Fuland e, (0) = &
0, (£) are a.s. bounded, we have

+1—0n(£). First, since the conditional moments

n—1
PO = 0(2 n,ff”) — O(logdy) as.
k=0

Moreover, from the estimate
10,(0)> = O(nlogdy,) as.

we obtain
n?(Ty(2q) — An(29))? = O(nlogd,) as.,

which concludes the proof of Corollary 3.2.

Remark 3.1. It is now possible to deduce from Corollary 3.2 the asymptotic behaviour of
(C,(q)). Under the assumptions of Corollary 3.2, we have

1
lim —Cn(q) = 0(2q) as.
n—oon

Moreover, since the conditional moment of order a > 2p of (g,) is a.s. finite, Chow’s lemma
leads to

‘% > el - a(2q)‘ =0 ) as. (3.9)
k=1
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for all ¢ such that Zpa_1 < ¢ < 1. Hence, it follows from (3.8) and (3.9) that, if log d,, = o(n®)

2

1
‘; Cu(q) —0Q2q)| =0 as.

Before stating the result on the cumulative estimation error (G,(p)), we need another
corollary of Theorem 2.1.

Corollary 3.3. Under the assumptions of Theorem 2.1, we have

Jim 0010g ka((ek—e) Sk@ —0)" = t(p) as.

(3.10)
In addition, assume that there exists a positive definite, symmetric matrix L such that
. 1
lim -S,=L a.s. (3.11D
n—+oon
Then, we have
lim Zk” Y=Ll —0)’ =t(p) as. (3.12)
n—o0 logn

Remark 3.2. Since L is positive definite, (3.12) immediately yields
Gn,(p) = O(ogn) a.s.
Proof of Corollary 3.3. From the definitions of S, and én, it is easy to see that
Gn = 0)" 40 — 0) = Vi + g2

Hence, it follows from convergence (2.3) and from the convergence of the explosion coefficient
(fn) to 0, together with Kronecker’s lemma, that, a.s.,

lim log T ka«ek—e) Sk 6k — 0)” = lim

Jim log kavk = Up).

Then, convergence (3.10) is a straightforward consequence of Theorem 2.1. In addition, it is
not difficult to see that

n

drtt Xom?
lim Zk” Y@ —=0)TL6 —0)? = lim k
n—o0 logn Pt

a.s.
n— 00 logn Pt Bk

The classical Abel transform gives the decomposition

p_ M my S
vim, = —(X, —dn—1) — —%g+r,+d ) —
]; k Bn ! Bo ! kz /3

where

n n
=) Bn=) o[L7'0p~ B,
k=1 k=1
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and
m?

n—1
Fp = Z(m_f - k“)(zk — kd).
=\ B P

Moreover,

my

Bu

So, it only remains to prove that r,, = o(logn) a.s. Indeed, Lemma 2.1 yields

my
X, —dn-1) — 'B—Eo =o(logd,) as.
0

n n

nlgrolo logn Z E o anggo logn Zykmk T drtl

k=1 k=1
Then, splitting r,, into two terms, i.e.
sy —kd s —kd
= g —m{ )+ Y T———rml,,
k=1 k o P

and using the proof of Theorem 2.1 together with (2.10), we obtain

lim — Szk_kd(ﬂ_p(ﬂp—ﬂp ymy — wiy —bey1) =0 as
n—o0 logn = B k k k—1)M k+1 k+1 .S.

The second term is a.s. o(logn). This is a mere consequence of Lemma 2.1 and of the almost
sure convergence of (X, — nd)/B, to 0. Finally, we have

n

lim ka—l((ék —0)LO—0)’ =t(p) as.
n—oo logn P

We shall now apply these asymptotic properties to autoregressive processes and to branching
processes with immigration, which are both particular cases of the general stochastic regression
process (3.1).

3.3. The linear autoregressive process
The linear autoregressive process is defined, for all n > 1, by

d

Xn+1 = ZGan—kH + &nt1.
k=1

Let C denote the companion matrix associated with (X,):

0 6 ... 651 6y
1 0 ... ... O
0

0o ... O 1 0
We shall focus our attention on the stable case, which means that we assume that p(C) < 1,
where p(C) is the spectral radius of the matrix C. In addition, we also assume that (g,) is a
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martingale difference sequence which satisfies (2.1) with p > 1. If E[az 11 | F,1 = o2 as.
and
1 0 ... 0
0 0 ... 0
r=o¢|. . . |,
0 0 ... 0

then convergence (3.11) holds with the limiting matrix L given by

o
L=Y cfrcht
k=0
Moreover, we can immediately see that the matrix L is positive definite [8], [9]. Then we are

in position to state our following result.

Corollary 3.4. Assume that (g,,) satisfies (2.1) with p > 1. In addition, suppose that, for some
integer 1 < g < p, E[sﬁz_ 1 | Ful = 0 (2q) a.s. Then, T',,(2q) is a strongly consistent estimator
of o (2q) with

(Ta(29) — An(29))? = (9(‘°g”> s
n

Moreover, we also have

n

lim D kPN G- 0) LG —0)" = L(p) as.
n—oo ]()gn P

3.4. A branching process with immigration

3.4.1. Estimation of means. Branching processes with immigration play an increasingly
important role in statistical physics, computational biology, and evolutionary theory. The
concept of immigration is related to the situation in which the population can be enriched by
exogenous contributions. The branching process with immigration (X,) is given, for alln > 1,

by the recursive relation
X

Xor1 =Y Yur+ Lny1, (3.13)
k=1
where (Y, 1) and (I,,) are two independent sequences of independent, identically distributed,
nonnegative, integer-valued random variables. The initial ancestor is X¢ = 1. The distribution
of (Y, ) is commonly called the offspring distribution, while that of (I,) is known as the
immigration distribution. Define

E[Yni] =m, E[l,] =4,

var[Y, ] = 02, var[l,] = b

We are interested in the estimation of all the parameters m, X, o2, and b2. Relation (3.13) may
be rewritten in the autoregressive form

Xpr1 =mXy + A+ €nt1, (3.14)

where €,41 = X,4+1 — mX, — A. Consequently, the branching process with immigration is
a particular case of the stochastic regression process given by (3.1) with CDI = (Xp, 1) and
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0T = (m, »). However, we can observe that the situation is a little more tricky as (g,) is a
martingale difference sequence with unbounded conditional variance

E[e2,, | Ful = 02X, + b
To circumvent this technical difficulty, we introduce the following regression process:
Zn—i—l = GT“IIn + $11+1a

where the random variables Z, 11, V,,, and &, are given by

1/2 —1/2

— —-1/2
Zny1 =y / Xntt1, v, =c¢, ®,, i1 =¢y / En+1,

with
=X, + 1.
Hereafter, (§£,) is a martingale difference sequence with bounded conditional variance

E[En2 1 | F,1< o2 + b? a.s. We estimate the vector of means 87 = (m, A) by the conditional
least-squares estimator

n
0y =51 ci ' diXe,
k=1
where
n
Sp=h+) c o).
k=0
In the subcritical case, m < 1, Wei and Winnicki [19] showed the almost sure convergence
1
lim —§, =L as.,
n—oon

where the limiting matrix L is given by
X2 X
E E| ——
X+1 X+1

] ]

The notation X stands for a random variable sharing the same distribution as the stationary
distribution of the Markov chain (X,,). Consequently, the matrix L is positive definite and the
following result holds.

Corollary 3.5. Assume that (g,,) satisfies (2.1) with p > 1. In addition, suppose that, for some
integer 1 < q < p, E[eiil | Fu] = 0 (2q) a.s. Then, 'y, (2q) is a strongly consistent estimator
of o (2q) with

2 logn
(Ta(29) — An(29))% = (9(7) s

Moreover, we also have

n

D kPN (G = 0) LG — 0)” = L(p) as.
k=1

lim
n—o0 logn
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3.4.2. Estimation of variances. It follows from (3.14) that

SZ_H = O’ZXn +b% + Vi+1,

where (V,,) is a martingale difference sequence satisfying
E[V2, | Ful =20%X2 + X, (t* — 30* +4b%0%) +v* — b*,
where
™ = E[(Y,x —m)* and v* = E[(, — V).
Consequently, we infer that

Ele, 2V, | Fal < v +4b%0? + 0%

As before, we estimate the vector of variances nT = (02, b2) by the conditional least-squares
estimator

n

A -1 24 A2 . A 4

m = 0, ch Dpery g with &4 = Xy — 6, D,
k=1

where

n
On=5L+ Zc,jzcbkcb,j.
k=0
In the subcritical case, m < 1, it was established in [20] that

1
lim —Q, = A,

n—oon

where A is the positive definite limiting matrix given by
x? X
E| —— | E| ——
(X +1)2 (X +1)?

X 1
El ——— | E|l———
[(XJrl)z] [(XJrl)z]

Corollary 3.6. Assume that (&,) satisfies (2.1) for p > 2. Then

A =

Our last result is as follows.

n

D RPN (= m TAGr — )P = Ep) as.
k=1

lim
n—00 logn
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