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Abstract

We study cosine and sine Fourier transforms defined by F () := (2/7) f0°° f(x)costxdx and F@):=
2/m) f0°° f(x)sintxdx, where f is L'-integrable over [0, c0). We also assume that F and F are
locally absolutely continuous over [0, 00). In particular, this is the case if both f(x) and xf (x) are L'-
integrable over [0, co). Motivated by the inversion formulas, we consider the partial integrals s, ( f, x) :=
Jo F(t)cosxtdr and 5,(f, x) == f; F (¢) sin xt dt, the modified partial integrals u,(f, x) := 5,(f, x) —
F(v)(sinvx)/x and &,(f, x) = 5,(f, x) + F(v)(cos vx)/x, where v > 0. We give necessary and
sufficient conditions for the L![0, oo)-convergence of u,(f) and &,(f) as well as for the L'[0, X]-
convergence of 5,(f) and 5,(f) to f as v — oo, where 0 < X < oo is fixed. On the other hand, in
certain cases we conclude that s,(f) and 5,(f) cannot belong to L![0, oo). Consequently, it makes no
sense to speak of their L'[0, 0o)-convergence as v — 00.

As an intermediate tool, we use the Cesaro means of Fourier transforms. Then we prove Tauberian
type results and apply Sidon type inequalities in order to obtain Tauberian conditions of Hardy-Karamata
kind.

We extend these results to the complex Fourier transform defined by G () := 1/(27) ff‘; ge ¥ dt,
where g is L'-integrable over (—o0, 00).
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Keywords and phrases: cosine and sine Fourier transforms, complex Fourier transform, absolute continu-
ity, L'-convergence, inversion formula, partial integral, Cesaro mean, modified partial integral, Tauberian
condition of Hardy-Karamata kind, Sidon type inequalities.

1. Notation and basic assumptions

We consider a complex-valued function f that is Lebesgue integrable over [0, c0),
in symbols : f € L'[0, oo). The cosine and sine Fourier transforms of f are defined
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406 Ding Vii Giang and Ferenc M6ricz 2]

respectively by
2 [v ]

(1.1) F@):= —/ f(x)costxdx,
7 Jo

(1.2) F(t) ;= %/ f(x)sintxdx (¢t > 0).
0

As is well-known (see for example [5, pp. 13 and 16-17]), the inversion formulas

f(x) = lim F(t)cosxt dt
(1 3) V=00 0 ,
=lim { F()sinxtdt (x> 0)

V=00 0
hold true under various conditions. The aim of this paper is to recover f from F or F
by means of L'-convergence.

To this effect, we consider the partial integrals of (1.3) defined by
s,(f, x) = / F(t)cosxtdt,
0

S, (f,x) = /v F(t) sinxt dt;
0

the Cesaro means, or (C, 1) means of (1.3) defined by

o,(f, x) = /v (l - i) F(t) cos xt dt,
0 v

5.(f, x) = / (1 - 1) F(t)sinxt dt
0 Vv

(see for example [5, p. 26]), where v > 0 and x > 0 are arbitrary real numbers.

The usage of o,(f) and 6,(f) is analogous to the summability of series by the
method of the first arithmetic mean, which is too well-known to need much discussion
here. (See for example [6, Vol. 1, Ch. 3].)

From now on, we also assume that F and F are locally absolutely continuous (in
abbreviation: LAC) over [0, 00). In particular, this is the case if both f(x) and xf (x)
belong to L'[0, 00). In fact, then the cosine Fourier transform F is differentiable and

(1.4) F@)=~-F@) @¢>0),

where F, is the sine Fourier transform of fix) == xf(x).
The last statement is a common place. But for the reader’s convenience, we prove
it briefly. The function
cos(t + h)x —costx coshx — 1 sin hx

fx) 7 = f(x) costx—h—— —xf(x)sintx "
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is majorized in absolute value by the integrable function |x f (x)| independent of #, and
tends to the limit —xf (x) sinzx as h — 0. By the Lebesgue dominated convergence
theorem,

Fit+h)—F@)

}'1_{% P =—-F) (t=0),

which is (1.4). (In case t = 0, we consider # > 0 only.)
Making use of definition (1.2) and Fubini’s theorem results in the following

/F’(u)du:—/ /ooxf(x)sinuxdxdu=—/ooxf(x)/ sinux dudx
0 o Jo 0 0

= /‘00 fx)costx — 1)dx =F(@)— F@O) (¢ =0).
0

This shows that F is indeed LAC over [0, o0).
The statement that F is also LAC over [0, 00) can be proved analogously. In
particular, we have

F'(t) = F(t) (t>0),

where F is the cosine Fourier transform of f(x).
Next, we introduce the auxiliary expressions

@ (fo A x) ——f ( )F()S"”"

Av
£(f A x) = —— (1 Av)F()“’”’ '

A—1

where v > 0, A > 1 and x > O are arbitrary real numbers. They will play a decisive
role in our results on L'-convergence.
By integration by parts, we obtain

sin vx smxt
so(fox) =F(v) —/ F'(t)
X 0

This motivates the introduction of the modified partial integral defined by

(1.5) u,(f,x) 1= 5,(f, x) — F(v)smx”x = / F( )S"‘x’
0

and analogously,

(16) Bf, ) = 5,00 + F) S =f o
0
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2. Main results
We characterize the L'[0, 0o)-convergence of u,(f) and &, (f) to f as v — 0.

THEOREM 1. If f € L'[0, 00) and F is LAC over [0, 00), then

2.1 lim luy(f, ) — f()]dx =0
V=00 0
if and only if
2.2) lggllimsup/ T, (f, A, x)|dx =0.
V>0 0

THEOREM 2. If f € L'[0, 00) and F is LAC over [0, o0), then

(2.3) lim / li,(f, x) — f(x)|dx =0
V=00 1/v
if and only if
2.4) lxiﬂllim sup/ IT,(f, A, x)]dx = 0.
V>0 1/v

It is an easy consequence that, under the conditions of Theorems 1 and 2, we cannot
expect the L'[0, co)-convergence of s,(f) and §,(f) as v — 00, respectively.

COROLLARY 1. If f € L'[0, o0), F is LAC over [0, 00), and condition (2.2) is
satisfied, then s,(f) & L'[0, oo) for each v such that F(v) # 0.

COROLLARY 2. If f € L'[0,00), F is LAC over [0, 00), and condition (2.4) is
satisfied, then 5,(f) & L'[0, 00) for each v such that F(v) # 0.

On the other hand, we are able to characterize the L'-convergence of s,(f) and
5,(f) to f over any finite interval [0, X] as v — 00, where 0 < X < oo is arbitrary.

COROLLARY 3. If f € L'[0, 00), F is LAC over [0, 00), and condition (2.2) is
satisfied, then for any 0 < X < 00

X
2.5) lim / Is,(f, x) — f(x)|dx = 0ifand only if lim F(v)Inv =0.
V=00 0 V=00
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COROLLARY 4. If f € L'[0, 00), F is LAC over [0, 00), and condition (2.4) is
satisfied, then for any 0 < X < o0

X
(2.6) lim / [5,(f, x) — f(x)|dx = 0 ifand only if lim ﬁ(v) Inv=0.
V=00 0 =00

The following simple example shows that there exists a function f € L![0, co) such
that its cosine Fourier transform F is absolutely continuous over [0, 00), F(v)Inv —
Oasv — oo, buts,(f) ¢ L'[0, 0o) for all v > 0. Consequently, it makes no sense to
speak of the L![0, oo)-convergence of s,(f) as v — oo.

EXAMPLE. Let F(t) :=2/n(t + 1) fort > 0,

f(x) = lim fv F(t)cosxt dt (x > 0).
V=00 0

It is plain that

f (ess sup, .o, |F'(1)]) du < o0.
0

By [3, Theorem 1], it follows that f € L'[0, c0). Keeping the inversion formula
(1.3) in mind, by Corollary 5 below, we conclude (2.1). By (1.5), the difference
s,(f) — u,(f), and a fortiori s, ( f), does not belong to L![0, co) for any v > 0.

We note that an easy computation gives that

2 % sinxt
== — dt,
F® 11 /0 (1+ )%

2 [ s

( ) ) = 2/‘°° sin xt ‘4 2sinvx
S (/%) = f() = ), (1412 (1l +v)x’

whence the above statements can be checked directly, too.

PROBLEM 1. It is an open problem how to deduce sufficient or/and necessary con-
ditions for the L'[0, co)-convergence of s,(f) and §,(f) to f as v — oo? Since the
differences u,(f) — s,(f) and i,(f) — §,(f) do not belong to L![0, o0) (cf. (1.5)
and (1.6)), one should avoid the usage of u,(f) and i, (f) during the solution of this
problem.

According to Theorems 1, 2 and Corollaries 3, 4, the question of L'-convergence
of u,(f), i, (f), s,(f), and §,(f) reduces to finding sufficient conditions for the
fulfillment of (2.2) and (2.4), respectively.
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THEOREM 3. If f € L'[0, 00), F is LAC over [0, o0), and for some p > 1 we
have

Ay
2.7 lim lim sup/ tP7UYF ()P dt < oo,

ME s

then condition (2.2) is satisfied.

COROLLARY 5. If f € L!'[0, 00), F is LAC over [0, c0), and
(2.8) tFF(y=61) as t— o0,
then condition (2.2) is satisfied.

THEOREM 4. If f € L'[0, 00), F is LAC over [0, 00), and for some p > 1 we
have

Av
(2.9) limlimsup[ P ()P dt < oo,

NS RN

then condition (2.4) is satisfied.

COROLLARY 6. If f € L'[0, o), F is LAC over [0, 00), and
(2.10) tF'®) = 6() as t— oo,
then condition (2.4) is satisfied.

Also, conditions (2.7), or in particular (2.8), are sufficient for the fulfiliment of both
(2.1) and (2.5). Likewise, conditions (2.9), or in particular (2.10), are sufficient for
the fulfillment of both (2.3) and (2.6).

A few comments are appropriate here.

(i) Theorems 3 and 4 are stronger when p is closer to 1. By Holder’s inequality, if
0 < p; < py < 00, then

Av 1/p1 Av 1/p2
</ t”‘_1|F'(t)|”‘ dt) < (lnA)(l/pl)—(l/pz) (/ tpz_l[F'(t)V’z dt) .

Thus, without loss of generality we may assume that for some 1 < p < 2 we actually
have

Av
2.7 ljirlllim sup/ tP N F'(0)|Pdt = 0.

V=>0
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A similar observation pertains to condition (2.9). That is, we may assume that for
some 1 < p <2 we actually have

Av
2.9) lxi?}lim supf P F' ()P dt = 0.

V=00

(ii) The counterparts of conditions (2.7") and (2.9) are well-known in the theory
of Fourier series and called Tauberian conditions of Hardy-Karamata kind (see, for
example [1, 2, 4]).

(iii) In the special case p = 1, condition (2.7') is of the form

Av
2.11) 1Aiirlllimsup/ |F'()|de = 0.

V00

PROBLEM 2. We guess that condition (2.11) is not enough to ensure L'-convergence.
However, we are unable to construct a function f € L'[0, 00) such that its cosine
Fourier transform F is LAC over [0, 00), condition (2.11) is satisfied, and relation
(2.1) is not satisfied.

We claim an analogous conjecture in connection with condition (2.9").

3. Auxiliary results
We present four lemmas.

LEMMA 1. (See [5, p. 11]1.) If f € L'[0, 00), then F(t) and 17"(!) are continuous
over (0, oo) and

lim F(¢) = lim F(¢) = 0.
e el t— 00
LEMMA 2. (See (5, p. 35].) If f € L'[0, 00), then

lim /w 0, (f.x) — £(X)|dx = lim foo 16, (. x) — F(0)ldx = 0.
V=00 0 vV—=>00 0

The next Tauberian type results are interesting in themselves.
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LEMMA 3. If f € L'[0, 00), F and F are LAC over [0, 00), v > 0, and A > 1,

then
uv(f’x) Uv(f X) —[akv(f )C) Uv(f’x)]
(3.1
(f.hx) — / F(t)smxt
+ 7, = 1)
v(f x)_av(f -x) [Uku(f x)_av(f X)]
(3.2)

~ ~ CcoSs xt
+Tv(f,}\.,x)+m-/‘: F() o dt

PROOF. By definition,
Yt
s.(f,x) —o,(f,x) = / —F(t)cosxtdt,
0 vV

on(f, x) —o,(f, x) = Aol fv LF(t) cos xt dt
A o V

Av t
+/ (1 — —) F(t)cosxtd:.
v AV

Hence it follows that

su(fox) —o,(f,x) = —[%(f x) —o,(f, x)]
(33) A Av t
_A,_—_l : (I—R) F(t)cosxtdt.

By integration by parts, we get
v t 1 sinvx 1 [ sinxt
1—-— )F@)cosxtdt =—|1— =} F(v) +— F() d
v AV A X X
v sin nxt
— 1— F'(t

(00, (f,¥) = 0, (£ 0] + F(v)s‘“x”

Combining this with (3.3) gives

Sv(f’x) _Uv(fs X) = A

1 v sinxt
— m‘/v F(t) P dt+fv(f,)\.,X).

Hence (3.1) follows by (1.5).
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The proof of (3.2) runs along the same lines. We omit it.
The next two Sidon type inequalities are crucial in the proofs of Theorems | and 2
below.

LEMMA 4. (See [3].) If f islocally LP-integrable over [0, 00) for some 1 < p < 2,

then for any v > 0 we have
1 2v 1/p
dx < C, (—/ If(t)lpdt) ,
v v

] 2v :
(3.4) / ‘1 / FOmX
o v/, x
0o 2v 2v 1/p
3.5) / %/ F S alax < c, (%/ ]f(t)|l’dt)
1/v v v

X
Here and in the sequel, by C, we denote a constant depending only on p, whose
value may be different at different occurrencies.

4. Proofs of the results in Section 2

PROOF OF THEOREM 1. By (3.1), we can estimate as follows

[ wtsn —asnnas = [ incaonnax
0

0

A. o0
@.1) < — lown (f, x) — o, (f, x)| dx
Ar—1J
1 el B sin xt
4+ — Z F(t) dt| dx = J) + J,,
A—-1Jo v/, X

say. By Lemma 2, for any fixed A > 1 we have

Vo0

We may assume that | < A < 2. By (3.4),
C 1 Av l/p
S < —2 = F@)|rdt) .
2—1_1(1;/” FQ)) )
Making use of Lemma 1, for any fixed A > 1 we conclude
. . C,
(4.3) vlggo S =< vlg{.lo G-D S:lzlp |F(t)] =0,

where 1/p + 1/¢g = 1. Combining (4.1)-(4.3), we see that

4.4) lim lu,(f, x) —o,(f,x)|dx =0
v—>00 0
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if and only if condition (2.2) is satisfied.
It remains to take into account that relations (2.1) and (4.4) are equivalent, thanks
to Lemma 2. This completes the proof of the equivalence of (2.1) and (2.2).

PROOF OF THEOREM 2. In overall outline, it follows the proof of Theorem 1. This
time, we have to use inequality (3.5) instead of (3.4). This is the reason that in (2.3)
the integration interval is [1/v, 0o) instead of [0, o0).

PROOF OF COROLLARY 1. It follows immediately from Theorem 1, Definition (1.5),
and the fact that (sin vx)/x does not belong to L'[0, co) for any v > 0.

PROOF OF COROLLARY 2. It follows immediately from Theorem 2, Definition (1.6),
and the fact that (cos vx)/x does not belong to L'{1/v, 00) for any v > 0.

PROOF OF COROLLARY 3. By (1.5) and (2.2),

X sinvx

X
[ 150 = rtax - 1F o [
0 0

’dx

4.5) .
< [ o0 = F@ldx >0 asv oo,
0
thanks to Theorem 1. It is easy to check that

sin vx sinvx

4.6) Cln(vX) 5[

/v

(dx 1(1 <1+4I@X) WX >1)

0

with a constant C > 0, not depending on v and X. From (4.5) and (4.6) we conclude
(2.3).

PROOF OF COROLLARY 4. By (1.6) and (2.4),

x - Cos vx
I5,(f, x) — f(xX)dx — |F(v)|

1/v 1/v

X
5[ lu, (f,x) — f(x)|dx > 0 asv — oo,
1/v

‘dx

thanks to Theorem 2. Since

Cos vx

4.7 Cln(vX) < /

1/v

‘ dx <In(wX) (X >1),
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it follows that

X
lim / {5,(f, x) — f(x)}dx = 0if and only if lim I:"(v)lnv =0.
v—=>00 i/v V=00

It remains to take into account that

1/v
lim/ [f(x)dx =0,
V=00 0

and by definition,

1/v 1/v LI
lim/ [5,(f, x)ldx < lim[ / |F () dtdx
0 v—00 fq 0

V00

1 [ -
= lim —/ |[F(t)|dt =0,
v—=>00 Y 0

due to Lemma 1. This completes the proof of (2.6).

PROOF OF THEOREM 3. By (3.4),

o Av p 1/p
/ (o )] dx < 22 (1/ (1 - L) |F/<t>|"dt)
0 A. — 1 v v )\.V
AV p
<G, (v””‘ f IF/(t)l”dt)
Av 1/p
<G, (/ tPHE ()P dt)

According to Remark (i) made in Section 2 (cf. (2.7')), (2.2) follows.

PROOF OF COROLLARY 3. By (2.8), there exists a constant C such that

Av Av dt
ft”“lF’(t)l”dtfcf 7=C1nk—>0 asA | 1.

PROOF OF THEOREM 4. It is similar to the proof of Theorem 3.

PROOF OF COROLLARY 6. It is the same as the proof of Corollary 5.
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5. Extension to complex Fourier transform

In the sequel, we consider a complex-valued function g that is Lebesgue integrable
over (—o0, 00), in symbols : g € L!(—00, o0). The complex Fourier transform of g
is defined by

G(t) = L/ g(x)e " dx (—00 < x < 00).
2 J_

(o]

This time the inversion formula is of the form
g(x) = lim / G(t)e™ dt
(see for example [5, p. 42]). Accordingly, we introduce the following notations:

s5,(g, x) :=/ G(t)e'™ dt,

v

o,(g, x) 1= / <1 — %) G(t)e™ dt,

A

(g, %, X) MY oo ar
Tv 3 ’x = - T N s
& A—=1Jcp<iv Av Ix

provided that in the last case G is LAC over (—oo, co), where v > 0, A > |, and
x # 0 are real numbers. By integration by parts, we obtain

50(g. %) = GO — G—m) P = / G ar.

ix ix v ix
This motivates the introduction of the modified partial integral defined by

ivx —ivx

+G(—v)

ix ix -’

(51) Mv(g,X) = Su(gvx)_G(v)

Analogously to Theorems 1 and 2, the following is true.

THEOREM 5. If g € L'(—00, 00) and G is LAC over (—o0, o0), then

(5.2) lm [ e 0 — g0l dx =0
T J k=1 /v

if and only if

5.3) limlimsup/ T, (g, », x)|dx = 0.
MU v Sixzipy
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The counterpart of Corollaries 1 and 2 reads as follows.
COROLLARY 7. If g € L'(—00,00), G is LAC over (—00, 0), and condition

(5.3) is satisfied, then s,(g) & L'((—o0, —1/v) U (1/v, 00)) for each v such that
IGW)| + |G (=v)| # 0.

The counterpart of Corollaries 3 and 4 reads as follows.

COROLLARY 8. If g € L'(—00, 00), G is LAC over (—00, 00), and condition (5.3)
is satisfied, then for any 0 < X < oo

X
(5.4) lim / [s,(g,x) —gx)ldx =0 ifandonlyif | llim GWw)n|v| =0.
vooo f_y v|—o00
Analogously to Theorems 3 and 4, one can prove the following.

THEOREM 6. If g € L'(—00, 00), G is LAC over (—00, 00), and for some p > 1
we have

M1 00

(5.5) lim lim supf 1t1P~HG (0))P dt < oo,
vy

then condition (5.3) is satisfied.
COROLLARY 9. If g € L' (=00, 00), G is LAC over (—o0, 00), and
5.6) tG'(t) =60(1) as |t = o0,

then condition (5.5) is satisfied.

Also, conditions (5.5), or in particular (5.6), are sufficient for the fulfillment of both
(5.2) and (5.4).

6. Proofs of the results in Section 5

First, we formulate the auxiliary results corresponding to Lemmas 1-4.

LEMMA 5. (See [5, p. 1].) If g € L'(—00,00), then G(t) is continuous over
(—00, o) and

lim G(t) =0.

|t]—>00
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LEMMA 6. (See [5, p. 35).) If g € L' (—00, 00), then
iim [ lou(g,0) — gl dr = 0.

LEMMA 7. If g € L'(—00, 00), G is LAC over (—00,00), v > 0, and A > 1,
then

uv(g’x) - Ov(g7 X) = [OAv(g’ x) - av(g’x)] + Tv(g’ )"a -x)

A—1

Mo a- [ cola
()" - 1)\) »/v X /:Av X .

LEMMA 8. (See [3].) If g is locally LP-integrable over (—o0, 00) for some 1 <

p < 2, then for any v > 0 we have
1 ™ t/p
dx <G, (— / Ig(t)l”dt> ,
v v

1 Av ixt
/ = f g dr
iz [V Jy X

and an analogous inequality holds when [~ is substituted for [ " on both sides.

Our last lemma is interesting in its own right.

LEMMA 9, If G is LAC over (—00, 00), then for any 0 < X < oo,

6.1) lim G(v) —G(—v) dx =0
ISR VIETPIED ¢ X x

if and only if

(6.2) kllim GWw)ln|v|=0.

PROOF. Sufficiency. Relation (6.1) follows immediately from (4.6), (4.7), and (6.2).
Necessity. An elementary reasoning and (4.6) yields

(v, X) ::/ G®) —G(—v) _ dx
1/v<lx|<X X X
X eivx —ivx
- / [ G - G(-v)
v X X
6.3) + {G(v) - G(~v) ] dx
X X
X vy e—ivx
> |G(v) + G(—v)] dx
/v X

> 2C|IG(v) + G(~v)|In(vX).
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Thus, from (6.1) it follows that
6.4) lim |[G(v) + G(—v)|Iny =0.

However, in (6.3) we can estimate in a different way, too. Namely, by (4.7),

X eivx+e—ivx

I, X) = |G) — G(—v)| dx

(6.5) /v X
> 2CIG(v) — G(—v)| In(vX),

whence

6.6) lirgo IGv) — G(—v)|Inv =0.

Combining (6.4) and (6.6) gives (6.2).

After these preliminaries, the proofs of Theorems 5, 6 and Corollary 9 follow the
same patterns as those of the corresponding results in Section 4.
Only the proofs of Corollaries 7 and 8 need some explanation.

PROOF OF COROLLARY 7. By Theorem 5, u,(g) € L'(—o00, 00). Taking into ac-
count definition (5.1), it is enough to show that

ivx —ivx

- G(—v)

X X

G(v) & L'((—00, —1/v) U (1/v, 00))

if v is such that at least one of the values G (v) and G (—v) differs from zero. But this
is the case since, similarly to (6.3) and (6.5), we have

10,00 221G +G(-v)| | |= ”x' dx,
1/v X

I1(v,00) > 2|G(v) — G(—v)| sin vxi i
1/v X

Consequently, 5,(g) € L' ((—o0, —1/v) U (1/v, o0)).

PROOF OF COROLLARY 8. By Theorem 5, we have (5.2). Keeping Definition (5.1)
in mind, we conclude that, for any 0 < X < o0,

lim f 15.(g. %) — g(1)] dx = 0
l/v<|x|<X

V=00

if and only if condition (6.1) is satisfied. By Lemma 9, the latter is equivalent to
condition (6.2).

https://doi.org/10.1017/51446788700037903 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700037903

420 Ding Vii Giang and Ferenc Moéricz [16]

It remains to take into account that
1/v
lim / [g(x)|dx =0
v—>00 /v

and by Lemma 5,

1/v 1/v v
lim/ Is,(g, x)|dx < lim/ / |G(t)|dtdx
V>0 ~1v V00 —1vJ-v
.2
= lim —/ |G@)|dt =0.
v—>00 P —v

This completes the proof of (5.4).
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