17

Conformal invariance in four-dimensional field
theories and in QCD

Conformal symmetry was shown to be extremely powerful in two-dimensional
field theories and obviously also in string theories. This is due to the fact that
the conformal algebra is infinite dimensional and hence supplies a set of infinitely
many conserved charges. In four dimensions the conformal algebra is finite and
therefore less powerful.! The purpose of this chapter is to explore the use in
4d conformal field theories of notions and tools that we encountered in two-
dimensional CFT, such as primary fields, conformal operator expansion, confor-
mal anomalies and Ward identities.

Free massless theories are obviously scale and conformal invariant. However,
field theories that describe the elementary particles of nature and their interac-
tions, are interacting field theories. The question is thus, to what extent can one
apply the techniques of CFT to those theories and in particular QCD in four
dimensions? QCD with massless quarks is a prototype model of theories which
are classically conformal invariant. In fact even for theories with masses and
other dimension-full parameters, in certain cases these can be neglected in the
high energy and high momentum transfer regime of the theory. However, even in
the massless case and with only dimensionless couplings, it is easy to realize that
the quantum picture lacks conformal invariance. This follows from the fact that
one has to introduce dimension-full parameters such as UV cutoff, which turns
into a scale where the coupling is defined, after renormalization. Thus there is
an anomaly in the conformal symmetry in the sense that it is a symmetry of the
classical system but not of the quantum one.

We will investigate in this chapter conformal symmetry in four-dimensional
field theories and in particular its applications in the context of QCD in four
dimensions. We start with the description of conformal transformations, their
corresponding generators and the SO(2,4) conformal algebra. We then analyze
the Noether currents that follow from the conformal transformation and their
conservation laws. Next we present the SL(2,R) collinear subgroup associated
with light-cone conformal transformations. In a similar manner to the treatment
of two-dimensional conformal symmetry, we define primary and descendant oper-
ators of the collinear group. We then define and study the conformal operator
product expansion (COPE). We proceed and describe the conformal Ward iden-
tity, the Callan—-Symanzik equation. We then make use of the conformal toolbox

I The full conformal algebra in four dimensions was introduced in [156]
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310 Conformal invariance in four-dimensional field theories and in QCD

in the study of four dimensional QCD which is conformal only at the classical
level. We analyze the non-local operators built from a quark and an anti-quark
and expand them in terms of Gegenbauer polynomials. We use the COPE to write
down the operator product of two electromagnetic currents. Finally we deter-
mine, in the limit of large momentum exchange, the pion distribution amplitude.

Conformal invariance in four dimensions was described in several review papers
and books. The original studies on conformal symmetry are summarized in [207]
and [66]. A modern review that we follow in this chapter is [43].

17.1 Conformal symmetry algebra in four dimensions

In general in d space-time dimensions the conformal group is the subgroup of
coordinate transformations that leaves the metric invariant up to a scale, namely,

Guv (%) = gy, (2") = Q) gy (). (17.1)

It is obvious from (2.2) that the 2d conformal transformations (2.1) indeed pro-
duce such a variation of the metric. An important property of conformal trans-

. . . . A-B
formations in any dimension is that they preserve the angle JiiET between two

vectors A and B.

Starting from flat space-time, the general infinitesimal coordinate transforma-
tion x# — a# + ¢ (x) induces a change of the metric,

ds® — ds® + (Op€v + Ove, )dat da”, (17.2)
so that the condition for conformal transformations reads,
2
8,u61/ + aye/,L - g(a : E)g,ul/v (173)

where g, is 1., or d,, for a Minkowskian signature or Euclidean signature,
respectively, and the factor of % is fixed by tracing both sides of the equation
with ¢g"”. To check what are all the possible solutions for €, we differentiate (2.4)
twice to find that,

[(d —2)8,0, + guy0n0105¢” = 0. (17.4)

This equation together with (2.4) implies that the third derivatives of e* vanish,
which means that € can be of order 0,1,2 in x”. Obviously the parameters
associated with the Poincare group, since they are an isometry and hence do
not change the metric, obey (17.1). These transformation parameters together
with additional infinitesimal parameters which are linear and quadratic in z#
are summarized as follows:

e =€) space-time translations

e =e) 'z, Lorentz transformations

et = epat scale transformations

e = e’ — 20 e, special conformal transformations  (17.5)
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where €y, €, €, €, are vector, antisymmetric tensor, scalar and vector infinites-
imal constants, respectively. The corresponding finite transformations are,

I
ot — ot =t + ot
/
— oM =alz”
/
" — ot = axt
o + at

wo_
gt — _ _
1+ 2atx, + a*x?’

(17.6)

where the various forms of a are the finite parameters of transformation that
correspond to the infinitesimal ones above. The last transformation is referred
to as the special conformal transformation. It can in fact be decomposed into
an inversion transformation x* — —%, a space-time shift transformation and
another inversion. The sum of all these transformations is d + 2941 4 1 4 ¢ =
%7 which is the dimensions of SO(2,d), the algebra of the conformal
group in Minkowski space-time.

Let us analyze now the generators of the conformal transformations and show
that indeed they obey the SO(2,d) algebra. The generators are,

P, =—i0, space-time translations
Ly, =i(x,0, —x,0,) Lorentz transformations
D = —iz"0, scale trans formation
K, =—i [3328,,, — 2:5/,,50”8,,] special con formal transformations (17.7)

Using these expressions for the generators it is a straightforward exercise to
realize that they obey the following algebra,

[P B
[P ,,]

(77;w = NupPy)

[L;wa L 0] = (nﬂp — Mo Luvp + NMvo Lyp — nupL/w)
[ ] = u [D7Ku] = iKu
[P, K] = 2i ( v = N D)
[D, L] =0
[K,,K,]=0, (17.8)

which is indeed the SO(2,4) algebra. The first three lines constitute the Poincare
algebra in four dimensions. It is well known that (17.8) is not the most general
form of the SO(2,4) algebra. One can further generalize the construction of the
generators by modifying L,, in the following way,

My, =L, +3,,, (17.9)
where X, does not act on the space-time points and obeys,

B o]l = =i(MupSve = MuoZvp + Mo Xpp = MpEpe)- (17.10)
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312  Conformal invariance in four-dimensional field theories and in QCD

Shortly the role of these generators in the conformal transformation of fields will
be discussed.

17.2 Conformal invariance of fields, Noether currents and
conservation laws

So far we have discussed the conformal transformations as they act on the points
in space-time. Now we would like to consider field theories in four dimensions
that are classically invariant under the group of conformal transformations. The
fields associated with conformal invariant theories may be scalar fields, spinors,
vectors or tensors. We denote such a field by ®(x).

The transformation of the field under the conformal transformations,

5 (z) = 629, ®(x) + 6;0(x), (17.11)

is composed of two parts, the one due to that of the space-time point with
dzt given in (17.5) and an “internal transformation” §;®(x), which vanishes
for space-time translations, while for Lorentz transformations, dilatations and
special conformal transformations, takes the form,

6 ®(x) = —e,, XM Lorentz transformations
0 P(x) =elP scale translations
0r®(z) = 2¢,(la" —2,%,,)P special conformal transformations

(17.12)

where [ is the conformal dimension of the field and the internal Lorentz generators

Yuv are given by,

SRV = %[’y“,”y”] — Dirac spinors (28 = sy — Pt — gauge fields
(17.13)

Recall that all the parameters of transformations are global, namely space-time

independent. To determine the Noether currents associated with the various

symmetry transformations, one elevates the transformations into local ones and
reads the currents from the variation of the action,

68 = [ d*zJd"e, 17.14
I

where e is any of the parameters of transformations given in (17.5). The outcome
of the Noether procedure are the following conserved currents,

TPV =T — 140,® — 5L
M)H Z .
JM,, =2, T) — 2, T} —11,5,,®
JOW = DIt = 3, T 4 4D
JEV = (2,2, — nypa® )T + 2,110 (160 — £0)®,  (17.15)
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where I+ = %. In fact the variation of the action with respect to dilatations
I

may lead in addition to the divergence of J(P )”7 to another total derivative
term Ap. However for Lagrangians that are polynomials in the fields and their
derivatives, this term vanishes. For the special conformal transformations the
additional term is defined by

xS = /d4:£eﬂ () [=0, K" + 22" Ap + AL, (17.16)

with Al = 2I1, ®(lg"” + £**)®. For invariance we need Ap =0 and A} =

()~

., are really

20,0"”. For | =1 and | = 3/2, 0, vanishes, so in these cases J
the generators of conformal transformations.

An interesting observation is that all the Noether currents associated with the
full conformal group can be expressed in terms of a modified energy-momentum
tensor. First note that the energy-momentum tensor defined above in not
necessarily symmetric. In fact from the conservation of J(*)} ' the antisymmetric

part of T}, can be determined since,
T\
9, JM), =T, —T,, — 9,(I,%,,®) = 0. (17.17)

Using this result it is now easy to define a modified conserved symmetric energy-
momentum tensor,

ny

1
T =T, + 50" (1,3, @ — 11,3, & — 11, 3, ). (17.18)

The current associated with the Lorentz transformations can be expressed in

terms of T,Ef) as,

Myt (e (s
J >Vp—x,,T o —x,T

(17.19)

128

One can further modify the symmetric energy-momentum tensor to render it
also traceless,

1
L") =T+ 50°0 Koo, (17.20)

where X, ., is defined such that the energy-momentum tensor is traceless and
conserved and n*" 0”07 X5, = 20000, = —QU”VT,SE). In terms of this trace-
less energy-momentum tensor the dilatation current and the current associated
with the special conformal transformation are given by,

JOW — g T U (9 g g, YT (17.21)

v

It is thus clear that J(P)" and JE)" (Tt

14

are conserved only provided that T'
is conserved and traceless.

Note that in the latter form, scale invariance, namely a traceless energy-
momentum tensor, implies also conformal invariance.
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17.3 Collinear and transverse conformal transformations of fields

Recall that in 2d conformal field theories it is very useful to employ light-cone
coordinates (in Minkowski space-time) or holomorphic and anti-holomorphic
coordinates (in complex Euclidean space-time). We want to argue now that it is
also quite useful to use light-cone coordinates, when analyzing four-dimensional
conformal field theories.

Consider the two light-like vectors n; and n”,

ning, =nn_ =0 nin_ =1 (17.22)

We can then decompose any Lorentz four-vector A, as follows,

A=A n! + At + AL (17.23)
where,

Ay =Anl A =An", (17.24)

and the transverse part of the four-vector A% is defined using the transverse part
of the metric defined as,

775,, =1 —nin —nlin” AL = nZVA,,. (17.25)

Using this decomposition we find that A4, A" =24, A_ — A%,

We can now also consider transformations associated with a subgroup of the
full conformal group. In particular consider the special transformations associ-
ated with a light-like parameter a* = an' . The transformation of z_ takes the
form

oo ol = (17.26)
14 2ax_
Combining this transformation with the translation along the z_ direction x_ —
z_ + a_ and scaling x_ — ax_ these transformations constitute a subgroup of
the full conformal group, the collinear subgroup which is an SL(2, R).? To verify
this group structure we define the following generators,

L. =—iP, L= %K_
Lo = %(D+M,+) E= %(D—M,+). (17.27)
The generators Ly and Ly obey the algebra,
[Lo, L] =+L4 [L_, L] =—2Ly, (17.28)

which is indeed the SL(2, R) ~ SO(2,1) algebra; E commutes with them. It is,
actually, the Ly of the other SL(2, R), the one in the z, direction.

2 The use of the SL(2, R) group in applications of conformal symmetry to QCD was introduced
in [150] and [83]
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The SL(2, R) collinear subgroup is particularly useful for collinear fields, where
for instance ®(x) takes the form ®(a) = ®(an!! ), with « a real number and n/;
the light-cone direction defined above. In particular, as will be shown below,
this will apply to parton description of quarks. The field ®(«) is taken to be an
eigenstate of the spin operator X, _,

Yy ®(a) = sP(a), (17.29)

so that s is the spin projection to the n. direction. The collinear subgroup of the
conformal group now acts on the coordinate v as an SL(2, R) transformation,
,  ac+b

a—a = ,

ca+d

(17.30)

where a, b, ¢, d are real numbers with ad — bc = 1, and correspondingly the field
®(«v) transforms as,

(17.31)

B(a) — (ca+d) 2o (“O‘*b>

ca+d
with,

_ %(z +5). (17.32)

Thus ®(«) is a representation of SL(2, R) or an SL(2, R) form of degree j.
The generators of the SL(2, R) group and E act on the collinear field as,

[Ly, ()] = =0, P(r)

(Lo, ®(a)] = (@0y + 1) P ()

[L_,®(a)] = (&®0, + 2ja)®(a)

B, 3(a)] = ~ 51— 9)2(0) (17.33)

where t = (I — s) is referred to as the collinear twist. In addition ®(«) is an
eigenstate of the Casimir operator with,

> (L (L, ()] = (5 — 1)®(). (17.34)

i=0,1,2

Another subgroup of the conformal group is the transverse subgroup SL(2,C)
acting on the transverse coordinates z/ = (0,21,22,0) or in complex coordi-
nates z = xy +ixe and Z = 1 — iz, with fields ®(z, z). This is in fact identi-
cal to the SL(2,C) discussed in Chapter 3 where the conformal symmetry of
two-dimensional field theories is discussed. In terms of the conformal generators
(17.7) the generators of the SL(2,C) are the Pk, M}", D, K. The coordinate z
transforms under the SL(2,C) transformation,

, az+b

= 17.
dod= (17.35)
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which implies the following transformation of ®(z, z),

b
B(z,2) — (c2 +d)"2d (Zjid 2) : (17.36)
where h = %(l + A) with A is the helicity defined by ¥,;® = A®. Similarly for

the transformation of z and the corresponding transformation of ®(z,z), with
h=L(1-X\).
2

17.4 Collinear primary fields and descendants

In two-dimensional conformal field theories fields were classified into primary
fields and descendant ones. The classification was based on their conformal trans-
formations. Correspondingly the states were put into Verma modules each con-
taining a highest weight state and its descendants. Recall the definition of the
former,

Lo[¢(0)|0>] = R [¢(0)[0>] Ly [¢(0)[0>] =0, n>0. (17.37)

In a similar manner the primary operator and the highest weight state of the
four-dimensional collinear group are defined [171], [42] as,

(Lo, ®(0)] = j@(0)  [L-¢(0)]=0 =
Lo[@(0)[0>] = j[@(0)[0>]  L_[®(0)[0>] =0, (17.38)

®(0) is by definition collinear since it is defined at the origin of the light-cone
direction. The fact that in the 2d case the conformal algebra is infinite while in
4d it is finite is manifested by the fact that in the former case there is an infinite
set of annihilation operators L,,, n > 0 that annihilate the highest weight state,
whereas in the latter case it is the single operator L_.

The descendant fields and correspondingly the descendant states are obtained
by repeatedly applying the creation operators, which are L_,, in 2d while in 4d
it is the operator L. So in 4d,

On = [Ly, .. [Ls [Ly, 2(0)]]] = (—04)" ®(a) |a=o- (17.39)

Note the difference in notation, as it is L_ in 2d while it is L, in 4d, both raising.
The descendant operators obey the following commutation relations,

[L[),On] - (.7 + n)on [L+7On] = On+l [L—; On] == *’I”L(’ﬂ,+2] - 1)071—1'
(17.40)

In two-dimensions we discussed the Verma module that includes a highest weight
state and all its descendants, and similarly, in four dimensions we consider the
so-called conformal tower which also includes the highest weight state and all its
descendants. Recall however that there is an essential difference between the two
cases due to the fact that in the 2d the algebra is infinite dimensional whereas
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in 4d it is finite dimensional. In particular the notion of null vectors that played
an important role in the 2d case does not exist in four-dimensional CFTs.

We can associate the complete sets of ®(«) and O,, by the following Taylor
expansion,

n

D(a) = f: (_;) O,. (17.41)
n=0 ’

An interesting and useful map relates the descendant operators and polyno-
mials. Consider for instance the descendent operator defined in (17.39), which
can be re-expressed as,

O = P (0a)®(a)]a=0 Pu(u) = (—u)". (17.42)

It is straightforward to realize that in terms of these polynomials the operation
of Ly, L4 takes the form,

L+ — IN/, = —U
L. — L, = (ud®+2j0,)
Lo — Lo = (udy + j). (17.43)

This correspondence can be viewed as first mapping,
Oy — U a— 0y, (17.44)

then interchanging the + and — components, and finally some “normal ordering”
of taking the derivatives with respect to u to the right of the factors of w.

The representation in terms of polynomials is referred to as the ‘adjoint repre-
sentation’. Note that since in the original algebra L _ includes a term proportional
to a?, the new algebra includes a second-derivative term 92 in I~/+. This can be

avoided by introducing a different argument of the polynomials defined as,
un

v 17.4
TCnt2j) 7 (17.45)

so that the action Ly, L+ on P(k) is the same as (17.33) with a — & and the
interchange of L_ and L, .

We now discuss composite operators built from two “elementary” operators of
the form,

0(0417012) = (I)jl (()&1)(1)]'2 (042), (1746)

with a; # ay. The operator product expansion with |a; — as| — 0 is expressed
in terms of the composite operators,

0, (0) =P (01, 02)®;, (1) @5, (@2)]a) =ar =0 (17.47)

where P, (01, 02) is a homogeneous polynomial of degree n. It can be shown that
the complete set of local operators with which one can perform the conformal

https://doi.org/10.1017/9781009401654.018 Published online by Cambridge University Press


https://doi.org/10.1017/9781009401654.018

318 Conformal invariance in four-dimensional field theories and in QCD

operator expansion (COPE) takes the form,

9,.-9
i (z) = 9 | @), (x) PP —12-D [ 22 22 ) @) (1)), 17.48
(x) = 9% | 9;,(2) 3, 15, j» () (17.48)

P,Sa’b) (r) are the Jacobi polynomials, and we are back to = space here.> One can
further generalize this construction to a product of three or more operators.

17.5 Conformal operator product expansion

The conformal operator expansion in two dimensions, discussed in Section 3.7.2,
was shown to be a very powerful tool in determining correlation functions. Obvi-
ously, we anticipate that in four dimensions the COPE will be less powerful.
We discuss now the general structure of the COPE.* Consider the OPE of two
local conformal operators A(x)B(0) with twists and spin projection along the +
direction (t4,s4), (tg,sp), respectively. We perform an expansion for fixed x_
and z,,z7r — 0, namely 2> — 0. We want to expand the product in terms of a
complete set Ofllnjj_  and to leading order in the twist. Such an expansion takes
the form,

co oo 1 1/2(ta+tp —t,) o
A@)B(0) = > Cux (;) aTREROIE (0) 4., (17.49)

n=0k=0

where A = s; + 89 — 54 — 5p, Op ik = (=0,)%0,, s1 and sy are the spin pro-
jections of the constituent fields in the local operators O{;;Lji P
S$1 — 89 = l1 + s — 81 — s9 the twist of the operator O,,, actually independent of
n, and the dots refer to higher twist contributions. We want to check to what
extent conformal invariance enables us to determine the coefficients C), . For
this purpose we act on the OPE with L_ as,

[L_,A(z)B(0)] = (x(QjA +a-0,)A(x) — %mQﬁ : azA(x)> B(0) +... (17.50)

t, =1, —n—

Inserting (17.49) and taking into account that,

[L_, 07" (0)] = —k(k + 2j, — 1)O]1 72 (17.51)

n,n+k n,n+k—1°

3 The Jacobi polynomial is given by,

P(a’b)(z)* I'a+n+1) i:(ﬁ)F(a+b+m+n+l) (zfl)m
" T all(a+b+n+1) m T(a+m+1) 2 ’

m=

4 COPE in four dimensions was introduced in [90] and used in QCD in [49], [50], [51].
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with j, = j1 + j2 + n, we find the following recursion relation for the coefficients
Gn,,kv
Jja —JB +Jn +k
GIL = - X Cn sy 17.52
P T Rk 25,) M (17.52)

which is solved by,
C, 1 = (_1)kl F(jA ‘_ JB .+ Jn + k) F(.an)
7 k' T(ja—jp +in) T(20n +k)
where C,, = C), o. Plugging this into (17.49) we get the following form for the
OPE,

C,, (17.53)

12

1 1/2(ta+tp —tu) n+si+sy—s4—sp
) B(jA_jB +jn7jB_jA +.7n)

A@)B0) =Y ¢, (— ’
n=0

1
% / dunld4 =i +in—1) (1 _ u)(jB —ja+in —1)(')7]'11 \J2 (ux,), (17.54)
0

where B(a,b) = Féﬁjig’)) is the beta function.

17.6 Conformal Ward identities

The application of conformal invariance in determining correlation functions was
discussed in Section 2.8 for the case of two-dimensional conformal field theo-
ries. It includes both the use of the Ward identities associated with the global
SL(2,C) transformation® and the full holomorphic conformal transformation.
Here in discussing four-dimensional field theories we will encounter two major
differences:

(i) Due to the fact that the conformal symmetry group is finite dimensional,
there are Ward identities only associated with global transformations.

(ii) When discussing theories with conformal anomalies, there will be modifica-
tions of the Ward identities.

Let us start by reminding ourselves of the concept of Ward identities and in
particular the conformal ones. Associated with any infinitesimal transformation
of a given field ¢(x) — ¢(x) + d¢(x), the action that describes the system is
transformed into,

S—S+65=85+ /d4xA(¢, ). (17.55)

Associated with this transformation there is a current J,, such that 0*J, = A.
Obviously where A = 0 (or a total derivative) the transformation is a symmetry
and the corresponding Noether current is conserved. Associated with such a

% Conformal Ward identities which were studied in [168] are identical to the Callan-Symanzik
equation [55] and [204].
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transformation of the field there is a constraint on correlation functions of this
field. This constraint which is referred to as a Ward identity takes the form,

By <T T (1) (w1)-dln)> = <TA)o(@1 ) dlan)>

—i6* (21 —y) <T@ (x1)...p(xn)> ...

—i6Y(z; —y) <Th(x1)...00(x;)...0(xN)> ...

—i6*(zn —y) <To(x1)...00(xN)> . (17.56)

This relation can be derived straightforwardly using the path integral formulation
of correlation functions. The Ward identity takes a simpler form when integrating
over y*,

<Top(x1)...0(xn)> +.oc+ <Td(x1)...00(x;)...0(xNn)> +...
<Té(21)..06(xy)> + <Tid6So(x1).dlan)>=0.  (17.57)

In particular in analogy with (2.56) the Ward identities associated with dila-
tion and special conformal transformation take the form,

N

Sl + 0:0) <T9(a).dlon)> = =i [ dla <TAp@)ow1)..o(an)>

i
N

Z(2xf(l¢, +2;0;) — 25kt — 220") <T'p(w1)...p(xn )>

= fi/d412x“ <TAp(x)p(z1)...0(x N )>, (17.58)

where [, is the canonical dimension, namely that of the free field. Similarly
to the way we extracted information about the structure of correlators in 2d
CFT in Section 2.9, we can now constrain the form of correlators in 4d. The
Ward identities associated with the Poincare transformations imply that any
correlation function is in fact not a general function of the N coordinates ',
but only of the invariants z7; = (z; — ;).

To understand the implication of the dilatation transformation on the correla-
tion function let us first study the theory at its fixed point, namely at a coupling
g* = g(p*) such that B(¢g*) = 0. Recall that the 8 function is defined as,

Bo() = no-g(i), (1759)

and hence the vanishing  function implies a fixed point of the coupling constant
g. This will be further discussed below for the case of 4d QCD. In this case the
dilatation Ward identity takes the form of that of a free theory, like the one given
n (17.58), apart from the change of scaling dimension,

N
> e +9(g") + 2:0;) <Th(1)...¢(xn )> =0, (17.60)

i
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where y(g*) is the anomalous dimension of the filed ®. As a consequence of this
form of the Ward identity, the two-point function of two scalar fields at the fixed
point has the form,

1 ls+v(g™)
} (17.61)

<p(x1)P(22)> = Ny(g*)(p*) 219" [m

For particles with spin s and the same projection on the light-cone,

<l )B()> = No(g") () 20" [ﬁ]u) (=)

T — T3 (1 —x2) -

(17.62)

where it is assumed that (x; — z2)7 = 0. At the fixed point, namely ((g*) = 0,
the Ward identity associated with the special conformal transformation takes the
form of that of a free theory with [, again shifted by the anomalous dimension

In two dimensions (see Section 2.8) it was found that the three-point function
of primary fields is fully determined by the SL(2,C) symmetry and any four-
point function of primary fields is determined up to a function of the cross ratio
(or anharmonic ratio) Zijx and its complex conjugate coordinate. Based on
the Poincare, dilation and special conformal transformation in four dimensions,
the three-point function is determined here too. For instance, the three-point
function of a scalar field is,

) lo+7(9™))/2

<p(1)p(w2) (3 >=Ns(g*)(u*) 109"

)

(17.63)

(171 —$2)2(1’1 —333)2(I2—JU3)2

and any correlator of n > 3 operators depends only on the ratios 2#“

It is worth noting that the Ward identity associated with the dilation (the
first equation of (17.58)) is in fact the same as the Callan-Symanzik renor-
malization group equation. First note that based on dimensional counting and
Lorentz invariance the dependence of the N point function on the scale u takes

the form,
<TO(x1)..0(xn )>= pN'* G(ad p?; 9(p), (17.64)

which means that the following relation holds,

N
Z (lp +2;0;) <TP(x1)..P(xy)>= “32 <TP(x1)...2(zN)> . (17.65)

It is easy to realize that the right-hand side of the conformal Ward identity can
be rewritten in the form,

i/d% <TAp(2)®(z1)..(zN)> = u2 <T®(z1)..0(xy)>, (17.66)

oM
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as follows from,

Ap(x) = —MaiMﬁcﬁ, (17.67)

for the cases with no explicit dimension-full parameters. We will show this explic-
itly for the effective theory of 4d QCD below. On the other hand the dependence
of the correlator on M follows from the dependence of the field renormalization
factor and the dependence of the coupling constant so that,

.
_M% <TO(x1)..D(xy)>= [6(9)8% * ;%, <T®(a1)...P(zN)> -

(17.68)
Combining this together with (17.58) and (17.60) we get the Callan—Symanzik
equation,
9 <
Han ﬂ(g)a—g + z; Yo, | <T®(21)..®(xy)>=0. (17.69)

17.7 Conformal invariance and QCD;,

So far we have discussed the implications of conformal invariance in general, and
in particular the invariance properties under the SL(2, R) collinear group and
conformal Ward identities. We are now in the position to examine the application
of conformal symmetry to four-dimensional QCD. Recall that the action of four-
dimensional SU(N) gauge theory with massless quarks takes the form,

1 -
Locps = —ZF,‘LF“” + iyl 1, (17.70)

where D, = 0, —igt" A}, is the covariant derivative, and ¢* as usual are the
N x N matrices in the fundamental representation of the SU(N) algebra. It is
straightforward to check that the corresponding classical action is invariant under
the full set of fifteen transformations associated with the SO(2,4) symmetry
group. In particular it is invariant under the scale transformation given by,

T, — Az, Ay () = AL Ox) w(x) — A (). (17.71)
The invariance under these transformations manifests itself in the form of con-

servation of the corresponding Noether current,

nv

Dy =&, T =g, [Freopre 4 %@(B)%% . 9"D, =0, (17.72)

where (D)= D —D. The classical invariance is not maintained quantum
mechanically. This situation of having classical conformal symmetry but not
a corresponding quantum mechanical one is referred to as the conformal
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anomaly.’ In string theory the two-dimensional conformal symmetry is local.
Having an anomaly in a local symmetry renders the theory into an inconsistent
one. This implies that (at least in flat space-time) the theory will be defined in a
critical dimension where the conformal anomaly vanishes. In the four-dimensional
field theories discussed here, like QCD,, conformal invariance is a global sym-
metry and the theory is consistent even when having an anomaly. There are
several ways to show that the quantum theory is not scale and hence also not
conformal invariant. One may say that the anomaly follows from the fact that
the theory has infinities that are cured just by the introduction of a renormal-
ization procedure. The latter involves the introduction of a cutoff scale. Once a
scale is introduced the theory is not any more scale invariant.

To see it more explicitly let us consider the low energy effective action of mass-
less QC'Dy. We expand the gluons and quarks in terms of modes and distinguish
the low energy (momentum) modes and the high energy modes. Next we inte-
grate the high energy modes to derive the one loop low energy effective action.
It takes the form,”

1 4 1 Bo M? a
= —— — — In| — e FrY 17.
SLE 1 /d T [(g% 62 n ( 2 (v + low, (17.73)

where M is the UV cutoff, and Gy = %Nc — %Nf is the coefficient of the one
loop beta function. It is easy to check that this one loop renormalized action is

not invariant under the scale transformations of (17.71). The variation of the
action under those transformation reads,

1

05 =5

1
ﬂoln)\/d“z [—ZF;Z,,F’“’“ +] : (17.74)
90 low
Thus the quantum mechanically (unlike the classical case) dilatation Noether
current is not conserved,

1

Df=Ap = ———
O D 3972

[Blg) S, F°] (17.75)
and in deriving the right-hand side of the equation we have used the equations
of motion.

The effective action admits also an anomaly with respect to the special con-
formal transformations.

In (17.46) we discussed the general structure of non-local operators of four-
dimensional conformal field theory. In QCD in many cases we encounter a non-
local operator built from a quark and an anti-quark at light-like separation, with

6 The conformal anomaly was introduced in [169] and [6].

7 The explicit calculation is a one loop perturbative calculation. Since we do not deal with
perturbative methods in this book, we do not present here the derivation and refer the
reader to references that deal with perturbation theory in QCD,.
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a line integral connecting them,
Q, (a1, 009) = (), Pe' I 44+ () (17.76)

where P stands for path ordering. The path integral factor will be denoted
[a1, @2]. In performing the short distance expansion we need now to identify
the corresponding conformal operators. To relate the operator v to a primary
operator we first have to make a spin projection in the following way,

Yvo=Typ Y =T o YP=9¢+9, (17.77)

where,

1 1
Ty=57-7, To=gmr, T-+4Ti=1 (17.78)

The spin projected parts are,
vi(s=+41/2, j=1,t=1) Y_(s=-1/2, j=1/2, t=2). (17.79)
With this identification we define the quark anti-quark operators:

tU)ZSt—QQ+ :7/_)+’Y+¢+EQ(1’1)
twist — 3 : Qp = Yayrth_ + Yoo, = Q12 4 Q(/21)
t'l,U’LSt — 4 N Q7 = 12)7’}/71/}7 = Q(l/Qvl/Q). (1780)

The corresponding local conformal operators are,
@) = (0" [la)yr €32 (Dyfds ) wl@)]
QY2 (@) = (i0.)" [@@)vi vy PR (D /d. ) ()]
Q12 (a) = (0,)" [d(a)y-CL* (Do fd ) (o), (17.81)
where
D.=D,-D., d.=D,+D,, (17.82)

and where the Jacobi polynomials with two identical indices were replaced by
the Gegenbauer polynomials P11 ~ C’S/Q and P(0:0) ~ 0711/2.
A similar analysis can be carried out for the gluons. The various components
of the gluon field have the following properties,
F+T(5:+17.7:3/2at:1) FTT7F+—(S:07j:17t:2)
Fr(s=-1,j=1/2, t=3). (17.83)

Local operators built from two-gluon fields with leading twist are,
Gi/*2(a) = (10, )" [Fir(@)CY? (Do fd. ) Fer(a)]. (17.84)

Another application of conformal invariance to QCD is the determination of

the OPE of two electromagnetic currents jEM =>, eiz/?,-’yu 1); where the e; are the
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charges of the u, d and s quarks. At the tree level only the transverse components
are of interest. The latter have spin s; = 0 and twist ¢; = 3. The quark operators
QL1 are the relevant basis for the expansion, with conformal spin j, = (I, + 1 +
n)/2=n+2andt, =, —1—n)/2=2. As A =1 we find

J7 ()T (0) ~
o (6—t,)/2 . n i 1 o
>0 Cn () (—iz )" B [T dufu(l — ) QL ().
(17.85)

The coefficients C,, can be extracted from deep inelastic scattering via the fol-
lowing matrix element of forward scattering,

oo (6—t,)/2

1

<PlJ" (2)J" (0)|P>~ Y C, (§> (—iz_)"T! <P|QL1(0)| P> .
n=0

(17.86)

Another application of the COPE is the determination of the short-distance
expansion of the operator Q; ( 17.76). This case is characterized by s4 = sp =
$1 282:lsothatA:0andlA =lp :llzlgziandweﬁnd7

+ (a1, ) ZC’ )" (a1 —az) /duu”“(l w)" QLY (way +(1—u)ay),

(17.87)
where C,, % which can be determined again from forward matrix ele-
ments and are found to be C’n = %

Conformal invariance can be used at short distances to give predictions for the
quark distribution amplitudes for flavor non-singlet mesons, namely the wave
functions which control the behavior of the exclusive mesons processes at large
momentum transfer. Here we discuss as an example the pion distribution ampli-
tude in the leading twist order.

The basic ingredient in computing exclusive reactions including a large
momentum transfer to a pion is the matrix element of a quark anti-quark between
the vacuum and a one pion state. By using the light-cone gauge A, =0 the
Wilson li