BULL. AUSTRAL. MATH. Soc. 11r16, 11r29
VoL. 72 (2005) [471-476]

ON 3-CLASS GROUPS OF CERTAIN PURE CUBIC FIELDS

FrRaNK GERTH II1

Recently Calegari and Emerton made a conjecture about the 3-class groups of certain
pure cubic fields and their normal closures. This paper proves their conjecture and
provides additional insight into the structure of the 3-class groups of pure cubic fields
and their normal closures.

1. INTRODUCTION

Let p be a prime number, and let K = Q(¥/p). Let M = Q(¢, ¥/B) = Q(vV=3, ),
where ( is a primitive cube root of unity. Let Sk be the 3-class group of K (that is,
the Sylow 3-subgroup of the ideal class group of K). Let Sy (respectively, Sg¢)) be the
3-class group of M (respectively, Q(¢)). Since Q(() has class number 1, then Sg(¢) = {1}.

Assuming p = 1 (mod 9), Calegari and Emerton {3, Lemma 5.11] proved that the
rank of Sy equals two if 9 divides |Sk|, where |S| denotes the order of a finite group S.
Based on numerical calculations, they conjecture that the converse is also true. Their
conjecture is equivalent to the following theorem that we shall prove.

THEOREM 1. Assumep =1 (mod9), and Sk and Sy are defined as above. If
91 |Sk|, then the rank of Sy equals one.

We shall prove some results about the structure of Sk and Sy, for arbitrary pure
cubic fields K, and then we shall prove Theorem 1 when K = Q(¥/p) with p =1 (mod 9).

2. SOME RESULTS FOR ARBITRARY PURE CUBIC FIELDS

We first consider arbitrary pure cubic fields K = Q(¥/n) with cube-free integer
n > 1. Let M = Q((, ¥/n). Various results about the 3-class groups Sk and Sy, appear
in [1, 2, 4, 5]. So the reader may consult those papers for more details about some of
the results we present.

We let o be a generator of Gal(M/K), and we let 7 be a generator of Gal(M/Q(¢)).
So Gal(M/K) = (o) is a cyclic group of order 2, and Gal(M/Q(¢)) = (r) is a cyclic
group of order 3. Also 7o = 072 in Gal(M/Q) = (o, 7). Using the fact that the 3-class
group Sq) = {1}, we observe that if a € Sy, then a™*™*" = Nyygya = 1, where
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Nuyge) :-Sm — Sg(¢) is the norm map on ideal classes. Then Sy may be viewed as a
module over Z3[(7)] /(1 + 7 + 72) = Z4[(], where Z; is the ring of 3-adic integers. Let

Sﬁ—f)i - {a(l-—r)i | a€ SM} for i=0,1,2,... .

Since (1 — C)? - Z3[¢] = 3 - Zs[¢], then S&™ ™ = (88-7")3 for i = 0,1,2, ... . So for the
3-rank of Sy, we have

(1) rank Sy = rank(Sa/S3) = rank(Sy/Si7) + rank(S,{,"/Sﬁ}")z) .
Next, if (o) operates on a finite group S with 2¢|S|, we let

St={a€S|a®°=a} and
S ={a€S|a®=a'}.
Then with S = Sy, it is easy to see that Sy = S3, x Sy, and Si, = Sk. If a € S,(&'T)i,

let a = =" with ¢ € Sp. Then a” = (=70 = 0= ¢ S Al (al-7)°
i+1 —r)i _g)itl .
= (@) € SE™ . 80 S /ST is a module over Zs [(0)] fori=0,1,2,....

Hence

rank(S,(é—T)i/S,(‘,l,'T)m) = rank(.S',(‘,l,_T)i/.S',(‘}_T)i}rl)+ + rank(Sﬁ}_T)i/Sl(vl,_T)m)‘
for: =0,1,2,.... We then define surjective maps A; for each i by

A ST SETI o SO gl
2 mod Sﬁ}"ﬂm — a'~" mod S,(\}_T)m
for a € SO, Let b € (S§™" /84" )+, Then
(bl—-r)a — (bv)l—r"’ — bl--r2 = b3—(1—7)-—(1+‘r+‘r’) = (bl—r)-l mod SE—T)"” .

Similarly, if b € (SU™7' /S = then (6-7) = b""mod S So A; maps

i i+1 )it —7)i+2 _7) _r)itl,
(S /5" +‘)+ onto (SU77 /807"~ and maps (SU77'/SE - onto

(Sl(\/lt_.r)i+l/sl(\/1{_1.):+2)+.
We now recall some results from genus theory. Let %) = {a € Sy | a” =a}. Then

(2) ISI(L;)I - 3t—2+5

where t is the number of ramified primes for the extension M/Q(({), d = 1 if
¢ € NujgyM™, and § = 0 otherwise. Here Npyg() : M — Q(¢)* is the norm
map. Now from the exact sequence

1 — 8% — Sy 15 Sy — Sy /ST — 1
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we see that |Sy/Si 7| = |S,(V?|. Furthermore, if M, is the maximal Abelian extension
of Q(¢) which is unramified over M, then Gal(M,/M) = S)/S};”. By Kummer theory,
there is a subgroup B of M* with (M*)® ¢ B C M* such that M; = M(/B). Let

(B/(M*)*)* = {z € B/(M*)*| 2° = z} and
(B/(M*)*)"={z€B/(M*)*| 2 =27"} .

Then B/(M*)? = (B/(M*)*)* x (B/(M*)?)~. There is a natural pairing

B/(M*)* x Su/Syr™ — (C)
(z,0) — (V2)*

with (B/(M*)%)* and (Sm/S);™)~ dual groups in this pairing, and with (B/(M*)3)~
and (Sy/S};7)* dual groups in this pairing. (See [4, Proposition 2.4].)

Finally, if hx (respectively, hys) is the class number of K (respectively, M), it is
known that hys = g+ h% /3, where ¢ = 1 or 3. (See [1, Theorem 12.1 and Theorem 14.1}.)
In fact, if Uy is the group of units in the ring of integers of M, and if Uas,, is the subgroup
of Ups generated by the units in the rings of integers of the fields Q(¢), Q(¥/n), Q(¢¥/n),
and Q(¢%2¥/n), then q = [Upy : Upr,]. Then we get

(3) ISul=q- (|SK|)2/3 with ¢=1 or 3.

3. RESULTS FOR SPECIAL PURE CUBIC FIELDS

We now suppose n = p with p a prime number. As before, we let K = Q(¥/p) and

M = Q(¢, ¥p). Honda [7] showed that |Sk| = 1 (and hence |Spy| = 1) if p = 3 or if
= ~1(mod 3), and }Sk| > 1 (and hence |Sp] > 1) if p = 1(mod 3). Barrucand and

Cohn [1] classified K and M into four types. We shall consider various cases depending

on the congruence class of p (mod 9). Most of the results in cases 1, 2, and 3 below were

previously known, but we include them for the sake of completeness and to illustrate the

techniques we are using.

CAse 1. p=3or p= 8 (mod 9).

Since only one prime ramifies in M/Q((), then in Equation 2, t = 1, § = 1, and
|S£?| = 1. This implies that |Sy| = 1, and hence from Equation 3, ¢ = 3 and |Sk| = 1.
Thus the fields K and M are of Type IV in [1].

CASE 2. p=2or 5 (mod 9).

The prime ideals (1 — ¢) and (p) of Q(¢) ramify in M. So t = 2 in Equation 2.
Since the cubic Hilbert symbol ((¢,p)/p) # 1 when p =2 or 5 (mod 9), then é = 0. So
|Sﬁ;)| =1. Hence |Sy| =1, ¢ = 3, and |Sk| = 1. This implies that the prime ideal above
(3) in K is a principal ideal. (Of course, the prime ideal above (p) in K is obviously
principal since it is generated by ¢/p.) The fields K and M are of Type I in [1}.

https://doi.org/10.1017/50004972700035292 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035292

474 F. Gerth I1I (4]

It remains to consider cases when p =1, 4, or 7 (mod 9). In cases 3 and 4 below,
we shall see that |S{| = 3. Let j be the positive integer such that S’ € S5 but
s ¢ U7, Then

1SM /Sy = IS /ST = = 1Sy ST = 8

and |Sy| = 3. From Equation 1, we see that the 3-rank of the ideal class group of M
equals one if j = 1 and equals two if j > 1. Also, since |Sp/S);"| = ISE)I = 3, there is an
unramified cyclic extension M; of M of degree 3 which is an Abelian extension of Q(¢),
and Gal(M,/M) = Sp/S};7. Since p =1 (mod 3), there is a unique cyclic extension F
of Q of degree 3 in which only p ramifies. If p = 77 is a prime factorisation of p in the

ring of integers of Q(¢), then F - Q(¢) = Q(¢, V#7?), and M, = M(v/77?). Since
(772)° = 7w’ = (772)~! mod (M*)?

then from the duality results in the previous section, we see that |(Sx/Sy;")*| = 3 and
|(San/S3;7)~| = 1. From our observations about the maps A; in the previous section,

—r)itt

|(SE /85" )| =3 and |(S§T /S5 =1

ifiisevenand 0<i<j—1;

_T)i+l .r)i+l

[(SE /804 =1 and (S /8GN =3

ifiisoddand 1< i< j—1. Then
ISk| = |S¥| =3/ and |Sy| =3/

if 7 is even, and
ISk| = |Si;| = 30+V/2 and |S;,| = 36-1D/2

if 7 is odd. These results provide additional insight for Equation 3; namely ¢ = 3 in
Equation 3 if j is even, and ¢ = 1 in Equation 3 if j is is odd. Furthermore, j is even if
I(S,(&))‘l = 3; on the other hand, j is odd if |Sg))+| = 3.

CASE 3. p =4 or 7(mod 9) (see [1, 2]).

The prime ideals (1 — ), (7), and (7) of Q(¢) ramify in M. So t = 3 in Equation 2.
Asin case 2,6 =0. So |S£;)| = 3. In contrast to cases 1 and 2 where ¢ always equals 3,
g may be either 1 or 3 in case 3. To see why this is possible, suppose first that 3 is not
a cubic residue modulo p. (For example, p= 7.) Then the ideal (3) is inert in the cyclic
extension F of Q of degree 3 in which only p ramifies. Thus the unique prime ideal gp;
above (3) in M is inert in the unramified Abelian extension F - M, which by class field
theory implies that gp; is not a principal ideal. Hence the ideal class of g3 generates S,(\;)
and is not contained in S};". Thus j =1, |Sk| =|Sm| =3,and ¢=1. So K and M are
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of Type III in [1] with the ideal pp? a principal ideal, where p (respectively, p) is the
prime ideal of M above (r), (respectively, (T)).

On the other hand, if p = 61, then the class numbers hg = 6 and hyp, = 36. So
ISk} =3 and |Sy| = 9. Thus ¢ = 3 and j = 2. In this case the prime ideal Nps/gp; is
principal, and the ideal pgp? generates (S,(J))”. Note Sg) = (Sﬁ;))‘, and K and M are of
Type I'in [1]. For this example with p = 61, 3 is a cubic residue modulo 61. (However, I
do not know whether 3 being a cubic residue modulo a prime p with p = 4 or 7 (mod 9) is
sufficient to guarantee that ¢ = 3.) This example with p = 61 does show that Theorem 1
cannot be extended to all primes p = 1 (mod 3) since 91 |Sk| but rank Sy = 2.

CAsSE 4. p=1 (mod 9).

The prime ideals (7) and (7) of Q(¢) ramify in M. So t = 2 in Equation 2. Since
p =1 (mod 9), the cubic Hilbert symbols ((¢,p)/7) = ((¢,p)/7) = 1, and hence § = 1.
So |8%)| = 3.

Let p and P be the prime ideals of M above (x) and (7), respectively. Note that
pp = (¢/P), a principal ideal. If p is not a principal ideal, then % is not a principal

ideal, and the ideal class of ppE? generates Sﬁ;). So if that happens, |S,(‘;))‘| = 3 and
ISX,T,) )*| = 1. If p is a principal ideal, then % is also a principal ideal, and hence a

generator of Sf,;) does not contain a ramified prime of the extension M/Q(¢). (In the
terminology of [1, 4], there exist ambiguous classes which are not strong ambiguous,
which occurs when ¢ ¢ Nayqe)Unm even though ¢ € NaygeyM*.)

We first focus on the case where p is principal. From part (1) of [6, Proposition 2],
we know that a generator of 51(\;) comes from S3;. So I(Sg))+| = 3 and I(S,(J))‘I =1.
In the discussion preceding case 3, we see that j is odd and ¢ = 1. If 5 = 1, then
[Sk| = [Sf| = 3 and [Sm| = 3, and hence rank Sy = 1. If j > 3, then 9 divides
|S3;| = |Skl, and rank Sy = 2. So Theorem 1 is true if p is principal. We remark that
the fields K and M are of Type III in [1]. An example where this paragraph applies is
when p = 19.

It remains to consider the situation where g is not principal. Because I(Sx) )‘I =3
when p is not principal, we see that j is even and ¢ = 3. (The fields K and M would be
of Type IV in [1].) Now in Theorem 1, we assume 9 [Sk|. Hence j = 2. If j = 2 were
possible, Theorem 1 would be false. So we must show that j = 2 is impossible. Let F be
the cyclic cubic extension of Q in which only p ramifies, and let L = F'- Q(¢). Let Uy, be
the group of units in the ring of integers of L, and let U, ; be the subgroup of U}, generated
by the units in the rings of integers of F and Q(¢). By [8, Theorem 4.12], [U : U] =1
or 2. Since Npjg)ULy = {£1}, then ¢ € NypjqUL,s, and since [Up : Up ] =1 or 2,
then { ¢ Nysq)UL. However, ¢ € Np/qu)L* since p = 1 (mod 9). Now from genus
theory |S%)| = 3, where w is a generator of Gal(L/Q(¢)), Sy, is the 3-class group of L,
and S = {a € S | a¥ = a}. Since ¢ ¢ Nyjge)Us but ¢ € NirsqL*, a generator
of S,(j") does not contain a ramified prime of the extension L/Q(¢). This means that P
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and 7P are principal ideals, where P and P are the prime ideals of L above () and (7),
respectively.

Now assuming j = 2, the Hilbert 3-class field of M is an extension M’ of M of
degree 9, which is a Galois extension of Q(() and contains the field L. Then M'/L is a
Galois extension of degree 9 which is unramified at all primes. Because |Gal(M'/ L) =9,
then Gal(M'/L) is Abelian. So M’ is contained in the Hilbert 3-class field of L. Since P
and P are principal ideals of L, they must split completely in M’/L. But then p and @
split completely in M'/M, which is impossible since M’ is the Hilbert 3-class field of M,
and g and P are not principal ideals of M. Hence we have a contradiction, which means
that j = 2 cannot happen. So the proof of Theorem 1 is complete.
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