ARCS OF PARABOLIC ORDER FOUR
N. D. LANE

1. Introduction.

1.1. This paper is concerned with some of the properties of arcs in the
real affine plane which are met by every parabola at not more than four
points. Many of the properties of arcs of parabolic order four which we con-
sider here are analogous to the corresponding properties of arcs of cyclic order
three in the conformal plane which are described in (1). The paper (2), on
parabolic differentiation, provides the background for the present discussion.

In Section 2, general tangent, osculating, and superosculating parabolas are
introduced. The concept of strong differentiability is introduced in Section 3;
cf. Theorem 1. Section 4 deals with arcs of finite parabolic order, and it is proved
(Theorem 2) that an end point p of an arc 4 of finite parabolic order is twice
parabolically differentiable. Moreover, we show that if the osculating parabolas
of A at p are non-degenerate, then 4 satisfies the third condition for parabolic
differentiability at p. Section 5 is concerned with arcs of parabolic order four.
Multiplicities at a point of an arc are defined, and it is observed (Theorem 3)
that the parabolic order of an open arc of parabolic order four is not increased
when one end point is added and certain multiplicities are introduced. Theorem
4 indicates that the types of parabolically differentiable end points of arcs of
parabolic order four are restricted, and Theorem 5 shows that there is a further
restriction in the case of parabolically differentiable interior points. We prove
that an end point of an arc of parabolic order four is three times strongly
parabolically differentiable (Theorem 6) and that its interior points are twice
strongly parabolically differentiable (Theorem 7). In Section 6, we use a
monotony property of arcs of parabolic order four (Theorem 9) to prove that all
but a countable number of points of A4 are strongly parabolically differentiable
(Theorem 10).

1.2. Prerequisites. The definitions and notations which will be used in
this paper are the same as in (2). For the convenience of the reader, some of the
results in (2) which are needed for this paper are summarized below.

The letters P, Q, . .. denote points and T, &, ... denote lines. = denotes a
parabola. The interior [exterior] of a non-degenerate parabola = is denoted by
Tx [7T*]

The family of all the non-degenerate parabolas which touch a line T at a

Received June 19, 1963. A part of this research was done while the author was a Fellow of
the Summer Research Institute of the Canadian Mathematical Congress. The author grate-
fully acknowledges the valuable suggestions of Peter Scherk and K. D, Singh.

321

https://doi.org/10.4153/CJM-1964-032-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1964-032-0

322 N. D. LANE

point P is denoted by 7 and the compactified family by 7; cf. (2, 3.2). If
P, Q, R are not collinear and Q and R lie on the same side of T, the two para-
bolas of 7 through Q and R are denoted by 7(7; Q, R), 2 = 1, 2. If 7 is a fixed
parabola of 7, ¢(m) denotes the one-parametric family consisting of m, and
those parabolas of r which meet 7 exactly once outside P; ¢(mo) denotes its
compactification; cf. (2, 2.16).

An arc 4 in the real affine plane is the continuous image of a real interval.
The images of distinct points of the parameter interval are to be considered to
be different points of 4 even though they may coincide in the plane. The letters
b, S, ¢, . .. denote points of arcs. The parameters s and p are supposed to be
distinct and s will usually be “‘sufficiently close” to p. We shall restrict our
attention to arcs 4 with the property that each point p has a neighbourhood NV
on the parameter interval such that for every s € N, s # p, the image points s
and p in the affine plane are distinct. This condition is automatically satisfied
if p has finite linear order. It is also satisfied if A is differentiable at p, i.e., if A
satisfies the following condition.

(i) ConpitioN L. If the parameter s is sufficiently close to the parameter p,
s % p, the line ps is uniquely determined. 1t converges if s tends to p; cf. (2, 3.2).

The limit straight line ¥ is the ordinary tangent of 4 at p.

(ii) If A is differentiable, the non-degenerate, non-tangent parabolas through
an interior point p of 4 all intersect A at p or all of them support (2, Theorem
2).

(iii) Let 4 — p C Tk, s € 4 — p. The two parabolas m,(¢; s) and 72(o; s) of
¢ C 7 at an end point p which pass through s can be numbered in such a way
that

lim m2(¢; s)

$>P

exists and is equal to the limit of the double ray through s with the vertex
p (2, Lemma 17).

(iv) ConpITION 1. Let A be differentiable at p and let all the points of A — p
close to p lie in one of the closed half-planes bounded by T, say in T+ \J L. If
Q € Ty, then the two tangent parabolas of A at p through Q and s converge when s
tends to p; cf. (2, 4.1).

The limit parabolas of Condition II are called osculating parabolas of A at p
through Q. They are denoted by m;(s; Q), 2 = 1, 2. The family of all the osculat-
ing parabolas of 4 at p is denoted by ¢ and the compactified family by 4.

(v) If Condition II holds for one point Q € Ty, then it holds for every such
point (2, Theorem 3).

Condition II implies the following statements.

(vi) If A4 is twice parabolically differentiable at p, the set ¢ of the osculating
parabolas of 4 at p is one of the following three subsets of 7:

Type 1. ¢ is one of the one-parameter families ¢ described above;
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Type 2. o consists of all the double rays of 7 with the common vertex p which
liein Ty U p;

Type 3. o consists of all the pairs of parallel lines of # which lie in T4 U T;
cf. (2, Theorem 4).

(vii) Let 6 C 7 be a diametral pencil of parabolas (cf. 2, 1.5) and let = (8; s)
denote the unique member of § through s. If the osculating parabolas of 4 at p
are non-degenerate or double rays [pairs of parallel lines], then as s — p the
parabola m(8; s) converges to the unique osculating parabola in § [the single
line T] (2, Theorem 5).

(viii) The non-osculating tangent parabolas of 4 at an interior point all
support 4 there (2, Theorem 6).

(ix) Let p be an end point of A. 1f ¢ is one of the subfamilies of r defined above
and ¢ # o, then the parabolas 7;(¢; s) of ¢ through s € 4, 7 = 1, 2, converge
to a double ray on T with the vertex pas s — p (2, Theorem 7).

(x) Let p be of Type 1. By (iii), the one-sided limits

lim ma(a;s)
s5p

are double rays on € with the vertex p.

Conprtion III.
71'(])) = lim m,(7; )

8§D
exists; cf. (2, 5.1).

w(p) is called the superosculating parabola of A at p. It is either non-degener-
ate (Type 1(a)), or a double ray on T with the vertex p. If p is an end point of
A, pisof Type 1(b) [Type 1(¢)] if this double ray is equal [opposite] to

lim (o s).
s-5p

Condition 111 implies the following.

(xi) If the end point p of 4 is of Type 1(b) and = is any osculating parabola of
A at p which does not meet 4 outside p, then 4 — p C =* (2, Corollary of
Lemma 18).

(xii) If p is an interior point of 4, then the osculating parabolas of ¢ — 7 (p)
all support 4 at p or all intersect according as 4 has or has not a cusp at p
(2, Theorem 8).

2. Generalized parabolic differentiability.

2.1. General tangent parabolas. Iet p, Q, R be non-collinear points.
We call 7 a general tangent parabola of A at p if there exists a sequence of quad-
ruples of mutually distinct points uy,, 2., Qn, R, such that u, and v, converge on
A to p, 0, — Q, R, — R, and there is a parabola m(u,, v,, Qu, R,) through these
points which converges to .
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Suppose that p, Q’, R’ are not collinear, Q" and R’ lie on the same side of the
tangent of 7 at p, and Q,) — Q’, R,’ — R’. Using the same sequence u,, v, as
above, the quadrangle u,, v,, Q./, R, is convex when u, and v, are close to p on
A. Thus, there are two parabolas m;(u,, v,, 0./, R.)'), © = 1, 2, through these
points. Any limit parabola 7, of the m;(u,, ., Q.', R,”) will touch = at p and
will pass through Q’ and R’. Asin (2, 3.4), we can verify that =,/ % w,’. Thus
7y’ and 7’ are the two parabolas through Q" and R’ which touch = at p. Every
non-degenerate parabola which touches = at p can be constructed in this way.
From these remarks, we readily obtain the following lemma.

LeEmMMA 1. If m is a general tangent parabola of A at p, then every non-degenerate
member of the two-parameter famaly of parabolas which touch = at p is also a general
tangent parabola of A at p.

We agree to compactify this family by considering any parabola of its closure
to be a general tangent parabola of 4 at p.

Remark. 1f A is differentiable at p, every tangent parabola of 4 at p is a
general tangent parabola. The converse need not be true. For example, a dif-
ferentiable cusp point has general tangent parabolas other than the ordinary
tangent parabolas; c.f. 2.7.

2.2. General osculating parabolas. We call = a general osculating para-
bola of A at p if there exists a sequence of quadruples of mutually distinct
points iy, vy, Wy, Ry, such that u,, v,, w, converge to pon 4, R, —» R, R # p,and
there exists a parabola m (1., vz, Ws, R,), through these points which converges to
™.

We observe that every general osculating parabola is a general tangent parabola.

Let my = lim 71(#y, v, Wy, R,) be a non-degenerate general osculating para-
bola of 4 at p. There is associated with (i, v, W, R.), a second parabola
wo(tn, Uy Way Ry), and any limit parabola ms of the ma(uy, v,, w,, R,) is also a
general osculating parabola of 4 at p. The parabolas 7, and 7, intersect at R
and p and meet nowhere else. Thus, 7, is the other parabola through R of the
family ¢ (w;) determined by 7, described in 1.2; cf. (2, 2.16).

If Q € 1, Q # Py Qn € 71'l(uny Uny Wh, Rn); Qn e Qr then

7I'1(um Uny Wn,y Qn) = 7l'l(uny Uny Wny Rn)
and
im 71 (ty Uny Way Qn) = lim 71 (tty, Vs, Wy, Ry) = 71
From the above, lim (s, 95, w,, Q) is also a general osculating parabola
belonging to ¢ (1). This construction is readily seen to yield any = € ¢ ().

We now compactify the family of general osculating parabolas of A4 at p.
Then our discussion implies the following lemma.

LEMMA 2. If 7, is @ non-degenerate general osculating parabola of A at p, then
every T € ¢(m1) is also a general osculating parabola of A at p.
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Remark. If A is twice differentiable at p, every osculating parabola of 4 at p
is a general osculating parabola. A twice differentiable cusp point, however, has
general osculating parabolas other than the ordinary osculating parabolas.

2.3. General superosculating parabolas. If there exists a sequence of
quadruples of mutually distinct points ¢,, #,, v,, @, which converge on 4 to p,
such that = is the limit of a parabola (¢, #,, v,, w,) through these points, we
call = a general superosculating parabola of A at p.

Every general superosculating parabola is a general osculating parabola.

Let w1y = lim mw1(¢s, %, Vs, w,) be a general non-degenerate superosculating
parabola of 4 at p. There is associated with 7 (¢,, #n, 2, W), a second parabola
2 (bn, Uny Un, Wy) (Which may be a pair of parallel lines) and any limit parabola
o of the w2 (s, tn, Vs, w,) is also a general superosculating parabola of 4 at p.
7y and 7, support at p and meet nowhere else. Let T, be the tangent of 7; at p
and suppose that m; C T« U p. Then =, is either the double line on 4, or a
double ray on T, through p, or a double ray in T,;* U p with the vertex p.
By (2, Lemma 8), the line uv tends to T;, however, and this result can be used
to exclude the third case.

Remark. If A satisfies Condition III at p, then w(p) is a general super-
osculating parabola of 4 at p. A cusp point which satisfies Condition III, how-
ever, has general superosculating parabolas other than = (p).

If A has a differentiable cusp at p, every tangent parabola of 4 at p which
supports A at p is a general superosculating parabola of 4 at p.

If o and 7, € ¢(mo) are general superosculating parabolas of 4 at p which
support 4 at p, then every = between mo and = in ¢ is a general superosculating
parabola.

2.4. The following statements are readily verified.

LeEMMA 3. Let p be an interior point of A.

(i) Any parabola through p which supports A at p is a general tangent parabola
of 4 at p.

(ii) Any general tangent parabola of A at p which intersects A at p is a general
osculating parabola.

(iii) Any general osculating parabola of A at p which supports A at p is a
general superosculating parabola.

2.5. Let m be the limit of a sequence of parabolas {m,}. We provide the points
of m, M A with the following multiplicities: A point s, € m, is counted twice
if 7, is a general tangent parabola at s,, but not a general osculating parabola;
s, is written down three times if 7, is a general osculating parabola, but not a
general superosculating parabola; s, counts four times if =, is a general super-
osculating parabola at s,.
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LeEMMA 4. Suppose that k (not necessarily distinct) points of m, M A converge
to pasn— ». Then v is a general tangent parabola if k = 2; m is a general
osculating parabola if k = 3; m 1s a general superosculating parabola if kb = 4.

2.6. Let p be an end point of 4. Suppose that
T, = lim (ps,), T = lim (pr,)

Sn=>p Tn->p

exist. Then T; and T, divide the pencil of lines through p into two open inter-
vals. At least one of them has the property that every line £ belonging to it
meets every neighbourhood of p on 4. Thus, there exists a sequence of points
u, € T M A converging to p. In particular, T will be a general tangent of 4
at p.

Similarly, to every = € 7(Z) there exists a sequence of points v, € 7 M A4
converging to p. Thus = will be a general superosculating parabola of A4 at p.

2.7. Convex arcs. Let 4 be a convex arc with the end point p. Thus 4
has linear order two and it is well known that 4 satisfies Condition 1 at p; cf.
1.2 (i). Thus 4 has a well-defined tangent £ at p.

The line tu converges to T as the distinct points t and u converge on A to p. For
the reader’s convenience, we include a proof. The line tu is denoted by (¢, ).

Proof. Let p, t, u, vlie on 4 in that order. From the convexity of 4 we may
assume that

1) 8@, u) CP, Ox M LE 0¥ Y [, £)* M AL v)«] U L
Letting ¢ and « tend to p, we conclude that lim (¢, «) lies in the closure of
[T M (P, 0)*] I [TF N L(P, v)4]

for each choice of v on 4. Letting v tend to p, we get lim £(¢, u) = <.
Any general tangent parabola of 4 at p will touch T at . Thus, in this case,
the set of general tangent parabolas of A at p will coincide with 7.

2.8. Notations. We use the notation of the preceding section. Thus 4
will denote a convex arc.

Suppose that 4 — p C Ts. Let R be a fixed point in Ty. If ¢, u, v are three
mutually distinct points sufficiently close to p on A, then the quadrangle
¢, u, v, R will be strictly convex and there will be two parabolas through
¢t 1, v, R.

If ¢, u, v lie on A in that order, we denote by =,(¢, «, v, R) [r2(R, ¢, u, v)] the
parabola through these four points such that they lie on it in the order ¢, u, v, R
[R, t, u, v].

Suppose that four mutually distinct points ¢, #, v, w lie on .1 in that order.
Then there are two parabolas through these points. If ¢, u, v, w are sufficiently
close to p, one of them will be non-degenerate and the points ¢, u, v, w will lie on
it in the same order. The other parabola is either a pair of parallel lines or a
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non-degenerate parabola and, in the latter case, the points will lie on it in the
order w, ¢, u,vor u, v, w, t.

We shall use the notation m; = 71(¢, 4, v, w) to indicate that the order in
which the four points lie on m; is the same as their order on 4. The other para-
bola through these points will be denoted by 72 (w, ¢, u, v) or 72(u, v, w, t).

Let #(P; QR) denote the (degenerate) parabola consisting of QR and the line
through P parallel to QR. Thus, 7o = m2(w, ¢, u, v) if w € 7 (¢; uv)* but =, =
ma(u, v, w, t) if w € 7(¢; uv)s.

3. Strong differentiability.

3.1. We call an arc 4 strongly differentiable at p i the following condition
is satisfied.

ConprtioN I'. If two distinct points u and v converge on A to p, the line uv
always converges.

In particular, if we take # = p, we see that Condition I’ implies Condition I
and the line uv converges to <.
By 2.7, a convex arc satisfies Condition I’ at an end point.

LEMMA 5. 4 convex arc A which satisfies Condition I at an interior point p
also satisfies Condition I' at p.

Proof. By 2.7,
lim ¢, u) = <
t,u>p
if ¢t and « lie on the same side of p on 4.
Let ¢, p, u, v lie on A4 in that order. From the convexity of 4, we may again
assume (1), and the proof follows the lines of 2.7.

Remarks. If A is strongly differentiable at p, the family of general tangent
parabolas of 4 at p coincides with 7; cf. 2.7.

If A is differentiable everywhere, then 4 is strongly differentiable at p if and
only if the family of tangent parabolas of 4 is continuous at p.

3.2. We call 4 strongly twice parabolically differentiable at p if A satisfies
the following condition.

ConpitioN II'. There exists a point R 5% p with the following properties. If
t, u, v are mutually distinct and lie sufficiently close to p, the parabola w, (¢, u, v, R)
exists. It converges as t, u, v converge to p.

We note the following implications of Condition II’:

(i) 4 sufficiently small neighbourhood of p on A s convex.

(i) 4 satisfies Condition I and hence Condition I at p.

(iii) A — p and R will lie on the same side of the tangent T of A at p.
(iv) A satisfies Condition I1 at p.

https://doi.org/10.4153/CJM-1964-032-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1964-032-0

328 N. D. LANE

(v) If R lies sufficiently close to R and the t, u, v are close to p, =,(¢, u, v, R')
and wy(R', t, u, v) exist. They converge as R’ tends to R and ¢, u, v, to p.

(vi) lim 71 (¢, u, v, R) = lim 7w;(p, u, v, R) = lim 7;(r; v, R) = m,(o; R), and
stmilarly, im w2 (R, ¢, u, v) = lim m(R, p, u, v) = lim m2(7r; v, R) = my(c; R),
where the m;(t; v, R) are the tangent parabolas of A at p through v and R and the
m:(a; R) are the osculating parabolas of A at p through R; 7 = 1, 2.

Let A satisfy Condition II everywhere. If Condition 11’ holds at p, then the
family of osculating parabolas of 4 is continuous at p. (The converse of this
statement is also true. But the author possesses only a fairly lengthy analytical
proof.)

3.3. TueorEM 1. If Condition II' 1is satisfied for one point R, then it is
satisfied for every point Q € Tx.

Proof. Let m; = lim (¢, u, v, R) exist. As in 3.2, A satisfies Condition II
and 7; € ¢. Let Q' — Q and let = be any accumulation parabola of either the
sequence {r(t, u, v, Q')} or the sequence {m,(Q’, ¢, u, v)}. We may assume, for
example, that = = lim =;(¢, u, v, Q). Thus = and 7, meet at p with a multi-
plicity >3. By the remark near the end of 3.1, # € 7.

If pis of Type 1, 7 cannot be a pair of parallel lines or a double ray, otherwise
mi(¢, u, v, R) and 7 (¢, %, v, Q') would have more than four points in common.
Hence 7 is non-degenerate and either 7 = 7 or 7 and m; meet at p with the
exact multiplicity three. Thus = € ¢(my).

Similarly, if p is of Type 2, 7 cannot be non-degenerate or a pair of parallel
lines. Hence = is the unique double ray of ¢ through Q.

If pis of Type 3, m cannot be non-degenerate or a double ray. Hence 7 is the
unique pair of parallel lines of o through Q.

3.4. We call 4 strongly parabolically differentiable at p if A satisfies the
following condition.

ConprITION 11, Suppose that the points t, u, v, w are mutually distinct and lie
on A in that order. If they are sufficiently close to p, the parabola w (¢, u, v, w)
exists. It converges as these four points converge to p.

It can be proved that Condition 111" tmplies Condition 11" and Condition 111;
cf. 1.2 (x). We readily prove that

lim 7, (¢, u, v, w) = lim 7,(p, u, v, w) = lim 7,(7; 9, w) = lim 7,(0; w) = w(p),

where 7 (p) is the superosculating parabola of 4 at p defined in 1.2 (x).

If Condition III holds at each point u# of 4 and Condition IT1" holds at p,
then 7 () tends to 7w (p) as u — p.

We observe that for every arc 4 and point p which satisfies Condition I11’,
ma(t, u, v, w) does not converge and each of the alternatives mentioned at the
end of 2.3 will actually occur.
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4. Arcs of finite parabolic order.

4.1. An arc A is said to be of finite parabolic order if every parabola meets
A at a finite number of points only. (We do not require this number to be
bounded.) In this section, we assume that p is an end point of such an arc. It is
well known that A4 satisfies Condition I at p. Thus the tangent ¥ and the
family 7 of the tangent parabolas of 4 at p are defined.

4.2. The pencil 7,. Let Q € T4, say. Let € denote the line pQ and let
I denote the line through Q parallel to <.

The parabolas of = through Q constitute a one-parameter subfamily 7, of
7. To each line ® # ¢ through p there corresponds exactly one member of
7o with the diameter . Through each point R € Ty — ¥ there pass two para-
bolas of 7, viz., m:(7; Q, R), 7 = 1, 2. We note that the pair = ,(7; Q, R) depends
continuously on R.

If 9 separates [does not separate] R and I, then the diameters

D{mi(r; Q, R)} and D{wy(r; Q, R)}

through p are not separated [are separated] by T and .

We verify these statements by choosing an affine co-ordinate system such
that Q has the co-ordinates (0, 1), and 7 touches the x-axis at the origin. Then,
the parabolas of 74 have equations of the form (y — \x)2 = y. If R has the
co-ordinates (xo, ¥o), then the \; which are associated with the =;(7; Q, R) must
satisfy the equation

Ao — 2X\xo¥o + yo(yo — 1) = 0,

and \; and \; have opposite signs or the same sign according as yo < 1 or
Yo > 1.

We may assume that 4 — p C Ty M *. Thus, we can number the =;(7; Q, s)
such that D{mi(r; Q, s)} N T lies in L and Dmo(r; Q, 5)} M Ty lies in &*. It
may be observed that this numbering is consistent with the numbering of the
w:(o; s) in 1.2 (iii).

Let Q € 7 € 7. If s € my, then D{71(r; Q, s)} and T separate D{r} and L.

4.3. We verify that A satisfies Condition 11 at p. Let sa, [$a3n11] be a sequence
of points converging to pon A — p and suppose that =’ [7''] is a limit parabola
of the sequence of parabolas 71(7; Q, s2,) [m1(7; Q, S2nt1)] and that #” = 7”/. We
may assume that 4 — p does not meet =’ or 7'’ and, in particular, it does not
meet the arcs of 7’ or 7’/ between MM and T. Thus 4 — p liesin Ty M P2* M L*
between these arcs, say, in my' M 7'’*. Let = be any parabola of 74 through
s M 7' M L. Since sa, [S2pp1] lies in 7% [74], the arc sy,52,+1 of A meets 7
for all z. This contradicts the assumption that 4 has finite parabolic order.

Similarly, w2(7; Q, s) has a unique limit parabola as s tends to p.

4.4. Let p be of Type 1; cf. 1.2 (vi). We verify that A satisfies Condition 111
at p.
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Let the n;(s; s) be numbered as in 1.2 (iii). Thus 72(s; s) converges to a
double ray on T with the vertex p as s tends to p. Suppose that ,(s; s) has two
distinct limit parabolas 7’ and 7", and let 7,(o; $2,) — 7, 71(0; Sony1) — 7.
Let 7= be any parabola of ¢ between 7’ and #’/. We may assume that 4 — p
lies in D(m)*. Then Di{mi(s; 5)} N Ty lies in D(7)x [D(7)*] if and only if s
lies in 7% [#*]. In particular, D{m(v; s2)} and D{r(c; s2,41)} are separated by
D(mr) and T, if 59, and ss,4;1 are sufficiently close to p. Hence ss, and sa,,; lie on
opposite sides of . Thus the arc s3,52,+1 of 4 meets = for all ». This is im-
possible.

The results of Section 4 are summarized in the following.

THEOREM 2. An end point p of an arc A of finite parabolic order is twice para-
bolically differentiable. If p is of Type 1, then A satisfies Condition 111.

Remark. Finite parabolic order does not imply strong parabolic differentia-
bility. The arc given by

y=20 when x = 0
and
y = 2722 — sin? 7[2""1(2n + 1)x — n]}

when 27" < x < 27, n = 1,2,..., is of finite (but not of bounded) para-
bolic order. No neighbourhood of the origin, however, is convex, and hence the
origin does not satisfy Condition I1’.

5. Arcs of parabolic order four.

5.1. Multiplicities. Let A4, be an open arc of parabolic order four. A
point of 44 will converge if its parameter tends to one of the end points of the
parameter interval. Thus .14 has two well-defined end points p and p’.

1t is readily verified that A4 has linear order two. Thus, A4 is convex and there
are always two parabolas through four distinct points of A,.

Using the methods of (1, 3.3), the following theorem can be proved.

TueEOREM 3. The parabolic order of A4 1s not changed by

(i) the addition of one end point p to A;

(i1) the introduction of multiplicities at p, such that p is counted once, twice,
three times, four times, respectively, on a non-tangent parabola through p, a non-
osculating tangent parabola at p, an osculating parabola # w(p), and =(p);

(iii) the introduction of multiplicities at interior points q of A, such that q
1s counted once [twice] on any parabola which intersects [supports] A4 at q.

Proof. Suppose that a parabola = through p intersects 44 at ¢ and meets /4
at three other mutually distinct points 7, s, and ¢. Choose disjoint neighbour-
hoods N of p and M of ¢ which do not contain 7, s, or ¢. If v converges to p on
N, then one of the parabolas through 7, s, ¢, v, say, m1(, s, ¢, v), will converge to
m; cf. (2, Lemma 3). Hence (7, s, ¢, ) will intersect M if » is sufficiently close
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to p. Thus, we conclude that if @ parabdola through p meets A4 at four points,
then all of them are points of support.

Similarly, by approximating a tangent [an osculating] parabola by a non-
tangent parabola through p [a non-osculating tangent parabola] we can verify,
in turn, that if a tangent [an osculating] parabola of A4 at p meets A4 at three
[two] points, then they are points of support. We can then prove that = (p) does
not intersect A .

If a parabola 7 supports 44 at ¢ and also meets 4, \J p at r, s, and ¢, then a
suitable parabola near = through 7, s, and ¢ will intersect A, twice near ¢. This
is excluded by the above discussion and the definition of 4 4. Hence, a parabola
through four points of A4 \J p does not support A4 at any of them, and it follows
that no parabola through p meets A4 \J p in five points.

Similar arguments can be used to show that a parabola through three points
of A4\J p does not support A4 at two of them.

Using the same methods, we then verify, in turn, that a tangent [an osculating]
parabola of A4 at p through two points [a point] of A4 intersects A4 at each of them
lat that point]. Thus, no tangent [osculating) parabola of A4 at p meets A4 at
more than two points [more than one point]. Finally, we conclude that = (p) does
not meet A 4. ‘

From now on, we may assume that p belongs to 44, whenever it is convenient
to do so.

Remark. 1t is well known that there exist open arcs 4 of linear order two
whose linear order is increased when both of their end points are added and
each of them is counted twice on its tangent. This occurs when the end points
of A are distinct and the tangent of one passes through the other.

Similarly, it can happen that an open arc 44 no longer retains the parabolic
order four when both of the (distinct) end points are added and the multi-
plicities described in Theorem 3 (ii) are introduced. This will occur if and only
if an osculating parabola at one end point of A, is also a tangent parabola of
A 4 at its other end point.

5.2. The following lemmas can be verified.

LevMMa 6. No general superosculating [osculating; tangent] parabola at an
intertor point q of A4 intersects A4 at one [two, three] other poini(s).

Let g be an interior point of 44 We say that « meets A4 exactly two [three]
times at ¢ if = is a general tangent parabola [a general osculating parabola] at ¢
but not a general osculating parabola [not a general superosculating parabolal.

LemMa 7. A general superosculating parabola at an interior point ¢ of Ay
supports A at q.

A general tangent [osculating] parabola w at ¢ will support [intersect] A4 at ¢
in either of the following cases:

(i) 7 intersects A4 at two distinct points [a point] different from q;
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(i1) = lim 7w({,u,d,e) [z = lim = u,v,e)l,
tusq tu,05q
where d and e are fixed points of 4 4.
Thus, © meets A4 exactly twice [three times] at q if (i) or (ii) holds.

5.3. By Theorem 2, Ay satisfies Condition Il at p. If p is of Type 1, 44
also satisfies Condition III at p.

THEOREM 4. An end point p of Ay is of Type 1(a), Type 1(c), or Type 3; cf. 1.2
(vi), (x).

Proof. (i) Suppose that p is an end point of Type 2 of the open arc A4
Thus 7 (o; 7) is the double ray with the vertex p through the point 7 of 4,. By
Theorem 3, A, intersects w(s; 7) at r. Hence, there are tangent parabolas of A4
at p close to w(o; ) which meet A4 near p and intersect 4, twice near . This
is excluded by Theorem 3.

(ii) Suppose that p is of Type 1(d). Thus, the osculating parabolas of 4,4 at
p are non-degenerate and 7 (p) is the double ray on T with the vertex p which
coincides with

lim (o} s).

S—>p
We number the 7;(s; s), 7 = 1, 2, as in 1.2 (iii).

Now Dfma(o; 5)} M Ty will meet A, at a point ¢ which lies between s and p
on A4 Thus ¢ lies in 72(o; §)x. By 1.2 (xi), a small neighbourhood of p on 44
lies in 72 (o; 5)*. Hence m2(o; s) also meets A 4 between ¢ and p. This is excluded
by Theorem 3.

We observe that the three types exist. For example, an arc of an ellipse [a
hyperbola] has parabolic order four; an end point p is of the Type 1(a) and
Ay CTr(p)x [As Cx(p)*].

The arc

x = s™, y = s + s, 0<s<1l,m> n,

is of parabolic order four, and the origin, given by s = 0, is of Type 1(c).
The arc

x =S, y = 58, 0<s<K1,
has parabolic order four and the origin is of Type 3; cf. (2, 5.4).

Remarks. The arc
x = s2, y = s’ s> 0,

is of parabolic order five and the origin is of Type 2.
The arc
x = s, y = st — s5 0 < s < 1/10,

is of parabolic order five and the origin is of Type 1(5).
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5.4. THEOREM 5. An interior point p of Asis of Type 1(a) with respect to
each of the subarcs into which A4 ts decomposed by p.

Proof. Let 44 = B4\J p\U By and let ¢ denote the family of osculating
parabolas of By at p.

Suppose that p is of Type 1(¢) [Type 3] with respect to By. If s € By is
sufficiently close to p, then 71(e; s) [7(o; s)] will intersect B4'. This is excluded
by Lemma 6.

Remarks. If an arc 45 of parabolic order five is parabolically differentiable at
an interior point p, then p is not of Type 1(c) or Type 3.
The arc

x = s3, y = 8 4 58, —o < §5s< o,

is of parabolic order six; the origin, given by s = 0, is of Type 1(c).
The arc

x =5, y = s —o <5< o,

is of parabolic order six and the origin is of Tvpe 3.

5.5. LEMMA 8. Every point of A4 satisfies Condition 1.

Proof. An interior point p € A, decomposes a small neighbourhood 1/ of p
on A4 into two subarcs N and N’. Thus M = VU p\U N'. By 2.7, N and N’
are strongly differentiable at p.

Suppose that the tangents ¥ and T’ of N and N’ respectively at p are distinct.
Because of the convexity of 44, we may assume that N U N’ C Ty N T,

By Theorem 5, the family ¢ of the osculating parabolas of NV at pis of Type 1.
If s € N, ma(o; s) is a non-degenerate parabola which intersects ' at p and is
close to the double ray on T with the vertex p in '+« \U p Thus, ms(o; s) inter-
sects NV at s, supports 44 at p, and hence intersects .V’ if s is sufficiently close to
p. This is excluded by Lemma 6.

Hence T and I’ must coincide, and Lemma 5 then implies that .14 satisfies
Condition I".

5.6. LEMMA 9. An end point of an arc As of parabolic order four satisfies
Condition I1'.

Proof. Let p, g, 7, s, t, e be mutually distinct points on 44 in that order. By
Theorem 3, a parabola through four points of 4, intersects 44 at each of these
points 5 p. We consider first the case in which p is of Type 1.

By Theorem 3, thearc 44 — pliesin 7 (p)« or 7 (p)*. In the former case, it also
follows from Theorem 3 that a small open arc of .44 with the end point p lies
in

mi(o; e)* N wi(r;t, e)x M mi(p, s, t, e)*
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Thus, in this case,

2) m1(q, 7, 5, €) passes through the region of
m1(p, ¢, 5, €)* M w1(g, s, ¢, €)« which contains ¢ on its boundary.

Letting first ¢, then » and s together, and finally ¢, tend to p on 4,4, we get,
from (2)
3) lim mi(p,7,s,e) = mi(o;e).

7,5-5D
From (2) and (3), we get, by first letting ¢, 7, s tend to p together, and then
letting ¢ — 2,

4) lim w(g,7,s,¢e) = mi(o;e).
q,7,8>D

A similar argument holds in the case when A4 lies in = (p)*. Thus A4 4 satisfies
Condition I’ at . In particular,
lim wa(e, p,r,s) = lim m(e, q,7,5) = m(o;e).
T,85p q,7,55p

The case where p is of Type 3 may be dealt with using the same method, and
we have

lim mi(g,7,s,€) = lim w(e g, 7, s) = lim mi(p,7,s,€)
Q,T,8-5D q,7,5-5P T,85D

= lim ws(e, p,7,5) = 7(a;e),
7,8-5D

where, in this case, 7 (s; €) is a pair of parallel lines.

5.7. LEmma 10. An end point p of Type 1 of an arc Ay of parabolic order
four satisfies Condition 1117,

Proof. Let p, q, 7, s, t, # be mutually distinct points on 44 in that order.

Let p be of Type 1(a) and assume, for example, that A4 C 7 (p)x; cf. 5.3,
Example 1. Thus, the open arc of =((g, 7, 5, £) bounded by » and ¢ passes through
the region of

mi(py ¢, 7 ) N wi(g, 7, 8y 1)

which contains s. Letting ¢, then 7, then s and ¢ together, and finally #, tend to
», we get

(5) lim m(r;s,8) = w(p).

8, P

Now, mi(q, 7, s, t) passes through the region of
Tl(P, q, S, t)* M 71-l(gy S, tr ’Lt)*

which contains 7. Let g tend to p. Then let 7, s, and ¢ tend to p together (using
(3) and (5)). Finally, let u tend to p. This yields

(6) lim xi(p, 7, s,t) = 7(p).

7,8,1>5p
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Finally, the arc of 7(q, 7, s, ) between s and ¢ lies in the region of
w1(p, 7, 5, )* N\ wy(r, 8, 8, 1) 5

which has s and ¢ on its boundary. Let ¢, 7, s, ¢ tend to p together (using (4)
and (6)). Then let # — p. This yields

(7) lim Wl(gv 7, S, t) = W(P)‘
Q47T4S, 15D
A similar proof gives (7) in the cases where p is of Type 1(a) with
A4 C w(p)*, or p is of Type 1(c).
Lemmas 9 and 10 yield the following theorem.

THEOREM 6. An end point p of an arc Ay of parabolic order four is twice
strongly parabolically differentiable. If p is of Type 1, then Ay is three times
strongly parabolically differentiable at p.

Remark. If p € A4 is of Type 3, then wi(q, 7, s, t) does not converge. In
particular, w(o; £) tends to the double line on T, while the parabola of + which
also touches A4, at s tends to a double ray on T with the vertex p as s tends
to p. However, every accumulation parabola of the m(q,7, s, ) is either a
double ray on < or the double line on <.

5.8. The Corollary of this section will be used in the proof of Theorem 7.
Let A be twice parabolically differentiable at its end point p.

LEMMA 11. Let # € 7 — o, 7' € ¢(w). Let s € A — p lie sufficiently close to p.
Then s does not lie between = and =’.

Proof. Suppose that there exists a sequence s > p,s € 4 — p,s € 7 N 7',
Then any accumulation parabola of the 7(¢;s) lies between = and =’ in ¢(w)
and hence is non-degenerate. This is excluded by 1.2 (ix).

CoROLLARY. Let A satisfy Condition 1 at the interior point p and let A be
one-sidedly twice parabolically differentiable at p with families of osculating
parabolas o and o'. Let 7 € 7, 7 § ¢ \U o', If w intersects [supports] A at p, then
every member of ¢(w) intersects [supports] A at p.

5.9. THEOREM 7. An interior point p of As satisfies Condition 11"

Proof. Let e and p be distinct points on 44 Let N and N’ be one-sided neigh-
bourhoods of p such thate¢d N \U p U N’.

Let 7; and 73 be two general osculating parabolas of 44at p, which are limits
of parabolas through e. Suppose that w2 ¢ ¢(71); thus 7; and 7, support at p.
By Lemma 7, 71 and ms both intersect A, at p. Hence there exist tangent para-
bolas of 44at p other than m; and 7, which support =, and m, at p and intersect
Agat p. Let w3 be one of them.

https://doi.org/10.4153/CJM-1964-032-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1964-032-0

336 N. D. LANE

By Lemma 9, the arcs N \U p and N’ U p satisfy Condition II’ at p and, in
particular, Condition II. By Theorem 5, p is of Type 1(a) with respect to both
N and N’. Let 7;(s; e) and 7;(¢’; ¢), 7 = 1, 2, denote the pairs of osculating
parabolas of N and N’ respectively at p. At least one of my, 72, 73, say =, does
not belong to ¢ \U ¢’. We may assume that N C 7*, N’ C 4. Let ¢ = ¢ (7).
By 1.2 (ix), each 7;(¢; s) is close to a double ray on ¥ with the vertex p if s
is sufficiently close to p. Hence the end points of N \U p U N’ lie in 7;(¢; 5)*.

Let s € N. Since N C 7*, Lemma 11 implies that a small open subarc of ¥
with the end point p lies in 7;(¢; s)*. By the Corollary of Lemma 11, 7;(¢; s)
intersects 44 at p. Hence m;(¢; s) also intersects N’. By Lemma 3, 7;(¢; s) is a
general osculating parabola at p and also intersects N and N’. Since this is
excluded by Lemma 6, we conclude that any two general osculating parabolas
of A4 at p through e belong to the same family ¢. Thus 44 satisfies Condition
IT" at p.

5.10. The following result is analogous to Lemma 5.

THEOREM 8. An arc of parabolic order four which satisfies Condition 111 at an
interior point p also satisfies Condition 111’ at p.

The proof of Theorem 8 follows the lines of the proof of Lemma 10.
The author has shown in a forthcoming paper that 4, need not satisfy
Condition III at an interior point p.

6. A monotony property of the osculating parabolas of 4,.

6.1. If = is any non-degenerate parabola, p € 7, then R,{r} denotes the
intersection of the diameter of 7 through p with 7. In 6.2, we shall call R,{=}
the diametral ray of = at p.

Let p € A4 be of Type 1. Let B, denote the open subarc of A4 bounded by
¢ and an end point of 44. Let = be any general superosculating parabola of 4,
at p. Let w(p) be the (unique) superosculating parabola of By at p.

If p is an end point of 44, Lemma 10 implies that = = 7 (p).

Let p be an interior point of 44 Then = and = (p) both support 4,4 at p; cf.
Lemma 7. By Theorem 7, 4, has a pencil ¢ of non-degenerate general osculating
parabolas at p.

A general superosculating parabola 7 of 44 at p is one of the following kinds:
m can be non-degenerate, in which case = € o, or  can be a double ray on £
through p, or the double line on . Only in the first caseis 7 = lim =, (¢, u, v, w);
cf. 2.8.

Suppose that the general superosculating parabola = lies in . Write R, {7} =
R{r}and N, {r(p)} = R{x(p)}. Thus, R{r} = D{x} N 7, pis the end point
of R{r}, and N{r} C Ty. Define R{r}s = D{r}+ N Ts. We may assume that
either R{7x}s C N{r(p)}x or R{x}* C R{x(p)}*.

LemMma 12. If
By Ca(p)* N R{x(p)1*  [Bs C w(p)x N Rix(p)}*],
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then
m{ﬂ'}* C ER{W(P)}* and B4C7l'*
[m{ﬂ'}*c %{W(P)}* and B4C‘ll'*].

Proof. ByMN\m = By N w(p) = p. Suppose that
Rir}* CTR{zr(P)}*  [Rir}s C Rix(p) 4]

Then By C w(p)* M s [Bs C w(p)x M 7*]; otherwise m1(c; 5) could not con-
verge to w(p) as s tends to p on By This implies, however, that =(p) and =
cannot both support 44 at p.

COROLLARY. If p s an intertor point of A, then any non-degenerate general
superosculating parabola of A4 at p lies between the two one-sided superosculating
parabolas of A4 at p in the pencil o (p).

We also observe that every parabola of ¢ which lies between the two one-
sided superosculating parabolas of 44at p is a general superosculating parabola
of A4at p; cf. Lemma 3.

6.2. THEOREM 9. Let p and ¢ be two distinct interior points of As. Then the
diametral rays inside [outside] two non-degenerate general superosculating para-
bolas at p and q do not intersect if Ay C w(p)* [if As C 7w (p)«).

Proof. Let B4 be the open subarc of 4, with the end points p and ¢ and let
7 ($) and w(q) denote the superosculating parabolas of Bsat p and ¢ respectively.
Let 7, and ¢, denote the families of tangent and osculating parabolas of 4, at

q.
Suppose, for example, that B, C 7(p)*. We may assume that By C R,{w(p)}*.
Thus

By Ca(p)* Mo @x N wa(r; 7)™ N wip; o)« N (@)™,
Since ¢ € R,{r(p)}*, we obtain
Rp{m (DI} D Rplw(o; DV D Ryl (75 7 b,

Put

Rofr}* = Dpfr}* N T
Thus

Ryfm (r; 7} | Relm (75 7))
and

mp{ﬂ'("'; Tq)}* D Ryfr(r; Tq)}*-
Also
Relm(r; 701 D Relw(p; 091 D Refr (@ }*.

Altogether

Rolr (@} T Rpim(p)}*

Lemma 12 now vyields our theorem.

https://doi.org/10.4153/CJM-1964-032-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1964-032-0

338 N. D. LANE

The case Bs C 7(p)« is dealt with similarly.

We note that in both cases the diameter of =(f) through a fixed point O
rotates monotonically about O as ¢t moves continuously and monotonically
along A..

Remark. Our proof shows that Theorem 9 also holdsif p or ¢ are end points of
Type 1(a) of 44 By using Theorem 6, we readily verify that Theorem 9 re-
mains valid if p or g are end points of Type 1(¢) provided that RN{x(p)} is inter-
preted to be the ray incident with = (p) if p, say, is of Type 1(c).

6.3. THEOREM 10. All but a countable number of points of As are strongly
parabolically differentiable.

Proof. Let p and ¢ be the end points of 4 4.

Case 1. Let p and q be of Type 1(a). Suppose that 44 C 7(p)«. Lets € A,bea
point which does not satisfy Condition 1I1’; then 4 does not satisfy Condition
IIT at s; cf. Theorem 8. Let w(s) and #’(s) be the one-sided superosculating
parabolas of 44at s. Let 6(s) be the angle between N, {7 (s)} and RN, {7 (s)}. We
may assume that R {7 (s)}* C R:{x'(s)}*. By Theorem 9, the regions

R AT} N Refr' (5)}x and R {x (@)} N R {7 (£) |« are disjoint if s # ¢.
Thus there are not more than 2” members in the class of points s for which
m/2"1 > 6(s) > /2", n=123,....

Since every s with 6(s) > 0 is included in exactly one of these classes, there is
only a countable set of points with 6(s) > 0.
Case 2. Let p and/or g be of Type 1(¢) or 3.
Consider two sequences of points {p;} and {¢,} converging to p and ¢ res-
pectively such that on the parameter interval

P <P <P < g < qiy1 <g, t=1,2,....
By Case 1, each of the arcs with the end points

P1, Q1s P2 D1y G, Q25 Py, P2 G2 g3,

contains only a countable number of singular points. Hence the union 44 of
these countably many arcs also contains only a countable number of singular
points.
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