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Abstract

Wu and Shi [‘A note on k-Galois LCD codes over the ring F, + ulF,’, Bull. Aust. Math. Soc. 104(1) (2021),
154-161] studied k-Galois LCD codes over the finite chain ring R = F, + uF,, where u* = 0 and ¢ = p* for

some prime p and positive integer e. We extend the results to the finite nonchain ring R = F, + uF, + vF, +

uvF,, where u? = u,v? = v and uv = vu. We define a correspondence between the /-Galois dual of linear

codes over R and the [-Galois dual of their component codes over F,. Further, we construct Euclidean LCD
and /-Galois LCD codes from linear codes over R. We prove that any linear code over R is equivalent to a
Euclidean code over F, with ¢ > 3 and an /-Galois LCD code over R with 0 </ < e and P+l pe—1.
Finally, we investigate MDS codes over R.

2020 Mathematics subject classification: primary 94B05; secondary 94B99.
Keywords and phrases: linear code, Euclidean LCD code, /-Galois LCD code, Gray map, MDS code.

1. Introduction

An LCD code (shortened form for linear complementary dual code) is a linear
code which intersects its dual trivially. LCD codes were defined and characterised
by Massey [13] over finite fields. For a two-user binary adder channel, an optimal
linear coding solution is obtained by LCD codes. LCD codes have applications in
many areas including consumer electronics, data storage communication systems and
cryptography. Yang and Massey [16] derived LCD cyclic codes. Carlet and Guilley [2]
constructed several LCD codes and presented an implementation of binary LCD codes
against fault injection and side channel attacks.

Carlet et al. [5] demonstrated that any linear code over F, (g > 3) is equivalent
to a Euclidean LCD code and any linear code over F,. (¢ > 2) is equivalent to a
Hermitian LCD code. Carlet et al. [4] characterised binary LCD codes in terms of
their orthogonal or symplectic basis and proved that almost all binary LCD codes
are odd-like codes with odd-like duals. Fan and Zhang [7] generalised Euclidean
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and Hermitian inner products to the /-Galois inner product over finite fields and
studied self-dual constacyclic codes for the /-Galois inner product over finite fields.
Liu et al. [11] obtained /-Galois LCD codes over finite fields, where they characterised
A-constacyclic codes as [-Galois LCD codes. In [12], some criteria for a linear code to
be an LCD code over a finite commutative ring were obtained.

A linear code C with parameters [n, k, d] over a finite field is said to be a maximum
distance separable (MDS) code if the minimum distance d of the code C attains the
Singleton bound, that is, d = n —k + 1. MDS codes have very good theoretical and
practical properties. Jin [8] used generalised Reed—Solomon codes to create numerous
classes of LCD MDS codes. Extending this work, Chen [6] proposed an alternative
method to construct new LCD MDS codes from generalised Reed—Solomon codes.
Carlet et al. [3] discussed the existence of Euclidean LCD MDS codes over a finite
field and gave several constructions of Euclidean and Hermitian LCD MDS codes. Li
et al. [10] studied linear codes over the ring Z4 + uZy + vZ4 + uvZy for the Euclidean
inner product and discussed some properties of Euclidean dual and MDS codes.
Several authors investigated skew cyclic codes, constacyclic codes and quantum error
correcting codes over the ring R [1, 9, 17]. Prakash et al. [14] enumerated self-dual
and LCD double circulant codes over a class of finite commutative nonchain rings
R, and investigated the algebraic structure of 1-generator quasi-cyclic (QC) codes
over R, for g = 3. The [-Galois LCD codes over the finite chain ring F, + ulF, are
studied in [15], showing that for any linear code over FF, + ulF,, there exist equivalent
Euclidean and /-Galois LCD codes. Taking inspiration from [15], we consider /-Galois
linear codes over the finite nonchain ring, R = F, + ulF, + vF, + uvF, and characterise
[-Galois LCD codes over this ring.

Section 2 contains the basic mathematical background we require. We define an
inner product which is a generalisation of Euclidean and Hermitian inner products
over R. In Section 3, we construct -Galois LCD codes over R. We also discuss basic
results on the Gray image of an /-Galois LCD code and its dual. In Section 4, we
construct Euclidean and /-Galois LCD codes from linear codes over R. Moreover, we
demonstrate that a linear code over R is equivalent to a Euclidean and an /-Galois LCD
code over R. In Section 5, we look at MDS codes over R and give results connecting
C*" and C whenever one of them is an MDS code. The I-Galois LCD MDS codes over
R seem worthy of further study.

2. Preliminaries

Throughout, g denotes a prime power, that is, g = p® for some integer ¢ > 0, and
F, the finite field of order q. Let us consider the ring R = F, + ulF, + vF, + wF, =
{a+ub+vc + uvd | W =uv? =v,uv =vu,a,b,c,d e F,}. It is easy to see that R is a
commutative principal ideal ring. Since it has four maximal ideals, it is a semi-local
ring and a finite nonchain ring. Let y; = 1 —u—v+uv, yo =uv, y3 =u—uv, y4 =
v —uv, so that Z?zl vi=1, 71.2 = v; and vy;y; = 0 for i # j. By the Chinese remainder
theorem, R = ¥ R® 2R @ 3R ® y4R and y;R = y,F, fori = 1,2,3,4. For any a € R,
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a can be uniquely written as a = Zle via;, where a; € F, for i = 1,2,3,4. Hence,
R = 71Fq @ 72Pq ® )’3Fq @ )’4Fq.

DEFINITION 2.1. A code C over R of length n is a nonempty subset of R". The code
C is said to be linear if it is an R-submodule of R".

DEFINITION 2.2. The Hamming weight wig(x) of x = (x1,x2,...,x,) € F is the
number of nonzero x; for i € {1,2,...,n}. For y € F!, the Hamming distance between
x and y is the Hamming weight of the vector x — y.

DEFINITION 2.3. The Hamming distance of a code C, denoted by d(C), is the number
dy(C) = min{wty(x) | x # 0}.

DEFINITION 2.4. For r=a;+au+azv+asuv € R, the Lee weight of r is
wt (r) = wty(ay,a; + ap,ay + as,a; + a; + as + ag). The definition of Lee weight
can be extended to R*: for s = (s1,52,...,5,) € R", the Lee weight of s is wt;(s) =

myowtr(s). If t = (t1, 12, ..., 1,) € R", then the Lee distance between the two vectors
sand tis dp(s,1) = wig(s — 1) = X7, wir(si = ;).

DEFINITION 2.5. The Lee distance of the code C, denoted by d;(C), is the number
dr(C) = min{d;(s — 1) | s # t}.

A functionp : R — ]F;‘ is a Gray map if it is bijective and distance preserving. From
[17], the function p : R — F defined by

p(r) = p(a; + au + azv + aquv) = (ay,a; + az,a; +as,a; + ax + az + as)
is a Gray map. An equivalent Gray map for r = Z?:] viri € R, where r; € F, for
i=1,2,3,4,is
4
p(r) = P(Z )’iri) = (r1, 12,73, 14).
i=1

We can easily extend this to a map from R”" to ]Fg”. By the definition of the Gray map,

p is linear over F, and it preserves distance from (R", d;) to (F*" dy), where dj, is the
Lee distance and dy is the Hamming distance. The following result can be obtained
directly from the definition of p.

PROPOSITION 2.6. For a linear code C of length n over the ring R with cardinality g*
and Lee distance d, p(C) is a [4n, k, d] linear code over F,,.

Define a Frobenius operator F' : R — R over R by

F(a, + au + azv + aquv) = af + uag7 + vag7 + uvaZ.

Equivalently, F(r) = yir] +yaorf + y3r + yar} for r = Z?zl vir; € R.
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For s = (s1,82,...,8,) and ¢t = (t1,t,...,1,) € R" and 0 <[ <e—1, define the
[-Galois inner product,
[s, 2] = Z siF' ().
i=1
REMARK 2.7. This inner product is a generalisation of the Euclidean and Hermitian
inner products for / = 0 and / = ¢/2 (when e is even), respectively.

From now on, we write [s, 1], [s, f]y and [s, t]; for the Euclidean, Hermitian and
[-Galois inner product over R and (s, t), (s, t)y and (s, t); for the Euclidean, Hermitian
and [-Galois inner product over F,, respectively. The /-Galois dual code C*' of C over
R is defined by

CH={seR"|[t,s];=0forallt € C).

Clearly, C* is a linear code over R. A linear code over R is said to be [-Galois LCD
if C N C* = {0}. It is well known that for a Frobenius ring R and a linear code C over
the ring R of length n, the product of the cardinalities of C and C" is equal to the
cardinality of R", that is, |C||C*| = |R".

REMARK 2.8. For / =0 and [ = e/2 (when e is even), this construction gives the
Euclidean and the Hermitian dual code, respectively.

3. I-Galois linear codes over R

In this section, we derive a necessary and sufficient condition for C to be an [-Galois
LCD code over R with respect to its component codes. Also, we give a relationship
between an /-Galois LCD code and its Gray image.

A linear code C over R can be decomposed into four component codes over the
finite field F, as follows:

x € Fy | y1x + y2y + y32 + yaw € C for some y,z, w € F},
Cz =
Cs =
Cy = weP | Y1X + Y2y + Y32 + yaw € C for some x, y,ze]F”

Yy €Fy | y1x+ y2y + y3z + yaw € C for some x,z,w € Fy

bl

2 € Fy | y1x + 72y + y32 + yaw € C for some x,y, w € F}

= { i
{ }
{ b
{ }.

The C; are linear codes over F, for 1 <i <4 and C = y,;C; @ y2C2 @ ¥3C3 © y4Cj.
We say C1, C,C3 and C4 are component codes of the linear code C. The cardinality of
a linear code C is the product of the cardinalities of its component codes, that is,

ICl = IC1lIC2IC3[ICal-

The Lee distance of a linear code C is the minimum of the Hamming distances of its
component codes,

dr(C) = min{dy(Cy)}.

https://doi.org/10.1017/5S0004972722001344 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972722001344

334 A. Agrawal, G. K. Verma and R. K. Sharma [5]

Let C” = {(Fl(c1), Fl(c2), ..., F'(cy)) | (c1,¢a, .. ¢y) € C) and F(G) = (F'(gy)) for a
matrix G = (g;;) over R. For 1 <i <4, let G; be the generator matrix for C;. Then the
generator matrices for C and p(C) are

v1Gy p(y1G1)
¥2G> p(r2G2)
G = d G) = ’
yG| M PO a6
V4G4 p(v4Gy)
where p(y;G;) is a matrix over F, for 1 < i < 4. Since y;y; = 0 for i # j and y? = y; for
i — 1, 2, 39 4’
NGIF(G! 0 0 0
) 0 GoF{(Gy)T 0 0
e—l[ T _ 7262 2
GF(G) = 0 0 ¥3G3F*(G3)” 0
0 0 0 ’)/4G4Fe_l(G4)T

We call C an [n, k,d] code over R if C is a code of length n, |C| = g" and d is the
Lee distance. If the C; are the component codes of C, with parameters [n, k;, d;] for
i=1,2,3,4,thenk =Y k and d = min|s{d;}.

In the following lemma, we observe that the Euclidean dual of ¢ is equal to the
[-Galois dual code of C.

LEMMA 3.1. IfCis an [n, k, d] linear code over R, then cPisan [n, k, d] linear code
over R and C+' = (CP(H))l. Moreover, if C has generator matrix G, then F¢™/(G) is a
generator matrix of CP*".

The next theorem gives the decomposition of the /-Galois dual code into its
component codes. Consequently, we obtain a relation between [-Galois LCD codes
over R and [-Galois LCD component codes over F,.

THEOREM 3.2. For a linear code C = @?:1 v,C; over R:

() ¢4 =P, vCr

(2) Cis an I-Galois LCD code over R if and only if all its component codes C; are
[-Galois LCD codes over B, for 1 <i <4;

(3) Cisanl-Galois self-orthogonal linear code over R if and only if all its component
codes C; are I-Galois self-orthogonal codes over F, and C is a self-dual code if
and only if all its component codes C; are self-dual codes over F, for 1 <i < 4.

PROOF. (1) If x = y1x| + y2x2 + y3x3 + y4x4 € CH, then [y, x]; = 0 for any y = y1y; +
Y2y2 +¥3y3 + vays € C. Since y7 =y; and yyy; =0 for i #j, [y, x]; = yi{y.x) +
Y2{y2, X2)1 + ¥3(Y3, X301 + Y4{y4, X4);. Thus, (y;,x;); =0 forall y; € C; and i = 1,2,3,4,
that is, x; € C'l.l’ fori = 1,2,3,4. Therefore, x € yl(?ll’ 6972(72“ 69730?’ ® ij’.
Conversely, let w = yiwy + y2wa + y3w3 + yaws € ¥1C1' @ 720, ®73C3' @ 74C;",
where w; € Cl.“. For any y = y1y1 + v2y2 + y3y3s + Yays € C, where y; € C;, [y, w]; =
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ViYL, Wi+ y2(y2, wadi + ¥3(y3, wa)i + ¥a{y4, wa) = 0, which implies that w € C*.
Hence, Ct' = 71(31“ @yzcg’ @ 736‘;’ @ ij’.

(2) Suppose that C is an [-Galois LCD code over R, that is, CNC* = {0}.
Let x; € C; ﬂCl.l’ for some i =1,2,3,4, that is, (y;,x;); =0 for all y; € C;. Now
take x = y;x; € C. Then for any y = y;y; + ¥2y2 + ¥3y3 + y4y4 € C, where y; € C; for
J=12,3,4, [y.xli = [yiy1 + ¥2y2 + ¥3y3 + yaya, vixili = vy, xih = 0, since y? =
and y;y; = 0 for i # j. This implies that x € C N C* = {0}, that is, x = 0, consequently,
x; = 0. Hence, C; is an [-Galois LCD code over F,,.

Conversely, suppose the C; are [-Galois LCD codes over F, for i=1,2,3,4.
Let x = y1x1 + Y2x2 + vox3 + y4x4 € CNCH. Then x; € C; N Cil’ and C; N Cil’ = {0},
which implies that x = 0. Thus, C is an /-Galois LCD code.

The proof of part (3) follows easily from part (1), so we omit the proof. O

REMARK 3.3. Parts (1) and (3) in Theorem 3.2 have been proved for the Euclidean
dual over the ring Z4 + uZy + vZ4 + uvZy in [10].

The next corollary gives a necessary and sufficient condition for an /-Galois LCD
code over R in terms of generator matrices.

4 . .
COROLLARY 3.4. Let C = @izl viC; with generator matrix

71Gy
_ 762
736G
Y4Gy

where G; is a generator matrix for C; over Fy. Then, C is an I-Galois LCD code over
R if and only if the matrix Gi(F¢™'(G)))" is nonsingular for i = 1,2,3,4 over F,.

PROOF. By Theorem 3.2, C is an /-Galois LCD code if and only if the C; are /-Galois
LCD codes over F,. From [11, Theorem 2.4], C; is an [-Galois LCD code if and only
if G;(F*~/(G))T is nonsingular over F,. O

Now, by using the definition of p, we derive some useful properties of the Gray
image of /-Galois dual codes over R.

LEMMA 3.5. If C is an [n, k] linear code over R, then p(C*") = p(C)*'.

PROOF. If p(x) € p(C*"), where x € C*, then [z,x]; = O forall z € C. Let z = Z?zl ViZi
and x = Z?:l vixi, where z; € C; and x; € Cl.“, so that [z, x]; = y1 {z1,x1); + v2 {22, X2); +
v3 {23, X3); + va {24, x4); = 0. Hence, (z;,x;); = 0 for i = 1,2,3,4. Now, {p(2), p(x)), =
oz -xf' =% (x), =0 for all p(z) € p(C). Thus, p(x) € p(C)*!. Therefore,
p(CH) S p(O)*.

Conversely, the cardinality of p(C*') is equal to C*, that is, [o(C*)| = ¢*"/IC|.
Moreover, |o(C)*| = ¢**/|p(C)| = ¢*"/ICI. Hence, p(C*") = p(C)*'. O

LEMMA 3.6. If C is a linear code over R, then p(C N C*) = p(C) N p(CH).
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PROOF. If p(x) € p(CNC*) for some xe€ CNCH, then p(x) € p(C) N p(CH).
Hence, p(C N C*) C p(C) N p(C*H). Conversely, if y € p(C) N p(C*), then y € p(C)
and y € p(C*). Since p is bijective, there is a unique x € C N C*' such that p(x) = y.
Hence, o(C) N p(C*) C p(C N C*). Therefore, p(C N CH) = p(C) N p(CH). o

THEOREM 3.7. A linear code C is an [-Galois LCD code over R if and only if p(C) is
an I-Galois LCD code over I,

PROOF. Suppose C is an [-Galois LCD code over R, that is, C N C* = {0}. From
Lemma 3.6, p(C) N p(C)*' = {0}. Conversely, if p(C) is an [-Galois LCD code, then

{0} = p(C) N p(C) = p(C) N p(C*) = p(CNC),

so that C N CY = {0}. Therefore, C is an [-Galois LCD code over R. O

4. Construction of a Galois LCD code equivalent to a linear code

We give a construction of Euclidean and /-Galois LCD codes over R with the help
of their component codes over F,. We show that for every linear code C, there exists a
Euclidean LCD code and an /-Galois LCD code which are equivalent to C.

Let m and w be integers with m > 1 and 0 <w < m and let b be an element in
with Hamming weight w. The support of b is the set S = {i, i»,...,i,} of indices at
which the components of b are nonzero. Denote the m X m diagonal matrix whose
entries are by, b, ..., b, by diag, [b]. For an m X m square matrix P over F,, let Pg
denote the submatrix of P obtained by deleting the iy, i, . . ., i,,th columns and rows of
P. We write Ps =1if S ={1,2,...,m} and Py = P.

LEMMA 4.1 [5]. Let P be an m X m matrix over F, and t an integer with0 <t <m — 1.
Assume that det(P;) =0 for any J C{1,2,...,m} with 0 <|J| < t. Then for every
element b € F' with support S and Hamming weight w such that 1 <w <t + 1,

det (P + diag, [b]) = ( I b,-) det(Ps).

ieS
Fix @ = (a1, a2,...,a,) € R", where a; = Z?:l viaji, aj; €F, for j=1,2,...,n.
Define
C"={a-c|lceC)={(aicr,arc,...,anc,) | (c1,C2,...,¢,) €C)

Clearly, C“ is a linear code over R. Let

Y1Gi G

@

G=["2| and ¢ ="
¥3G3 )/3G33
¥4Gy ex
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be generator matrices for C and C%, where G* is obtained by multiplying the jth column
of G by «; and G?" is the matrix obtained by multiplying the jth column of G; by a;
and @] = (@15, @2, - - -, ¥yi) € F fori=1,2,3,4.

REMARK 4.2. Note that, if @ = (@1, 2,...,@,) € R" and @; # 0 for 1 <j < n, then C
and C” are equivalent codes over R.

The following theorem gives a construction of Euclidean LCD codes over R from
linear codes over R. We denote the parameters of the component codes C; by [n, k;, d;]
fori=1,2,3,4.

THEOREM 4.3. All notation is as above. Let C = EB?:] viC;i be an [n,k,d] linear
code over R, where the component codes C; over F, have generator matrices
G =1l : M;]. Let P; = GiGiT and t; < k;—1 be nonnegative integers such that
det((Py)s;) = 0 for any S; € {1,2,...,k} with 0 < |S;| < t; and assume there exist R; C
{1,2,...,k;} with cardinality t; + 1 such that det((P))g,) # 0. If @ € R" is such that
;i € B\ {+1,-1} if j € R; and aj; € {+1,-1} if je (1,2,...,n}\ R, for i=1,2,3,4,
then C% is a Euclidean LCD code over R.

PROOF. Let « = (a,as,...,a,) €R" and ¢ =(ci,¢2,...,¢,) €C. For aj,cj€R,

we write a; = Z?:l YiQji, Q)i € ]Fq, and ¢ = Z?:l YiCji» Cji € C;. We note that
4 4 4 . .

ajc; = (X, vii) (S, Yici) = iy Yijicji, since y;yy, = 0 for i # m and y? = y; for

iim=123,4andj=1,2,...,n. Now,

C* ={(aici,az0r, ..., ancy) | (c1,2,...,¢y) €C)

4 4 4
{( Z Vi1;Cli, Z Vid2iCois - - Z %'aniCm') | (c1,¢2,...,¢p) € C}
=1 =1 =1

)
Here, C;" = {(aic1i, @2iC2i, @3iC3i, - -+, @niCni) | (C1is €2y -+« Cni) € Ci} and @] = (@14, @i,

-

4
)
Yil@iC1i, @2iC24; A3iC3i5 - . ., AniCpi) | (€1,C2,...,Cn) € C} = @%’Ci'~
=1

=

..., ap). Clearly, the C;l" are linear codes over IF, with generator matrices G;l" for

i=1,2,3,4. Also, @ = 3!, y;a]. From [5, Theorem 5.1, each cff' is a Euclidean
LCD code over F, and by Theorem 3.2 (with [ = 0), C* is a Euclidean LCD code. O

Next, we use the technique described in [5] to establish the existence of a for which
C? is a Euclidean LCD code for a given linear code C over R.

COROLLARY 4.4. Let F, (q > 3) be a finite field and C be an [n, k, d] linear code over
R. Then C® is an [n, k, d] Euclidean LCD code over R for some a = (a1, s, ...,a,) in
R*witha; # 0 for 1 <j<n.

PROOF. LetC = @?:1 viCi be alinear code over R. If C is a Euclidean LCD code, then
we can take @ = (@, @,...,@,) € R" such that j =y +y2 +y3 +ysfor 1 <j<n.
Then, C* = C, a Euclidean LCD code over R.
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If C is not a Euclidean LCD code, then by Theorem 3.2, C; is not a Euclidean LCD
code for some i = 1,2, 3, 4. If G; is the generator matrix for C;, then det(GiGl.T) = (. Set
P; = G[GiT. There exists an integer t; > 0 and R; C {1, 2,...,k;} with cardinality |R;| =
t; + 1 such that det((P;)g,) # 0 and det((P;)s,) = 0 for any S; € {1,2,...,k} with 0 <
ISil < #;. Also, Fy \ {=1,1} # 0 since g > 3. Choose @] = (@i, @2, - - ., @n) € Fy such
that @j; € F(’; \{-1L,1}ifje Ryand aj; = 1ifj € {1,2,...,k} \ R;. By [5, Theorem 5.1],
C?i is a Euclidean LCD code over F,. Take @ = 3} _, y,,al, € R", where o), = a; for
m=ianda}, = (1,1,...,1) for m # i. Then by Theorem 4.3,C% = @3 _ 7,,Co is an
[n, k, d] Euclidean LCD code over R. O

Next, we construct an /-Galois LCD code from a given linear code over a finite field.
Then similarly, we provide the construction over R.

THEOREM 4.5. Let B, (g = p®) be a finite field. For 0 <1 < e and P+ 1 pt -1,
set B = (p¢ = 1)/(p¢~' +1). Let G = [I; : M] be a generator matrix for a linear code C
over B, with parameters [n, k, d] and denote the matrix G(F el (G))T by P. Let t with 0 <
t <k —1 be an integer such that det(P;) = 0 for any I C {1,2,...,k} with 0 < |I| < ¢,
and assume there exist J C {1,2,...,k} with cardinality t + 1 such that det(P;) # O.
Suppose a € Fy such that a; € Fy \ (FZ)ﬂforj €Janda;j € (FZ)ﬁforj e{l,2,....,n}\ J.
Then, C* is an I-Galois LCD code over F,.

PROOF. A generator matrix G* for C* is obtained by multiplying the jth column of

the matrix G = [I; : M = (m;,)] by a; for 1 < j < n. The (ij)th entry of GH(F(GY)T

is af P sk fislﬂmfz e =jand Y- fa’k’ﬂlﬂm,»smff_l if i #j. Since ay.s ¢ J,

= 1forl<s< n ~ k. The (ith £ GUFGN is a4 Yk
s ij)th entry o ( (G is q + 2 lmw

Pl

if i =jand Y7 mum” Tt # j. The (ij)th entry of G(F¢~ I(G))T is 1+ Yk

if i=j and Z;’ lmmm/ - 1f i #j. Hence, G“(F*"/(G*))T = G(F°~ l(G)) +d1agk[b]

where b = (a’l’ IRt 1,a’2’ -1,... ,ake — 1). Note that the support of b is the
set J. By Lemma 4.1, det(G“(Fe"(G“))T) = det(P + diag,[b]) = ([1;es b)) det(Py) # 0.
Hence, C* is an [-Galois LCD code over F,. O

THEOREM 4.6. All notation is as above. For 0 <l<e and p*' +1|p®—1, set
B=(p°—1D/(p"+1). LetC = @?:1 viCi be an [n, k, d] linear code over R, where the
C; are the component codes over B, with generator matrices G;. Let P; = G;(FF e-l (Gi))T
and 0 < t; < k; — 1 be an integer such that det((P;)s,) = 0 for any S; C {1,2, ..., k;} with
0 < || < t; and assume there exist R; C {1,2,...,k;} with cardinality t; + 1 such that
det((P;)g,) # 0. Suppose a € R" such that aj; € F, \ (F;)ﬁ foralljeR;and aj € (Fl’;)ﬁ
forallje{1,2,...,n}\ R, fori=1,2,3,4. Then, C?® is an I-Galois LCD code over R.
PROOF. Since C* = EB?ZI in?’/’, where @) = (@1, @2, ..., @) € IFZ and the C;l; are

linear codes over F, with generator matrices G?", by Theorem 4.5, the C;Yi are [-Galois

https://doi.org/10.1017/5S0004972722001344 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972722001344

[10] Galois LCD codes 339

LCD codes over F, for i = 1,2, 3, 4. Therefore, by Theorem 3.2, C* is an [-Galois LCD
code over R. O

The following corollary shows the existence of @ for which C* is an [-Galois LCD
code equivalent to the linear code C over R.

COROLLARY 4.7. Let B, (g = p°) be a finite field. For 0 <l < e and P+l pe -1,
set B=(p°—=1)/(p¢~'+1) (B> 1). Let C be an [n,k,d] linear code over the ring
R. Then, C* is an [n,k,d] l-Galois LCD code over the ring R for some a =
(a1, a2,...,a,) €R" witha; # 0 for 1 <j < n.

PROOF. Let C = EB?:I v;C; be a linear code over R. Take @ = (ay,as,...,a,) € R",
where @j = y1 +y2 +y3 +ys for 1 <j <n, if C is [-Galois LCD code over R. Then,
C® = C, which is an [-Galois LCD code over R.

If C is not an [-Galois LCD code, then by Theorem 3.2, C; is not an
[-Galois LCD code for some 1 <i<4. If G; is the generator matrix for C;, then
det(Gi(F"(G;))T) = 0. Let P; = Gi(F°7!(G;))T. Then there exists an integer #; > 0
and R; €{1,2,...,k} with cardinality |R; =¢ +1 such that det((P;)g)# 0 and
det((P;)s,) = Oforany S; € {1,2,...,k;} with cardinality 0 < |S;| < #;. Also, since 8 > 1,
F; \ (F;° # 0. Choose @/ = (a1;, @2, . . ., @) € Fj such that a; € F; \ (F;)° forj € R;
and o;; = 1 for j € {1,2,...,k} \ R;. By Theorem 4.5, C;Il,' is [-Galois LCD code over
F,. Take a = an:l Yma,, € R", where a;, = a] for m =i and a,, = (1,1,...,1) for
m # i. By Theorem 4.6, C” is an [n, k, d] [-Galois LCD code over the ring R. O

5. MDS codes over R

For a linear code C over the ring R with parameters [n, k, d], we have |C] < |R|"~4*!
and so d < n —logg |C| + 1, the Singleton bound on the ring R. Since [R] = g* and
IC| = ¢*, where k = Z?zl k;, the Singleton bound isd < n — % Z?zl k; + 1. A code which
attains the Singleton bound is called an MDS code. We have the following result for
an MDS code over a finite field F,.

LEMMA 5.1 [11]. If C is a linear code over IF,, then the following are equivalent:

(1) Cisan MDS code over Fy;
(2) C*isan MDS code over Fy;
(3) C* isan MDS code over F,.

The following theorem shows that a linear code is an MDS code if and only if its
Euclidean (I-Galois) dual is an MDS code over the ring R.

THEOREM 5.2. Let C = EB?:] viCi be a linear code over the ring R, where the C; are
the component codes over the finite field F,,.

(1) C is an MDS code over the ring R if and only if the C; are MDS codes over F,
with the same parameters for each i = 1,2,3,4.
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(2) Cisan MDS code over the ring R if and only if C* is an MDS code over R.
(3) Cis an MDS code over the ring R if and only if C*' is an MDS code over R.

PROOF. (1) Suppose C is an MDS code over the ring R with parameters [n, k, d],
where 4d = 4n — Z?:l k; + 4. Since d = min<;<4{d;}, where d; = dy(C;), it follows that
d = d; for some j = 1,2,3,4. This implies 4d; = 4n — ?:1 ki+4. Nowd; <n—-k; +1
for i=1,2,3,4 and so Y, d; <4n— Y} k; + 4 = 4d,. Since d; is the minimum of
the d; for i = 1,2,3,4, we have 4d; < 3} | d;. It follows that 4d; = ¥}, d; which is
only possible when d; = d» = d3 = d4. Hence, the C; are MDS codes over I, with the
same parameters.

Conversely, if the C; are MDS codes with the same parameters, that is,
di=dy=d;=ds and d; =n—k; + 1, then 4d; =4n—2?=1k,»+4 for i=1,2,3,4.
Since d = minj<;<4{d;}, this implies 4d = 4n — Z?:l k; + 4. Hence, C is an MDS code.

(2) Let C be an MDS code over the ring R. By part (1), the C; are MDS codes over
F, having the same parameters for each i = 1,2, 3,4. Hence, the Cl.l are MDS codes
over F, with the same parameters for each i = 1,2, 3, 4. This implies that C* isan MDS
code over the ring R. A similar argument can be made for the converse.

(3) Let C be an MDS code over the ring R. Then, ¢ is also an MDS code over
the ring R. By Lemma 3.1, C* = (Cp(p_l))l, and hence CY' is an MDS code over R.
Conversely, if C*' is an MDS code over R, it follows that c””" is an MDS code.
Hence, C is an MDS code over R. O

REMARK 5.3. Result (1) in the above theorem over the ring Z4 + uZ4 + vZy + uvZy is
proved in [10].
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