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ABSTRACT

Let 7(-) be the classical Ramanujan 7-function and let & be a positive integer such that
7(n) # 0 for 1 < n < k/2. (This is known to be true for & < 10?3, and, conjecturally, for
all k.) Further, let o be a permutation of the set {1,...,k}. We show that there exist
infinitely many positive integers m such that |7(m + o(1))| < |[7(m + 0(2))| < --- <
|7(m + o(k))|. We also obtain a similar result for Hecke eigenvalues of primitive forms
of square-free level.

1. Introduction

Throughout the article a primitive form of weight k and level N means a holomorphic cusp form
of weight « for I'o(N) with the trivial character which is also a normalized Hecke eigenform for
all Hecke operators as well of all Atkin-Lehner involutions (see [Ono04, p. 29] for more details).
Throughout the paper, we will also assume that N is square-free. A non-CM primitive form is
an abbreviation for ‘primitive form without complex multiplication’.

Let f be a primitive form and

2)i=> af(n)q", q=e""

n>1

be its Fourier expansion at ioco. In particular, if f is of weight x = 12 and level N =1 then

f(2)=Ak) =) ()" =q][(1-d)*

n>1 >1

where 7(n) is the classical Ramanujan function.

It is well known that the Fourier-coefficients a¢(n) of any such primitive form f are totally
real algebraic numbers. There are quite a few results demonstrating ‘random’ behavior of the
signs of 7(n), or, more generally, the coefficients of a general primitive forms; see, for instance,
[GS12, GKR15, KS09, Mat12, MR15] and the references therein. For instance, Matoméki and
Radziwilt [MR15] have shown that the non-zero coefficients of primitive forms for I'g(1) are
positive and negative with the same frequency. They also show that for large enough z, the
number of sign changes in the sequence {a¢(n)}n<s is of the order of magnitude

#{n<w:iapn) 0t =<z ] (1-)

p<T p
af(p)=0
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In this paper, we work in a different direction, and study the behavior of absolute values of
non-zero coefficients. Classical results of Rankin [Ran39, Ran70]

Z I7(n)* < 2'* and limsup |7‘1(;z)2\ = 400
n—oo M /

n<x
imply that the sequence |7(n)]| is not ultimately monotonic; in other words, each of the inequalities
[T(m+ )| < |[t(m+2)], |7(m+2)] <|r(m+1)]

holds for infinitely many m. In this article we obtain (as a special case of a more general result)
a similar statement for more than two consecutive values of 7.

THEOREM 1.1. Let k be a positive integer such that

T(n) #0 (1< n<k/2). (1.1)

Then for every permutation o of the set {1, ..., k}, there exist infinitely many positive integers m
such that

O<|rim+ol))|<|t(m+0o(2)] < <|r(m+o(k))| (1.2)

In fact, existence of at least one m satisfying (1.2) implies (1.1) (see Theorem 1.4 below); in
other words, (1.1) is a necessary and sufficient condition for (1.2) to happen infinitely often.
It is known [ZY15, Theorem 1.4] that 7(n) # 0 when

n < 982149821 766 199 295999 ~ 9 x 10%V.
We also refer to [DvHZ13, Corollary 1.2], which claims that 7(n) # 0 for all
n < 816212624008 487 344127999 ~ 8 x 10%3.

According to a famous conjecture of Lehmer, 7(n) # 0 for all n. If this conjecture holds true,
then Theorem 1.1 applies to all k.

In this context, one has another famous conjecture known as Maeda’s conjecture. Let T}, (z)
be the characteristic polynomial of the nth Hecke operator T, acting on the vector space of
cusp forms of weight x and level 1, denoted Sk(1). It is well known that T},(z) is a polynomial
with integer coefficients. Maeda [HM97] conjectured that for any non-zero natural number n,
the polynomial T, (x) is irreducible over Q with Galois group &4, where d is the dimension of
Sk(1) and S is the symmetric group on d symbols. If the dimension d of S, (1) is strictly greater
than one and Maeda’s conjecture is true, then Theorem 1.1 applies to all k. However, Maeda’s
conjecture does not imply Lehmer’s conjecture.

Our principal result is the following general theorem.

THEOREM 1.2. Let f1,..., fr be primitive forms of square-free levels, not necessarily of same
weights, and vy, ..., be distinct positive integers such that

an(v) £0 (1<i<h).
Then there exist infinitely many positive integers m such that
0 <[Ap(m+v)| <PAp(m )| < - <[Ag(m+ ), (1.3)

where Ay, (n) = ay,(n)/n*%i~/2 for any positive integer n and 1 < i < k.
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In fact, we prove (see Remark 5.8) that for sufficiently large positive number z, there
are at least cx/(logx)* positive integers m < z satisfying (1.3). Here ¢ >0 depends on
fi,-., fr,v1, ..., and ‘sufficiently large’ translates as ‘exceeding a certain quantity depending
on fi1,..., fe,Viy..., Vg .

It is clear from our proof that, when the forms fi, ..., fx have equal weights, inequality (1.3)
holds true with ay, (-) instead of A, (-). An interesting special case occurs when f; =--- = fi, = f.

THEOREM 1.3. Let f be a primitive form of square-free level and v, ..., be distinct positive
integers such that
ar(v;)) #0 (1 <i<k).

Then there exist infinitely many positive integers m such that
0 < lag(m +v)| < lag(m + )| < - < las(m +w)]. (14)

In particular, if k is a positive integer such that

a(n) 0 (1<n<k), (15)

then for every permutation o of the set {1,...,k}, there exist infinitely many positive integers m
such that

0< \af(m +0(1))] < \af(m +0(2)) << ]af(m—i— o(k))l. (1.6)

In fact, one can do even better: to give a necessary and sufficient condition for having (1.6)
infinitely often.

THEOREM 1.4. Let k be a positive integer. Then for a primitive form f of square-free level the
following three conditions are equivalent.

(A) We have

ar(n) #0 (1< n<k/2). (1.7)
(B) For some positive integer v we have

ar(v+n)#0 (1<n<k). (1.8)
(C) For every permutation o of the set {1, ..., k}, there exist infinitely many positive integers m

such that
0 < lag(m+ ()] < lap(m+o(2)] < - < |ag(m + (k)]

Theorem 1.1 follows from this theorem if we take f = A.

Remark 1.5. Since it is known that there are no primitive forms with complex multiplications
for square-free level (see [Rib77, § 3] and [Rib80, Theorem 3.9]), the primitive forms considered
by us are necessarily non-CM.

Techniques of the proofs rely on elementary arguments, sieve methods (Brun’s sieve, the
Bombieri—Vinogradov theorem), and validity of the Sato—Tate conjecture for non-CM forms.
Similar results may be expected for Maass forms, but for the time being, we do not even know
that ay, (v;) # 0 for a positive proportion of v; though it is expected to be true for Maass forms
of eigenvalue strictly greater that 1/4. Also the analogs of the Ramanujan—Petersson and the
Sato—Tate conjectures are not known to be true.
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For our construction of special values of m for which (1.3) and (1.4) holds, we choose by
force the small prime factors of the m +v; so that their contribution ensures the wished ordering
of the |Af(m + 1v4)| or |ay(m + v;)|, with a little margin, and we expect that the larger prime
factors will contribute only within the margin. The first step is to eliminate, thanks to the
‘fundamental lemma’ of the Sieve theory, the midsize primes. Only the large primes remain,
which are essentially bounded in number. To keep control of their contribution, we need to avoid
the prime powers, which is easily done (§3.4) since we have an explicit bound for the sum of
the inverse of the squares larger than z. We are happy that Ramanujan’s conjecture, proved by
Deligne, ensures that the contribution of the large primes is never very large, but we have to
take care of those large primes for which |A¢(p)| or |af(p)| is small (thanks to our colleagues who
worked hard to prove the Sato-Tate conjecture [BGHT11, CHT08, HST10], we know that those
primes are not too numerous), but we do not have explicit bounds as we have for the prime
powers. This is where we need to trade the sifting level, which can be small for the sieve part,
but which has to be large enough to insure that the contribution of the large ‘bad’ primes is
small.

The article is organized as follows. In § 2, we briefly review the properties of the coefficients
of primitive forms used in the sequel. In §§3 and 4, we obtain two sieving results instrumental
for the proof of Theorems 1.2-1.4. Finally, these theorems are proved in §§5 and 6, respectively.

1.1 Conventions
Unless the contrary is stated explicitly:
e p (with or without indices) denotes a prime number;
k denotes a positive even integer;
i, 7, k,€,m (with or without indices) denote positive integers;
n (with or without indices) denotes a non-negative integer;
d (with or without indices) denotes a square-free positive integer;
g, d denote real numbers satisfying 0 < €, < 1/2;
x,, z,t denote real numbers satisfying x,y, z,t > 2.

2. Hecke eigenvalues of primitive forms

In this section, we list some well-known properties of the Hecke eigenvalues of primitive forms
which will be used in the proof of Theorems 1.2 and 1.3.
First of all, the Hecke eigenvalues af(n) are multiplicative:

ar(mn) = ar(m)ar(n) (m,n > 1,gcd(m,n)=1). (2.1)
Furthermore, the values of ay at prime powers satisfy the following recurrence relations
ap(p™) = ap(p)™t if p|N,

af(p“l) = af(p)af(pé) —p“_laf(pe_l) if(p, N)=1(=1,2,...), (2:2)

where k is the weight of f.
Both (2.1) and (2.2) were conjectured by Ramanujan when f = A and proved by
Mordell [Mor17]. Proofs can be found in many sources; see, for instance [DS05, Proposition 5.8.5].
A much deeper result is the upper bound

las(p)] < 2pt" M2, (2.3)
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It was also conjectured by Ramanujan when f = A and proved by Deligne [Del74, Théoreme 8.2].
Equivalently, the polynomial 7% — as(p)T + p"~! can not have distinct real roots. Hence we may
write the roots as

(n=1)/2,i0

ap=p ay = pliH2em 0, (2.4)

with 6, € [0, 7]. As before, we shall write
Ap(n) = ag(n) /a2
for any positive integer n. If §,, # 0,7 (that is, Af(p) # £2) then

_ sin(£+1)0,

M) = (2.5)

sin 0,

We may add for completeness that

(+1), 6, =0,
Ar(0') = {E_{;@H D, 6 - ?T (2.6)

Another very deep result is the Sato—Tate conjecture, proved recently by Barnet-Lamb
et al. [BGHT11, Theorem B] (see also [CHT08, HST10]). A convenient way to express it is
to use the notion of relative density of a set of primes: we say that a set P of primes has the
relative density §(P) (respectively the relative upper density 6(P)) if

#(P N, z)
m(x)

as r — +o00, where 7(x) denotes the number of primes up to .

The above-mentioned result states that, for a non-CM primitive form f, the numbers
Af(p) are equi-distributed in the interval [—2,2] with respect to the Sato-Tate measure
(1/m)4/1 — t2/4dt. This means that for —2 < a < b < 2, we have

b
5o ) elati = = [ (1= G 23)

An immediate consequence of this and Remark 1.5 is the following statement.

d(P) = lim (Tespectively §(P) = limsup W), (2.7)

m(x)

PRrROPOSITION 2.1. Let f be a primitive form of square-free level. Then the following holds.

(A) The relative density of the set of primes p such that A\¢(p) belongs to a given interval of
length 2¢ does not exceed €.

(B) In particular, the relative density of primes p such that Af(p) =0 or £2 is 0.

We notice that the formulation (A) is convenient to use for our purpose, but our argument
could be adapted to the weaker condition

§({p: A\¢(p) € [-e,+€]}) > 0 ase — 0.

Part (B) was well known long before the proof of the Sato—Tate conjecture. See [Ser81, §7.2,
Théoréme 15| for a much more general and quantitatively stronger result.

Equations (2.5) and (2.6) imply that A;(p’) =0 for some ¢ and (p, N) = 1 if and only if
0,/m € QN (0,1). In fact, one knows the following result.
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PROPOSITION 2.2. Let f be a primitive form of square-free level. Then for all but finitely many
primes p we have either \¢(p) € {0,%+2} or 6,/7 ¢ Q.

For the proof, see [MMO07, Lemma 2.5] (see also [KRW07, Lemma 2.2]).
One may remark that if f is of weight x > 4 then this holds for all p with (p, N) = 1 without
exception, see [MMO7, Proposition 2.4].

3. Sieving

In this section, we establish a sieving result instrumental for the proof of Theorems 1.2 and 1.3.
The integer m in this section is not necessarily positive; it can be any integer: positive, negative
or 0. The other conventions made in § 1.1 remain intact.

3.1 The Sieving theorem
Let 3 be a finite set of prime numbers. We call m € Z:
e Y-unit, if all its prime divisors belong to ¥;
e Y-square-free, if m is a product of a ¥-unit and a square-free integer.
Also, for z > 2 we define

Ps(z) =[] p- (3.1)

p<z
pEx
Now let ay,...,ax,b1,...,br € Z be integers satisfying
a; 75 0, gcd(ai, bz) =1 (Z = 1, ey k), (32)
aibj - (Zjbi #0 (1 <1 <)< k) (3.3)

We consider linear forms L;(n) = a;n + b;, and for x > z > 2 we set
Qz,2) ={n:1<n<x,ged(Li(n) - Li(n), Pu(z)) = 1}. (3.4)
Finally, we let
Qi(z,2) ={n € Q(x,2): L1(n),...,Lg(n) are X-square-free composite numbers}. (3.5)
The principal result of this section is the following theorem.

THEOREM 3.1. Assume that ¥ contains all the primes p < 2k, all the prime divisors of every a;,
and all the prime divisors of every a;b; — a;b; with ¢ # j. In other words, we assume that

k

@) e T (aibj —a;bs) (3.6)

i=1  1<i<j<k

is a Y-unit. Then there exist real numbers n,c; € (0,1/2], depending only on k and on the
cardinality’ #¥ (but not on X itself, neither on the integers a; and b;), and z; > 2 depending

on ai,...,ag, b1,...,b,, such that the following holds. For any x and z, satisfying x" > z > z;
we have .
MN(x,2) = .
#h(e,2) 2 (log 2)*
! Indicating dependence on k here is somewhat useless, because our hypothesis implies that % is bounded in terms

of #3.
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The first step in the proof of Theorem 3.1 is to obtain a lower bound for #(z, z), i.e. we wish
to get a lower bound for the number of integers up to x for which the product Li(n)--- Li(n)
has no prime factor up to x"” except from a finite given set ¥; in other words, we are interested
in sieving out the prime factors less than "7 except those from X, when 7 is sufficiently small:
the adapted tool for this situation is called the ‘fundamental lemma’, cf. [FI10, §6.5], [IK04,
§6.4] or [HR74, §2.8]. Looking more carefully at [HR74], we see that, with the exception of ¥,
Theorem 2.6, p. 85, is very close to what we are looking for. In § 3.3, we shall state and prove
the variant of Theorem 2.6 we need. We obtain a lower bound of the order x(log z)~*.

In the second step, we need to exclude the cases when at least one of the quantities L;(n) is
a prime number. Assume for example that Li(n) = n, we see that [HR74, Theorem 2.6, p. 87,
applied to the product Li(n)--- Lx_1(n) (with £ — 1 instead of k) is, again with the exception of
the primes from 3, very close to what we are looking for. In § 3.4, we shall state and prove the
variant of Theorem 2.6’ we need. We obtain an upper bound of the order z(log z) %+ (log z) ™1,
which is smaller than the lower bound from the first step, as soon as z is sufficiently small a
power of x, i.e. as soon as 7 is small enough.

The last step consists in sieving out the elements of Q(z, z) divisible by the square of some
large prime; the key ingredient is the convergence of the series of the inverses of the squares.
This step is performed in §3.5.

Finally, in § 3.6 we prove Theorem 3.1.

We start by giving in § 3.2 some definition and evaluation of some arithmetic quantities.

3.2 Some arithmetic preliminaries

In the remaining part of § 3, unless the contrary is explicitly stated, the constants implied by the
notation O(-), <, > or? <, may depend only on k. The same convention applies to the constants
implied by the expressions like ‘sufficiently large’.

In order to avoid a conflict of notation between [HR74] and the general use, we follow, in
§83.2-3.4, the use of [HR74] and denote by v(d) the number of distinct prime factors of the
integer d.

We keep the notation of §3.1 and let £ € {k — 1, k},

Fy(n) = Li(n) - - Ly(n). (3.7)

Let py be the multiplicative function supported on the square-free numbers and such that

) péx,
Mp)_{o, pE .

For z > 2, we let

Wi(z) = H(l - ’”]()p)> = 1] (1 - f;) (3.8)

Pz p|Ps(z)
x pe(p ¢
Pz p|Pxs(z)

with the usual convention that an empty product is equal to 1.

2We use A < B as a shortcut for A < B < A.
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Our assumption (3.6) implies that the congruence
Fy(n) = Li(n)---Le(n) =0 mod p

has exactly p¢(p) = ¢ solutions for any prime p which does not belong to the set ¥; moreover, all
those solutions are non-zero. Thus, the congruence

Fy(n) = Li(n)--- Ly(n) =0 mod d (3.10)

has exactly pe(d) = ¢ (@ solutions for any square-free d having no prime divisor from the set ¥;
moreover all those solutions are coprime with d. This implies

[#{n € [1,2]: Fy(n) =0 mod d} — zp,(d)/d| < pe(d) = %D, (3.11)
Since all primes p < 2k belong to X, we have, for all primes p, the estimates

pe(p) Pe()<1
P s p—1 "2

0< (3.12)

We trivially have
l
We(z) 2 —— . 3.13
()= 1 < p) (3.13)

Using (3.12), we get the upper bound
W) <2 ] (1 - > (3.14)
2k<p<z

We also notice that Mertens’ result [HW60, Theorem 429], easily implies that there exists
constants C(¢) and C*)(¢) such that

l l
H (1 — > ~ C(¢)(logz)~* and H <1 — 1) ~ C™(0)(log 2) ™. (3.15)
2k<p<z p 2k<p<z p—
The following is a fairly standard result, a proof of which can be found in [TW14, p. 55].
As x tends to infinity: ZE”(") ~ coz(logz)™!  for some positive ¢. (3.16)
n<x

For d > 0 and a coprime to d, we denote by 7(x,d,a) the number of primes up to x which

are congruent to a modulo d and we let
liz
FE(x,d,a) =n(z,d,a) — — and F(x,d)= max |E(z,d, a)l. 3.17
(@.d.0) = w(a.d.0) = @d)= mac |B@dal @17

We shall use the following consequence of [HR74, Lemma 3.5, p. 115], which is itself a consequence
of the Bombieri—Vinogradov theorem and the trivial upper bound

E(z,d) <z/d+1. (3.18)

LEMMA 3.2. Let m be a positive integer. For any positive constant U, there exists a positive
constant C1 = C1(m,U) such that

Y A dm" D E(z,d) = Oy <(”””) (3.19)

log 2)V
d<z1/2(log z)~“1
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3.3 Sieving away small prime factors
In this section, we prove the following result.

PROPOSITION 3.3. With the above notation and assumption (3.6), we have for 2 < z < x

#Q(z,z) = 2Wi(2)(1 + O(Eo(z, 2))), (3.20)
where
Eo(z,z) = exp(—u(logu — loglogu — log k — 2)) + Tog 2’ (3.21)
z
and
u = log x/log z. (3.22)

Proof. We are going to use [HR74, Theorem 2.5], noticing that in the main relation, log z/a is
to be read log(k/a). We refer the reader to [HR74] for the statement of Theorem 2.5', as well as
the notation given there. Let us write the dictionary between the notation from [HR74] and our
notation:

A={Fi(n): 1 <n <z},
P={p:p¢X} and P=13,

w(d) = p(d),
k =k,
X =z,
U=1,
a=1,

Ry =#{n € [1,z]: Fx(n) =0 mod d} — zpg(d)/d.

Relation (3.12) implies (£21) (p. 29) with A4; = 2.

By the definition of py, we have for all p: pr(p) < k, which implies Relation () of [HR74,
p. 30], and thus (cf. Lemma 2.2, p. 52) Relation (Q2(k)) with As = k.

Relations (Rp) and (Ri(k,1)) (defined in [HR74, p. 64]), with L =1, Aj = k and Cy(U) =
2k + U — 1 come from (3.11) and (3.16).

We notice that S(A;P,z) is #Q(z,z) and thus [HR74, Theorem 2.5 implies our
Proposition 3.3. O

3.4 Sieving away prime values
In this part, we are interested in evaluating the cardinality of the set

QW) (2, 2) = {n < x: ged(L1(n) - Ly_1(n), Pg(2)) = 1, Ly(n) prime}, (3.23)
and we shall prove the following

PROPOSITION 3.4. With the above notation and assumption (3.6), we have for 2 < z < x

#0 ,2) = SUBD gy ()1 4 0(0) ), (3.24)
o(lax|)
where
EY)(x,z) = exp(—(u/3)(logu — loglog u — log(k — 1) — 3)) + (102 m (3.25)
and
u = logx/log z. (3.26)
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Proof. We first notice that, without loss of generality, changing if needed (a;, b;) into (—a;, —b;),
we can assume that all the a; are positive: this is what we assume in the proof.

It will be convenient to let h = k — 1, Fp(n) = Li(n) x --- x Lp(n). We are again going
to use [HR74, Theorem 2.5']. Getting a relation (Ri(k,«)) will be more challenging, but the
Bombieri-Vinogradov inequality in the form (3.19) will be most helpful. As in the previous
section, we start with our dictionary:

A= {Fn((q = br)/ax): q prime, ay, + by < ¢ < axx + bg, ¢ = by, mod ay},
PB={p:p¢X} and P=5%,
w(d) = dpp(d)/e(d),

K = h - k’ - 17

X =li(axz)/p(ar),

U= ]—)

o = 1/27
Rd:#{aEAid’a}_@X’

d

We check the validity of Relations (€2p) and (22(x)) by the same argument as in §3.3.
We notice that Ry is defined in terms of the cardinality of Ayg; it is more convenient for us
to consider, for d having no prime divisor from X, the set

—b
By = {qE [ax, + by, axx + by|: ¢ prime, ¢ = by, mod a’“d‘Fh(qa k)}
k

which has the same cardinality as Ag. By the remark concerning the solutions of (3.10) and the
fact that d and aj, are coprime, there exists a set Ty (d) C (Z/ardZ)* with cardinality #7T}(d) =
h*(@ such that

q€ By < q€ |ag+bg,arx +b;] and ¢ mod ard € Ti(d).

We thus have, for d having no prime factor from 3

#Ag=#By= Y (w(apw,ard,t) + O(1))

teTy(d)

li(agx)

_ 1 u(d) k wd) (| 1

0 (A5 + 0O Blan,ant) + 1)
hr(d)

=@ X + O(W" N (E(ayx, ard) + 1)),

which implies
Rg = O(h"D(E(apx, ard) + 1)). (3.27)

Relation (Rp) comes from the previous relation, the trivial upper bound E(axx,ard) < x/d+ 1
and the definition of X.

Relation (R(k,1/2)) comes from Lemma 3.2 and relation (3.16).

We can now apply [HR74, Theorem 2.5] and get Proposition 3.4 with a slightly better
constant and u = log X/log z. It is more convenient for us to state the result in terms of u =
log x/log z. O
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3.5 Sieving away non-square-free values
We also want to count n such that L;(n) is not ¥-square-free. This is relatively easy. Set

M = max{|a1], ..., |ag|, |b1],- -, |bk|}-

PROPOSITION 3.5. In the set-up of Theorem 3.1, for x > z > 2 the set (x, z) has at most

1
kMx+1 4 kvMz+ M
Z_

elements n such that L;(n) is not X-square-free for some i.

Proof. If L;(n) is not Y-square-free for some n € Q(z, z), then p? | L;(n) for some p > z. For a
fixed p and i, the number of positive integers n with the property p? | L;(n) does not exceed
(|ai|z + |b;])/p? + 1. Summing up over all p > z and i = 1,..., k, we estimate the total number
of n € Q(x, z) such that some L;(n) is not X-square-free as

k(Mx—l—M)Z%-FkTF( Mz + M).

p=>z

The infinite sum above is bounded by 1/(z — 1), whence the result. O

3.6 Proof of Theorem 3.1
We are now ready to prove Theorem 3.1.

The reader will easily check that one can find constants c1, z; and 7 satisfying the properties
required in the statement of Theorem 3.1 such that the following inequalities are valid for any
real numbers x and z satisfying "7 > z > z;.

By Proposition 3.3, (3.13) and (3.15), one has

#Q(x,2) = (1/2)aWi(2) = (1/4)C (k)z(log 2)~* > 3¢iz(log ) ~F. (3.28)

Let us denote by QP'™¢(z, 2) the set of the elements n in Q(z, z) for which one of the values
L;(n) is prime; applying Proposition 3.4 k times, (3.14) and (3.15), we obtain

#QPI (g, 2) < 218 ((max|ai] )2 ) Wi, (2) < cra(logz) ™ (3.29)

Let us denote by Q5194 (z, 2) the set of the elements n in Q(x, z) for which one of the values
L;(n) is not ¥-square-free. Proposition 3.5 tells us that we have

1
HQAE (g 2) < kM% + kvVMz 4+ M < ciz(logz) . (3.30)
We have
#Q (2, 2) > #Q(x, 2) — #OP (2, 2) — FPV(x, 2) (3.31)

and Theorem 3.1 comes from (3.31), (3.28), (3.29) and (3.30).
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4. Avoiding prime factors from a sparse set

In this section, we further refine the set ©;(z, z) constructed in Theorem 3.1, showing that it has
‘many’ elements n such that Li(n)--- Lg(n) has no prime divisors in a ‘sufficiently sparse’ set of
primes. We will have to impose an additional assumption: every prime from > divides every a;.
Probably the statement holds true without this assumption, but imposing it will facilitate the
proof, and the result we obtain will suffice for us.

Given an infinite set of primes P, let mp(z) = #(P N [0,z]) and §(P) be the relative upper
density as defined in (2.7). Also let Ly(n),..., Lg(n) and the finite set ¥ be as in §3.1.

THEOREM 4.1. Assume the hypothesis of Theorem 3.1. Moreover, assume that
every a; Iis divisible by every prime from X. (4.1)

Let n be the number as in Theorem 3.1. Then there exists ¢ € (0,1/2], depending only on k and
on #3, such that the following holds. For any set P of primes with §(P) < ¢, there exists xo > 2
depending on ai,...,a,b1,...,br and on the set P, such that for x > xg at least half of the
elements n of the set Qy(x,2") have the property

ptLi(n)---Le(n) (p€P).

Remark 4.2. Condition (4.1) implies that L;(n) cannot have divisors in ¥; in particular, ‘¥-
square-free’ from Theorem 3.1 can be replaced by ‘square-free’.

We start from an individual prime. In the sequel, we write a = ay, b = by and L(n) = Li(n) =
an + b. We also set M = max{|al, |b|}.

PROPOSITION 4.3. Assume the hypothesis of Theorem 3.1. Further, assume that
every prime from Y. divides a. (4.2)

Then there exist real numbers Cs > 2 depending only on k, and z3 > 2 depending on k and M
such that the following holds. Let p be a prime number, p ¢ ¥.. Then for any x and z satisfying
T >z > 23, the set Q(z,2) has at most C3 - 27 (x/p)(log z) =% elements n such that p | L(n).

Proof. In this proof, every constant implied by O(-), < etc. depends only on k. We may assume

that L(n) is divisible by p for some n € Z (otherwise there is nothing to prove). It follows that

p 1 a. (Indeed, if p | a then p 1 b because a and b are coprime, and the congruence an = —b mod p

is impossible.) Hence, there is a unique v € {0,1,...,p — 1} such that v = —b/a mod p.
Fori=1,...,k, set

o = @ plLiw), o, JLi(w)/p, p|Li(u),
pai, ptLi(uw), Li(u),  ptLi(u),

and write
Li(n') = aln' + V).

An immediate verification shows that (3.2), (3.3) and (3.6) remain true with a;, b; and ¥ replaced
by a}, b, and ¥’ = ¥ U {p}. Hence, defining, for 2’ > 2’ > 2, the set

V) ={0<n' <2’ ged(Ly(n') - Li(n'), Po(2))) = 1},
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we may apply Proposition 3.3: there exists z), depending only on k such that, when 2’ > (2)%0%
and 2’ > z(), we have
’ Ji/ l’l
() < 2 < 2P
#(z,7) (log 2")k (log 2")k
Every n with p | L(n) can be written as u + n'p with n’ € Z. If n € Q(z, z), then clearly we
have 0 < n’ < z/p. Also,

(n) = pL;(n,)v p|Li(U), ;=
Li(n) {L;(n,% ot Litu) (i=1,...,k).

It follows that the number of n € Q(z, z) such that p | L(n) is bounded by #Q'(z/p, z).

Unfortunately, we cannot apply (4.3) with 2’ = x/p and 2’ = 2z, because we do not have
z' > (2/)°°%. This is the main reason why we had to replace Q(z,z) by Qi(z,z), because if
n € Qi (x, z) then we can bound x/p from below.

Indeed, let n € Q;(x, z) be such that p | L(n). By the definition of the set Q;(x, z), we know
that L(n) is composite and (4.2) implies that L(n) is not divisible by any primes from 3. Hence
L(n)/p must be divisible by some prime p’ > z. In particular, |L(n)/p| > z, which implies that
x/p>z/M —1 (recall that M = max{|al, |b|}). Now setting 2’ = x/p and 2’ = (z/M — 1)1/50k,

(4.3)

we obtain
#{n € M(z,2):p| L(n)} < #Q(z/p, 2)
g #Q/((I}/,Z/)
wo#s T
(log 2')k
2> z/p 4.4
<2 stz 1P o
provided
(z/M — 1)1/30k > 21 (4.5)
If we define z3 = max{M(2})°F + M,4M?}, then z > z3 implies both (4.5) and z/M — 1 > 2%/2.
Hence, the right-hand side of (4.4) is O(2#%(z/p)(log z) %), as wanted. O

We will also need the following easy lemma.

LEMMA 4.4. Let P be a set of prime numbers, € € (0,1/2] and zy > 2. Assume that for all t > z,
we have mp(t) < em(t). Then for x > z > zy we have

1 log x
Z — K glog i + €,
peEP p 08 2
z<p<zT

the implied constant being absolute.

Proof. Using partial summation, we have

1 - - r t 1
Z g mp@”) _ (27 +/ 7”;2( ) dt<<5log<10gx> +e,
oyt p T z » ogz
z<p<x

as wanted. O
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Proof of Theorem 4.1. Let i, ¢ and z; be as in Theorem 3.1. Then for x > zi/n, we have
#Qy > c1x(log x) 7%, where we denote Q; = Q (x, z").

Now let P be a set of prime numbers, and let 22 be the subset of 2; consisting of
n € Q such that some p € P divides Li(n)---Li(n). Also let z3 be as in Proposition 4.3.
Define zo > max{zy, 23} so large that for ¢ > 2o, we have mp(t) < 25(P)7(t), and set zo = zé/n.
Proposition 4.3 and Lemma 4.4 imply that for x > xg, we have

x 1
Q _
# < 2

peP
zT<p<x
_ x log
4] 1 1
<o(P) (log z)* ( °8 log 7 * )
- x
S(P)—"

where the implicit constants depend on k and on #3X.. B
It follows that there exists € € (0,1/2], depending on k and on #3, such that, when 6(P) < e,

we have ) )
x
Q —c —#0.
# < 5 g a)f S 5 il
This completes the proof of the theorem. O
5. Proof of Theorems 1.2 and 1.3
Throughout the section, we assume that f1,..., fi are primitive forms of square-free levels (as
defined in the beginning of §1) of weights ki,..., ki respectively. We also fix, once and for
all, distinct positive integers v1,..., v, satisfying ay, (v;) #0 for i =1,..., k. We will assume
that k > 2 as otherwise we know that any non-zero primitive form has infinitely many non-zero
Fourier coefficients (see Proposition 6.1). Set K = max{vy,...,vx}.

5.1 An application of the Chinese remainder theorem
PROPOSITION 5.1. Let m > 1 be such that

m =0 mod (2K)!. (5.1)
There exists a positive real number cy, depending on K and fi, ..., fi, such that for m satisfying
(5.1) we have
col A, (ma)| < g (m+ )| < gt Ag(ma)] (i=1,....k), (5.2)
e a(m + )
ag,(m+vy; _ .
col s, (mo)| < A <t A (mo)] (=1, ), (53)
m
where m; is defined by
m+v,=vm; (i=1,...,k). (5.4)

Proof. Tt follows from (5.1) and the definition of K that each m; is coprime to (2K)!. In particular,

ged(vi,mi) =1 (i=1,...,k). (5.5)
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Since ay,(v;) # 0 for i =1,...,k, we may define

. . 1
0= o, mm{“ﬁ(”)" 20520 () }
Hence, by multiplicativity, we have
|ag,(m + vy
gy 2 [Ar,(m+v)| = [Ag (vi)|[Ag, (ms)| = colAg, (m3)]

and
|)\fi(m + VZ)’ = P‘fi(yi)”)‘fi(mi” < 651|)\fi(mz’)|-

This completes the proof of (5.2). Since m > 2K, we have
(m + Vi)(nrl)/2 < 2(Ri=1)/2 (ri=1)/2

and then, again by multiplicativity, one has

|a’fi<m+Vi)| ri—1)/2
e < 2D (m o+ )
= 200275 (1) || A, ()]

< C(;l’/\fi(mi)’-
This completes the proof of (5.3). O

5.2 Sieving and the Sato—Tate conjecture
Next we choose primes p; < - -+ < pg with p; > 2K such that

AP #0 (i=1,....k £=1,2,...). (5.7)
Existence of such primes is guaranteed by Propositions 2.1 and 2.2.

Let 41, ..., ¢, be positive integers which will be specified later. We now impose on m, besides
(5.1), the conditions

m+ v = pfi mod pfiﬂ (i=1,...,k). (5.8)
Together with (5.1) this puts m into an arithmetic progression modulo A, where
k
A=K ] (5.9)
i=1

Write m = An 4+ B, where B < A is the smallest positive integer in this progression. Here, n > 0
is some non-negative integer. Then m + v; = I/ipfi (a;n + b;), where
A . B+ V;

— b, = 7 (i=1,...,k) (5.10)
vip; vip;

a; =

are positive integers.® In particular, the numbers m; defined in (5.4) are given by
m; =pliLin) (i=1,...,k), (5.11)

where L;(n) = a;n + b;.

3 There is no risk of confusing the Hecke eigenvalues ay, (n) and the integers a;.
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Note that
ged(A, B+ ;) = I/Z‘pfi (i=1,...,k),
A ..
a;b; —a;b; = . s (vi—v) (1<i,j<k).
ViVjpizpjj

In particular, it follows that the integers ai,...,ak, b1,..., b defined in (5.10) satisfy (3.2) and
(3.3). Moreover, setting

Z:{p<2K}U{pl7apk}v

conditions (3.6) and (4.1) hold true as well, which allows us to apply our sieving Theorems 3.1
and 4.1. Using them and the Sato—Tate conjecture (as stated in Proposition 2.1), we obtain the
following.

PROPOSITION 5.2. There exists a positive number ¢y, depending on K and on the forms f; such
that there exist infinitely many positive integers n with the following property:

a < (Litn)| <t (i=1,...,k). (5.12)

Proof. Let 7 and € be as in Theorem 3.1 and Theorem 4.1 respectively. Both depend on k
and #X, but since #% = w(2K) + k, this translates into dependence on K.

Now let P. be the set of prime numbers p such that for some i € {1,...,k} we have
|Af,(p)| < €/k. Proposition 2.1 implies that its relative density is at most . Now Theorems 3.1
and 4.1 together imply that there exist infinitely many positive integers n with the following
properties.

(A) Each L;(n) is a square-free positive integer.
(B) Fori=1,...,k, every prime p | L;(n) satisfies p > n'.
(C) Fori=1,...,k, every prime p | L;(n) satisfies |Ay, (p)| > €/k.

After discarding finitely many numbers n, item (B) implies that
(B") fori=1,..., k, every prime p | L;(n) satisfies p > L;(n)"/?.

Hence, each L;(n) has at most 2/n prime divisors. Write L;(n) = q1 - - - ¢s, where s < 2/n and
qi,---,qs are distinct prime numbers satisfying

g .
S Pn@) <2 G=19)

The inequality on the right is by Deligne’s bound (2.3). By multiplicativity, we now obtain

e\ 2/ 2/
(5) < Matmp <2

This completes the proof. O

Remark 5.3. Slightly modifying the above argument, one proves the following quantitative result:
there exist ca > 0 (depending on K) and xy > 2 (depending on K, on the forms f; and on our
choice of the primes p; and the exponents ¢;) such that for z > xy the number of n < z with
the property (5.12) is at least cax(log ) ~*. The constant c; is effective, but zg is not, because it
depends on a ‘quantitative’ form of the Sato—Tate conjecture, which is not known to be effective
(to the best of our knowledge).
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5.3 The exponents £;
We now fix a small parameter § > 0 (to be specified later) and define, in terms of this §, our
Oy .

PROPOSITION 5.4. Let § be a positive real number. Then there exist positive integers {1, ...,
such that
{4 V4 — 4
A ()] < 85 (0] < - < 8 AR ()] (5.13)

We start with an easy lemma.

LEMMA 5.5. Let f be a primitive form of weight k, let p be a prime number such that \¢(p) # £2,
and let € a positive real number. Then there exists a positive integer ¢ such that ’)\f@z)‘ <e.

Proof. We may assume 6,/7 ¢ Q as otherwise there is nothing to prove. Using (2.5), we know

e [sin((£+ 1)6y)|
sm( (€ +
A AV p
) = B
Since 6,/m ¢ Q, selecting ¢ suitably, we can make |sin((¢+ 1)6,)| as small as we please. O

COROLLARY 5.6. Let f,g be primitive forms of weights k, p, respectively, and let p,q be prime
numbers. Also let ' be a positive integer and ¢ be a positive real number. Assume that \¢(p) # £2
and ag (¢") # 0. Then there exists a positive integer ¢ such that

Ar ()] < 8lAg(a)].
Proof. Apply Lemma 5.5 with ¢ = 5|)\g(qy)|. O
Proof of Proposition 5.4. Set £ =1 and afterwards define f;_1,...,¢; iteratively by applying

Corollary 5.6 (k— 1)-times. The hypothesis of Corollary 5.6 is assured because of (5.6) and (5.7).
O

Remark 5.7. Using Baker’s theory of logarithmic forms, it is possible to prove that one can find
suitable £y, ..., ¢ effectively bounded in terms of fi,..., fr and . We do not go into details
since we do not need this.

5.4 Conclusion

Now we are ready to prove Theorems 1.2 and 1.3. Let ¢y and c¢; be as in Proposition 5.1
and Proposition 5.2 respectively. Set d = (coc1)?/2 and define the exponents £1,...,¢ as in
Proposition 5.4. (It is crucial here that ¢y and ¢; depend only on K but not on the exponents ¢;.)
Now if n is one of the infinitely many positive integers satisfying property (5.12), then in the
set-up of Theorem 1.2 the corresponding m = An + B satisfies

1 1
[Ap (m+ 1) < 5’)%(7” +r)| < < F|>\fk(m + )l
as follows from (5.2), (5.11), (5.12) and (5.13). In the set-up of Theorem 1.3 it satisfies
1 1
lag(m +w1)| < §\af(m T <o < W’af(m + )

as follows from (5.3) (with fi =---= fr=f), (5.11)—(5.13). This completes the proof of
Theorems 1.2 and 1.3.

Remark 5.8. As Remark 5.3 suggests, we actually obtain the following quantitative results: for
sufficiently large z, there is at least cx(logz)™* positive integers m < x with the property (1.3)
and (1.4); here ¢ = ¢(K, fi1,..., fr) > 0 is effective and ‘sufficiently large’ is not effective.
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6. Proof of Theorem 1.4

In this section k is a positive integer, and f is a primitive form of square-free level, as defined in
the beginning of § 1. We want to show that the three conditions (A), (B) and (C) are equivalent.
We will assume that k > 2 as otherwise we know that any non-zero primitive form has infinitely
many non-zero Fourier coefficients (see Proposition 6.1). Condition (C) trivially implies (B),
and (B) implies (C) by putting

vi=v+o(i) (1<i<k)

in Theorem 1.3.
The implication (B) = (A) is easy. One readily sees that (1.7) is equivalent to the following:

af(pé) # 0 for every prime p and positive £ with p® < k/2. (6.1)

We will check (6.1); let p and ¢ be such that p* < k/2. Since k > 2p’, the set {v +1,...,v + k}
contains at least two consecutive multiples of p¢ and so one of them, say v + h, is divisible by p*
but not by p“*1. Since a; is multiplicative and as(v + h) # 0, we have af(p’) # 0.

We are left with the implication (A) = (B). We deduce it from Theorems 3.1 and 4.1 with
the help of the following lemma.

LEMMA 6.1. Let f be a primitive form of square-free level N. For every prime number p there
exist infinitely many integers ¢ such that

ag(p’) # 0.
Proof. If p|N, then we know from the Atkin-Lehner theory that

ag(p') = as(p)* # 0 (6.2)

as N is square-free (see [Ono04, p. 29]). We shall now only consider primes p with (p, N) = 1.
We shall indeed prove that among two consecutive non-negative integers (¢,¢ 4 1), at least one,
say ', satisfies a;(p”) # 0.

Our claim is true for £ = 0 since ay(1) = 1. Let us assume (induction hypothesis) that it is
true for a pair (4,0 + 1).

If af(p“l) # 0, then our claim is true for the pair (¢ + 1,¢+ 2). On the other hand, if
ar(p™1) =0, then a;(p’) # 0 by our induction hypothesis, and (2.2) implies that

€+2) €+1) _ k1

ar(p™™) = ag(p)ag(p P lap(ph) = —p"as(ph) #£ 0.

Hence, our claim is again true for the pair (¢ + 1,¢ + 2). This proves the lemma. |

Alternatively, it is possible to deduce the lemma from equations (2.5), (2.6) and (6.2); we
leave the details to the reader.

Proof of the implication (A) = (B). We assume that (6.1) holds and want to find a positive
integer v such that (1.8) holds.

Since (6.1) is the same when k = 2h and k = 2h + 1, namely af(pg) £0 for p* < h, it is
sufficient to consider the case when k is odd, say k = 2h + 1.
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We define ¥ as the set of all primes p < 2k and those finitely many primes p for which
ar(p) # 0 but af(pz) = 0 for some ¢ > 1. By Lemma 6.1, to each p € ¥ we may associate an
integer ¢, such that

ar(p?) #0,
P > k.
By the Chinese remainder theorem, one can find a positive integer r such that
r = p mod p»™!  (pex). (6.5)
We will show that there exist infinitely many positive integers m such that
ap(Dm+7+7) #0 (—h<j<h). (6.6)
where
D= H p£p+1.
peS

If m is any such integer, then, setting v = r + Dm — h — 1, we clearly obtain (1.8).
For —h < j < h, we introduce the linear forms L;(m) = ajm + b; by

Dm +r+j = ged(D,r + j)L;j(m) = ged(D,r + j)(a;m + b;).

(There is no risk of confusing the Hecke eigenvalues a¢(n) and the integers a;.) Let us first check
that the k linear forms L; satisfy the conditions of Theorems 3.1 and 4.1.

e By construction, for every j, we have a; # 0 and ged(aj,b;) = 1.

e For i# j, we have D(r+j) — D(r+1i) = D(j — i) # 0. Since a;b; — a;b; is a divisor of
D|j — i, it is not 0.

e By construction, a; is a divisor of D which has only prime divisors from X.

e Similarly, a;b; — a;b; is a divisor of D|j —i|, where D and |j —i| < k have only prime
divisors from 3.

e We finally have to verify that every a; is divisible by every prime in the set X. Since
r = p’ mod p’*! and p» > k > h, we have ordy(r + j) < ¢, (where ord, denotes the p-adic
valuation). Now since

ordy(a;j) = ord,(D) — ord,(r + j)
and p»*! | D, we have ord,(a;) > 1.

We can now apply Theorems 3.1 and 4.1, taking for the unwanted set of primes those which
are not in ¥ and for which ay(p) = 0. Thus, there exist infinitely many positive integers m such
that each of the k numbers L_p(m), ..., Ly(m) is square-free, not divisible by any prime from X
nor by any prime p for which a(p) = 0. It follows that for such m, we have

ag(Lj(m)) #0 (=h<j<h).
In order to prove that for these m we have (6.6), it is enough to prove that
apleed(D,r+ 1) £0 (—h < j<h). (6.7)

When j = 0, for any p in ¥ we have p’ || r so that p® || ged(D,r). Since a(p‘?) # 0 by (6.3),
we obtain af(ged(D,r)) # 0 by multiplicativity.
If j#0, then, for p€X we have ord,(j) < ¢, because p’ >k by (6.4). Hence
p* || ged(D,r + j) implies that p# || j. It follows that p* < h < k/2, and our assumption (1.7)
implies that ar(p*) # 0. By multiplicativity, this proves (6.7) for j # 0 as well.
The proof of the implication (A) = (B) is now complete, and so is the proof of Theorem 1.4.
O
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