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Cylinders in singular del Pezzo surfaces

Ivan Cheltsov, Jihun Park and Joonyeong Won

ABSTRACT

For each del Pezzo surface S with du Val singularities, we determine whether it admits
a (—Kg)-polar cylinder or not. If it allows one, then we present an effective Q-divisor
D that is Q-linearly equivalent to —Kg and such that the open set S\Supp(D) is a
cylinder. As a corollary, we classify all the del Pezzo surfaces with du Val singularities
that admit non-trivial Gg,-actions on their affine cones defined by their anticanonical
divisors.

All considered varieties are assumed to be algebraic and defined over an algebraically closed field
of characteristic 0 throughout this article.

1. Introduction

Let X be a projective variety and H be an ample divisor on X. The generalised cone over the
polarised variety (X, H) is the affine variety defined by

X = Spec<@ HO(X, (’)X(nH))>.

n=0

The affine variety X is the usual cone over the embedded image of X in a projective space by
the linear system |H| if H is very ample and the image of the variety X is projectively normal.

The question of whether the generalised cone of a given polarised variety (X, H) admits a non-
trivial G4-action has been studied extensively in [CPW13, KPZ11, KPZ14a, KPZ13, KPZ14b].
The present article is focused on singular del Pezzo surfaces Sy polarised by anticanonical divisors
—Kg, to extend the results in [CPW13, KPZ11, KPZ14b] to the singular del Pezzo surfaces.
Indeed, it classifies all the del Pezzo surfaces with du Val singularities that admit non-trivial
Ggq-actions on their generalised cones over (S4, —Kg,).

Let Sg be a del Pezzo surface of degree d with at worst du Val singularities and let Sy be
the generalised cone over (S4, —Kg,). For 3 < d < 9, the anticanonical divisor is very ample and
the anticanonical linear system embeds Sy into the projective space P?. The embedded surface
S, C P? is projectively normal. Therefore the generalised cone Sy is the affine cone in A%t over
the variety embedded in P?. In particular, for d = 3, the surface S3 anticanonically embedded in
P3 is defined by a cubic homogenous polynomial equation, and hence the generalised cone Sy is
the affine hypersurface in A* defined by the same cubic polynomial equation. Meanwhile, for d = 2
(respectively d = 1), the generalised cone S, is the affine cone in A* over the hypersurface in the
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weighted projective space P(1,1,1,2) (respectively P(1,1,2,3)) defined by a quasi-homogeneous
polynomial of degree 4 (respectively 6) [HW81, Theorem 4.4].

The group of Kishimoto, Prokhorov, Zaidenberg and the group of Cheltsov, Park, Won have
studied existence of non-trivial G,-actions on such affine cones and obtained results for smooth
del Pezzo surfaces.

THEOREM 1.1. For a smooth del Pezzo surface Sy of degree 4 < d < 9, its generalised cone Sy
admits an effective G4-action.

Proof. See [KPZ11, Theorem 3.19]. O

THEOREM 1.2. For a smooth del Pezzo surface Sy of degree d < 3, its generalised cone S, admits
no non-trivial G,-action.

Proof. See [KPZ14b, Theorem 1.1] and [CPW13, Corollary 1.8]. O

The proofs in [KPZ11, KPZ14b] and [CPW13] make good use of a geometric property called
cylindricity, which is worthwhile studying for its own sake.

DEFINITION 1.3. Let M be a Q-divisor on a projective normal variety X. An M-polar cylinder
in X is an open subset

U = X\Supp(D)

defined by an effective Q-divisor D in the Q-linear equivalence class of M such that U is
isomorphic to Z x A! for some affine variety Z.

It is shown that the existence of a non-trivial G,-action on the generalised cone over (X, H)
is equivalent to the existence of an H-polar cylinder on X.

LEMMA 1.4. Let X be a projective normal variety equipped with an ample Cartier divisor H
on X. Suppose that the generalised cone X over (X, H) is normal. Then X admits an effective
Gg-action if and only if X contains an H-polar cylinder.

Proof. See [KPZ14b, Theorem 2.1]. O

Indeed, in order to prove Theorems 1.1 and 1.2, [CPW13, KPZ11, KPZ14b| show that a
smooth del Pezzo surface Sy has a (—Kg,)-polar cylinder if 4 < d < 9 but no (—Kg,)-polar
cylinder if d < 3.

The goal of the present article is to extend the results of [CPW13, KPZ11, KPZ14b] to
del Pezzo surfaces with du Val singularities. To be precise, we prove the following.

THEOREM 1.5 (cf. Remark 3.8). Let S; be a del Pezzo surface of degree d with at most du Val
singularities.

(I) The surface Sy does not admit a (—Kg,)-polar cylinder when:

(1) d =1 and Sy allows only singular points of types A1, Ay, Az, Dy if any;
(2) d =2 and Sy allows only singular points of type A; if any;
(3) d =3 and Sy allows no singular point.

(IT) The surface Sq has a (—Kg,)-polar cylinder if it is not one of the del Pezzo surfaces listed
in L
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Theorem 1.5 immediately implies the following via Lemma 1.4.

COROLLARY 1.6. Let Sy be a del Pezzo surface of degree d with at most du Val singularities.
Then the affine cone over (Sq, —Kg,) does not admit a non-trivial G,-action exactly when:

(1) d=1 and S, allows only singular points of types A1, Aa, As, Dy if any;

(2) d =2 and Sy allows only singular points of type A; if any;

(3) d =3 and Sy allows no singular point.

As mentioned before, the theorem has been verified for smooth del Pezzo surfaces in [CPW13,
KPZ11, KPZ14b]. For this reason, from now on, we consider only singular del Pezzo surfaces.
The cone over an irreducible conic curve in P? obviously has a cylinder. Indeed, a quadruple
ruling line is Q-linearly equivalent to the anticanonical class and its complement is isomorphic
to A2. Therefore, we may exclude this singular del Pezzo surface from our consideration.

2. Preliminaries

2.1 Singularities and inequalities
Let S be a projective surface with at most du Val singularities. In addition, let D be an effective
Q-divisor on S.

LEMMA 2.1. If the log pair (S, D) is not log canonical at a smooth point P, then multp(D) > 1.
Proof. See [Laz04, Proposition 9.5.13]. |

Write D = Z:Zl a; D;, where the D; are distinct prime divisors and the a; are positive rational
numbers.

LEMMA 2.2. Let T' be an effective Q-divisor on S other than the divisor D such that T' ~qg D
and Supp(T') C Supp(D). For every non-negative rational number ¢, put D, = (1 + €)D — €T
Then we have the following.

(1) For every €, D, ~q D.
(2) The set {e € Q=¢ | D, is effective} attains the maximum .

(3) At least one component of the support of the divisor T is not contained in the support of
the divisor D,,.

(4) If the log pair (S,T) is log canonical at a point P but (S, D) is not log canonical at P, then
the log pair (S, D,,) is not log canonical at P.

Proof. See [CPW13, Lemma 2.2]. O
The following is a ready-made adjunction for our situation.

LEMMA 2.3. Suppose that the log pair (S, D) is not log canonical at a smooth point P. If a
component D; with a; < 1 is smooth at P, then

Dj . <Z aiDi> = Zaz(Dz . Dj)p > 1,

G i#]

where (D; - Dj)p is the local intersection number of D; and D; at P.
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Proof. See [KM98, Theorem 5.50]. O
The following is an easy application of Lemma 2.3.

LEMMA 2.4. Suppose that the surface S has a singular point P of type Dy. Let g : S — S be
the minimal resolution of the point P. Denote by E1, FEs, E3 and E4 the g-exceptional curves,
where E3 is the (—2)-curve intersecting the other three (—2)-curves. Write

4
D = g*(D) — ZaiEi,
=1

where D is the proper transform of D by g. Then the log pair (S, D) is not log canonical at P
if and only if ag > 1.

Proof. See [CK14, Lemma 2.5]. O

Remark 2.5. Let f : S — S be the blow up of the surface S at a smooth point P with the
exceptional divisor E and let D be the proper transform of D by f. Then we have

Kgs+ D + (multp(D) — 1)E = f*(Kgs + D).

The log pair (S, D) is log canonical at P if and only if the log pair (S, D + (multp(D) — 1)E) is
log canonical along E. If (S, D) is not log canonical at P, then there exists a point @ on E at
which (S, D + (multp(D) — 1)E) is not log canonical. Lemma 2.1 then implies

multp(D) + multg(D) > 2. (2.6)

If multp(D) < 2, then (S, D + (multp(D) — 1)E) is log canonical at every point on E except
the point Q. Indeed, if it is not log canonical at another point O on E, then Lemma 2.3 yields
a contradiction,

2 > multp(D) = D - E > multg(D) + multo(D) > 2.
The following lemma will be useful for this article.

LEMMA 2.7. Let C; and Cy be irreducible curves on the surface S that both are smooth at a
smooth point P and intersect transversally at P. In addition, let ) be an effective Q-divisor on
S whose support contains neither C7 nor Co. Suppose that the log pair (S,a1C1 + a2Cs + )
is not log canonical at P for some non-negative rational numbers ay, az. If multp(2) < 1, then
either

multp(2-C1) >2(1 —az) or multp(2-Cs) > 2(1 — ay).
Proof. See [Chel4, Theorem 13]. O
From now on, on a projective surface, an effective Q-divisor Q-linearly equivalent to the

anticanonical class of the surface will be called an effective anticanonical Q-divisor and a member
of the anticanonical linear system will be called an effective anticanonical divisor.
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2.2 Singularity types

For singular del Pezzo surfaces S of degrees 1 and 2 not listed in Theorem 1.5(I), the construction
method of their (—Kg)-polar cylinders will be given according to the singularity types of the
surfaces S. For this purpose, we adopt the following definition.

DEFINITION 2.8. Let S; and Sy be del Pezzo surfaces with at most du Val singularities and let
Sy and S, be their minimal resolutions, respectively. We say that the del Pezzo surfaces S; and
Sy have the same singularity type (or the minimal resolutions S; and So have the same type)
if there is an isomorphism of the Picard group of S; to the Picard group of Sy preserving the
intersection form that gives a bijection between their sets of classes of negative curves.

Note that the minimal resolutions of del Pezzo surfaces with du Val singularities are smooth
weak del Pezzo surfaces, i.e., smooth projective surfaces with nef and big anticanonical divisors.

It is known that the types of smooth weak del Pezzo surfaces of degree d are in one-to-one
correspondence to the subsystems of the root systems of types Eg, E7, Eg, D5, Ayq, Ao+ Ay, Aq,
respectively, for d = 1,...,7, with four exceptions: 8A1, 7TA;, Dy +4A; for d =1 and 7A; for
d =2 (see [AN06, BW79, CT88, Derl4, Pin77, Ura83]).

Since the isomorphisms of the Picard groups of the weak del Pezzo surfaces of the same type
preserve the intersection forms, we can conclude from [Dem80, Théoréme III1.2 and Corollaire]
that a given singularity type has a unique configuration of (—1)-curves and (—2)-curves. The
type of smooth weak del Pezzo surface is uniquely determined by its degree and its configuration
of (—1)-curves and (—2)-curves. Consequently, for a given singularity type of del Pezzo surfaces
of degree d, if we find one weak del Pezzo surface of degree d whose corresponding singular
del Pezzo surface has the given singularity type, then this weak del Pezzo surface gives us the
configuration of (—1)-curves and (—2)-curves for the given singularity type since every del Pezzo
surface of the same singularity type has the same configuration of (—1)-curves and (—2)-curves
on its weak del Pezzo surface.

For the singularity types of del Pezzo surfaces of degrees no greater than 2 with at most
du Val singularities, we refer to the table in [Ura83]. The table completely classifies subsystems
of the root systems E7 and Eg up to actions of their Weyl groups.

On a del Pezzo surface of a given degree d, the configuration of the (—2)-curves on the
corresponding smooth weak del Pezzo surface does not determine the type uniquely. In such a
case, there are precisely two types. The following are the ADE-types (with the degrees d < 2)
that have two different singularity types:

d=1. A7, A5 + A1,2A3, A3 + 2A1,4A;
d=2. A5+ A1, A5, A3 +2A1A5+ Aj,4A1,3A,.

We need to distinguish these singularity types of del Pezzo surfaces of degrees d < 2 with the
same ADE-types. However, we do not have to consider the ADE-types 2A3, As + 2A1, 4A; for
d =1 and 4A;, 3A; for d = 2 due to Theorem 1.5(I). For the remaining ADE-types, the vertex
v in the Dynkin diagram of Ag,11, n > 1, is called the central vertex if Ao, 11 — v = 2A,,.

For the ADE-types A7 (d=1), A5 (d=2), A5+ Ay (d=2), A3 (d =4), we use (A7), (As),
(A5 + Ay) and (Ag)’ if there are (—1)-curves intersecting the (—2)-curves corresponding to the
central vertices and we use (A7)”, (As)”, (As+A1)” and (A3)” if there are not such (—1)-curves.

For the ADE-types As + A1 (d=1), A3+ Ay (d=2), Ag+2A; (d=2), we use (A5 +Ay),
(As + A1), (A3 + 2A;)" if there are (—1)-curves intersecting the (—2)-curves corresponding to
the central vertices and the vertices of A; and we use (As + A1)”, (As + Ap)”, (As + 2A1)" if
there are not such (—1)-curves.
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3. Absence of cylinders

3.1 del Pezzo surfaces of degree 1

Let S be a del Pezzo surface of degree 1 with at most du Val singularities. Then its anticanonical
linear system |—Kg| is a pencil that has a unique base point. Denote its base point by O. Note
that the base point O must be a smooth point of the surface S.

THEOREM 3.1. Let D be an effective anticanonical Q-divisor on S.

(1) The log pair (S, D) is log canonical outside of finitely many points.
(2) It is log canonical at the point O.

Let P be either a smooth point different from O or a singular point of type A1, As, Ag or Dy
and let C' be the curve in the pencil |—Kg| that passes through P.

(3) If the log pair (S, D) is not log canonical at P, then we have the following.
e The log pair (S,C) is not log canonical at P.
e The support of D contains the support of C.

Proof. Since —Kg is ample, the first statement immediately follows from —Kg-D = 1.
For a general member Z in the anticanonical linear system |—Kg|, we have

1=2-D > multp(Z)multp(D) > multo(D).

It then follows from Lemma 2.1 that the log pair (S, D) is log canonical at the base point O.
Now we consider a point P on S other than O. For part (3) we first prove that (S, D) is
log canonical at P if the support of D does not contain the support of C. For this purpose, we
suppose that the support of the curve C' is not contained in the support of D. Note that C is
irreducible.
If P is a smooth point, then we can obtain

1=C-D > multp(C)multp(D) > multp(D),

which implies that (S, D) is log canonical at P by Lemma 2.1.

Now we suppose that P is a singular point of the surface S. Let f : S — S be the minimal
resolution of the singular point P. Denote by E\, ..., E, the f-exceptional curves, denote by D
the proper transform of the divisor D on the surface S and denote by C' the proper transform of
the curve C on the surface S. Then there are non-negative rational numbers aq, .. ., a, such that

T
Kg —s—D—i—ZaiEi = f*(Ks + D) ~q 0.

i=1

We can immediately see how the proper transform C of the effective anticanonical divisor C'
intersects the exceptional divisors E; (for instance, see [Par03, Appendix]).

Suppose that P is a singular point of type D4. Then r = 4 and we may assume that the
exceptional divisor F3 is the (—2)-curve that intersects all the other three (—2)-curves. We see
from [Par03, Appendix| that C-E3=1and C-E; =C-FEy=C-E4=0. We then obtain

-
1—a3= <f*(—KS) _ZaiEi) .é:D.é> 0.
i=1
Lemma 2.4 therefore implies that (S, D) is log canonical at P.
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Suppose that P is a singular point of type A,.. We assume that F; and FE, are the tail curves,
i.e., the (—2)-curves intersecting only one (—2)-curve, respectively. Then the curve C intersects
E; and E,, respectively, at one point transversally (if » = 1, then C - E; = 2). But it does not
intersect the other (—2)-curves. Therefore,

|~ a1 — ay = (f*(—Ks)—ZaiEi> =D E>0
=1

and hence a; +a, <1 (if r = 1, then a; < %)
Consider the case r = 1. Since D - E1 = 2a; < 1, the log pair (S’, D+ a1 Ey) is log canonical
along the exceptional curve E; by Lemma 2.3. Therefore, (S, D) is log canonical at P.
Next we consider the case r = 2. We then have ay 4+ a2 < 1. Moreover, we obtain 2a; > as
from the inequality
2&1 —ag = D E1 0.

Similarly, 2as > a1. Since a1 + a9 < 1, we may assume that a; < 5. We obtain (D +agFsy) - Ey =
2a1 < 1, and hence (S D+ a B+ azF») is log canonical along the curve F;. Furthermore, the
inequality

DE2—2CL2*CL1 2a1+(2—a1):a1+a2<1

implies that (5’ .D+a1E; + azFE») is log canonical along the curve Ey. Consequently, (S, D) is
log canonical at P.

Finally we consider the case r = 3. We have a; 4+ a3 < 1. Moreover, we may obtain 2a; > as,
2a9 > a1 + ag and 2a3 > ao from

2a1—a2:D-E1>O,
2@2—(11—0,3:ﬁ'E2>0,

2&3—&2:D'E320.

We may assume that a1 < % since a1 + a3 < 1. Since (D + asEs + a3E3) - By = 2a1 < 1,

the log pair (S’,f) + a1E1 + a2E> + a3Es) is log canonical along the curve Ej. In addition,
(S, D + a1 E1 + agEy + azE3) is log canonical along Es\ F3 and E3\ Es since

D- E2:2a2—a1—a3<2(a1+a3)—(a1+a3):a1+a3<1,
D- E3 =2a3 —as < (2a2—a1)+a3—a2 a1 +ag < 1.

Let @ be the intersection point of Fy and E3. We have

D- FEy=2a9 — a1 — a3 < (4&1 — a1 + CL3) — 2a3 = 2a1 + (a1 + a3) — 2a3 < 2(1 — ag),
D E3 = 2a3 —ag = 2(13 +ag — 2a2 2a3 + 2a1 — 2a2 2(1 — ag).

Since muth(f)) < D-E3=2a3 —as < 1, Lemma 2.7 implies that (S’, D+ asFEs + a3Fs) is log
canonical at (), and hence (5 .D + a1Ey + asFs + azEs3) is log canonical at (). Consequently,
(S* .D+a1F; +asEs +a3F3) is log canonical along the three exceptional curves, and hence (.S, D)
is log canonical at P.

If the log pair (S,C) is log canonical at P, then we can obtain an effective anticanonical
Q-divisor D, from Lemma 2.2 such that (S, D,) is not log canonical at P and whose support
does not contain the support of C. This, however, contradicts what we have proved so far.
Therefore, (S,C) is not log canonical at P. O

1204

https://doi.org/10.1112/50010437X16007284 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007284

CYLINDERS IN SINGULAR DEL PEZZO SURFACES

It is a common experience that D4-singularity is more singular than A4-singularity. However,
to our surprise, Theorem 3.1(3) does not hold for a singular point of type A4 even though every
singular point of type Dy enjoys Theorem 3.1(3).

3.2 del Pezzo surfaces of degree 2
Let S be a del Pezzo surface of degree 2 with at most ordinary double points. Its anticanonical
linear system |—Kg| is base-point-free and induces a double cover 7 : S — P? ramified along a
reduced quartic curve R C P2. Moreover, the curve R has at most ordinary double points. Note
that the curve R may be reducible.

Let D be an effective anticanonical Q-divisor on S.

LEMMA 3.2. Write
D = uC + Q,

where p is a non-negative rational number, C is an irreducible curve and §) is an effective
Q-divisor whose support does not contain the curve C. If 1 > 1, then —Kg-C =1 and 7(C) is
a line in P? that is an irreducible component of R.

Proof. Since —Kg is ample, —Kg-C is a positive integer. The equality —Kg-C = 1 immediately
follows from

2=—-Kg-(uC+9Q)=—-puKsg-C—-Kg-Q>—-uKg-C>—-Kg-C.

This shows that 7(C) is a line in P2.

Suppose that w(C) is not an irreducible component of R. Then there exists a curve C’
different from C such that C + C’ ~ —Kg and 7(C’") = w(C). Write Q = ¢/C’ + A, where A is
an effective Q-divisor on S whose support does not contain the curve C’. Since i > 1, we obtain
1’ < 1. Therefore, by taking (1/(1 — p'))(D — p/(C + C")) instead of D, we may assume that
w =0.

Since the intersection number C - C’ belongs to %Z, from

1=D-C'"=pC-C'"+Q-C'">C-C,

we conclude that C - C’ = 1. Therefore, C* = —Kg-C — C - C' = 1. This implies that C
passes through three ordinary double points, which is impossible unless 7(C) is an irreducible
component of R. O

D o=

THEOREM 3.3. Let P be a smooth point of S.
(1) If 7(P) ¢ R, then (S, D) is log canonical at P.
Suppose 7(P) € R and let Tp be the unique divisor in |—Kg| that is singular at P.

(2) If the log pair (S, D) is not log canonical at P, then we have the following.
o The log pair (S,Tp) is not log canonical at P.
e The support of D contains the support of Tp.

Proof. For part (1), the proof of [CPW13, Lemma 3.2] works verbatim even though we allow
more than two ordinary double points.

For part (2), we suppose 7(P) € R. If the divisor Tp is reduced, then the proofs of [CPW13,
Lemmas 3.4 and 3.5] verifies the statement.
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If the divisor T'p is not reduced, then Tp = 2C for some irreducible smooth curve C and 7(C)
is a line in P? that is an irreducible component of the quartic curve R. It is clear that (S, Tp) is
not log canonical at P. If C' ¢ Supp(D), then

1=C-D > multp(C)multp(D) > multp(D),

and hence (S, D) is log canonical at P by Lemma 2.1. Therefore, the support of D must contain
the support of C. O

Suppose that (S, D) is not log canonical at a singular point P of S._Let f:8 — S be the
blow up of S at P. Denote by E the f-exceptional curve and denote by D the proper transform
of the divisor D on the surface S. Then

D = f*(D) — aE ~q f*(—Ks) —al
for some positive rational number a. This gives
Kg +D+aFE = f*(Ks + D) ~q 0,

which implies that (S, D + aF) is not log canonical at some point @ on E by Remark 2.5.
Let H be a general curve in |—Kg| that passes through P. Denote by H its proper transform
on the surface S. Then H - E = 2. We have

0<H-D=H-(f(-Kg) —aFE) =2 — 2a,
which gives a < 1. Now applying Lemma 2.3 to (S,aF + D) and E, we get
2a=FE-D >multg(E-D) > 1.

Consequently, we see % < a < 1. Since a < 1, the log pair (S, D + aF) is log canonical at every
point of E other than the point @) by Remark 2.5.

Since —Kg = f*(—Kg), the linear system |-Kg— E| is a pencil. In fact, it is a base-point-free
pencil. A general curve in |-Kg— E| is a smooth rational curve that intersects E by two distinct
points. Moreover, since |—Kg — E| does not have any base points, there exists a unique curve
C € |-Kg| whose proper transform C by f passes through the point Q.

THEOREM 3.4. Let P be an ordinary double point of S and let C' be the curve in |—Kg| described
above. If the log pair (S, D) is not log canonical at P, then we have the following.

e The log pair (S,C) is not log canonical at P.

e The support of D contains the support of C'.

Proof. We suppose that Supp(D) does not contain the support of C' and then look for a
contradiction. We have three cases as below.

Case 1: the curve C is not reduced. Then C' = 2L, where L is a smooth rational curve on S such
that 7(L) is a line in P? and it is an irreducible component of the curve R.

Denote by L the proper transform of the curve L on the surface S. Then the point @ belongs
to L by the choice of C. Since L ¢ Supp(D), then

1—a=L-D >multg(D),

and hence that 1 > a + multg(D) = multg(D + aFE). Therefore, (S, D + aF) is log canonical
at @ by Lemma 2.1. This is a contradiction.
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Case 2: the curve C is reduced and irreducible. Put m = multg(D). From
2-2a=C-D>m,

we obtain n:a—f— 2a < 2. Note that m < 2 — 2a < 1 since a > %

Let g : S — S be the blow up of the surface S at the point Q. Denote by F' the g-exceptional
curve and denote by E and D the proper transforms of the divisors E and D on the surface S,
respectively. Then

Kg+D+aE + (a+m—1)F = g*(Kg + aE + D),

and (S, D +aE + (a+m —1)F) is not log canonical at some point O of the exceptional curve F.
Since a +m — 1 < 1, the inequality

multo(D) < F-D=m < 1

implies that (S, D+ (a4m —1)F) is log canonical along the divisor F' by Lemma 2.3. Therefore,
the point O must be the intersection point of F' and E.

Since multo (D) < multg(D) = m < 1, we can apply Lemma 2.7 to the log pair (S, D +aF +
(a +m — 1)F) at the point O, so that we obtain either

20 -m=D-E>22—-a—-m) or m=D-F>2(1—a).
However, both the inequalities are impossible since m + 2a < 2. This is a contradiction.

Case 3: the curve C' is reduced but reducible. The curve C' consists of two distinct smooth
irreducible and reduced curves L; and Ls. Note that —Kg-Li = —Kg - Ly = 1 and these two
curves intersect at the point P. Without loss of generality, we may assume that the curve L;
is not contained in the support of D. Then we put D = bLy + ), where b is a non-negative
rational number and 2 is an effective Q-divisor on .S whose support does not contain the curve
Ly. Denote by L1, Ly and € the proper transforms of the curves Lq, Ly and the divisor © on
the surface S, respectively. Note that Ly - E = Ly - E = 1.
The point @ cannot belong to the curve L;. Indeed, if so, then

1—a=Ly-D >multg(D),

and hence multg(D + aE) < 1. Since (S,D + aFE) is not log canonical at @Q, this is absurd.
Therefore, the point @ must belong to the curve Lo.

Recall that 7(Ly) = 7(Ls) is a line in P? that passes though the point 7(P). Since Q ¢ Ly
and Q € Lo, the intersection L N Ly consists of two distinct points, one of which is the point
P. Thus, the intersection L; N Lo consists of a single point. This point can be either a smooth
point or an ordinary double point of the surface S. In the former case, we have L; - Ly = 1 and
L? = L3 = —1. In the latter case, we have L; - Ly = % and L? = L3 = —%.

From

1—a—b(£1-ig):Q-f/1 20

we obtain a + b([:l . EQ) < 1. Therefore,

L _ L3
LQ.Q:1_a—bL§<(1—a)<1_il_2i2> =2(1—a)

and

E-Q=2a—-b<2—-b2L1-Ly+1)<2(1-0).
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Meanwhile, from

1—a—bL3=Ly-Q > multn(Q),
2a —b=E-Q > multg(Q),

we obtain 2multg(Q) < 1+a — (1 + L3)b < 1 + a. Therefore, multg(Q) < 1. This enables us to

apply Lemma 2.7 to (S,Q + aFE + bLs) at the point Q. The log pair (S,Q + aF + bLs) must be

log canonical at ). This is a contradiction.

These three cases lead to the conclusion that the support of D contain the curve C' if (S, D)
is not log canonical at P.

In Case 1, it is obvious that (5, C) is not log canonical at P. In Cases 2 and 3, if (S,C) is
log canonical at P, then we can obtain an effective anticanonical Q-divisor D, from Lemma 2.2
such that (S5, D,) is not log canonical at P and whose support does not contain the support
of C. This, however, contradicts what we have proved in Cases 2 and 3. Therefore, (S, C) is not
log canonical at P. O

3.3 Proof of Theorem 1.5(I)

Now we are ready to prove Theorem 1.5(I), i.e., if a surface S is either a del Pezzo surface
of degree 2 with only ordinary double points or a del Pezzo surface of degree 1 with du Val
singularities of types A1, Ao, Az, Dy only, then it cannot admit any (—Kg)-polar cylinder.

To this end, we suppose that the del Pezzo surface S contains a (—Kg)-polar cylinder and
then we look for a contradiction.

Since S contains a (—Kg)-polar cylinder, there is an effective anticanonical Q-divisor D such
that U = S\Supp(D) is isomorphic to an affine variety Z x Al for some smooth rational affine
curve Z. Put D = 22:1 a;D;, where each D; is an irreducible and reduced curve and each a; is
a positive rational number.

LEMMA 3.5. The components of D generate the divisor class group C1(S) of the surface S. In
particular, the number of the irreducible components of D is at least the rank of CI(S).

Proof. See [KPZ14b, Lemma 4.6]. O

The natural projection U = Z x A! — Z induces a rational map ¢ : S --» PL. Denote by
L the pencil on the surface S that induces the rational map ¢. Then either the pencil L is
base-point-free or its base locus consists of a single point.

LEMMA 3.6. The pencil L is not base-point-free.

Proof. Suppose that the pencil L is base-point-free. Then ¢ is a morphism, which implies that
there exists exactly one irreducible component of Supp(D) that does not lie in the fibers of ¢.
Moreover, this irreducible component is a section. Without loss of generality, we may assume
that this component is D,. Let L be a sufficiently general curve in £. Then

2=-Kg-L=D-L=)» aD;-L=a.D,-L,
=1

and hence a, = 2.
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By Theorem 3.1(1), the surface S cannot be of degree 1, and hence it must be of degree 2.
Then the anticanonical linear system |—Kg| is base-point-free and induces a double cover 7 :
S — P2 ramified along a reduced quartic curve R C P2. Moreover, the curve R has at most
ordinary double points. Furthermore, it follows from Lemma 3.2 that 7(D,) is a line in P? that
is an irreducible component of R. Therefore, —Kg ~ 2D,, and hence r = 1. This implies that
the rank of the divisor class group of S is one by Lemma 3.5. However, since the curve R has at
most six singular points, the surface S can attain at most six ordinary double points. Therefore,
the rank of the divisor class group of S is at least two. This is a contradiction. O

Denote the unique base point of the pencil £ by P. Resolving the base locus of the pencil £
we obtain a commutative diagram

w
7&
st lm

where f; is a composition of blow ups at smooth points over the point P and fo is a morphism
whose general fiber is a smooth rational curve. Denote by FEi,..., E, the exceptional curves of
the birational morphism fi. Then there exists exactly one curve among them that does not lie
in the fibers of the morphism fo. Without loss of generality, we may assume that this curve is
E,,. The curve E, is a section of the morphism fs.

For every D;, denote by D; its proper transform on the surface W. Every curve D; lies in a
fiber of the morphism fo.

LEMMA 3.7. Let D' be an effective anticanonical Q-divisor on S with Supp(D’) C Supp(D).
Denote by D' its proper transform on W. Then

n n
KW + .D/ = ff(KS + D,) + ZCZEl ~Q ZCzEz

i=1 i=1

for some rational numbers ci,...,c,. Moreover, we have ¢, = —2. In particular, the log pair
(S, D') is not log canonical at the point P.

Proof. The existence of rational numbers ci,...,c, is obvious. We must show that ¢, = —2.

Write D" = 37, b;D;, where each b; is a non-negative rational number. Let L be a sufficiently
general fiber of the morphism fo. Then

—Q:KW-L:KW-L+ibiDi-L:iciEi-L:cn,
=1 =1

because F,, is a section of the morphism fo, every curve D; lies in a fiber of the morphism fo
and every curve F; with i < n also lies in a fiber of the morphism fo. Hence, ¢,, = —2 and (S, D)
is not log canonical at P. O

Lemma 3.7 shows that if a del Pezzo surface S’ with at worst du Val singularities contains
a (—Kg)-polar cylinder, then the surface S’ must possess an effective anticanonical Q-divisor
B such that the log pair (S’, B) is not log canonical. Such an effective anticanonical Q-divisor
is called a tiger on the del Pezzo surface S’ (cf. [KM99]). In particular, applying Lemma 3.7
to (S, D), we see that (S, D) is not log canonical at P.
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Proof of Theorem 1.5(1).

Case 1: the surface S is of degree 1. By Theorem 3.1(2), P is not the base point of the pencil
|—Kg|. Thus, there exists a unique curve C' in the pencil |-Kg| that passes through P. If the
rank of the divisor class group of S is greater than one, then D # C by Lemma 3.5. If the rank is
one, then the open set S\C must contain a singular point. But S\Supp(D) = A! x Z is smooth.
Therefore, D # C.

Let u be the greatest rational number such that D' = (1+ pu)D — uC' is effective. Then (S, D’)
is not log canonical at P by Lemma 3.7. This contradicts Theorem 3.1(3).

Case 2: the surface S is of degree 2. We have the double cover 7 : S — P? ramified along a
reduced quartic curve R C P? given by the anticanonical linear system.

The surface S has at most six ordinary double points. If it has six ordinary double points,
then the quartic curve R consists of four distinct lines on P2. In other words, the rank of the
divisor class group of S is at least two and if it is two, then the quartic curve R consists of four
distinct lines on P2.

Note that the point 7(P) must belong to the quartic curve R by Theorem 3.3(1).

Suppose that the quartic curve R is smooth at w(P). Let Tp be the unique curve in |—Kg|
that is singular at P. Then the log pair (S,Tp) is not log canonical at P by Theorem 3.3(2).

The curve Tp consists of at most two irreducible components. Thus, if the rank of the divisor
class group of S is at least three, then D # Tp by Lemma 3.5. If the rank of the divisor class
group of S is two, then R is a union of four distinct lines. This implies that the support of Tp
is an irreducible curve. Therefore, D # Tp by Lemma 3.5.

Let p be the greatest rational number such that D' = (14u)D —uTp is effective. Then (S, D’)
is not log canonical at P by Lemma 3.7. This contradicts Theorem 3.3(2).

Thus, the point P must be a singular point of the surface S. Let f : S — S be the blow up
of the surface S at P. Then there exists a commutative diagram

where ¢t is a birational morphism. Denote by E the f-exceptional curve and denote by D the
proper transform of the divisor D on the surface S. The image of E,, by the birational morphism
t is a point on the exceptional curve E. Denote this point by Q.

Note that the log pair (S, f*(D)) is not log canonical at Q.

Let C be the unique curve in the anticanonical linear system |—Kg| whose proper transform
by the blow up f passes through the point Q).

The curve C has at most two irreducible components. If the curve C is irreducible, then
D # C by Lemma 3.5. Suppose that the curve C has two irreducible components. If the rank of
the divisor class group of S is greater than two, then D # C by Lemma 3.5. If the rank of the
divisor class group of S is two, then R is a union of four distinct lines, and hence (S, C) is log
canonical. By Theorem 3.4, (S, D) must be log canonical as well. This is a contradiction.

Let u be the greatest rational number such that D' = (1 4+ p)D — pC is effective. The log
pair (S, D’) is not log canonical at P and (S, f*(D’)) is not log canonical at Q by Lemma 3.7.
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The same curve C' is the curve in |- Kg| whose proper transform by the blow up f passes through
Q. By Theorem 3.4 the curve C' is contained in the support of D’. This is a contradiction. O

Remark 3.8. In order to prove Theorem 1.5(I), we use Theorems 3.1, 3.3 and 3.4. In fact, these
theorems show that under the condition of Theorem 1.5(I) the support of each tiger on Sy
contains the support of an effective anticanonical divisor. Furthermore, on a del Pezzo surface
Sg not listed in Theorem 1.5(I) we can always find a tiger whose support does not contain the
support of any effective anticanonical divisor. Indeed, using the effective anticanonical divisors
listed in [PW11] and the cylinders constructed in the present article, we have hunted such tigers.
Since this case-by-case hunting is a tedious job, we do not present such tigers here. We may
rephrase Theorem 1.5 as follows.

Let S be a del Pezzo surface with at most du Val singularities. It has no (—Kg)-cylinder
if and only if the support of each tiger on S contains the support of an effective anticanonical
divisor.

4. Construction of cylinders

In this section, we prove Theorem 1.5(II). For a given singular del Pezzo surface S not listed in
Theorem 1.5(I) we find an effective anticanonical Q-divisor Dg such that the complement of the
support of Dg is isomorphic to Al x Z for some smooth rational affine curve Z.

4.1 Construction for high degrees
We first construct (—Kg)-polar cylinders for singular del Pezzo surfaces of degree 3 with only
du Val singularities. Using this construction, we also obtain (—Kg)-polar cylinders for singular
del Pezzo surfaces of degrees at least 4.

THEOREM 4.1. Let S be a singular cubic surface in P? with only du Val singularities. Let P be
a singular point of S and let L,..., L, be the lines on S passing through P.
e There are positive rational numbers a1, ..., a, such that the effective Q-divisor

ar L1+ -+ a.L,

is Q-linearly equivalent to —Kg.
e [f P is an ordinary double point, for a hyperplane section L of S such that it has a cuspidal
point at P the set
S\(LULyU---UL,)

is a cylinder.
e If P is a non-ordinary double point, then the set

S\(LlU"-UL,«)

is a cylinder.
In particular, S has a (—Kg)-polar cylinder.

Proof. 1t is easy to see that there are lines L1, ..., L, passing through P and 1 < r < 6.
Let 7 : S --» P2 be the projection from P. It is a birational map and it contracts exactly the

lines Ly,...,L,. Let f: S — S be the blow up at the point P and E be its exceptional divisor.
Then the map g := wo f : S — P? is defined everywhere. Let C' be the image of E by g on
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P2, It is a conic curve. Furthermore, it contains all the points 7(L;). If P is an ordinary double
point, then C' is a smooth conic. If P is of type Ay, n > 2, then C consists of two distinct lines.
If P is of type either D,, or E,,, then C' is a (double) line.

Since the map 7 is defined by the linear system of hyperplane sections passing through P,
the pull-back of %C by 7 is an effective anticanonical Q-divisor. Moreover, we immediately see

F*(%C) =a1Li1+ -+ a.L,

for some positive rational numbers a; because the curve C passes through all the points 7(L1),
—ym(Ly).
It is easy to see

S\(LiU---UL,) =2 S\(FULU---UL,) = P*\Supp(C),

where L; is the proper transform of L; by f.

Suppose that P is a non-ordinary double point. Since the support of C' consists of at most
two lines, its complement is a cylinder.

Suppose that P is an ordinary double point. Then the conic C' is smooth. Let L be a
hyperplane section of S that has a cuspidal point at P. For a hyperplane section of .S to have a
cuspidal point, it has to be irreducible. Therefore, the hyperplane section L cannot meet L; at
a point other than P.

The proper transform of L by f is contained in the smooth locus of the surface S and it is
a smooth curve that meets the exceptional curve E tangentially at a single point. Note that it
does not meet any of the L;. Therefore, its image by g is a line tangent to the curve C. Note
that the pull-back of a line tangent to C' at a point other than m(L;) by the map = is such a
hyperplane section as L. Consequently, the set

S\(LULyU---ULy)

is a cylinder. This completes the proof. O

THEOREM 4.2. Let S be a del Pezzo surface of degree d > 4 with at worst du Val singularities.
Then it always contains a (—Kg)-polar cylinder.

Proof. Recall that we consider only del Pezzo surfaces of degrees no greater than 7 for the reason
explained right after Corollary 1.6.

Let S be the minimal resolution of S and let A be a (—1)-curve on S. Let p; : £1 — S be
the blow up of S at a general point on A and let F; be its exceptional curve. Let ps : 39 — ¥4
be the blow up of ¥; at a general point on F; and let Ey be its exceptional curve. We repeat
this procedure (d — 3) times until we get a weak del Pezzo surface Y53 of degree 3. Set p =
Pd—3 © -+ o p1 and denote the proper transforms of A and Fi,..., E; 4 by the same symbols.
Contract all the (—2)-curves on ¥;_3 to get a del Pezzo surface ¥ of degree 3 with du Val
singularities. This contraction is denoted by v : X4_3 — X.

The image of A by 1 is a singular point of X. We apply Theorem 4.1 to this singular point
to get an effective anticanonical Q-divisor D on ¥ that defines a cylinder. This divisor contains
all the lines passing through the point ¥)(A). Then

P (D) ~q —Ks, ;.
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We may write

d—3

U*(D) = aAd+> bEi+ A,

i=1
where the values a and b; are positive rational numbers and A is an effective Q-divisor on X _3
whose support contains none of the curves A and E;. Note that 1(E4_3) is a line passing through
the point ¥ (A).

The divisor aA + p(A) on S is Q-linearly equivalent to —Kg. Furthermore,

d—3
S\Supp(aA + p(A)) = X;_3\Supp (aA + Z b E; + A) =~ S\Supp(D).
i=1
Therefore, aA + p(A) defines a (—Kg)-polar cylinder on S. O

4.2 Construction for low degrees
Now we seek for an effective anticanonical Q-divisor Dg that defines a cylinder on a given singular
del Pezzo surface S of degree no greater than 2 not listed in Theorem 1.5(T). To this end, instead
of the singular surface S, we can consider its minimal resolution f : S — S. Since we only allow
du Val singularities on the surface S, the surface S is a smooth weak del Pezzo surface, i.e., a
smooth surface with nef and big anticanonical class — K g. On this smooth weak del Pezzo surface,
it is enough to find an effective anticanonical Q-divisor Dg satisfying the following conditions.
e Its support contains all the (—2)-curves on S.
e The complement of the support of Dg is isomorphic to Al x Z for some smooth rational
affine curve Z.
Then we can take the divisor Dg as f(Dg).

On the other hand, in order to find such a divisor Dg, we start with the projective plane P?

and one of the following effective anticanonical Q-divisors Dp2 on P?:

e a triple line 3L;
a1L1 + as Lo, where a1 + as = 3 and L, Ly are distinct lines;
al 4+ bC, where a4+ 2b = 3, C is an irreducible conic and L is a line tangent to the conic C;
a1L1 + as Lo + agLs, where ay + as + a3 = 3 and L1, Lo, L3z are three distinct lines meeting
at a single point.
Note that the complement P?\Supp(Dpz2) is isomorphic to A%, Al x (A!\{one point}), Al x
(AN\{one point}), Al x (AM\{two points}), respectively.

Let S be a given del Pezzo surface with du Val singularities and S be its minimal resolution.
Starting from P? with one of the divisors Dpz2 we build a sequence of blow ups h : S — P? and
a sequence of blow downs ¢ : S — S with the following properties. Let D¢ be the log pull-back
of Dp2 by h, i.e., the divisor such that

KS + DS’ = h*(sz + Dpz).

The divisor Dg satisfies the following.
(1) It is effective.

(2) Its support contains all the exceptional curves of h.

(3) Its support contains all the curves contracted by g.
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Existence of such birational morphisms h and g shows that the given surface S admits a
(—Kg)-polar cylinder since

P?\Supp(Dp2) = 5\Supp(Dg) = S\Supp(Dg) = 5\Supp(Ds),

where Dg = g(Dg) and Dg = f(Dg). The birational morphisms and the divisors described above
can be diagramed as follows.

(Sa DS)
K
h (S,Dg)
lf
(P2, Dps2) (S, Dg)

For a given del Pezzo surface of degree no greater than 2 with du Val singularities not listed
in Theorem 1.5(I), the method to construct such birational morphisms h and g is described in
Tables 1 and 2.

4.3 The table

For a given del Pezzo surface S of degree <2 with du Val singularities, in Tables 1 and 2, we
provide the divisor Dp2 and the birational morphisms h and g described in §4.2 in order to show
how to construct a (—Kg)-polar cylinder on S.

We read the tables in the following way.

In the first column the singularity types are given in normal size letters. The singularity
types in small letters in Table 1 are those for del Pezzo surfaces of degree 2. These singularity
types in small letters will be explained later.

The birational morphism h is obtained by successive blow ups with exceptional curves Eg,
..., Eg in this order. The configuration of these exceptional curves given in the third column
shows how to take these blow ups. The exceptional curves E, ..., Eg are labelled by @, ..., ),
respectively, in the third column. The configuration in the third column also shows Dp2. We
denote the proper transforms of lines from P? by L; (or L). We denote the proper transform of
an irreducible conic from P? by Q.

In the second column, the sum of the first divisor (tiger) and the second divisor (divisor
contracted), if any, is the divisor Dg. If we have the second divisor in the second column, the
birational morphism g is obtained by contracting curves drawn by dotted curves in the third
column. The second divisor in the second column is contracted by g. Indeed, each component
of the second divisor is depicted by a dotted curve in the third column. If we do not have the
second divisor in the second column, then S = S and the morphism g is the identity. The fat
curves in the third column are the curves to be (—2)-curves on S. The thin lines with dots at
one of the ends are the curves to be (—1)-curves on S. The wiggly lines are the curves to be
non-negative curves on S.

In the second column, the curves without superscripts are (—2)-curves on S. The curves
superscripted by black-circled numbers are the smooth rational curves on S with self-intersection
numbers of the negatives of the black-circled numbers.
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For a del Pezzo surface of degree 2 with a singularity type written in small letters in Table 1
the divisor Dp2 and the birational morphisms h and g can be easily obtained by contracting
one of the (—1)-curves (thin lines with dots at one of the ends) in the third column. Only for
singularity types D4, A3 and As they cannot be obtained in this way. For these three types, we
provide the divisor Dp2 and the birational morphisms A and g in Table 2, separately.

The methods are given according to the singularity types of singular del Pezzo surfaces.
Even though they show how to construct the birational morphisms h and g for a seemingly
single del Pezzo surface S of a given singularity type, they indeed demonstrate how to obtain
the birational morphisms h and g for every del Pezzo surface S of a given singularity type. Let
us explain the reason.

Let S’ be an arbitrary del Pezzo surface of a given singularity type and S’ be its minimal
resolution. The configurations of (—1)-curves and (—2)-curves on smooth weak del Pezzo surfaces
are the same if the surfaces are of the same type. If the divisor Dg in the table for the given
singularity type consists of only negative curves, then we can immediately find a Q-divisor Dg, on
the surface S” with the same configuration of the same kind of curves and the same coefficients.
This is Q-linearly equivalent to —Kg,. It is obvious that we can recover the birational morphisms
h and g, in such a way that the divisor Dg, plays the same role as Dg, by tracking back the blow
downs and blow ups along the way given in the table for the given singularity type.

Now we consider the case when the divisor Dg in the table for the given singularity type
contains a non-negative curve. If we find a Q-divisor Dg, on the surface S’ with the same
configuration of the same kind of curves and the same coefficients, then the method presented in
the table works for the surface ', as in the previous case. To find such a Q-divisor Dg,, we first
notice from the table that the divisor Dg contains at most one non-negative curve. Let F' be the
non-negative curve on S that appears in D¢ with coefficient a > 0. We have to show that such a
non-negative curve always exists on the surface S’. To do so, put Dg = Dg—aF. We can then find
a Q-divisor D%, on the surface S’ with the same configuration of the same kind of curves and the

same coefficients as D%. Next we find a composition 1 of 9—d blow downs starting from S to P2.
Let C4,...,Cy_gq be the negative curves contracted by the birational morphism . We suppose
that the first r curves C1,...,C, (possibly r = 0) intersect F' and the others do not intersect
F. We are then able to obtain the composition ¢’ of the 9 — d blow downs starting from S’ to
P2 by contracting the negative curves C7, ... , Cg_, corresponding to the curves Cy,...,Cy_gq,
respectively, since the configurations of the negative curves on S and S’ are the same. Then we
see the divisor ¥(Dg) on P2. The curve F' is not contracted by 1. Now we see that finding a
Q-divisor Dg, on S’ is equivalent to finding an irreducible curve F” of degree deg(v(F)) on P?
such that:

o w’(Dg,) + aF" and 9(Dg) have the same configuration;

e [ contains the points ¢'(C7),...,9'(C;) but not the points ¢'(C;),..., ¢ (C§_,).-

It is straightforward to find such an irreducible curve on P2,

We can immediately find the negative curves for the morphisms ¢ from the configurations
in the third column for the singularity types with Eg on del Pezzo surfaces of degree 1. For the
singularity types with A4 on del Pezzo surfaces of degree 1 we keep it in mind that there is
always one (—1)-curve that meets the two (—2)-curves that are the ends of the chain of four
(—2)-curves on S (see [Par03, Appendix]). For the singularity type A on a del Pezzo surface of
degree 2, we provide more detail in Example 4.3. This also helps us understanding how to use
the tables.
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TABLE 1. Degree 1.

Singularity type Tiger/divisor contracted (if any) Construction
Eg 2Eg + 4Eg + 6Eg + 5Eq + 4Eg + 3Eg s e s
BT +2Eq + EQ +3L 0 > o< 5

@ @ ®
E7+ Ay SEn+ Y Eg+3Eg+2Eg + 3Es + %Eg > S
Eg,Dg + Ay +%E®+%E+%Q+%L . - 0
E7 Fo+ YEg+ 3Eg +2Eg+ 3Ep + %Eg

6. Do +3Eg+ B9+ 300+ 1L

o
2p® 4 VEg + LEg + EEg + LES

E¢ + Ay 1 2 30 , 170 , 870 5
Ds + A1, As + Aa +7E®+7E+7E@+7E+7L1 +7L3
87 @®
7L2 +2Eq
12 7® |, 10 15 8 1 ;7@
B+ A, REQ+YEy+ $Eg+ $Ep + 1 Eg
® 87/0 5
Ds + Ay, Ds, Jr%Eg‘F%E@Jr%E(ng%E«F?Ll +7L3
(A5 + A1) 3@
=Ly +2Eg
- %Eg + %E@ + %E@ + %E@ + %E(g
6 170 170 , 170 | 170 , 870 | 5
Ds, (As)’ +7E®+7E+7E@+7E®+7L1 +7L3
87 @
7L2 +2Eq
3B+ 3Ep+ IEg+2Eg + 9Eg + 3E L Q
Dg 1O T 2RO T Pe @ T 156 T 2@ ® @ ®
Dg + A1, A7 +%E@+%E+%Lo+%Q @ ® ® )
3Eg+3Eg + IEg+2Eg + 3Eg + 3F,
D, 10 T 3@ T 180 @ T 276G T 270
D5 + A1, Ag +1EQ+1E® + 1L +3Q
Do+2A1 2pg 4 $Ey 4 S+ LE® + LEg + 2EO
et 341 _|_lE —i—on—i-ﬁL _|_§L _|_§L
(As + A1) 5@ T 5@ T 51T 52T 583
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TABLE 1. Continued.

Singularity type Tiger/divisor contracted (if any) Construction
Ly @
Dg + A1 2Eg + 8Eg + $Ep + LEQ + LEg + 2E9
Da + 241, (A5)", 170, 170 , 6 6 3
(As 4+ A7)’ + 5E® + gE + ng + 5L2 —'I_ ng
Ly @
8 6 170 100 1,0
+LEQ+4ES + §La+ §la + §s " -
=
Q
125 +AA3 1B+ LEg+ SEg + 1EQ + LEg + 2Eg 2 ®L ®
s+ A1 3 4@ | 3 6 @ ®
Aot s +5bo+5bg 5L 4350 s
Q
Ds + Az 1B+ iEp+ SEy + 1EQ + LEQ + LEg 2 ° o
Az + Az + Aq, @ L
2 310 3 6 ® ®
Ay + Az, Ay + Ay +SE®+5E+5L+5Q ®
By + 8Egp+ SEg + tE® + LE, + 2E® A
D5 + 2A4 sLot 5o t5Le T 5k T 5Le T 58 . Y
3 1, A4+ Ay 1 2@ 3 6 @
Az +3A1,A4 + A +5E®+5E+5L+5Q
Q
D5 + A 1Ee+ 8Eg + SEg + 1EQ + LEQ + 1EQ 2 e
(As +240)", 1 2@ 37 6 g o 0L
st AL As +5Ee +5Eg + 5L +35Q
Q
®
D; $Eo+§Ep + 5Eg + tEg + $EQ + 1 EQ o ¢
+3Eg+5Eg T L+ 8@ °

2Dy, Dy + A3, Dy + Ag, Dy + 3A1, Dy +2A1, Dy + Aq, Dy

@ Ly @
As 1Eo+Eg+ 3Ep + JEQ + 1By + Eg o @
Ao + A2 +3Ep+3EQ+ 30+ 3L, N
A7+ A 1 2 4 1@, 2 ® ®,Q
o jA 1 3Eo+3Ep+ Egp+ 3Ea + 3E + 3B @@ ® a
3TaL 4 270 1 4
(A5 + A1) +3E0 + 385 +3L+3Q o .
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TABLE 1. Continued.

Singularity type

Tiger/divisor contracted (if any)

Construction

(A7)

2A3, (As + A1)

4 170 2
3Eo+ 3Ee + Eg + 5E0 + 3B + 5Ep
+3Ep+3EQ+ 1104 4Q

L

A 7 7 19 7@ | 5 ® Q
it A _|_§E +§E +1Eo+lLo+H e
(As + A1) 670 T 17O T g 6 12 ® ®
Ag+ A 5 E® 1+ 5 Fo+ 2Eg + 2Eq + LE®
6 1 270 T 1270 T ee T 1@ T 153
N + 13 Ee + §Fe + 359 + 5L + 10
Ag+ A

5 7@ 5 5 5 1 7@
Ag nEy t 2le + ke + 1Ee + 1E5

Az + Az, Aq + Ay

7 7 1 @ 1 17

As + Ar + Ay

3A2, A3 + 3A1

2 4 67® | 1 2@ | 3
+SEQ + 1Eg + 2Eg + 2EQ

7 81 @

st + 513

o_ @ @ ® .
) ®
@ Ly Lo

2 4 6r® 1,70 1,0 3

As 4+ Ay 670 , 1 2 3 @

3A5, As + 3A; + 5E® + 5E@ + EE@ + 5E %;:‘ ®
11, + 319 R .
51T 52
2F0 + 2Eg + SE® + LEg + 2E® 4 2E ® o
5O T 5@ T 583 T 5@ T 5 T 5O @ ®

As +2A4

2A2 + A1, Ag + 3Aq,

(A3 +2A1)"

(4] 1 2 1@ 1 @

+gE®+5E+5E@+5E
8@
%Ll‘i‘ELQ

(As + Ay)

(Az +2A1)",2A,

2 4 6 7® 1 2 7@ 3
670 | 170 | 170 , 1,0
+2EQ + 3 Eg + s Eg + s Eg
Ty +3L9
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TABLE 1. Continued.

Singularity type Tiger/divisor contracted (if any) Construction
2 4 6r®_ 170 1,0 3
> ! 6E9 1E 2Eo lEo ®/@\\ @/
(As + A1), 5L tsLetsLlg 5 o t— "
2 | Ly | ool Lo
2A5 + A %Ll + %Lzo
\ 2Ep+ 4By + SEQ + LEQ + LEQ + 2 % ?_o
5 670 1@ | 1,0 | 1,0 a -
(Ag + A1), 2A2 + 5E@ + BE + 5E@ + 5E® N g o —g
7 87 @ Ly | L
sla+ 5L,

1970 | 1,70 , 11 11 11 7@

M + o + 1B + Ep + 1Bo + 5ES
190 , 9 7 19 7@® | 41
190 | 1,0 | 11 11 11 @

Ayt As s0l0 T 68 + 50fe + 5L + 10k e

LE® L LEs + LBy + 2 Ep + 2E2 o

Az + Az + Al + 1989 t 10 50 T 0@ T EED ® o o

2A5 + Ay 7 4 4 .
I IS TR A R R
19,70 , 1.0 , 11 11 11 @ ® ) <2

Ay +Ar+ Ay lp 4 lp . 3p® 1p | 150

Ao 4 3AL 240 4 Ay +10to t 580 t 1 @+10 @15 (@) B SHVG’?
197 , 9 7 19 7@ | 41 T ?
Lg + 0Ee + 6Ea + 3011 + 5512 L R \®
1970 , 10 | 11 11 11 7@ ® &

N w0l ke T wle t 5Ee + vl L A7

4 2 1r®_ 170 1 1 3 0 ——o

2A2 + Ay, Ag +2A4 + IOE@ + 10E® * 10E® * 5E® + 10E® ® ®:7® @
19 ® 9 7 4970 | 41 Lt )
1970 , 1@ | 11 11 11 @ ® &

A N 2A %E(D + EE@ + EE(@ + ﬁE@ + WE @y ,,,,,, 3 /)\@

4 1 1 @ 1 1 @ 1 1 7@ : —l

mrananizn 0P T0F0 T sEg T ke T5EG S
190 , 9 7 1970 | 41 N @
5Ee + ket ske + Lt + 5le Bl o =2
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TABLE 1. Continued.

Singularity type Tiger/divisor contracted (if any) Construction
1970 , 10 , 11 11 11 70 ® @
A+ A %E(D + 6E® + %E@ + ﬁE@ + TOE ®y 777777 7 /)\@
4 1 1 @ 1 @ 1 @ 1 1 7@ : P
Ag +2A1, Ag + A +T0E@+EE®+TOE®+EE®+3E® ® ®::g
2 1,402 1 -—\@
7 4
BES + fiEo + §Eo + HLP + L2 SO I
19,0 | 1,70 , 11 11 11 70 @ @
A EE@ + 6E® + %E@ + ﬁE@ + TOE @y 777777 ] /)\@
4 1 @ 1 @ 1 @ 1 @ 1 @ —l
19 9 7 497@ | 41 e )
ﬁEg + 350 + sEa + 30L1 + 35L2 Ll@ [ B

2A3 +2A1,2A5+ A4, (2A3)/, (2A3)”, As+ As +2A4,
As+ Ay + A1, Az + Ag, Az +4A 1, As + 3A1, (As +2A,),
(A3 +2A1)", Az + A1, A3, 4A5,3A0 + Aq, 3Ao,

2A0 +2A1,2A0 + A1,2A5, Ay +4A1, As + 3Aq,

Ao +2A1, Ay + A1, Ay, 6A1,5A4, (4A1), (4A1)”,

No cylinder

3A1,2A1, A4
TABLE 2. Degree 2.
Singularity type Tiger/divisor contracted (if any) Construction
Lo @ L3
4 170 170, 1,0 11,0 Ly
+4EQ+ 401+ 3o+ 19 NE
170, 170 1,0 1,0 3 3

6A1, 5A1, (4A1)/, (4A1)H, (3A1),, (3A1)”, 2A1, A1 No cylinder
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Ezample 4.3. We explain how to construct a cylinder on a del Pezzo surface of degree 2 with
singularity type As.

On the projective plane P2, take Dp2 = ELl + ng, where Ly and Lo are distinct two lines. As
shown in the third column for Ay (d = 2), we take ten blow ups following the depicted instruction.
Let h : S — P? be the composition of these ten blow ups. As explained at the beginning of the
section, Eq (respectively Eg), ..., Eg) is the proper transform of the exceptional divisor of the
first (respectively second, ... , tenth) blow up on the surface S. We then obtain

Kg+Dg = h*(Kp2 + Dp2) ~q 0,
where

3 1 1 1 1 1 1 1 5
Dg = (1Ep + 1E@ + 1Ee + 1Ee + 1E0 + 1Ee + 1Ee + 10 + 112)
+ (gE@) + %E@ + £L1).

Here, the proper transforms of L; and Lo by h are denoted by the same notation. The Q-divisor
Dy is obtained by the sum of two Q-divisors in the second column of the table. On the surface S,
the curve Ly is a (—5)-curve, the curve Eg is a (—3)-curve, the curves Eg, Eg are (—2)-curves
and the other eight curves in the second column of the table are (—1)-curves.

Starting from the (—1)-curve L;, we can contract Eg and Eg in turn to the smooth weak
del Pezzo surface S corresponding to a del Pezzo surface S of degree 2 with singularity type As.
Denote the composition of these three blow downs by g : $ — S. Put

Dg=g(3Ep+ 1Ea+ 1Ee + 1Ee + 1Eo + 1Ee + 1Eo + 1 Fo + §L2).

This is an effective anticanonical Q-divisor on the surface S.

Note that the curves g(Eg) and g(Lg) are the only (—2)-curves on the surface S and they
intersect each other in the form of Ag. Contracting these two (—2)-curves, we obtain a birational
morphism f : S — S, where S is a del Pezzo surface of degree 2 with one singular point of type
As. Put

Ds = fog(1Ea + 1Ep + 1Ep + 1Ep + 1Ep + 1Eo + 1 Eg)-
This is an effective anticanonical Q-divisor on the surface S such that
S\Supp(Ds) = P*\Supp(Dpz) = Al x (A'\{one point}).

Now we consider an arbitrary del Pezzo surface S’ of degree 2 with one singular point of type
As. Let f': 8/ — S’ be the minimal resolution of the surface S’. The surface S’ is a smooth weak
del Pezzo surface of degree 2. Since it has the same configuration of negative curves as that of
the weak del Pezzo surface S, we have the negative curves EL, Eg, By By, - - ,E@, L), on the

surface b:” corresponding to g(Ew), 9(Ee), 9(Eg), 9(Eg), - - -, 9(Eg), 9(L2), respectively, on the
surface S. In order to construct a (—Kg)-polar cylinder on the surface §” , it is enough to show
that we can obtain the same kind irreducible curve Eég on the surface S’ as the 0-curve g(Eg)

on the surface S.
Let ¢’ : 8" — Ty be the birational morphism obtained by contracting the six (—1)-curves
Eé@, Eé@, ~Eé, E7 Eé@, E to the Hirzeburch surface with (—2)-curve section. Instead of P2

we map S’ to Fy because this gives simpler explanation. However, its principle is the same.
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The image ¢'(E) is the negative section of F2. The image ¢’(L3) is irreducible and not contained
in a fiber of F3 — P!. The curve v'(L}) intersects the section 1 (Eg) at a single point.

We have the fiber of Fo — P! passing though the intersection point of ¢'(L}) and ¢ (E)-
The proper transform of this fiber by 1’ will play the role of EéD To be precise, denote the proper
transform of the fiber by EéD Then we put

Dg = {Ep+ 1Ep + 1Bp + 1Bp + 1Fp + 1Ee + 1Ee + 1o + L2
This is an effective anticanonical Q-divisor on the surface S’. We put
Dg = f'(;Eq + 1E5 + 1Eg + 1Ep + 1Eg + 1Eg + 1Eg)-
This is an effective anticanonical Q-divisor on the surface S’ and we have
S"\Supp(Dg) = S'\Supp(Dg,) >~ A x (AM\{one point}).
Therefore, S” has a (—Kg/)-polar cylinder.

Remark 4.4. In fact, we have some freedom for the coefficients in the divisors Dg. We have fixed
their coefficients simply to have better exposition in the table. For instance, let us reconsider
Example 4.3. We here consider

Dp2 = (2—¢€)L1+(1+¢€)Lo
instead of %Ll + %Lg. The proper transform of the divisor Dp2 by the birational morphism h is

DS = ((1 — 6)E® + (1 — 36)E@ + GE@ + EE@ + €E® + 6E + EE@ + GE + (1 + E)Lg)
+((2—2€)Eg + (2—3€)Eg + (2 —€)Ly).

For the divisor Dg to be effective and to contain the exceptional divisors of the birational
morphisms h and g, it is enough to take a rational number € such that 0 < € < % In Example 4.3,
we have simply chosen € = i. In almost all the other singularity types of the table, we may
manipulate the coefficients in the divisors Dg in the same way.
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