
A N A L Y T I C - N U M E R I C A L S O L U T I O N S O F R E S T R I C T E D 

N O N - R E S O N A N C E P L A N A R T H R E E - B O D Y P R O B L E M 

Y. A. RYABOV 
Moscow Automobile & Highway Engineering University 

Leningradsky pr.64t Moscow, 125829, Russia 

We consider a restricted planar circular three-body problem (Sun-Ju-
piter-asteroid) in a non-resonance case. There are two new algorithms de-
veloped for construction of a quasi-periodic solution in a trigonometric form 
by means of computer algebra. The first corresponds to classical method of 
simple iterations leading to series in powers of small mass toj, the second, to 
iterations with rapid (quadratic) convergence, but having ordinary type and 
not involving a successive coordinate transformations. All these iterations 
require a realization of algebraic operations on trigonometric polynomials 
with the help of computers of high capacity. It would be interesting to com-
pare the solutions obtained with the two algorithms and to estimate the 
domain of their practical convergence. 

1. Let us consider the following equations of the given problem 

where θ is the longitude of asteroid, ρ is the orbital parameter, e is the ec-
centricity, G is the true anomaly, L is the difference between θ and Jupiter's 
longitude. Φι, Φ2 are uneven and Fi, F2 even functions of angular variables 
G, L. Units of mass and time are defined such that k2 = 1 (gravitational 
constant), ms + mj — 1, mj = μ and Jupiter's semimajor axis and mean 
motion are aj = 1 and nj = 1. These equations and the expressions of their 
right-hand sides are well known. In particular, Φχ = 2p 3 [ ( l + e c o s G ) - 3 — 
A ~ 3 / 2 ] s i n Z , where A = p2 + (1 + e c o s G ) 2 - 2p(l + e c o s G ) c o s i . Intro-
ducing vectors χ = (p , e ) , y = ( G , i ) , Φ = (μΦχ,μΦ 2 ) , i f y / F i , ^ ) we 
will seek the solution of system (1) in the form: 

z = z o + Σ tf*cos(fc,V0, ν = Ψ+ Σ Vksm(k>il>)> (2) 

dp/άθ = μΦι (ρ , 6 ,Ε? ,Ζ) , 

del dB — μ Φ 2 ( ρ , β , β , £ ) , 

dG/dO = l ^ F i ( p , e , G , £ ) , 

d i / d 0 = l - F 2 ( p , e , G , I ) , (1) 

Ν Ν 

11*11=1 ΙΙ*ΙΙ=ι 

289 

S. Ferraz-Mello et al. (eds.), Dynamics, Ephemerides and Astrometry of the Solar System, 289-292. 
© 1996IAU. Printed in the Netherlands. 

https://doi.org/10.1017/S0074180900127548 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900127548


290 Y. A. RYABOV 

where φ = (^ι , ^2)5 Φ3 — Uj6 + φ^ΐ = 1,2, k = (&i ,&2) 1 S a vector 
with integer components fci,/^. xo = (Ρο,^ο) and α; = (ωχ,a^) are vec-
tors of the mean values p , e and frequencies ωχ,α^, respectively; \\k\\ = 

|&i| + | ^ 2 | ? ( & > Φ ) = fci^i + & 2 ^ 2 , ( ^ > Ω ) = ^ 1 ^ 1 + ^ 2 ^ 2 and the number 
iV is a given maximal (sufficiently high) order of harmonics. Coefficients 
Uk, Vk (two-dimensional vectors) and u>i,u>2 a r e unknown; ρο,βο are also 
unknown, but we fix their numerical values; vector φο = (^io? Φ20) is left 
arbitrary. We will obtain the solution (2) with numerical coefficients (i.e. 
with numerical components of vectors Uk,Vk,u) and we also fix the value 
of mass μ. Substituting (2) into (1) we obtain the corresponding relations 
and our main equations in Vfc,u; follows: 

u = l-F0(U,V), -(k,u>)Uk = *k(U,V), (k,u)Vk = -Fk(U,V), (3) 

where 1 < \\k\\ < Ν and FoFk, $ k are coefficients of Fourier expansions: 

F(x, y) = F0(U, ν) + Σ h(U, V) cos(fc, φ). (4) 

Î7, V denote vectors whose components are all Uk,Vk respectively. Coeffi-
cients $k<>Fk are theoretically certain expressions in different coefficients 
U k , V k . 

2. It is essential that we can solve equations (3) by iterations in absence 
of analytical expressions for $&({/, V), Fk(U, V). 

The zero-approximation (corresponds to known formulae of unperturb-

ed motion): x° = (ρο ,^ο) , y° = ( G ° , X ° ) , where 
Ν 

Ο0 = ω°θ + φ10, Z ° = u°0 + ^ 2 o + £ ^ c o s ( j G % ( 5 ) 

ω% = 1 and u^jSj0 are known expressions in ρο,εο', hence, U° = 0 , V ° = 

(0, Sj). If numbers po> eo are given, then we obtain corresponding numbers 

OJ%,SJ. We assume that there is no acute resonance between frequencies 

The first approximation 

ω* 1 ) = 1 - F0(U°, V ° ) , = + Φο, 

It is possible to compute components of vectors Φ*(ί/ 0 , V°),Fk(U°, V°) in 
the following way. For example, quantities $ik(U°V°) are Fourier coeffi-
cients of the function 

https://doi.org/10.1017/S0074180900127548 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900127548


ANALYTIC-NUMERICAL SOLUTIONS 291 

*i(x°,y°) = 2pl [(1 + eocosG 0 )" 3 - ( A ) ) " 3 / 2 ] , 

where A0 = p g + ( l + e 0 cos G0)2-2p0(l+e0 cos G°) cos L°, G° = ψ% and L° 
is represented by (5) . The algebraic manipulations of Fourier polynomials 
done with the help of computer algebra lead us to the expansion of form (4) 
with coefficients Φ ^ . Similarly, we obtain other components of mentioned 

vectors. Afterwards, we calculate and obtain x(l\yM in 
form (2) with numerical coefficients. 

We can use for construction of subsequent approximations a)simple it-
erations and b)iterations with quadratic convergence. 

Simple iterations u;(2) = 1 - F 0 ( ^ ( 1 ) , W), 

The calculations of Fk(U^\ V^)99k(U^\ W) are reduced to obtaining 
Fourier expansions of functions F(x^\y^),Φ(χ^\y^), where x^\y^ 
are known expansions of form (2) with numerical coefficients. Subsequent 
approximations are defined similarly. 

Iterations with quadratic convergence 
In accordance with Newton's method we put in (3) 

and form linearized algebraic equations in ^ x \ u ^ \ v ^ (corrections to the 
first approximation) introducing vectors u = {uk},v = { t ; * } , whose com-
ponents are sets of all Uk^Vk correspondingly with 1 < ||fc|| < N. These 
equations are the following 

+ (*,a;(1))41) + (d$k/du)i + (d^k/dv)^ = A#jJ) 

+ (*^^ = AFP 
+ (dF0/du)i + (dF0/dv)i vW = A F 0

( 1 ) 

where 1 < \\k\\ < Ν,Δφφ = i g - φ£] etc. and = Φ*(# ϋ ) , VU)) etc. 

The derivative (d&k/dU) = d$k/dU\ . ~ , N is the block matrix 

[C /1,/2] with C /1, /2 being 2 x 2 - matrices (d$k/dUnj2)i* 
According to the expansion of Φ(χ( 1 ) , ϊ / ( 1 )) we have 

Ν 

Φ ( χ ( ι ) 9 Ϊ / ( ι ) ) = £ (̂irW^WjeinC*,̂ ), 
IWI=i 
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and for fixed vector / = (Zl , /2) 

09k sin(fc,^). 

Hence, (d&k/dUn^^ for different vectors k are Fourier matrix-coefficients 

for the function Φ* = (d9/dx)icos(l^). 

We obtain Fourier expansion for this function by means of manipu-
lations considered above. Others derivatives are calculated similarly. Cer-
tainly, these calculations are very cumbersome, but they are feasible by 
using computers of sufficient capacity. 

Having calculated u^x\u^\v^\ we obtain the second approximation 

for Uk, Vk,u> and the second approximation for x,y in form (2) . 

Algebraic equations for the corrections are formed in the 
similar way. The left-hand sides of these equations differ from the left-hand 
sides of equations in v^\v^ only in their super- or subscripts: (2) 
instead (1); on the right-hand sides we obtain the following functions: 

h(uw,v(2)) - Fk(uM,vW) - (dPk/dU))i«ω - (dFk/dv))ivW. 

We obtain, after calculation of ' ,v\ the third approximation, etc. 
The computations are ended when differences between two adjacent approx-
imations for ω and for all Vk are less, in norm, than a given quantity 6. 

These iterations possess quadratic type of convergence in relation to small 
mass μ if we leave out of account possible small divisors (Λ ,ω^ ' ) ) . Taking 
into consideration results of KAM-theory we could hope that quadratic 
convergence will compensate above mentioned small divisors in absence of 
an acute resonance between ω^,ω®-

Certainly, it arises the question about practical effectiveness of pro-
posed algorithms in the course of immediate computations. If results are 
positive, the algorithm may be complicated for the purpose of considering 
3-dimensional three-body problem and also to leave arbitrary some quan-
tities as, for example, the mass μ. 
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