Canad. Math. Bull. Vol. 64 (4), 2023, pp. 1296-1312
http://dx.doi.org/10.4153/S0008439523000371

© The Author(s), 2023. Published by Cambridge University Press on behalf of
The Canadian Mathematical Society

Examples of exponential bases on union
of intervals

Oleg Asipchuk and Vladyslav Drezels

Abstract. In this paper, we construct explicit exponential bases of unions of segments of total measure
one. Our construction applies to finite or infinite unions of segments, with some conditions on the
gaps between them. We also construct exponential bases on finite or infinite unions of cubes in R?
and prove a stability result for unions of segments that generalize Kadec’s i-theorem.

1 Introduction

The main purpose of this paper is to construct explicit exponential bases on finite or
infinite unions of intervals of the real line. We assume that our intervals have total
measure one, until otherwise specified.

We recall that an exponential basis on a domain D c R is an unconditional
Schiuder basis for L?(D) in the form of {e?*"*»*} . with A,, € R?. An important
example of exponential basis is the Fourier basis € = {e*""*} .z for L*(0,1).

Non-orthonormal exponential bases on intervals of the real line are well studied
and well understood in the context of nonharmonic Fourier series (see [13, 14, 18, 20]
just to cite a few). Proving the existence of an exponential basis is in general a difficult
problem, and constructing explicit bases can be even more difficult.

In [14], the author proved the existence of bases on finite unions of intervals under
some conditions on the lengths of the intervals. It is proved in [11] that exponential
bases on any finite union of intervals exist, but the construction of such bases is
not explicit. It is not clear whether exponential bases on arbitrary infinite unions of
intervals exist or not.

In [4], the author proves necessary and sufficient conditions for which sets in
the form of {e?("+3)x} j<N are exponential bases on unions of N intervals of
a unit length separated by integer gaps and gave an explicit expression for the frame
constants of these bases. Such a result can be used to construct explicit exponential
bases on intervals with rational endpoints. However, the conditions involve evaluating
the eigenvalues of N x N matrices, which can be a difficult task. Some of the results
in [4] appear also in other papers, for example, in [10].
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In [12], it is proved that if D is the union of two disjoint intervals of total length 1,
then D has an orthonormal basis of exponentials if and only if it tiles R by translations.
Recall that a measurable set D tiles RY by translation if we can fill the space with
translated copies of D without overlaps. Results for unions of three intervals that tile
the real line are in [3].

In many applications, such as aircraft instrument communications, air traffic
control simulation, or telemetry [7], one can consider the possibility of obtaining
sampling expansion which involved sample values of a function and its derivatives.
That translated into finding bases of the form of {x¥e?"™*} ; with ke Nu {0}.
See [21].

It is worth mentioning the recent [19], where the authors partition the interval
[0,1] into intervals I, ..., I,, and the set Z into A, ..., A, such that the complex
exponential functions with frequencies in Ay form a Riesz basis for L?(I).

The existence of orthonormal bases on a domain of R is a difficult problem related
to the tiling properties of the domain. It has been recently proved in [15] that convex

sets tile R by translations if and only if they have an exponential basis. In [6], it is
proved that the set & = {e2™*}, 4 is an exponential basis on a domain D c R? of
measure 1 if and only if D tiles R. Furthermore, € is orthonormal for L?(D).

The aforementioned results in [6] are related to Theorem 1 in [9], where it is
proved that if a set {e>"***},., is an orthonormal basis on a domain D c R, then
A is periodic, i.e., A = T + A for some T € N.

1.1  Our results

Before we introduce our results, we need some more notations. By m e Nu {co}, we
mean that m is either a natural number or it is infinity. We let I = [0,1). Given 0 =
a9 < a; <+ < apyoy < <1beasequence for m e Nu{oo}, weletI; = [aj,aji1), s0

thatI = UI]
Given 0 =bg < by <+ < by_y <, welet
(11) ]:U]j, with ]j:[aj+bj,aj+1+bj).
j
We can also write
ai_1+a; a;—aj_
. j-1T 4] i 41
(12) ]:U[cj—yj,cj+yj) with ¢j = —— +b;, vi=——5
j
Note that 3 ; y; = 1. So, on graph, we have
0 a a; + by aj + by Am-1 + b1 Am + by
ik | } | } |
Jo Ii Jm—1
0 a az Am-1 ™
I f t t t i
Iy I, In-
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Let {x} be the decimal part of a real number x, let | x| (the floor function) be the
largest integer, that is, < x, and let [ x| (the ceiling function) be the smallest integer, that
is, > x. If E c R, we define the distance function for x € R and E c R as dist(E, x) :=
minyep{|y — x|} or dist(E, F) := min g xer{|y — x|}

Next, we introduce the sequence §},. Let 8 > 0 be fixed; for every n € Z, we let

o e
' ! %—n, if {Bn} < 1.

We can see at once that

o) = %min{{[)’n},l— {fn}} = fﬁ"dist(Z,ﬂn),

where
- {1, if {Bn} > 1L,
oL if{Bn} < i
Let
(14) B = {2y

where the §;; are defined as in (1.3). Our main results are the following.

Theorem 1.1  Let ] be as in (1.1). If there exists 5 > 1 such that % € Z for all k, then the
set B* defined in (1.4) is an exponential basis for L*(J).

Theorem 1.2  Let ] and 3 be as in Theorem 1.1. Let m € N, and let A = {n + &)} , where
0* isasin (1.3). If% € Zforallk =1,...,m -1, then the set E(+ Z\A) is an exponential

basis for L*([0, A]\]), where
A [1+bm_11ﬁ'

B

We will prove in Lemma 3.1 that B* is also a basis in L*(0, 1); our proof of Theorem
1.1 shows that B* has the same frame constants in L?(J) and L*(0,1).

In our Theorem 1.1, the gaps by are integer multiples of 8 and so the set J is
unbounded when m = co. To the best of our knowledge, there are very few examples
of exponential bases on unbounded sets in the literature. The existence of exponential
frames on unbounded sets of finite measure has been recently proved in [16].

We also observe that in Theorem 1.2, we cannot consider m = co because |
is unbounded, and in the proof, we need to consider a finite interval [0, A] that
contains J.

Our paper is organized as follows: in Section 2, we recall some preliminaries and we
prove some important lemmas. In Section 3, we prove our main results. In Section 4,
we prove the result for unions of cubes in R¢ and a stability result.
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2 Preliminaries

We have used the excellent textbooks [8, 24] for the definitions and some of the results
presented in this section.

Let H be a separable Hilbert space with inner product {, ) and norm || || =
V(). We will mostly work with L?(D), where D c R?. So, the norm will be ||f|[3 =
[ |f(x)[*dx. We denote the characteristic function on D by yp.

A sequence of vectors V = {v;} jz in H is a Riesz basis if there exist constants A, B >
0 such that, for any w € H and for all finite sequences {a;};; c C, the following
inequalities hold:

2
1) AZ\aszHZajij <BY |a;,
jeJ jeJ jeJ
(2.2) AllwlP* <37 [{w,vi)* < BllwlP*.
=

The constants A and B are called frame constants of the basis. The left inequality in
(2.1) implies that 'V is linearly independent, and the left inequality in (2.2) implies that
V is complete. If the condition (2.1) holds, we call V a Riesz sequence. We call V a
frame if the condition (2.2) holds. If the condition (2.2) holds and A = B, then we call
V a tight frame. If A = B = 1, then we have a Parseval frame. The following lemma is
well known, but for the reader’s convenience, we will prove it.

Lemma2.1 Ifasequence of vectorsV = {v;} jez is a frame with upper constant B, then
the right inequality in (2.1) holds, i.e., for all finite sequences {a;} jj c C,

2
| Sap| <BX lajP.
jeJ jeJ
Proof 'V isa frame, so for all finite sequences {a;} j; c C, there is f € H such that
f =X ajvj- So,
AP = (3 avi f) = 3 ajlvi. f)

Jjel Jel
< Xl [3 N AR <[5 1aiPVBIIf]-
jeJ jeJ jeI

Therefore,

H Z“ﬂ’jH < [YlajPVB.
jeJ

Jjel |

One more lemma that makes a connection between frames and bases is the
following.

Lemma 2.2 IfE(A) is basis for L*(D) and D’ c D, then E(A) is a frame for L*(D")
with at least the same frame constants. In particular, if E(A) is an orthogonal basis for
L*(D), then it is a tight frame for L*(D").
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Proof Let E(A) is a basis for L(D), then for all w € L?(D),
Allwl* < 37 {w, v;)I* < Bllwl.
j=1

Also, for any f e L*(D’), there is w € L*(D) such that f = wyps. So, the frame
inequalities hold for any f € L*(D’). Therefore, E(A) is a frame for L*(D’) with at
least the same frame constants. ]

An important characterization of Riesz bases is that they are bounded and uncon-
ditional Schauder bases. See, e.g., [8].

Let € R and p > 0; we denote by d,D = {px : x e D}andbyt;D={x +7V : x €
D} the dilation and translation of D. Sometimes, we will write ¥ + D instead of ;D
when there is no risk of confusion.

The following lemma can easily be proved with a change of variables in (2.1) and
(2.2).

Lemma 2.3 Let v eRY and p > 0. The set V = {e2™M)}, ; is a Riesz basis for

L*(D) with constants A and B if and only if the set {ezm(x’ o)

for L*(t;(d, D)) with constants Ap and Bp*.

Ynez, is a Riesz basis

2.1 Paley-Wiener and Kadec stability theorem

Bases in Banach spaces are stable, in the sense that small perturbations of a basis still
produce bases.

One of the fundamental stability criteria, and historically the first, is due to Paley
and Wiener in [17].

Theorem 2.4 (Paley-Wiener theorem)  Let {x, }yeny and {y } nen be sequences in a
Banach space X. Let A be a real number (0 < A < 1) such that

> anxy
n

holds for any arbitrary finite set of scalars {a, } c C. Then, if {x, } is a basis, sois {y, }.
Moreover, if {x, } has Riesz constants A and B, then

A=A [anP < |3 anya]? < 0+ H)BY fanl

<A

Zan(xn _)’n)

We will use the following important observation: if B = {x, } sen is @ bounded and
unconditional basis in a Banach space (X, || ||), and || ||+ is a norm equivalent to || ||,
then B is also a bounded and unconditional basis in (X, || ||+ ). Note that two norms
|l ||+ and || || are equivalent if there are two constants ¢ and C such that for all elements
of the space, c||x||. < ||x]| < C||x]|+.

Let a set { f, }nen be a Riesz basis for L*(D) with norm || ||, if || ||+ is equivalent
to || |12, then { f,, } nen is a bounded and unconditional basis of (L*(D), || ||+). So, if a
sequence { g, } nen © L*(D) satisfies the conditions of the Paley-Wiener theorem with
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respect to the norm || ||+, i.e.,

<A

chfn

n

ch(fn ~&n)

* *

with 0 < A < 1, then {g, } sex is a bounded and unconditional basis of (L*(D), || ||+)
and hence also of (L*(D), || ||). Thus, {gy } ser is a Riesz basis in (L?(D), || ||). This
observation proves the following lemma, which will be useful later on.

Lemma 2.5 LetmeN and D=U%,D;c R? where D;j N Dy = @. Let {gn}ne n be

a Riesz basis for L*(D). Let {h, }nez, ¢ L*(D) be such that for every finite sequence
{a,} €C,

Zan(gn - hn)

n

> angn

n

sup

< asup
j<m j

L2(Dj) J

L*(Dj)

Then, the set {h, } ez, is a Riesz basis for L*(D).

The celebrated Kadec stability theorem (also called Kadec’s i—theorem) gives an
optimal measure of how the standard orthonormal basis € = {e?""*}, .7 on the unit
interval [0, 1] can be perturbed to still obtain an exponential basis.

Theorem 2.6 Let A = {A, } ez be a sequence in R for which
1
|An - T’l| <L< Z

whenever n € Z. Then, E(A) = {eZ”M""}MA is an exponential basis for L*(0,1) with
frame constants A = cos(nL) — sin(nL) and B = 2 — cos(nL) + sin(rL). The constant
1 cannot be replaced by any larger constant.

The theorem is proved using the Paley—~Wiener theorem and a clever Fourier series
expansion of the function 1 - e?"**, The quantity
(2.3) D(L) =1-cos(nL) + sin(nL)

plays an important part in the proof of the theorem, as well as in other generalizations.
So, we can rewrite the frame constants of E(A) as

A=1-D(L) = cos(nL) —sin(nL),
B=1+D(L) =2-cos(nL) +sin(nL).

Kadec’s theorem has been generalized to prove the stability of general exponential
frames. See Theorem 1in [2].
An important generalization of Kadec’s theorem is due to Avdonin [1].

Theorem 2.7 (Special version of Avdonin’s theorem) Let A, = n+ 8, and suppose
{An}nez is separated, i.e., inf .k Ay — Ag| > 0. If there exist a positive integer N and a
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positive real number ¢ < % such that
(m+1)N

2, O

n=mN+1

(2.4) <eN

for all integers m, then the system {e*™*"} 7 is a Riesz basis for L*([0,1]).

This special version of Avdonin’s theorem can be found in [20]. The condition (2.4)
is hard to prove in the case when the sequence is not periodic. But, in our case, the
following lemma will help.

Lemma 2.8 When g is Riemann integrable in [0,1], and periodic of period 1, and
is irrational, then

lim > g(nf) = [ ' g(x)dx.

This lemma is Corollary 2.3 on page 110 in [22].

2.2 Bases on disconnected domains

Let E(A) be an exponential basis on a domain D c R?. If D is partitioned into disjoint
sets Dy,...,D,,, ..., which are then translated with translations 7, ... 7., ... in such
a way that the translated pieces do not intersect, then in general E(A) is not a basis on
the “broken domain” D= Dy +1;U--UD,, + 7, U---. The following lemma shows
how a basis E(A) for L?(D) can be transformed into a basis for L>(D).

Lemma 2.9 Let D c R be measurable, with |D| < oo; let for m e N u {0}, we have
D = U}, Dj, with|Dj| > 0 foralljand k Dy n D; = @ when k # j. Let 7; be translations
suchthat 1j(D;) N 1x(Dy) = @ whenk # j. Let D = UL 7i(D)j)- If B = {yn(x) }nen ©
L*(D) is a Riesz basis for L*(D), then

B = { Z XTj(Dj)w”(T;IX)}
neN

=

is a Riesz basis for L*(D) with the same frame constants.

Proof ~ With some abuse of notation, we will let 7;(x) = x + 7; and 7;(D;) = D’.
Thus, D = U;”:l D}.

Define the operator T : L>(D) — L*(D) by T'(f)(x) = Xp-, f(x — 7&) xp, - This
is a linear transformation. We can also check that T is invertible, and its inverse is
the operator T~ : L*(D) - L*(D) defined as T~'(f)(x) = XjL; f(x + &) xp; - Let
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us show that T (and also T™") are isometry. Indeed, for every f € L*(D),
2 m ) m
1T o) = LNT Doy =2 [ 1= m)Px
k=1 k=1 Ktk

=2 Jo P =1l

where the third equality comes from a change of variables in the integrals. An
invertible isometry maps bases into bases, and the frame constants are the same. Since
B = T(B), we have proved that B is a basis for L>(D). [

Remark 2.10  Let {1, }nez ¢ RY, {by}} c RY, with m e Nu {co}, and D and D,
as in Lemma 2.9. Also, let w, = X7 ez”ibk’\")(bk. The set {e2™**}, 7 is a Riesz
basis for L2(D) if and only if the set {w,e?"*"}, ; is a Riesz basis for L?(D).
Moreover, those two bases have the same Riesz constants. We can also see that the
set {w, "M} is a Riesz basis for L>(D) if and only if the set {e?"*}}, 7 is a
Riesz basis for L2(D). Moreover, those two bases have the same Riesz constants.

If we replace D by ], when
]:U]j’ with ]j:[aj+bj,aj+1+bj),

with J; = [a; + bj, aj.1 + bj), as in (11), then we obtain a special case of Lemma 2.9.

Lemma 2.11  For m finite or infinite, the sequence { g, } nez, where

m
2mixA, 2mibgA
gn:Zemx nemanlk’
k=0

is a Riesz basis for L*(]) if and only if B = {*"**}, 5 is a Riesz basis for L*(I).
Moreover, two bases B and {g,} have the same Riesz constants. Conversely, the set
{g, } nez> where
~ S 2mixh, ,-2mibi)
gn: ze Tix "o~ mwiby "ka’
k=0

is a Riesz basis for L*(I) if and only if B is a Riesz basis for L*(]). Moreover, two bases
B and {g, } have the same Riesz constants.

A version of Lemma 2.11 is also in [5].

3 Proofs of the main results

In this section, we will prove our main results. But first, we remind the reader that
B* = {ezmx(m&n)}nez, where

LBnlt 1
5 { 5 n, if{fn} >3,

" UTT"J—n, if {Bn} <1,

for some > 0 (see (1.4) and (4.5)).

https://doi.org/10.4153/50008439523000371 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439523000371

1304 O. Asipchuk and V. Drezels

3.1 A useful lemma

Lemma 3.1 Let B > 1. Then B* is an exponential basis for L*([0,1]).

Proof  First, we let § > 2. Then

dist (Z, fn)
B

1 1
< —=< -

sup [d,| = sup <28

BeZ BeZ

So, by Theorem 2.6, {62”""("*5:)} , isan exponential basis for L([0,1]).

ne.
Next, let 1< <2 and € Q. First, trivial case with f =1 or = 2. In this case,
03 =0 for all n. So, B* = {ez””‘”}ngz, the standard basis for L?([0,1]). Now, let 1 <

B <2and f € Q, so there are two integers p and g such that § = s. We are going to use

Theorem 2.7, so we need to check if {1, },ez = {n + 0} } .z is separated and if there
exist a positive integer N and a positive real number ¢ < ; such that

(m+1)N

2. &

n=mN+1

<eN

for all integers m (see (2.4)). For all n € Z, we compare A, and 1,41

A

2

LBt i Bn) > 1
W =N+ [ﬁfj ‘{ﬁ}_fgn-r—,
5o if {Bn} <5 2b

LBy i {B(n+1)} >

Ay =t 1+ { Teay :
e if {B(n+1)

[N

So, the sequence {1, } ¢z is increasing. Moreover,

1 1 1
sup|A,,+1—/1n|2n+l——(n+):1—>0.
nez Zﬁ

Therefore, {1, } nez is separated.
Next, we observe that for all n € Z,

|2 (n+q)]+1 [ 2n]+p+1 .
M e g,

— q q
nq = | E(n+q)] [Zn]+p .
Lol g W ()<
q

q

Lyl
Lt i {zn}>%,
_ q 1
=1 2]
Lq,,J—n, if {En}<%.
q q
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So, & = 8,,,, and we also observe that §; = 0. Thus, in order to apply (2.4), it is

.Now, foralln=1,...,[ 1],

2

enough to consider ‘Z a1 On

L2 (q-n) +1 L= fnl+p+1 -
5 L -q+tn=—15——-q+n, 1f{§(q—n)}2%)
*—n: 4 jn —by y
1 lq(‘lz )J—q+n=[q£J+P_q+n: 1f{§(q—n)}<%,
q q
P
L i (e s
— q
T Lial P 1
- ‘*s +n, lf{E”}<5

It means that §;, + 8;_, = 0. Moreover, if g is even, then 85 + 67 = 0, and then 87 =
2 2 2
Thus,

If g is odd, then

2
-4 if{f)<

because g > 1. Therefore, using Theorem 2.7, we conclude that {eZ”x("+5:)} is an

nez
exponential basis for L([0,1]).

Next, we consider the case when 1< 3 <2 is irrational. We can rewrite our
sequence in the form

S (5} q

q+1 -

s

,_
Slad

o, ifpiseven<1
|, ifpisodd 4 4

ﬂm‘
ST ST

«_ &(np)
0 =S

where

) 1-{x}, if{x}>1,
8(x) {—{x}, if {x} < L.

g is Riemann integrable in [0,1], and periodic of period 1. Moreover,
1
/ g(x)dx =0.
0
So, by Lemma 2.8,
1 N
lim — =0.
Jim = ;g(nﬁ)
Moreover, by simple translation, we can get that for all m € Z,

(m+1)N

=0.
Nooo N

n=mN+1 /3
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It means that for any ¢ < I, there is an Ny such that for all m € Z and for all N > Ny,

LOSgnp)] LR
N n=mN+1 ﬁ N n=mN+1 "

Therefore, using Theorem 2.7, we conclude that { ez”"(”+5:)} . is an exponential
ne

basis for L*([0,1]). [

Remark 3.2 Since we proved that §}, is periodic when1 < § < 2and § € QQ, we could
also have used Corollary 3.1 from [4] to conclude that B* is an exponential basis for

L*([0,1]).

Remark 3.3  If § > 2, then Theorem 2.6 shows that the frame constants of the basis
are A = cos(nL) —sin(nL) and B = 2 — cos(nL) + sin(nL), where L = sup,, ., |8,|.

3.2 Proof of Theorem 1.1

Proof  Letm be infinite or finite. By Lemma 3.1, B* is an exponential basis for L2 (I)
with the Riesz constants A and B. We can obtain a Riesz basis {g,, } nez for L?(]) using
Lemma 2.11, where g, = Y1} 27 (x-b) (n+3; ") y7,. Next, we use the Paley-Wiener
theorem to show that B* is a basis for L?(J). So, we need to show that thereis 0 < & < 1
such that for all sequence {a, } with the property 3" |a,|* =1,

(3.1) 1> an(gn = e ON)3 0y < all Y angalliz -

Using a simple substitution and the Riesz constants of the basis B* we, can estimate
the right-hand side of the inequality (3.1)

0<A<|> anezmx(waz)nizu) =Y angnH%Z(])-
For the left-hand side, using the definition of g, and Minkowski’s inequality,

m—

I Za 2mx(n+6 ) HLZ(]) < Z Zan(eZHi(x—bk)(wé,f) _ eZnix(n+6,f))||iz(]k)
k=1

5

Za (e 2mibg(n+68) _ ) 2nix(n+82)‘|iz(]k)'

Next, we recall that

5*: %_n, 1f{ﬁ7’l}_2)
n U;ﬁ“J -n, lf{ﬁn} < 5
It means that for each n € Z, we can find M,, € Z such that §;, = Alg
k:l,...,m_l)
e—2nibk(n+8:) 1= e_zniM'I;bk -1=0,
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because % € Z fork =1,...,m — 1. So,

B
|| Z an(gn _ eZnix(n+5"))||iz(]) — 0’

and the inequality (3.1) holds. Therefore, B* is an exponential basis for L?(J) with
Riesz constants A and B. ]

3.3 Proof of Theorem 1.2

In [19], the reader can find the following result.

Theorem 3.4 Let A>0 and S c [0, A]. Suppose that for some A c +Z, E(A) is a
Riesz basis for L*(S). Then E(+Z\A) is a Riesz basis for L*([0, A]\S).

Proof of Theorem 1.2 Let 3 and by be real numbers as in Theorem 1.2. First, we
introduce the interval [0, A], where A = [%] B and [x] is a ceiling function. The

set J defined as (1.1) will be a subset of [0, A]. Let A = {n + &} } ez = {An }nez, where

R LB, if {gn) > 4,
"L () < 4

In view of the definition of 3, we have that A c iZ. By Theorem 1.1, E(A) is a Riesz
basis for L?(J). So, by Theorem 3.4, E(5 Z\A) is a Riesz basis for L*([0,A]\]). =

4 Extensions and generalizations
4.1 A stability theorem

Theorem 4.1  (Stability theorem for m-segments). Let m € N\{1} and b; € N for all

j=1...,m—-1land L:=sup, |8, < 1. Then the system {271 (n+0)xX 1 s g Riesz basis
for L*(]) ifforall j=1,...,m-land n € Z,

(41) _max_ (B, sup|sin(rdist(Z,8,b,))[} < 5 jm’
where
(4.2) A=A(L) =cos(nL) - sin(nL),

By, =B, (L) =2~cos(my;L) +sin (my;L).

Proof By the ;-Kadec theorem, if L:=sup,|8,| <}, then e2mix(n+8n) s the
Riesz basis for L?(I) with constants A = cos (L) — sin (L) and B = 2 — cos (nL) +
sin (7L). Then, using Lemma 2.11, we can obtain a Riesz basis {g, } ez for L*(J),
where

eme/\,, eZmbk/ln e
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Next, we are going to use Theorem 2.4 with the norm
ey = sup - [lZ2gy,)-
k=0,..., m—1

We can estimate the right-hand side of the inequality using substitution and the Riesz
sequence definition as

1
Angnl|L 2~ 2 —F= Angnl|L?
122 angalliz=() ﬂIIZ &l

1 .
_ ﬁ” zanel(n+6n)x||L2(I)-

By the elementary inequality Y {|ai|, ..., |am|} > \[(lm) /T, |an]?, we have

1 ; A A
i(n+8,)x , > 2 _
7\/_” E ae ||L (I)_i\/_ g |an| 7\/_

For the left-hand side, we have

|| Z an (gn _ ezm(n+6n)x) ||L2 - < maX H Z a, 2ni(n+6,,)x (e—Zﬂl(n+6,,)bj _ 1) ||L2 oo(] )

< max { \/Z‘“ —2ni(n+6,,)b]-_1)|2}

<2 ‘max {B sup|51n(ﬂ(n+5 Yo}

,,,,,

where B, =2 — cos (my;L) + sin (7‘[ij) for j=1,...,m - 1. So, we need

. max {By, sup|s1n(r[8 bj)|} < \;‘%

or

. max {By sup|sm(m1n{{8 bi},1-{8,bj}}m)|} < %

Remark 4.2 If m =1, we only have one interval, so Kadec’s theorem holds.

Remark 4.3 Observe that A(L) defined as (4.2) is a concave down function of
L on the interval [ ,i) and By, (L) defined as (4.2) is a concave up function

of L on the interval [0 T, ) for j=1,..,m—1. Also, we can use the fact that
sin(rrdist(8,bj,Z)) < ndist(8,bj, Z). So, the condition

_max {(1+4Ly;) dist(Z, 8ub;)} < (f:ﬁz)

for j =1,..., m — 1, guarantees that (4.1) holds.
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4.2 d-dimensions

We use the arguments developed in previous sections to find bases on “split cubes”
Let Q =[0,1)%, and let 0 = agx < ajx << Amy-1,k < -~ <1, where my e NU {oo},
forallk =1,...,d. Also, welet I x = [aj, ajs1,k) and

Rj:le’j2’~~-»jd :I]'bl XIjz,Z X XIJk k>
o

Q= U le,jz ~~~~~ ja

J1sj2se-sjd

Given that forallk =1,...,d, wehave 0 = by i < by <+ < by, _1,k,and we letﬁj-:
(bji15bj,,25 -5 bj,,a). Now, we can define a “split cube” as

(4.3) Q=UJ (Tﬁf + R]f) .
]:' J
Let B > 0 be fixed for k =1, ..., d; for every ny € Z, we let

5 = {[ME:JH — N, if{ﬁkﬂk} >

4.4
“4 Bl i (B} <

ST ST

Welet 8% = (85, ..., 05, ). Let

2mixg(ng+0
BZ = {e ke nk)}nkeZa

(4.5) .
B = {62”""("+5")}nezd with x € R?.

Lemma 2.1 in [23] can be generalized in the following way.

Lemma 4.4  Let each the set U; = {e*™*}(")}, ; be a basis on a domain D; c R,
with constants A ; and Bj, then the set {eZ”i()‘l(”')"'Jr"'”4(”4)"" Yy,....ngez is a basis on
L*(Dy x -+ x D), with the constants A= A, -...-Agand B=B, - ...- By.

Proof = We consider only the case d = 2. If d > 2, the proof is similar. Let U; =
{e21x(i(MY | be a basis on a domain D; c R, with constants A; and Bj, j=1,2.

Also, to simplify formulas, we use the following notations:
2mixd(n;
Vj,n,- = g2mix j(nj)

For any f € L*(D, x D;), we have

and V0, = Vi, - Vaon, -
z |<f Voyon, LZ(D1><D2)| Z z [ (f f(xl;xZ)VZ,nzdxz) Vi, dX1 g
ni,n2€7Z ny m Dy D,

<Bl[ Z/ f(x1%2)va,n,doxs

1;12

< BB, Hf”LZ(DlxDz) :

dx1
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A similar argument shows that

~ 2
> W mm) 2oy 2 AiAz [ 12 (b, -

ny,nr€Z

Thus, {27 h(m)xtha(n)xy s a frame for L2(D, x D, ). Next, for any finite
sequence of complex numbers c¢,, »,, we have

2
H Z Z Cnl,nz&nl,nz = / f Z (Z Cnl,nzVZ,nz) V1i,m
D, JD,;

ny; np n na
< Bl Z f Z Cnl,nZVZ,nz
m D2 |,
<BiBy Y. Y lew,ml

ny nz

zdxldxz

2dX2

A similar argument shows that

2
H Z Z Cﬂl,ﬂz&nl,nz > A1A2 Z Z |Cﬂ1,ﬂ2‘ 2'

ny ny ny ny

Therefore, { 27 (h(m)xn+ha(m)xy - isa basis for L2(D; x D, ). Moreover, A = A, -
A, and B = B, - B, are the Riesz constants. [ ]

Now, we can use Lemma 4.4 to generalize some results from Section 3 in d-
dimensions.

Lemma 4.5 For all k=1,...,d, let By >1. Then B* is an exponential basis for
L*([0,1]%), where B* is defined as in (4.5).

Proof  From Lemma 3.1, we have that B}, defined as in (4.5), is a basis for L*([0,1]).
Therefore, by Lemma 4.5, B* is an exponential basis for L>([0,1]%). ]

Theorem 4.6  Letm = (my,...,my), whenmy e Nu{oco}. Forallk =1,...,d, let B >
LIfforallk=1,...,d % € Z for all j, then the set B* defined in (4.5) is an exponential

basis for L*(Q), where B* is defined as in (4.5). Moreover, B* has the same frame
constants for L*(Q) and L*(Q).

Proof From Theorem 1.1, we have that B, defined as in (4.5), is a basis for L?(Dy),
where Dy is a projection of Q on kth coordinate. Therefore, by Lemma 4.5, B* is an
exponential basis for L*(Q). |

5 Remarks and open problems

Theorem 1.1 provides explicit exponential bases for split intervals under conditions on
by. In Remark 3.3, we have observed that we can obtain the frame constants for the
basis when b > 2. The problem of finding explicit exponential bases for general split
intervals, and explicit frame constants for these bases, is still waiting for a solution.
The same situation occurs with exponential bases on split cubes in RY.
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We have provided explicit exponential bases on certain infinite unions of intervals
of total finite measure. We would like to generalize our results and prove the existence
of exponential bases on arbitrary infinite unions of intervals or rectangles.

Our Theorem 4.1 reduces to Kadec’s theorem when the interval is not split, but
in the other cases, we obtain stability bounds that depend on the gaps between the
intervals. We believe that this result can be improved, and we hope to do so in another

paper.
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