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Strong and Extremely Strong Ditkin sets for
the Banach Algebras AL(G) = A,NL(G)

Edmond E. Granirer

Abstract. Let Ap(G) be the Figa-Talamanca, Herz Banach Algebra on G; thus A;(G) is the Fourier
algebra. Strong Ditkin (SD) and Extremely Strong Ditkin (ESD) sets for the Banach algebras A;,(G)
are investigated for abelian and nonabelian locally compact groups G. It is shown that SD and ESD
sets for A, (G) remain SD and ESD sets for A;,(G), with strict inclusion for ESD sets. The case for the
strict inclusion of SD sets is left open.

A result on the weak sequential completeness of A,(F) for ESD sets F is proved and used to show
that Varopoulos, Helson, and Sidon sets are not ESD sets for A,(G), yet they are such for A}(G) for
discrete groups G, forany 1 < r < 2.

A result is given on the equivalence of the sequential and the net definitions of SD or ESD sets for
o-compact groups.

The above results are new even if G is abelian.

1 Introduction

Let X be a locally compact space and C(X) [Cy(X)] {C.(X)}, denote the complex
bounded continuous functions [which tend to 0 at infinity] {which have compact
support} respectively. For v € C(X), let sptv = cl{x; v(x) # 0}, where cl denotes
closure.

Let A(X) be a subalgebra of Cy(X) with a norm that renders it into a Banach
Algebra, see [HR, (39.1)]. If F C X is closed, let [r = {v € A;¥ = Oon F} and
]2 ={v € ANC.(X);FNsptv = ¢}. Denote, for u € A,

lullmiry = supd||uvl|a; v € Ig, [[v]]a < 1},

the multiplier norm on Ir. If F = ¢, the void set, denote by ||u||p = ||#||me)> i-€. the
multiplier norm on A. Let A(F) = A(X)/IE.

Definition 1.1 (i) The closed set F is a set of synthesis (S) if c/J2 = Ir.
(i) Fisa Ditkin set (D) if for all v € Ir. there exists a net v, € J{ such that

[lvva — v||4 — O.

(iii) F is a Strong Ditkin (SD) [Extremely Strong Ditkin (ESD)] set if there exists a
net v, € Jp such that [[vv, — v, — 0forallv € Ir and sup ||V |y < 00,
[sup ||vally, < o0], respectively. (This is consistent with [Gi, Ro, Sch].)
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Note that ¢ is a SD set (if and only if ¢ is a ESD set) if and only if there exists a net
Vo € AN Cc(X), such that |[vv, — ||, — Oforallv € A, and sup [|v,||,, < oo, i.e,
there exists an approximate identity in A N C.(X), bounded in multiplier norm on A.

Definition 1.2 Let F C X be a closed set.

(i) FisaHelson set for A(X) if A(F) = Cy(F).

(ii) F is a Varopoulos set for A(X) if there exist locally compact spaces E, ..., E,
such that A(F) ~ Cy(E))® - - - ®Cy(E,) (projective tensor product), a Banach
space isomorphism.

G will denote all through a locally compact group with a left Haar measure A = dx.

If G is discrete and amenable, then Helson sets for the Fourier algebra A(G), as in
[Ey1], are also called Sidon sets; see [Pic].

The following theorems of Graham [Grh] and of Varopoulos [Val, Va2], [GMg,
11.8.4] for the Fourier algebra A(G) of the abelian group G are the motivation for the
above definition.

Theorem 1.3 If G is a metrisable abelian locally compact group and Xy, ..., X,
are perfect compact subsets of G then there are pairwise disjoint perfect subsets Y1 C
Xy,...,Y, C X, such that Y, is either a Kronecker set or a translate of a K, set and
AY +--+Y,) = C(Y)& -+ ®C(Y,), an isomorphism (see [Grh]).

ThusY =Y, +--- +Y, is a Varopoulos set.

Theorem 1.4 Let G be abelian discrete and infinite.

(i) Then G contains an infinite set Fy, which is a 1/3-Kronecker set or a K,-set for
some prime p > 1.

(ii) Let X, Y be countably infinite disjoint subsets of G, such that Fy = X UY. Then
AX+Y) = Co(X)QRCy(Y), an isomorphism (see [Va2], [GMc, 11.8.4]).

Thus Z = X +Y is a Varopoulos set.

For 1 < p < 00,1 < r < o0, denote by A}(G) = A, N L'(G), with [[ul[a, =
[l a,+|[u|lz, a Figa-Talamanca, Herz, Lebesgue Banach Algebra on G, as defined and
studied in our paper [Gr1]; see history loc. cit. Here A,(G) is a Figa-Talamanca, Herz
algebra on G as in Eymard [Ey2], (thusis A,/ (G), ala Herz [Hz], where 1/p+1/p’ =
1). Hence A,(G) = A(G) is the Fourier algebra of G as defined and studied in [Ey1].
Let A7°(G) = Ap(G) equipped with the Ap norm, (this being equivalent to the A7®
norm). Chose and fix some p andlet 1 < r < oco. LetS, D, SD, and ESD (S,, D,, SD,,
and ESD,) denote the Synthesis, Ditkin, Strong Ditkin, and Extremely Strong Ditkin
sets for A, ([A;], respectively).

We have proved in [Grl, p. 414] that S = S, under the mild assumption that

(1.1) the empty set ¢ is an SD set for A,,.
We prove in Theorem[2.I]that D = D, under the same assumption (L.I]). Thus,

A,(G) and A;(G) have the same sets of Synthesis and the same Ditkin sets,
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in this case. This is not the case if r is fixed but p varies, as shown, even for abelian G,
in [Grl, p. 414].

We are not able to prove for arbitrary G that ¢ € S,, even though ¢ € S, as is well
known.

We consider next the equality question for SD sets and ESD sets.

Theorem 1.5 (i) Forany group G, SD C SD, and ESD C ESD,.
(ii) If G is infinite discrete and is abelian or solvable or type I or FC, and p = 2 then

ESD # ({ESD,;1 < r < 2},

thus there exist infinite subsets F (such as Sidon or Varopoulos sets, see sequel) that
are ESD for A} (G), forall 1 < r < 2, yet they are not ESD for A;(G).

Haagerup has shown that G = SL(2,R) « R?, does not satisfy (I.1]) for A, (see
[Do]), where R denotes the additive reals. We were unable to find a discrete group G
for which (I.I) does not hold for A,. Such G would satisty for p = 2 that ¢ ¢ SD but
¢ € SD, forall 1 < r < 2, hence the first inclusion in (i) would also be proper. We
conjecture that there exist some G, for which this inclusion is proper.

Note that if G is amenable, and the closed subset F is ESD for A,(G), then F is
a closed set in the coset ring R(G,;) of G with the discrete topology, as proved by
Cohen, LeFranc, Host, and Forrest (see [Ho] and [Fol, Prop. 3.5]). This holds since
the norm and the multiplier norm on A,(G) are equivalent when G is amenable.

If G is a free group on 2 generators, it has to contain an infinite Leinert set L, thus
Ay (L) = £*(L), 1yA3(G) = I, if M = G ~ Land M and L do not belong to R(G), see
[Le, FTP]. L is a ESD set that is not in R(G). (By Haagerup’s result, see [Do], A,(G)
has an approximate identity v, € A, N C,, thus 1y, is an approximate identity of I
bounded in multiplier norm on A,(G).)

But if G is any discrete group, every subset of G is ESD for A}(G) if 1 < r < 2, see
sequel, hence R(G) plays no role at all in this case.

The main result of Section 3 is the following.

Theorem 1.6 Let G be a locally compact group and H be an amenable closed subgroup.
Let F C H be closed. IfF is ESD for A, (G), then A,(F) (hence any of its closed subspaces)
is a weak sequentially complete w.s.c. Banach space.

Thus infinite closed subsets F of H that are Varopoulos sets for A;(G) are not ESD
sets for Ay (G).

The last part substantially improves a result mentioned in [DuR, p. 59] for ESD
sets in discrete abelian G.

Furthermore, using a result of De Michele and Soardi [MS] for the FC case and
[Ru, Rob, Tho], we get a result that improves Theorem [2.3[ii).

Corollary 1.7 Let G be a discrete group and H be a subgroup which is abelian or
solvable or FC or type I. Then every infinite subset of H contains an infinite Sidon
subset F and as such, is not ESD for Ay(G), but is ESD for A}(G), forall1 <r < 2.

Question  Can one assume only that H is amenable?
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As far as SD sets for discrete groups G are concerned we show in Proposition [3.7]
that every subset F of G is SD for A;(G) forall 1 < r < oo, provided ¢ is SD for
A, (G).

Section 4 is concerned mostly with the abelian case. As an application of Theo-
rem[2.3](i) we get an improvement of an important result of Saeki [Sa] namely

Theorem 1.8 Let G be a locally compact abelian group and F be a nowhere dense
closed subset. If F is SD set for A, (G), then F is a ESD set for A5(G) forall 1 < r < oc.

Recall that the closed interval [0, 1] is SD, but is not ESD for A,(R), see [Ru, Ro,
GMc].
The main result in Section 4 is the following.

Theorem 1.9 Let G be an abelian, metrisable, locally compact group. Let F be a
compact scattered subset of G and 1 < r < co. If A} (F) is w.s.c., then F is finite.

Corollary 1.10 Let G be a metrisable locally compact group and H be a closed abelian
subgroup. Let F C H be a compact scattered subset. If F is a SD for A,(G), then F is
finite.

In Section 5 we prove that the sequential and the net definitions of SD [or ESD]
sets are equivalent, provided the group G is o-compact.

2 Strong and Extremely Strong Ditkin Sets

Let 1 < p < oo be fixed. If F is a closed subset of G, let I, = {v € Al;v = 0on F},
for1 <r < oo.Ifr = 00, letI; = Ir. Denote by, J§ = {v € A, N C;; F N sptv = ¢},
thus J? C I;if 1 < r < oo. Foru € A}, denote by

[ullarriry = sup{lluvlags v € I, [[v]la, < 1}

and if F = ¢, the void set, then denote by ||u
on Aj,. Furthermore if r = oo, omit r and denote for example ||u|
multiplier norm on A, etc. ...)

In the sequel we will study D, SD, and ESD sets for the algebras A;,(G), 1<r<
oo. To clarify these notions we note the following:

(1) The closed interval [a, b] for a < bis SD but not ESD for A,(R), see [Ro, p. 188].
However, F = [a,b] x {0} C R*is D but not SD for A,(R?), see [Ru, 7.5.2] and
[Ro, p. 187] or [GMg, p. 73], for much more.

(2) If G is a discrete abelian group, then infinite Sidon sets are SD but not ESD for
A7(G) (see [DuR, p. 59]), yet they are ESD for A}(G) forall 1 < r < 2. We prove
in the sequel that the above and substantially more holds true.

(3) In the context of arbitrary G, clearly

¢ is a SD set for A,(G) if and only if there exists a net v, € A, N C, such that
[V — v|[a, — Oforallv € A,(G) and sup ||v|ar < oo.

mrig] = ||4l|arr, the multiplier norm
v = ||u]|p (the

(a) This is the case if G is amenable. This is also the case for p = 2 if G is the free

group on n > 1 generators and for many more nonamenable groups (see
[dCH] and [Do, p. 709]).
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(b) If G = SL(n,R") = R", and n > 1, then the void set ¢ is not SD for the
Fourier algebra A,(G) by Haagerup’s result, see [Do].

Theorem 2.1 Let G be arbitrary, F a closed subset and 1 < r < oo. Assume that ¢ is
an SD set for A,(G). Then F is a D set for Ap(G) if and only if F is a D set for A} (G).

Proof Let F be a D set for A,. Let u, € A, N C, be an approximate identity for
A, such that [|u,||,, < B < oo. Letv € Ir N C.. There exist v, € J? such that
vy — v||Ap — 0. But then ||v,v — v||;,, — 0, since v € C.. Thus ||v,v — v

LY
Assume now that v € I. By [Grl, Cor. 2], A}, has an approximate identity e, €
A, NCe.
Let €> 0 and « satisfy ||ve, — v

v € J2 satisfy ||v,ven, — vea,

» — 0.
AP

a <€ [2if a > ap. Since ve,, € Ir N C,, let
P

4 — 0, by the above. Chose m such that
P

[Vinvea, — vea, < € /2.

Thus ||v — vmeaOvHA; <€. Hence Fis a D set for A},(G).

Assume now that F is a D set for Al IfvelrNnC, C A;, there are v, € J°
such that ||v,v — VHAP < |[vav —v||» — 0. If now v € Ir and €> 0, let oy satisfy
P

[vita, = 7ll,, <€ /2.
Let vy € JO satisfy |[via,vo — vu(m||Ap <€ /2. Then |jv— Vuaov0||Ap <€ and
Uoovo € J2. (We only used that ¢ is a D set for Ay in this part.) [ |

Remark (i) This theorem has been proved in the case where F is a single point
in [Bul].

(ii) It does not seem to be known whether for A;(RN), a set F is an S set if and only
if it is a D set (see [RS, (2.5.5)]).

Lemma 2.2 For any closed subset F of G and u € I, ||u|
1 <r < oo. In particular ||ul|,, < |[u|,,-

M[F] < Hu”M[F]’for all

Proof If u € Ip, then ||ul|oo < ||u||m(r)- Since x ¢ F, let V be a neighborhood of x
such that its closure V' is compact and disjoint from F. There is some v € A, such
thatsptv C Vand 1 = v(x) = [|v[|, . Then

u()| = [ < [luvla, < lullaar[[vila, = lullae-

Hence if u € Iy, v € I, then

uvlla, = luvll; + luvlla, < [lulloc VIl + lullmm 1V]]a,
< lullaaey (VI + 1¥lla,) = lleellaaie V]| -
Hence ||y g < [1tl]pgp- u

Let G be discrete. Then G is FC if and only if it has finite conjugacy classes. If G
is countable, then G is Type I if and only if G is an extension of a finite group by an
abelian one, see [Dix, 13.11.12]. All of these are amenable groups, see [MS].
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Theorem 2.3 Let G be arbitrary, F be a closed subset ,and 1 < r < co. Then,

(i) if Fis SD [F is ESD] for A,(G) then F is SD [F is ESD] for A;(G), respectively;

(i) let G be discrete and contain an abelian or solvable or type I or a FC group H. Let
p = 2. Then every infinite subset E of H contains an infinite subset F, such that
Ay (F) = Cy(F). The set F, is ESD for A}(G), for all 1 < r < 2, but is not ESD for
A (G).

Proof (i) Let, v, € J" satisfy ||[vov — VHAP — 0 forallv € Ir and sup ||[vally 5 = B,
[sup ||[vallm = Bl. Then ||va| ., < B. Hence |[vo, — 1|, < 1+ B. If v € I and

€> 0,let K C G be compact and satisty (1 + B)" [, |[v|"d\ <€. Chose ag such
that (H(va — 1)v||Ap)r <€ /XK)if a > ap. Hence

/|(va—1)v|r§/|(va—l)v\r+(l+B)’ / " <2 € ifa > ap.
K

G~K

Thus ||[vev — v a0 forallv € I.

But by the above lemma |[ullyp < [|utllpgpp [Jul[pr < [|ulln], respectively.
Hence F is a SD set [ESD set] for A}, respectively.

(ii) In such discrete amenable groups H, E has to contain an infinite Sidon subset
F (i.e., such that Ay(F) = Cy(F)) by [Ru, Rob, Tho], and especially [MS]. And such

infinite sets F satisfy the above; see Corollary[3.6] for much more. [ ]

Question Do there exist groups G and subsets F that are SD for A;(G), for some
1 < r < o0, but are not SD for A,(G)?

Conjecture  There exists a discrete group G such that ¢ is not a SD set for A,(G) (a
candidate for such G could be SL(2,Z) o Z2, see [HaKr], and compare with Miao
[Mi]). Since ¢ is a SD set for A}(G) for 1 < r < 2, a proof of this conjecture would
show that the above question has an affirmative answer.

3 Subsets of G that are not ESD

At times we denote A,(G) by A(G). The main tool in this section is the following
lemma.

Lemma 3.1 Let G be any locally compact group and F C G be a closed subset. If 1z €
B(Gy), then A(F) (hence any of its closed subspaces) is a weak sequentially complete
(w.s.c) Banach space.

Proof Ifv; € Irand u € A(G), then 1p(u+ v;) = 1p(u +v,). If w € A(F), there is
some w’ € A(G) such that w'(x) = w(x) for all x € F. Define by ex(w) € B(G,), the
function ep(w) = 1pw’. Clearly er: A(F) — A(G)1p C B(Gy) is linear, one-to-one,
and onto. But

(3.1) ler(W)l|gg,) = ||1FW/HB(G,1) < tellpplIwllag  Yw € AF).
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Since for all v € I, 1p(w’ +v) = 1w’ thus

||1FW/||B(GA) = |[1p(w’ Mgy < H1F||B(Gd)||W/ + Va6

By taking inf. over all v € I, we get (B.I)). We have used above that for all u € A(G),
lulla) = llullpy = llullpq,) by [Eyl, (2.24), pp. 202, 208]. Hence ep: A(F) —
A(G)1r C B(Gy) is 1 — 1 continuous and onto.

We will show that A(G)1F is a norm closed subspace of the w.s.c. Banach space
B(G,) (as any predual of any W* algebra by [Tak, p. 148, Cor. 5.2]. But closed sub-
spaces of w.s.c. Banach spaces are also w.s.c. , see below. It will hence follow that
A(F) is w.s.c..

Let {u,1r} be a norm Cauchy sequence in A(G)1f hence in B(G;), with u, €
A(G). Clearly Ir = {v € A(G),v = 0 on F} is a norm closed subspace of A(G) hence
of B(Gy) (it may not be an ideal in B(G,)). Let t: B(G;) — B(Gy)/Ir denote the
quotient map into the quotient Banach space B(G,)/Ir. Now #(u,1r) € A(G)/Ir C
B(G,)/IF thus, for some u € A(G)/Ir = A(F), t(u,1F) — u, in the norm of A(F).
Let u’ € A(G) satisfy #(u’) = u. Then u'(x) = u(x) for all x in F and ep(u) =
1rpu’ € A(G)1g. But {u,1fr} is norm Cauchy in B(G,), hence u,1r — w in the norm
of B(G,), for some w € B(Gy). But ||v|| , < ||v||B(Gd). Hence u,1x(x) — w(x) for
all x in G. Butifx € F, t(u,1r)(x) = u,(x) — u(x), since #(u,) € A(G)/Ir and
VIl < ||1/||A<F), for v € A(F). Hence er(u) = u’1p = w,and w € A(G)1F.

Any closed subspace Y of a w.s.c. Banach space X is w.s.c. Since a weak Cauchy
sequence in Y is such in X, it hence converges weakly to some element of X, which
has to belong to Y. u

We recall the following results of Herz [Hz1, p. 92], which are needed for the next
lemma.
Let H be a closed subgroup of the locally compact group G. Then :

(i)  Restriction of functions from G to H is a contraction from A,(G) onto A,(H).
(i) Forallh € A,(H)and €> 03¢ € A,(G), such that¢g = hon H and ||gHAP(G) <

Il i+ €-

(If p = 2, one may take ||g||AP(G) = ||h||Ap(H)).

Lemma 3.2 Let H be a closed subgroup of G and F C H be a closed subset. If F is SD
[ESD] for A,(G), then it is SD [ESD] for A,(H), respectively.

Proof Denote by
I§ ={f€A)G);f=00nF}, If={fecA,(H);f=00onF}, and

e ={f €A, NCAGsFNsptf=¢}, ?¥ ={f € A,NCH);FNspt f = $}.

Let u, € JOO satisfy ||uow — WHAP(G) — 0 forallw € IS. Let v, = u, on H. Then

Vo € JOH, since F N sptv, C FNsptu, = ¢. Ifv € IH,letu € A,(G) extend v. Then
u € Ig and ||vav — VHAP(H) < |Jugu — u||Ap(G) — 0.
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Let > 0and v € Iff, [|[v]|a i) < 1. Letu € Ay(G), |lulla,) < 1+ €, extend v to
G. Then
||VaV||A,,(H) < ”“a”HAP(G) < o llppopp (14 €).

Thus ||V [l ymr < ll4allyep), for arbitrary closed F, in particular for F = ¢. [ |
The main result of this section is the following theorem.

Theorem 3.3 Let H C G be a closed amenable subgroup of the locally compact group
G. Let F C H be closed. If F is ESD for A;(G) then Ay(F) (hence any of its closed
subspaces) is a w.s.c. Banach space.

Proof By Lemma[3.2] F is ESD for A,(H) and H is amenable, hence the multiplier
norm and the actual norm coincide on A,(H). Thus by [Fol, Lemma 3.3], 1 €
B(H,;). By our Lemma 3.1} AY(F) = A,(H)/IH is ws.c. But A,(G)/I¢ = AH(F),
as a set of functions. Let v € Ay(H), w € I, and let u,w; € A;(G) extend v, w
to G. Then |[v+w| ) < |lu+wi| - Hence ||VHA§1<F) < |lull 5, (r)- By the open
mapping theorem, A¥(F) and A, (F) are isomorphic. Thus A, (F) is w.s.c. [ |

Corollary 3.4 Let H C G be a closed subgroup that is amenable and F C H be closed.
If F is an infinite Varopoulos set for A;(G), then F is not an ESD set for A;(G).

Proof By definition A;(F) ~ Cy(E;)® - --®Cy(E,), an isomorphism. If the right
hand side is w.s.c. so is every subspace and in particular so is each Cy(E;). But then
the identity I: Co(E;) — Co(E;) is a weakly compact operator, by [DS, Theorem
VI1.7.6] Hence I? is a compact operator, by [DS, Theorem VI.7.5. p. 494], and Cy(E;)
is finite dimensional and F is finite. [ |

Remark The above is a vast improvement of [DuR, (5.5.5), p. 59] who mentioned
it for Sidon subsets of discrete abelian groups.

Example Let G = Z denote the additive integers. Let F C Z be an infinite
1/3-Kronecker set, see [Val, Va2], or [GMc, 11.8.4]. For any decomposition of F
into disjoint infinite subsets as F = X U Y, the set X + Y is a Varopoulos set, and as
such, is not an ESD set for A,(Z), yet it is an ESD set for A}(Z), foralll <r <2.Z
can be replaced by any discrete abelian group G.

Proposition 3.5 Let G be discrete and 1 < r < max(p, p’). Then every subset F of G
is ESD for A;(G).

Proof If G ~ F = E is finite, let e, = 1g. Then for all v € I}, e,v = v, and
lleallyr < |11 a < 00 Thus F is ESD for Aj. If E is infinite, it is proved in
[Grl, Theorem 7] that AL(G) = 0'(G), with norm equivalence, for the above r. Let
E, C Ebe anet of finite sets such that E, T Eand lete, = 15,.

Ifv € I, then

A <d|ewv—v

(G) - ||1E—EGV r(G) — 0.

lleav — v

And, ||e,v

e Sv

() thus [lea][y, < d’, where d, d’ are constants. [ |
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Corollary 3.6 Let G be a discrete group. Assume that G contains an infinite subgroup
H that is abelian (or solvable, or type I or FC). Then every infinite subset E of H contains
an infinite subset F that is ESD for A5(G), for all 1 < r < 2 but is not ESD for A,(G).

Proof As mentioned before E contains an infinite Sidon set F for A,(H), by [Ru,
Rob, Tho, MS]. Hence A,(G) restricted to F coincides with Cy(F), which is not w.s.c.
Fis a ESD set for A5(G), forall 1 < r < 2, by Proposition[3.5 [ |

Question  Does there exist an infinite discrete group G for which all subsets are
ESD for A,(G)?

Proposition 3.7 Let G be discrete and satisfy that ¢ is SD for A,(G) (amenable groups
or, free groups for p = 2, are such). Then any subset F of G is SD for A}(G) for all
1<r<oc.

Proof By [Grl, Cor. 2] there exists a net e, € A,, with finite support, such that
lleav — VHA,p — Oforall v € A} and sup [|eq,, = B < co. Let E = G ~ F and,
Uy, = eylp. Then u, € A;(G), since it has finite support. Clearly u, € I and
u,v = e,v for all v € Ij. Hence, for v € I,

lav — v n = lleav — v a0 and ||uv A= lleav a < B|lv

Ay

Thus ||ua]

MIF] < B < 0. |

4 Some Results for the Abelian Case

Theorem[2.3lallows one to improve a powerful result of Saeki [Sa], which definitively
improves [Ro, Thm. 1.3]. Saeki’s result, namely the r = oo case, is assumed in the
proof.

Theorem 4.1 Let G be a locally compact abelian group and F be a closed nowhere
dense subset. If F is a SD set for Ay(G), then F is an ESD set for A5(G), forall 1 < r <
0.

Proof By Saeki [Sa] this holds for A,(G) i.e., for r = co. Now apply Theorem[2.3)(3).
|

Remark Recall that [0, 1] is SD but not ESD for A, (R). Meyer and Rosenthal have
proved that a polygon P in R? is never SD. And the closure of its exterior is SD if and
only if P is convex, and analogously in R", see [GMc, p. 73].

Theorem 4.2 Let G be an amenable SIN group, see [HR], and H be a closed abelian
subgroup. Let F C H be a closed, nowhere dense subset of H. If F is SD for A,(G), then
F is ESD for A5(G), forall1 < r < co.

Proof By Lemma[3.2] F is SD for A;(H). Hence by Theorem [4.1] with r = oo (i.e.,
Saeki’s result) F is ESD for A,(H). Thus F is a closed set in R(H,), the ring generated
by cosets of all subgroups of Hy, see [Sch]. Thus F € R(G,). But then by Forrest
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[Fo2, Theorem 3.11], Ir has an an approximate identity, bounded even in the norm
of A,(G). Since F is a set of synthesis, (loc. cit.), the approximate identity can be
chosen in J{. Thus F is ESD for A,(G).Now apply Theorem Z.3(i). ]

In a sense, the next result complements and improves Theorem [3.3] in the case
where G is a locally compact abelian group.

Let G be an abelian metrisable locally compact group. If F is a compact and scat-
tered (i.e., countable) subset of G, then F might be a Helson set for A,(G) in which
case A,(F) = C(F) is not w.s.c. unless F is finite.

However there exist countable and compact subsets F of R, which are not Helson
sets, see [Ru, (5.6.7), (5.6.8)]. Can A,(F) be w.s.c.?2 The next result shows that the
answer is vastly NO.

Theorem 4.3 Let G be an abelian, metrisable, locally compact group. Let F be a
compact scattered subset of Gand 1 < r < oc.
If A} (F) is w.s.c., then F is finite.

Proof By [Grl, Lemma 2], A;(F) and A, (F) are isomorphic Banach algebras. We
will prove the result for A,(F). Now A, = A,/, since G is abelian ([Hz2, p. 72]), so
let1 < p < 2.

F is scattered and hence is a set of synthesis by [Ey2, p. 10]. Hence in the notation
of [Lu2], CV,(F) = A,(F)*. By [Lu2, Theorem 2.8], A,(F)* has the RNP afortiori
has the WRNP, if 1 < p < 2, see [Saa2, p. 422]. Hence by [Saal, Theorem 1], by
taking there the set K as the closed unit ball in A,(F)*, we get that every bounded
sequence in A, (F) has a weak Cauchy subsequence.

If F is infinite, let xo be a nonisolated point of F. Let V,, be a neighborhood base
at x such that V,, is compact. Let u, € A,(G) be a tenting sequence at xo, i.e.,
||”n||Ap =1 = u,(x9), and u, = 0 off V,,. Let v, € A,(F), satisfy v,(x) = u,(x) for
x € F.

There exists a subsequence of v,, again denoted by v,, which is weak Cauchy. If
A,(F)isw.s.c, thereis some v € A, (F) such that (¢, v,) — (¢, v),forall ¢ € A,(F)*.
But M(F) C A,(F)*. Hence v,(x) — v(x), forallx € F. Thus v(xy) = land v(x) = 0
if x # x9. But v € C(F), which cannot be. Thus A, (F) is not w.s.c. [ ]

Corollary 4.4 Let G be a metrisable locally compact group and H be a closed abelian
subgroup. Let F C H be a compact scattered subset. If F is a SD set for A;(G), then F is
finite.

Proof ByLemma[3.2] Fis SD for A,(H). By Saeki’s part of Theorem[4.1] F is ESD for
Ay(H). By Theorem[3.3} A,(H)/IH is w.s.c., where I = {u € A;(H);u = 0 on F}.
Hence by Theorem[4.3] F is finite. [ |

Remark  One cannot replace the condition that “F is scattered” by “F is nowhere
dense” Since if G = T? = {(ei",eiy); 0<x,y< 271'}, then (T,1) = {(ei"7 1); 0 <
x < 27r} , is a closed infinite subgroup, hence is an ESD set, which is nowhere dense
in G. See Rosenthal [Ro, pp. 187-190] for more.
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5 When Sequences are Enough

The definition of SD and ESD sets in Gilbert [Gi], Rosenthal [Ro], and Schreiber
[Sch] is given in terms of sequences of approximate identities (for the Fourier algebra
of a locally compact abelian group). It is stated in [Ro, p. 191] and in [Sch, p. 811]
that their results hold true if SD and ESD are defined in terms of nets, as done in this
paper.

For which groups are these definitions equivalent? The next result shows that this

equivalence, and more, holds for the case of o-compact groups and for all the algebras
AL(G).
p

Theorem 5.1 Let G be a o-compact locally compact group, F be a closed subset, and
1 <r < oc. IfFis SD [ESD] for A},(G), then there exists a sequence v, € J2 such that

lvav — VHA; —0 Ywelp and sup||vullyep < oo, [sup [[va[yr < 0],
respectively.

If a sequence v, € ]2, which is an approximate identity for Ik, exists, then F is a SD
set but is not necessarily a ESD set for A},.

Proof Let F be a SD [ESD] set and let v, € J satisfy ||v,v — v||,, — Oforallv € I},
and sup |[va [y 5 < 00, [sup ||Vl = B < oc], respectively. !

Since G is o-compact, so is G ~ F. Hence let K,, be compact, and let U, = U,
be neighborhoods of e satisfying that U, is compact and K,U? C K41 and UK, =
G ~ F. Leth, = \(U,) 1k, * 1y,. Then h, = 1 on K,, and h,, = 0 off K,U2. Let
Vo, Satisty ||va, h, — hy a <1 and let w, = v,, + h, — v, h,. Then

[[wnl wip S 1A Hvan”Mr[F] <1+B,

[|[Wa, [[M- < 1+ B, respectively. Thus w, = 1 on K,, and w,, = v, off K,U2. Hence
wy € TR

Assume now that v € J9. Then there is some 1y such that sptv C K, if n > ny.
Thusw,v — v = 0if n > ny.

Let v € I7: be arbitrary and €> 0. F is a synthesis set, hence there is some u € J{
such that ||v — u||A; <€. Hence

W,y — v A < [lwn(v — u) A T [[wou — u AT lu—v 2
<(1+B)e+E+|wu—u A
But there is some 1 such that ||w,u — u A= 0ifn > ny. Thus |w,v — v a =0

for all v € I}. This proves the first part.

Let G be abelian, discrete, and countable and let F be an infinite Sidon set for
A = A,(G). Then Fis a SD set but not an ESD set for A. Hence there exists a sequence
vy € Jp such that [|v,v — v||, — 0 forall v € Ir. Thus sup [|v,[|,,; < 00. But there
is no net v, € J? such that ||v,v — v||, — 0forallv € Ir and sup ||vs||,, < oo (note
that ||u||,, = ||ul|,), since F is not an ESD set for A. [ |
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Remark  Only the o-compactness of G ~ F has been used in the proof. This theo-
rem improves [Grl, p. 408(iii)].
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