ON NILPOTENT PRODUCTS OF CYCLIC GROUPS. II
RUTH REBEKKA STRUIK

Introduction. In a previous paper (18),! G = F/F, was studied for F
a free product of a finite number of cyclic groups, and F, the normal sub-
group generated by commutators of weight #. In that paper the following
cases were completely treated:

(a) F a free product of cyclic groups of order p*i, p a prime, a; positive
integers, and n = 4,5,...,p + 1.

(b) F a free product of cyclic groups of order 2%, and #» = 4.

In this paper, the following case is completely treated:

(¢) F a free product of cyclic groups of order p*i, p a prime, a; positive
integers, and # = p + 2.

(Note that # = 2 is well known, and # = 3 was studied by Golovin (2).)
By “‘completely treated” is meant: a unique representation of elements of
the group is given, and the order of the group is indicated. In the case of
n = 4, a multiplication table was given.

In view of the well-known decomposition of finite nilpotent groups into
direct products of p-groups, cases (a), (b), and (c) can be summarized:

(d) F a free product of cyclic groups of order a; where the prime factors
of a; >n — 2.

Since the results, equations, and bibliography of (18) are used extensively
in this paper, the numbering of theorems, equations, and bibliography will
be a continuation of that of (18). For example, (18) and (29) refer to equa-
tions (18) and (29) of (18), and this paper starts with equation (31). The
same notation will also be used.

Section 1 gives preliminary results. Lemma 4 may be of particular interest,
as it is an application of P. Hall's collecting process, and may be of use in
attacking other group-theoretic problems. Section 2 is an exposition of the
“idea” of this paper; the device used in (18) to deal with case (b) can be
applied to (c). In § 3, case (c) is handled.

1.

LEMMA 4. Let a, b be any two elements of a nilpotent group, and r, s any two
positive integers. Then

(31) ba” = a’b' (5, 0)"* (5, a), ) P (6, a), 0P L u
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1Reference numbers refer to, or are continued from, this paper.

557

https://doi.org/10.4153/CJM-1961-045-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1961-045-2

558 RUTH REBEKKA STRUIK

where if u, is a standard commutator involving o a's and B b’s, then

o= 2 na3)0):

k<8
%, non-negative integers. In particular, if

u; = (((b,a),0a),...,a),

a

then f, = (:>s and if

Uu; = ((((br a), b)r b)! . _r‘ll)y
then f; = r<;>

-1
Proof. The proof is exactly the same as that given on pp. 179-181 of (16).
However, instead of (12.3.1) on p. 179, we have

(32) b(1)b(2) ... b(s)a(1)a(2)...a(r)

that is, the s &'s and the 7 a’s are each labelled. The precedence conditions at
this first stage become

b(\) precedes b(u) if A <
(33) b(\) precedes a(u) if A < porN=puorA>pu
a(\) precedes a(u) if X < p.

After the a’s have been collected (32) becomes an expression of the form
(34) a’b(b,a)(d,a)((b,a),a) ... 0(b, a)( a)((,a),0a)...

where each & and each a¢ have the same label as before; each (b, @) has a
label of the form (\, p); 1 < A < s; 1 < u < 7; it arose when a(u) was col-
lected: 5(M)a(p) = a(w)b(N\) (b, a) (A, ). In general, if u; is being collected and
u; > uy and if u; has the label (A, ..., A,) and %, has the label (yq, . . ., u),
then (u;, u,;) will have the label (\y,..., A, 1, ..., t). The existence and
precedence conditions at each stage of the collecting process are all conditions
(L) as described on p. 180 of (16), and the induction proof given there goes
through in exactly the same way to give Lemma 4. That

(((b,a),...,a)

a

()

s

(e 4

follows from the fact that all (A\y, uy, ..., 4e) which can be associated with

such (((d,a),...,a) satisfly the conditions: 1 <A <551 <y <pe < ...
< pe < 7. A similar argument holds for ((((5, a), d) ... b).

will have the exponent
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((z)@ -2 n2)(3).

3 B< ik

LEMMA 5.

Na,8 MON-nEgative integers.

Proof. The following set, S, has order <Z> <;>

1<a1<...<ai<r}

S = {(al,...,ai,bl,...,bj)a,,bumtegersl <hi<...<b<s
Let T consist of all subsets of order & taken from S;

( (%)
T=1{@?®,...,a’, 6", ..., ..., @® ...,a" 5" ..., 0]

T can be partitioned into disjoint subsets, depending on which of the a,®
or b,(” are equal to, greater than, or less than each other. Each such subset

has order
<;><;> v < ik, B < jk.

This is sufficient to prove the lemma.

LeEmMMA 6. Let A be any rational integer, p any prime and a any positive
integer. Then

) A‘l‘Pa _ A a
(35) <P'_1>=(P—1) (mod $%).

Proof. By definition
<A +p“> A A =14 (A= p 14D

p—1 (p— 1!
=(A ) _
p—1 (» — D!

where % is an integer. Since both

A+p"> (A)
(p—l and |, _ 4

are integers, p°u/(p — 1)!is an integer. Since (p — 1)! and p= are relatively
prime, (p — 1)! divides u. This is sufficient to prove Lemma 6.

LemMA 7. Let A, p, a be as in Lemma 6. Then

(36) (A4F) = (D) 45 moas

Proof. Lemma 7 is true for 4 = 0, since <g> =0, and
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(37) (f’> = <Pa _ 1) =" (L4 sp) =" (mod p).

p p—1
P - 1) _
(38) <P—1 =1+ sp,
where s is some integer, is justified with the use of Wilson's theorem (see
p. 259 of (17)), thatis, (p — 1)! = — 1 (mod p). The numerator and denomi-

nator of the left-hand side of (38) consist of p — 1 consecutive integers re-
latively prime to p, and the use of Wilson’s theorem along with the fact
that the integers modulo p form a field completes the proof of (37) and (38).
This proves Lemma 7 for 4 = 0. Suppose true for 4, then using induction
and Lemma 6

o (1) (39 (45 0) () (1)

(mod p%)
(5)-G)+(2).

Combining (39) and (40) gives the proof of Lemma 7 for 4 a positive integer.
A similar argument proves Lemma 7 for 4 a negative integer.

LemMa 8. Let A, B, C, D be rational integers, p a prime, and a a positive

integer. If
A = C (mod p*)
and
B = D (mod p%),
then
(41) AB — p<;1>B - p(i)A = (D — p(i)D - p<Dp>C (mod #+).

Proof. It is sufficient to prove (41) for the cass C = 4 + p* and B = D
in view of the symmetry of (41). Then (41) becomes

o1 - oo o2

= +1>")B—1><A+P

» >B - P(i) (4 + %) (mod p).

If one expands the right-hand side of (42) and makes use of Lemma 7, one
obtains the left-hand side of (42) modulo p**!. Note that since

<A * Pa) = <A> +p7 (mod p),

p P
4 +p°‘> _ <A> . 4 g
P( b =9 b +p (mod ).
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2. In this section, the “idea’ of the proof will be explained. Details will
be carried out in § 3.

In § 2 of (18), the “‘well-behaved” case was studied. In F, a free group or
a free product of cyclic groups, a sequence of standard commutators %, . . .
was selected and it was shown that every element of F/F, could be written
uniquely as ITu,s. In the case of F/F, (18) gives the multiplication table
for two such elements. One reason for the failure of the proof for the case

p = 2 with F/F4is that in (18), terms such as <é’> appear which are not

unique modulo the appropriate powers of 2. To get around this difficulty,
another set of basis elements was chosen in § 3 to handle the case of p = 2.
When the new basis is used (29) is the multiplication table of two elements
of F/Fy. Actually, (29) can be considered a modification of (18) in the following
sense: Let F = {a, b} be a free group on two generators. Then every element
g of F/F4can be expressed (uniquely) as

(43) a“b”(a, b)mz((a' b), a)cm((a, b), b)cnz

where ¢;, c12, Cij; are rational integers. When (28) is used every element of
F/F4 can be expressed uniquely as

(44) a71b72(a’ b)712(a2, b)ylﬂ(a, b2)7122
where v, v12, vijx are rational integers. Since
a®'b”(a, b)"*((a, b), a)"* ((a, b), b)""**
- a“b”(a, b)mz((a2Y b)0121(a7 b)—20121(a, b2>0122 ((l, b)—20122

- a”b”(a, b)012~—20121—20122(a2’ b)cml(a’ b2)6122’

Yi = Ci Ci = i

(45) Y12 = C12 — 2¢191 — 2c190 c12 = Y12 T 27121 + 27102 = a(’ym)

Yi21 = Ci21 C121 = Y121

Y122 = C122 Ci22 = 7Y120.
Let

b= a"b"(a, 5)"*((a, b), &)™ ((a, b), )™
— ahb&z(a’ b)ﬁm(a?’ b)élzl(a’ b2)5122

and

gh = ae!bw(av b>e”((a’v b)y a>81“((a7 b)! b)eln
- aexbsz(a’ b>612(02y b) 6121(ay b2)€122.
One can now take e;2 (Or €121 Or €122), express it in terms of eis, €121, €122 using
(45), then in terms of ci2, di2, C121, 121, C122, d12s using (18) with ¢ = 1 and
7 = 2, and then in terms of 71, 612, Y121, 0121, Y129, 0122 using (45). This gives
the €'s in terms of the v’s and the §’s. If one now substitutes e1s, c12, d12 for
€12, Y12, 012 and e12®, c12®, d12® for ega1, Y121, 0121 and e15®, ¢12¥, d1® for

https://doi.org/10.4153/CJM-1961-045-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1961-045-2

562 RUTH REBEKKA STRUIK

€122, Y122, 0122 respectively, one obtains (29) for 7 = 1, j = 2. Hence (29) is
a modification of (18) in the sense that one set of basic commutators has
been substituted for another, but the same multiplication table has been used.
Hence it is not necessary to check the group axioms for the group H, as indi-
cated after (29); all that needs to be done is to ascertain whether (29) is
unambiguous modulo appropriate powers of 2. The author did not realize
this until after writing paper (18).

This same idea will be used to study F/F,,» where F is a free product of
cyclic groups of order pi, p a fixed prime. The over-all strategy is:

I. Investigations of the terms appearing in the multiplication table ana-
logous to (18) for F/F,is. In particular, it will be shown that p appears in
the denominator of a term only when the corresponding #; is

(((b,a),...,a)
or ’

((((bya), b),...,b).
NSRS
p—1

Call these terms u,” and u,” respectively.

II. u,” and u,” will be replaced by (b, a?) and (#”, a) respectively, and the

multiplication table of F/F,;» analogous to (29) will be investigated to

ascertain whether the terms are unambiguous modulo appropriate powers
of p.

It will be assumed that F is a free group until near the end. The proof of

the unambiguity of the multiplication table modulo appropriate powers of p

will be sufficient to prove the desired theorem for F a free product of cyclic

p-groups.
3.

1. Investigation of the multiplication table of G = F/F,y s where each element
of G 1is expressed as a product of standard commutators.

Let F{a, b} be a free group with two generators, and let g € F/F,. Then g
can be uniquely expressed as

g =a"b"(,a)*((,a), a)*((b,a), )" ... = [] ut

where u; are a sequence of standard commutators (see (7)) and ¢, are rational
integers. Let & € F/F, and

h=a"b"b,a)® ... =[] u¥.
Then to compute a multiplication table of F/F, analogous to (18), we put
aelbez — H u‘ei — ambcz adlbdz — g-h
and we first collect a1, then 5% and so on. A typical step consists in

(46) wiuf = wfu§ (i, u;) " (g, 1g), u) G L
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where Lemma 4 (that is (31)) is used. Since the commutators appearing on
the right-hand side of (46) may not be standard commutators, they should
be expressed as products of standard commutators and (4) used. Using Lemma
5, and repeating until the right-hand side of (46) is a product of the original
standard commutators, one obtains

. . . . Ci daj
(47) wiin) = wfust TT () G
where n; are non-negative integers. Note that if o is the weight of #; in a’s

and b&’s (that is, uy € F.;y ¢ Fory1), then a; + B; < ox. The only time (;1>

or <i’> appears is if u, = (((0,a),a,...,a) (p — 1a’s) or ((((,a), d),

)y ..., 0) (p—1,0s).
In general, instead of %, (or #;%/) in (46), one may have an element of
the form

a6 GE

in which case the exponent of u; on the right-hand side of (47) will be of
the form

c Cj dj; dj
mela) @) (7). 6T,
where #; are non-negative integers, and

Zai+z ﬁj<0k

where u; has weight ¢, in the a’s and &’s.
We now investigate under what conditions #,” and u,”” occur. Let u,’ = b,
uy = (b, a), usgt = (us, a) for s a positive integer. Similarly, let

wy = (b,a), uihs = (uf,b).

Note that in (47), each u; will have at least as many a’s and &’s as (u;, u;).
Hence u, can occur in (46) and (47) only when a? is being collected, for
example

(48) u’,c’tad‘ = ad‘u',c” . ug(sd“l‘)c’t < s

(where ¢, is the exponent of #,” in g). Here Lemma 4 is used. Hence, when
u, is collected, its exponent will be

s—1
(49) gt di+ X ()

1=
(where d,’ is the exponent of #, in #). When a% is collected #,"" occurs:
(50) bc‘ladl — adlbtﬂu;ICZdl L u;lm(ﬁz) .

!

and hence when 5% is collected, u,” appears twice, once with exponent c,”’
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(its exponent from g at the beginning) and also with exponent d1<;2> from
(50). Hence
ullrabd2 — bd2u';'“. X ur./a(sd_zﬂ‘

After % is collected, ;" will not arise again in the subsequent collectings,
so that when it is collected, its exponent will be

s—1
o s £ sl 2) o).
=1 t s —t S

The following theorem and corollaries have been proved:

THEOREM 5. Let F = {a, b} be the free group on two generators. Let G = F/F,.
Let uy, us, . . . be the sequence of standard monomial commutators of non-decreasing
weight < n — 1 (see (7)) in a and b. Let g, h € G,

g=a"b"0b,a)®. .. ui ... =[] u¥
ho=a"b,a)® .. ul . =[] u¥
where ¢;, d; are rational integers. If
gh =TI u?,

then

. _ Ciy ci V[ du dq
(52) “““J’d“LZ"’C<a1>"'<ax><ﬂl>"'<ﬁl>

where if u; € Fy, u;§ Fop1 (that is, u; is a commutator of weight s in a and b),

Z%‘“‘Z B; < s.

In particular, let (b, @) = u, (uy,a) = uyy and ¢/, d, e, be the exponents
of uy in g, h, and g-h respectively, then

s—1 d d

Let (b,a) = wi'', (uy’,d) = usi” with ¢, d)’, e’ the exponents of uy'’ in
g, hy g-h respectively, then

s—1
(51) & =c +di + X2 [c'/ + dl(“)]( & > + d1<”> :
=1 t s — 1 s

COROLLARY 1. Let n = p + 2, p a prime in Theorem 5. Then

= d d
(53) ey = cp+d)+ ; C”<p ° t> + cZ({;) ,

p—1
"o_ " " C1 d, C2
(54) @ =6 +d+ ,Z=:1 [C‘ T dl(t ﬂ(p - t) + d‘<p> ’

and these are the only places where p appears in the denominator of a term of an e;.

I
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COROLLARY 2. Let F be a free group on 3 or more generators, p a fixed prime,
Uy, ..., @ sequence of standard commutators in the generators of F,

g= 1 ui,n=T] u% g-h =[] u¥.
Then for n = p + 2,
_ Cyy cis \[ A du)
e[—Ci+di+ Z nk<a1>...<as><6l>...<ﬁl

as wn Theorem 5, and if u; contains at least 3 gemerators of F, then a; < p,

B; < p.

Comment. For us = (b,a) (u, = a, uz = b), (49) becomes
(55) es = 3 + ds + cady.
In (18) the corresponding formula is

¢s + dz — cady

(cij, dyjy €45 of (18) become c3, ds, €3 here, and j = 2 and ¢ = 1). The reason
for — cod; in (18) is that (@, d) is used instead of (3, a). Similar comments
apply to the other equations of (18).

II. »,” and w,” are replaced by (b, a”?) and (4%, @) respectively, and the

corresponding multiplication table for F/F,, is investigated.

As before, let F be a free group on two generators, g, h € F/F,... Let
Uy =a, uys = b, us = (b,a),...,u and u," as in Theorem 5; similarly for
g, h and g-h. Let v; = u; except that u,” is replaced by (b, a?) = v,/, and
u,”’ is replaced by (#*,a) = v,”. If one puts s = 1 and » = p in (31), and
brings a”b over to the left-hand side, one obtains

(56) (b,d") = b'a"a” = (b,a)” [] u’"u, (mod F,.»)
where f; are positive integers, that is,

(57) v, = (b,a) [] u¥ul (mod F,ys).
Similarly

(58) o) = (b,a)" T[] ub"ul (mod Fpys)

where g, are positive integers. Using (57) and (58), we can take any g € F/F,,,
and express it either in terms of u; or v,. If

g= 1 u =TT 9%

and the v; are expressed in terms of the u;, and terms collected, one obtains

1= "
C2 = 72
(59) C3 = V3 —l" P’Y; + p’Yi”', .
ci = Yi+ ph k4 function of the v;
= Y
C;’ —_ ’Y;}’
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where v,’, v,” are exponents associated with v,” and v,”’ respectively. In

order to compute the #;, Lemma 4 and (4) must be extensively used. Equa-
tions similar to (59) can be formed for d; and §;, ¢; and €; where

o= H M‘f;i — H 'Uiai and g'h — H uiei - H ‘Uici.
We now compute ¢; in terms of v; and §;. Obviously

(60) &= v1+ 6
Y2 -+ da.

€
To find e;, we first use (59)
e = & + pe + pey
or
T e =6 — pg — D
Using (55) and (59)
€5 = ¢3 + ds + codi — pey — pey,
Using (53) and (54)

p—1
€ = c3 + d3 + cady — P{C; +dy+ 2 C’z( s > + 62<d1>
=1 \p — D

a5 [aea(n) (2 ) v

Using (59) again, and collecting terms
_ 01 Y2
(61) e = v3+ 83+ vb1 — pve o)~ P b

+ 1){ Z i+ ph»( ) + }:I [ + phi+ 61(7‘)]<P5_2 t)}

A similar computation gives (using (52), (53), (54))

(62 ezt st m(v :pm)u <a“ “;Ph ) — philrs 8

Qg Bj < p

(63) e = +08+ 2 v+ Ph:](if_‘ t) + 72(2)

64) & =7 +8 + 2 [7’/ + ph, + 61<7[>]<p5_2 t> + 5‘<;2> )

Equations (60) through (64) are analogous to (29). We now assume that

=" =1 a<B8,
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and we investigate (60) through (64) with v, 8;, ¢; considered as integers
modulo powers of p. The proof of Lemma 1 in § 1 of (18) shows that

(65) =1
except if v; = b, (b, a), v’ or v,’. Similarly
(66) uh =1

except if u; = b or (b, a).
In (31), put s = 1, r = p=. This gives

(67) 1= (3a™ = 6,0 [T wuG) = ¢, 0)"
where Lemma 7 (that is (36)) has been used with 4 = 0. Similarly
(68) 1= (b,d"") = (&) W™ = (b,a)""".

Hence, u#3 (or v;) has order at most p*t1. Now using (57), (4), and (67),

5 = (5,a")" = [(b,0)" [T «?uyP™™" = (b, 0)" ™" = 1.

If « = B, then

o =1
otherwise (that is, @ < f8)

1e* __

vy =1

We now show that (60) through (64) are unambiguous if

v1, 81, €1 are integers modulo p*
ve, 02, €2 are integers modulo p#
(69) v3, 83, €3 are integers modulo pet!
Y4 04, € are integers modulo p* if 7 > 3, except
Y5, 8, € are integers modulo p**

p""l ifa=8

vy 85, €' are integers modulo { » ifa< B

(60) is obviously unambiguous. As for (61), consider its three parts
E=1v;+ 8 5
= — 1 _ Ve
F = v30 P‘Yz(p) P(P )51
G = €3 — E - F

E gives no trouble. F is taken care of by Lemma 8. G will cause no difficulties
because it has a factor of p. v, or §,” (modulo p*~?) if they appear at all in G
are in the %, which are multiplied by 2, and hence G is unambiguous modulo

p2tl, For reasons similar to G (62) causes no trouble. The factor <;‘) in
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(63) is covered by Lemma 7. If « = @, the factor <';2> is covered by Lemma

7;if a < B, then 7. is an integer modulo $f and a similar argument applies.
We have now proved the following theorem:

THEOREM 6. Let A1, As, ..., A, be cyclic groups of order p=', p2, . .., p*,
respectively, a; positive integers, p a fixed prime, a1 < a2 < ... < a,. Let a;
generate A, Let vi,vs, ... be the sequence of standard commutators of non-
decreasing weight in the a; of weight < p + 1 (see (7)), except that

(((air a]'>7a]')r'-' :gj) an’d ((((li, a]’)r(&' .. ,ai)

are replaced by
Vijp = (ay af) and Vi, = (% ay)

respectively. Let

N, = p*i if v; 1s of weight 1,

N, = ged(p*9) if a; appears in vy,
except that for

v, =} N, = ged(p™ 7, p¥7)
and for

1 .
Paz lfai = oy

ng(Pai, paj) if (¢ 73 Z A j.

Then every element g, of F/F,.» can be uniquely expressed as

[To?

142
Vi = Vij,py N; = {
where v, are integers modulo N .
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