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GENERALISED RETRACT SEMIGROUPS

KARL AUINGER

We give a description of the structure of the semigroups for which each principal
ideal is a retract. The globally idempotent case is solved quickly using a—suitably
modified—construction which has been developed by TuUy for the study of semi-
groups in which each ideal is a retract. The general case can be treated by a
naturally obtained semigroup of subsets of the semigroup constructed for the glob-
ally idempotent case.

1. INTRODUCTION

Let J C 5 be an ideal of the semigroup S. I is a retract ideal if there exists a
retraction, that is, a homomorphism <f> : S —* I such that <f>\I — id/. In [4], Tully
characterised the structure of retract semigroups. He gave a general construction of
semigroups in which each ideal is a retract. Roughly speaking, a retract semigroup
5 can be constructed by means of (1) a semilattice X of a very special type, (2)
0-simple semigroups Ia which are indexed by the elements a € X, and (3) partial
homomorphisms fa<p : I£ —* Ip given for all a ^ /? which define a multiplicative
structure on IJ J£. The semilattice X is a tree in which each principal ideal is

aex
(downwards) well ordered. (Precisely these semilattices are retract semilattices.) An
arbitrary retract semigroup 5 then can be represented as an inflation of a semigroup
which is constructed in the way outlined above. The aim of this note is to show that
the construction of Tully also can be used—if suitably extended—to characterise the
structure of those semigroups for which each principal ideal is a retract. These latter
semigroups are called generalised retract semigroups.

We suppose that an arbitrary semilattice X is ordered by x ^ y if and only if
xy = x. A semilattice X is a tree if any two elements which possess a common upper
bound in fact are comparable elements. Furthermore, let S be a subsemigroup of the
semigroup T. Then T is an inflation of S if there exists a mapping <f> : T —* S such
that ^ |5 = ids and xy — (x<f>)(y<j>) for all x,y £ T. For an arbitrary semigroup 5 let
5* be the non zero part of 5 , that is, 5* — S if S has no zero and S* — S\ {0} if 0
is the zero of 5 . For a; 6 5 let J(x) denote the principal ideal (in 5) generated by x.
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500 K. Auinger [2]

For x, y £ 5 let x J y <$ J(x) = J{y). The J-class of all generators of the principal
ideal J(x) is denoted by Jx. It is well known that I(x) = J(x) \ Jx is an ideal in J(x).
The semigroup J(x)/I(x) is a principal factor. A semigroup S is semiaimple if each of
its principal factors is (O-)simple.

The main result of Tully [4] can be formulated as follows:

THEOREM 1 . Let X be a semilattice such that each non empty subset A C X,
for which X possesses an upper bound, in fact contains a greatest element. For each
a £ X let Ia be a non trivial 0 -simple semigroup such that / * n / ^ = 0 i f a ^ / 3 . For
each pair a ̂  /? £ X let fa<p : J£ —* / | denote a partial homomorphism, subject to
the following conditions:

(1) fa,a = id/^ ;
(2) c{xfa>pfpn) = c{xfan) whenever c € I*,x e /* and a ̂  /? ̂  7;
(3) (xfa,0fp^)c = (xfan)c whenever c G I*,x £ I* and a ̂  fi ̂  7;
(4) for arbitrary x £ I£,y € Ip the set

D{x,y) = {7 ̂  a,0 I (x/ai7)(y//,,.T) ^ 0 in J7}

is not empty and thus has a greatest element to be denoted by 6(x,y).

Now let S = \J J£ and define a multiplication * on S by the rule

(.,,)) (* e £,y € Ip)

such that the right hand side product is computed in If,x •.. Furthermore, let T be an
inflation of a semigroup thus constructed. Then T is a retract semigroup. Conversely,
every retract semigroup T can be so obtained.

First we notice that conditions (2) and (3) can be simplified to a transitivity con-
dition for the mappings fa<p.

LEMMA 1 . Let S be a semigroup constructed as in Theorem 1. Then fa,fiffi,-f =

fa>y for all a > /3 > 7 .

PROOF: Let x £ I^,a~^ ^ ̂  y £ X; then x — uv for some u,v £ I£ since Ia is
0-simple. Now

xfcfifp.-y = (t">)/a,/j//J,-r

= (ufan)(vfa,fiffi,y) by (3)

= («/-.,)(«/«.,) by (2)

= («»)/a,7 = */a,7.

https://doi.org/10.1017/S000497270002935X Published online by Cambridge University Press

https://doi.org/10.1017/S000497270002935X
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If in the construction of Theorem 1 the special tree X is replaced by an arbitrary
semilattice X then we still get a construction of a semigroup provided that the existence
of the greatest element of the set D(x,y) for each x,y G S be ensured. We therefore
give the following

DEFINITION: Let X be a semilattice and to each a £ X associate a non trivial

0-simple semigroup Ia such that I* D J | = 0 if o ^ /?. For all a ^ /3 G X let

fa,p '• Ia ~~* Ip be a partial homomorphism satisfying

(1) / a , « = i d / . ;
(2) fa,pfp,t = fa,-, whenever a*if)'Sfy;
(3) for arbitrary x G I*,y G I | the set

£(*,») = {7 < «,/3 I (*/-,-y)(v/fl,7) # ° i n M

has a greatest element, to be denoted by 8(x,y).

The semigroup 5 formally defined in the same fashion as in Theorem 1 is a Tally

semigroup, to be denoted by 5 = (X;Ia,fa,p)-

It is routine to see that the groupoid (X;Ia,fa,p) in fact is a semigroup. Further-
more, if X has a least element /x then by definition I* is closed under multiplication
and thus it is a simple semigroup. Tully semigroups appear in different contexts in
semigroup literature (see [1, 2] and [3]).

Roughly speaking, Tully semigroups are strong semilattices of the partial semi-
groups Ia such that the product of some x E Iaty (E. Ip is contained in some I* for a
well-defined 7 ^ a/3. In particular, strong semilattices of simple semigroups are Tully
semigroups. In what follows we shall show that this construction is an adequate tool
for describing the structure of generalised retract semigroups.

2. THE GLOBALLY IDEMPOTENT CASE

In order to treat this problem we first consider the less complicated case when 5 is
globally idempotent, that is, S2 = S. In this case, almost the same ideas as in [4] can
be used. Given a globally idempotent generalised retract semigroup S, we shall prove
that S = {X;Ia,fatp) where X = S/J, the semigroups Ia are the principal factors of
S and the partial homomorphisms fa,p are obtained as restrictions of certain retract
homomorphisms. What we have to prove in fact is that in this case 5 is semisimple
and that S/J is a semilattice.

LEMMA 2 . Let S be a generalised retract semigroup; then S2 is semisimple.

PROOF: Let x = uv € S2; then x = («//(«))(f//(«)) where fj(x) denotes a

retraction of S onto J(x). Since J(x) C J(y/j(z)) C J(x) for y = u,v we have
u/j(is) J x J vfj(.*) Wflich implies that no principal factor of S2 is null. 0
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LEMMA 3 . Let S = S2 be a generalised retract semigroup; then the intersection
of two principal ideals is a principal ideal. In particular, S/J is a semilattice.

PROOF: S/J is ordered by Jx < Jy if and only if J(x) C J(y). Let x,y G
S, x ^ y. Since xy G J(*) H J(y), S/J is downwards directed. Let I = J(x);
we consider the element yfj for some retract homomorphism / / : 5 —» / . Let z G
J(x) fl J(y); then z — uyv for certain u,v E S because 5 is semisimple. Since z G /
we may write z = (ufi)(yfi)(vfj). Therefore, Jz ^ JvfI for each z G J(a;) 0 J(y) and
thus J(x) D J(y) CJ J(yfj). On the other hand, by Lemma 2, y / j = u(yf/)v = uyv
for suitable u,v E / so that yfj E J[y)- Hence J(yfi) Q J(x) D J(y) and thus

) . D

We are ready to formulate :

THEOREM 2 . A globally idempotent semigroup S is a generalised retract semi-

group if and only if S is isomorphic to a Tully semigroup (X; Ia,fa,p) •

PROOF: We only give a sketch of the proof since the details can be done in the same
way as in [4]. First, let 5 be a globally idempotent generalised retract semigroup. By
Lemma 2, each principal factor J{x)/I(x) is (O)-simple and by Lemma 3, the ordered
set SIJ is a semilattice. Therefore, let X = S/J, that is, the ordered set of all
classes of J -equivalent elements, and for a G X let Ia — J{x)/I[x) if x G a . For
each principal ideal J{x) in S we choose a fixed retraction fj(x) (which, in general is
not unique). Now let a,/3 6 X , a > j8 and let / denote the principal ideal which is
generated by an arbitrary element y G fl. Define the mapping fa<p by xfaip — xfj

for all x G / „ . The mapping /a >^ is clearly a partial homomorphism. Since fi\I = id/
condition (1) of Theorem 1 follows. In the same way as [4, Lemma 3] it can be seen
that xfa<p G Ip, that is, fa,p : / „ —• J | . Furthermore, by the same method as [4,
Lemma 4] it follows that conditions (2) and (3) of Theorem 1 hold. Thus by Lemma 1,
condition (2) of the definition of a Tully semigroup follows. Furthermore, similarly as
[4, Lemma 5] it follows that the multiplication in S can be described in terms of the
mappings fOip according to the rules of a Tully semigroup.

Conversely, let S = (X;Ia,fat0) be a Tully semigroup. It can be seen easily that
for x, y G 5 we have x J y if and only if aj,y G / „ , for some a G X, that is, the
J -classes of S are precisely the sets / * , a G X. Let x G /* Q S and / - J{x). We
have to show that 7 is a retract ideal. Let y be an arbitrary element of S, say y € Ip •

Naturally, we define y / / = yfp,ap • Then yfj G / for each y G 5 since / = |J /* .

Also, fi\I = id/ . So it remains to show that / / is a homomorphism. Let y,z G 5 , say
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yelp,zel* and let 6 = 6(y,z). Then

(V*)fl =

= (yfp,as)(zf-

= (yfi)(zfi).

The last identity is a consequence of 8{Tjfptap,zf-,tOft) — <*£ which is an easy conse-
quence of the rules of multiplication in a Tully semigroup. Thus 5 = (X; Iaifa,p) is a
generalised retract semigroup which completes the proof. D

3. THE GENERAL CASE

For ordinary retract semigroups S the connection between 5 and its semisimple
part S2 is particularly uncomplicated: S is an inflation of S2. For generalised retract
semigroups 5 this connection is not given in such a simple way as the following example
demonstrates.

EXAMPLE. Let 7 be a 0-simple semigroup for which I* is not closed under multipli-
cation, say I — B2, the combinatorial Brandt semigroup of five elements. For each
n £ N let 7n denote an isomorphic copy of / such that 7n D 7m = 0 if m ̂  n. We as-
sume that the elements of In are realised as the elements of / which are indexed by n:
In = {xn I x 6 / } . For n ̂  m G N let / n ,m : / ; -> 7^ be defined by xnfn,m = xm. Let
I = NU {0} and /£ = {0}, that is, 70 is the 0-simple semigroup of two elements. Of
course we define /n,o = 0 for all n € N. Then 5 = (X;In, fn,m) is a Tully semigroup.
The multiplication in 5 is given by

= f (y)mln(n,m) if XV G 7*
" ™ \ 0 if xy = 0 in 7.

Now let T = Sl){x} where x ^ 5 and x G 7* such that x2 = 0. Define a multiplication
on T by xyn = xnyn,ynx = ynxn and x2 = x\ — xO = Ox = 0 for all n € N. Then
T ^ T2 — S. Also, T is a generalised retract semigroup but it is not an inflation of S.

This example shows that the condition " S = S2 " in Lemma 3 cannot be omitted.
Adjoining a second element 1' / 1 to 5 which acts in the same way as x we get a
generalised retract semigroup T = S\J {x,x'} for which J(x) D J(x') = 5 which is
not a principal ideal. Also, this example gives a suggestion as to how to describe the
structure of generalised retract semigroups which are not globally idempotent. The idea
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is to consider a semigroup whose elements are suitable subsets x — {xfa<p | j9 < o} C 5
of a Tully semigroup S rather than the elements x G S themselves. First we need an
auxiliary definition.

DEFINITION: Let S be a semigroup and K C 5 ; then the equivalence 6K is defined

by

x &K y ^> 2Z = zy and xz = yz for all z G K.

DEFINITION: Let 5 = (X;Ia,fa,fi) be a Tully semigroup. A subset F C S is a
fibre if

(1) F^0;
(2) if x,y G F n /* for some aeX then x 6s y\
(3) if x G F n I* then xfa>p G F for all fi < a.

By .F(S) = FiXJaJaj) we denote the set of all fibres of 5 .

The reason for condition (2) is that in general the retract homomorphisms fj(x)
and thus the partial homomorphisms fa,p need not be unique. This only is true if S
is weakly reductive, that is, if ax = bx and xa = xb for all x 6 5 imply a = b. In this
case condition (2) becomes the more natural form: |JF* H i£| ^ 1 for all a G X.

PROPOSITION 1. Let S = (X\Ia,fa<p) be a Tully semigroup. If a multiplica-
tion on ^(S) is defined as the usual complex product of subsets of S then !F(S) is a
semigroup in which S can be embedded in a natural way.

PROOF: ^"(5) is not empty and the multiplication is associative. We thus have
to show that the product FG G .F(S) for F,G G F(S). Let x G FG l~l I*; then
x = uv for some u G F D /„,« G G D / | for some a,/3 ^ f. Let 6 < 7; then
xf-t,t> = [i.ufa,i)i.vfp,t)\fi,S = («/a,S)(«//*,«) £ FG s o t h a t FG satisfies condition
(3). Let uv.zy G FG (M* for some u,x G F,v,y G G; if u G /*,« G / | then
ttw = (ufaty)(vf0a) and «/Q,7 G F,vfp^ G C?. Therefore the elements u,x,v,y may
be replaced by their respective images in /* under the appropriate functions /.)T.
Hence we may assume that u,x,v,y £ I*. By condition (2) we have u 6s x and
v 6s y- Thus uv — xv = xy which implies that \FG f~l /*| < 1 for all 7 G X. For the
product of two fibres in fact a stronger condition than (2) holds. Let x G S, x G I&
and x — {xfa<p \ P < a } ; then x G F(S) and by the rules of multiplication in a Tully
semigroup we have xy = xy. Therefore, S=S = {x\xGS}C. f(S). D

REMARK. Defining a relation < by u ^ v if and only if u = vfa$ for suitable a,/3 G X,
each fibre F G F{S) becomes an ordered set. The fibre F G F{S) is of the form F = x
for some x G S if and only if F possesses a greatest element (with respect to ^ ).

DEFINITION: For u G .F(S) let suppw = {7 G X \ «D/* ^ 0}. Then suppu is an
ideal in X for each tt G
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We now are ready to formulate

THEOREM 3 . Let S = {X;Ia,fafi) be a Tully semigroup and let T C f(S) be

a semigroup of fibres of S subject to the following conditions:

(1) S={*|zGS}CT;
(2) t2 G 5 for all i £ T;
(3) suppi fl suppu has a greatest element for all i ^ « £ T .

Let U be an inflation of T. Tien U is a generalised retract semigroup. Conversely,
every generalised retract semigroup can be so constructed.

PROOF: Direct part. Let T be a semigroup subject to the conditions (l)-(3) and
let U be an inflation thereof with inflation function <f>: U —» T. Let u € U be a fixed
element and let fu'.U—> J(«) denote a mapping defined by

if v £ U \ S and u<f> = v</>

for some v^ G v<f>D I* where 7 = max (supping PI suppw^) else.

Conditions (2) and (3) imply that U2 C~S. From this we obtain that J(u) = {u} U
U /*. In particular /„ : U —> J(y.). Suppose that u 6 U \ S; then ufu —

ir€»upp u4>

u. If x £ J(u),x ^ u then x G 7* for some 7 6 suppu^. Now x is the unique
element in x l~l I* and 7 = maxsuppz = max(suppz D suppu^). In particular, xfu =
x. K u = z £ S,z G /* then for each x G J{z) we have z £ 1% for some /3 ̂
7. In particular, z is the unique element in x C\ Ip and /3 = max(suppz flsuppz).
Therefore, in this case we also have /u|J(w) = idj(u). It remains to show that /„
is a homomorphism. Let v,t 6 U; then wi = (ycf>)(t<f>) — «7t7 where 7 = max{£ £
X I vgtf £ /{,»< £ v(f>r\If,ts £ t ^ ( l / | } . Furthermore, (ut)/« — (viti)fi,s where
8 = max (suppu^ D suppv7t7j = max(suppu^n (7]) where (7] = {a £ X \ a ̂  7}.
Now consider the product (i>/u)(t/u) and suppose first that vfu = v'a, v'a £ v<f>C\I£, ot =
max(suppv<£ fl suppu<̂ >) and tfu =t'a,t'g £ t<j>C[Ip,fi = max(suppt<f> D suppu(f>). Now

^F W and

e = max{»/ £ X | K / a

= max{i /£x \vvtv

1/ < max (supp v^ D supp u<f>), v ^ max (supp t<f> n supp u<f>)}

= max{i/ G X I vvtv G /^,«i/ G v<j>C\Il,iv G

= max({i/G X !«„<„ G/;,wv G ^ n / ; , * , , G

= max ((7] D suppu<£) = 8.

The elements u7/7,« and v'afa<s, respectively t7/7,« and t'pfp,s are not necessarily equal
but are contained in the fibre v<f>, respectively t<j>, and hence are 8s-equivalent. In par-
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ticular, ( V T ) / T , S = («7A.«)(<7/T.«) = «fa,i)(t'ph,s) and thus (trf)/. = (»/«)(</.).
Similarly but more easily it can be seen that the latter is also true if vfu = u or/and
tfu=u.

Converse. Let U be a generalised retract semigroup. By Lemma 2 and Theorem
2, U2 = S is a Tully semigroup (X;Ia,fatf}). For a £ X let K(a) = \J 1%. Let

u£U\S, "f£X and

F7(w) = {y£ K(f) \zu = zy and uz = yz for all z G #(7)},

that is, F~f(u) is the set of all elements of J(z) (for some z G I*) whose action on J(z)
is the same as that of u. Let F(u) = \J F^(u); then F(u) G F(S). Condition (1)

xholds since U is a generalised retract semigroup and thus F^(u) / 0 for each 7 G X.
Let x,y G F(u) HI*; then a: £ Fa(u),y G F^(«) for certain a,/3 ^ 7. We have
uz = xz,zu = zx for all z € -^(a) and uz — yz,zu = zy for all z G K{fi~)- Since
^ ( 7 ) C iiT(a) n K(fi) it follows that xz = uz = yz and zx = zu = zt/ for all z G -^(7) •
By the rules of multiplication in a Tully semigroup it follows that xz = yz, zx = zy
for all z G S so that x Ss y- Further, let x G F(u),x G Ip\ then x G Fa(u) for some
a ^ j3. If 7 ^ /? then again by the multiplication in 5 = (X;Ia,fa,p) it follows that
xfp,i £ •^1T('U) a11^ thus xfpa G i^(u). Now consider the mapping <f> : U —> ^"(5)
defined by

u4> = F(u) itueU\S,

u<f> = u = {ufaif) \0^a} if u G /* C 5 .

First we show that ^ is a homomorphism. Let u,v G U \ S; then uv — (uf)(vf) G S
where / denotes a retraction of U on J(uv). In particular, uf,vf,uv = (uf)(vf) G 1^
and J(wv) = K(f) for some 7 G X. Now let z G u<f>,y G u^,a; £ JJ,y 6 1^,6 — 6{x,y).
There exists z G Ig such that xyz G / | . By definition oi 4>, xa = us for all elements
5 of a principal ideal of S which contains K(5) so that xyz = uyz since yz G K{8).
Similarly we obtain yz = vz so that xyz — uyz = uvz. In particular, 6 < 7. Since
w/ G F^(u),vf G F7(w) it follows that uv = («/)(«/) G F(w)f(v) = (u<£)(t^). Now
(u^)(v$) is a fibre for which |(u^)(v^) D / | | < 1 for each 6 G X and which has
the greatest element uv = (uf)(vf) (with respect to the order relation defined in the
Remark after Proposition 1.) Therefore, {u<j>){v<t>) = [{uf)(vf)]<f> = (uv)<f>. If u G S
or/and v £ S then the same can be proved similarly. Hence <f> is a homomorphism.
Now consider the relation 6 = By • Let {ut- | i G U/S} be a system of representatives
of the ^-classes of U such that ut G 5 if u<£ D 5 ^ 0. For u G If \ 5 let uij) = Uj
if « £ «j , for u G 5 let u^ = u. Let T = Ui))<t>] then T is a subsemigroup of
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such that T2 = 5 and in particular t2 £ 5 for all t £ T . We have to show that
V> : u *-* uij) is an inflation function and that 4>\Ui}> is injective. The first follows
immediately by definition: uipiff = uij> and uv = [urj))v — (ur/>)(vip) for all u,v £ U,
and Utp is a subsemigroup of U. Let u, v £ £/ such that u<j> = v<f> and z £ U; then
u<j>z<f> — v<f>z<f> and z^u^ = z^v^. Since <f> is a homomorphism we obtain (uz)i^ = (vz)<j>
and (zu)4> = {zv)<f> and thus, since ^ | 5 is injective, uz = vz,zu = zv for arbitrary
z £ U. Therefore, if u,v £ I/V* then either u = v or u,v £ S. In the latter case
also u = v since </> is injective on 5 . It remains to show that supp u<f> fl supp v<f> is a
principal ideal in X if u ^ v £ £/^. For convenience we shall identify the elements u
and u<j> in the following (in particular, suppu then stands for suppiJ1(u) or suppu).
Let u ^ v £ t / ^ . If u,v £ 5 then clearly suppu fl suppv is a principal ideal since
both ideals are principal ideals. Now let u,v $ S. The principal ideal in U which
is generated by u is given by J(u) = {u} U (J I*. Let / : U —» J(«) denote

7€»upp ti

a retraction. We consider the element vf £ J(u). First assume that vf ^ u; then
«/ £ 7* for some 7 £ suppu. We have (vf)z = vz and z(vf) = zv for all z £ #(7)
since if(7) C J(u). In particular vf £ ^(w) so that 7 £ suppu H suppu. Let
(3 £ supp ufl supp v and a; £ F(u)n/^. Then there exists z £ I£ so that xz —vz £ 1^.
Since /? £ suppu we have z £ J(u) and thus xz = vz — (vf)z £ Ip so that /? < 7
since vf £ I*. Therefore, suppu H suppw possesses the greatest element 7 and hence
it is a principal ideal. Now consider the case vf = u. Then vz = uz and zv = zu for
all z £ J(u). Let 7 £ suppu and x £ F7(u). Then, since #(7) Q J(«), xz = uz = vz
and zx = zu = zv for all z £ K(y) and thus x £ Fy{v). In particular, .F(u) C F(v).
Now consider the same procedure for J(v) = {v}U (J /*. If u / 5̂  v for a retraction

TrEsupp o

/ : U —> J(u) then in the same way as above we obtain that suppu D suppv has a
greatest element and thus it is a principal ideal. If u / = v then by the same procedure
as above we have F(v) C JF(U) and thus F(u) = F(v). So u0 = v<j> and thus, similarly
as above, uz = vz,zu = zv for all z £ U, that is, u Su v. Since u,v £ Utj) \ 5 we
get u = v. For the case when u £ Uij> \ S and v £ S, v £ /* we consider a retraction
f : U —* J(v) and the element u / £ Ip for some fi ^ a. By the same reason as above
(3 is the greatest element of supp u f~l supp v. U

REMARK. A similar example as above shows that T2 = 5 in general is not sufficient
in order that supp u D supp v has a greatest element for all u ^ v £ T.

COROLLARY 1. Let S be a generalised retract semigroup. If S2 = (X; Ia,fa,p)
is a semilattice of simple semigroups, that is, if each /£ is closed under multiplication
then S is an inflation of S2.

PROOF: Let x £ S; the action of x on S2 is given by the fibre F(x). Also,
x2 = z £ /* for some a £ X. Then z = xaxa for some xa £ F[x) D 1£ and
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a = max{/3 | xpxp £ Ip,xp G F(*) ^1%}- Since each Ip is closed under multiplication,
a = maxsupp.F(2;). Then the mapping

( xa for some xa € F(x) C\I^,a = maxsupp F(z) if x e 5 \ S2,

is an inflation function. D
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