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GENERALISED RETRACT SEMIGROUPS

KARL AUINGER

We give a description of the structure of the semigroups for which each principal
ideal is a retract. The globally idempotent case is solved quickly using a—suitably
modified—construction which has been developed by Tully for the study of semi-
groups in which each ideal is a retract. The general case can be treated by a
naturally obtained semigroup of subsets of the semigroup constructed for the glob-
ally idempotent case.

1. INTRODUCTION

Let I C S be an ideal of the semigroup S. I is a retract ideal if there exists a
retraction, that is, a homomorphism ¢ : § — I such that ¢|I = idy. In (4], Tully
characterised the structure of retract semigroups. He gave a general construction of
semigroups in which each ideal is a retract. Roughly speaking, a retract semigroup
S can be constructed by means of (1) a semilattice X of a very special iype, (2)
0-simple semigroups I, which are indexed by the elements a € X, and (3) partial
homomorphisms fag : I — I; given for all @ > § which define a multiplicative

structure on {J I;. The semilattice X is a tree in which each principal ideal is
acX
(downwards) well ordered. (Precisely these semilattices are retract semilattices.) An

arbitrary retract semigroup S then can be represented as an inflation of a semigroup
which is constructed in the way outlined above. The aim of this note is to show that
the construction of Tully also can be used—if suitably extended—to characterise the
structure of those semigroups for which each principal ideal is a retract. These latter
semigroups are called generalised retract semigroups.

We suppose that an arbitrary semilattice X is ordered by ¢ < y if and only if
zy = z. A semilattice X is a tree if any two elements which possess a common upper
bound in fact are comparable elements. Furthermore, let S be a subsemigroup of the
semigroup T'. Then T is an inflation of S if there exists a mapping ¢ : T — § such
that ¢|S =ids and zy = (z¢)(y¢) for all z,y € T'. For an arbitrary semigroup S let
S* be the non zero part of §, thatis, §* =S5 if S has no zeroand $* =S\ {0} if O
is the zero of S. For z € S let J(z) denote the principal ideal (in S) generated by =.
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For z,y€ S let z J y & J(z) = J(y). The J-class of all generators of the principal
ideal J(z) is denoted by J,. It is well known that I(z) = J(z)\ J, is an ideal in J(z).
The semigroup J(z)/I(z) is a principal factor. A semigroup § is semisimple if each of
its principal factors is (0-)simple.

The main result of Tully [4] can be formulated as follows:

THEOREM 1. Let X be a semilattice such that each non empty subset A C X,
for which X possesses an upper bound, in fact contains a greatest element. For each
o € X let I be a non trivial 0-simple semigroup such that I3 N1; =0 if a # B. For
each pair a > f € X let fop : I3 — Ij denote a partial homomorphism, subject to
the following conditions:

(1) fu,a = idl; ;

(2) e(zfa,pf8,4) = c(2fa,y) Whenever c € I,zel,anda2f2>7;
(3) (2fapfsx)e = (2fa,y)c whenever c€ Ij,z €I and a 2 8 2 v;
(4) for arbitrary z € I3,y € I the set

D(z1y) = {7 <a,p ‘(zfa."l)(yfﬁ.'v) # 0in I‘Y}

is not empty and thus has a greatest element to be denoted by §(z,y).

Now let S = |J I and define a multiplication * on S by the rule
a€X

z* y= (zfa»s(z’y)) (yfﬁvs(zvy)) (z € I;,y S IE)

such that the right hand side product is computed in I;(z'y) . Furthermore, let T be an
inflation of a semigroup thus constructed. Then T is a retract semigroup. Conversely,
every retract semigroup T can be so obtained.

First we notice that conditions (2) and (3) can be simplified to a transitivity con-

dition for the mappings fo.

LEMMA 1. Let S be a semigroup constructed as in Theorem 1. Then fo gf3,y =
fay foralla>p > 7.

PROOF: Let z € I},a 2> 8 2> v € X; then z = uv for some u,v € I} since I, is

0-simple. Now

zfapfoqy = (“”)fa,ﬁfﬁn

= [(vfa,8)(vfa,8)l f5.7

= (vfa,8f8.1)(vfapf,)

= (ufar)(vfa,nf8,4) by (3)

= (vfay)(vfa,4) by (2)

= (uv)fay = 2fa,y- 1]
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If in the construction of Theorem 1 the special tree X is replaced by an arbitrary
semilattice X then we still get a construction of a semigroup provided that the existence
of the greatest element of the set D(z,y) for each z,y € § be ensured. We therefore
give the following

DEFINITION: Let X be a semilattice and to each @ € X associate a non trivial
0-simple semigroup I, such that [ NI5 =0 if a # f. Foral a > B € X let
fa,p : I3 — I be a partial homomorphism satisfying

(1) faa = idI; )
(2) fapfsy = fa,y whenever a 2 8 2 7;
(3) for arbitrary z € I,y € I the set

D(z,y) = {y < &,B | (2fay)(¥fs,x) # 0 in I}

has a greatest element, to be denoted by §(z,y).

The semigroup S formally defined in the same fashion as in Theorem 1 is a Tully
semigroup, to be denoted by S = (X; I, fa,8)-

It is routine to see that the groupoid (X; Ia, fa,s) in fact is a semigroup. Further-
more, if X has a least element p then by definition I} is closed under multiplication
and thus it is a simple semigroup. Tully semigroups appear in different contexts in
semigroup literature (see [1, 2] and {3]).

Roughly speaking, Tully semigroups are strong semilattices of the partial semi-
groups I such that the product of some z € I,y € I is contained in some I for a
well-defined v € af. In particular, strong semilattices of simple semigroups are Tully
semigroups. In what follows we shall show that this construction is an adequate tool
for describing the structure of generalised retract semigroups.

2. THE GLOBALLY IDEMPOTENT CASE

In order to treat this problem we first consider the less complicated case when § is
globally idempotent, that is, $2 = §. In this case, almost the same ideas as in [4] can
be used. Given a globally idempotent generalised retract semigroup S, we shall prove
that S = (X;Ia, fa,8) where X = §/J, the semigroups I, are the principal factors of
S and the partial homomorphisms f. g are obtained as restrictions of certain retract

homomorphisms. What we have to prove in fact is that in this case S is semisimple
and that S/J is a semilattice.

LEMMA 2. Let S be a generalised retract semigroup; then S? is semisimple.

PROOF: Let z = uv € §%; then z = (uf,,(,))(vf,,(,)) where fj:) denotes a
retraction of S onto J(z). Since J(z) € J(yfsz)) € J(z) for y = u,v we have
ufsz) J 2 J vfy) which implies that no principal factor of S? is null. 0
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LEMMA 3. Let S = S? be a generalised retract semigroup; then the intersection
of two principal ideals is a principal ideal. In particular, S/J is a semilattice.

ProoF: S/J is ordered by J, < J; if and only if J(z) C J(y). Let z,y €
S,z # y. Since zy € J(z) N J(y), S/J is downwards directed. Let I = J(z);
we consider the element yf; for some retract homomorphism fr : § — I. Let 2z €
J(z) N J(y); then 2z = uyv for certain u,v € § because S is semisimple. Since z € T
we may write z = (ufr)(yfr)(vfr). Therefore, J, < Jyy, for each z € J(z) N J(y) and
thus J(z) N J(y) € J(yfr). On the other hand, by Lemma 2, yfr = u(yfr)v = uyv
for suitable u,v € I so that yfr € J(y). Hence J(yfr) € J(z) N J(y) and thus
I(z) N JI(y) = J(yfxe))-

We are ready to formulate :

THEOREM 2. A globally idempotent semigroup S is a generalised retract semi-
group if and only if S is isomorphic to a Tully semigroup (X; Iy, fa,8)-

PROOF: We only give a sketch of the proof since the details can be done in the same
way as in [4]. First, let S be a globally idempotent generalised retract semigroup. By
Lemma 2, each principal factor J(z)/I(z) is (0)-simple and by Lemma 3, the ordered
set S/J is a semilattice. Therefore, let X = §/7, that is, the ordered set of all
classes of J-equivalent elements, and for a € X let I, = J(z)/I(z) if z € a. For
each principal ideal J(z) in § we choose a fixed retraction fj(;) (which, in general is
not unique). Now let a,8 € X,a > § and let I denote the principal ideal which is
generated by an arbitrary element y € 8. Define the mapping fa s by zfaps = 2fr
for all z € I;. The mapping fq,s is clearly a partial homomorphism. Since fr|I = idy
condition (1) of Theorem 1 follows. In the same way as [4, Lemma 3] it can be seen
that zfa s € I, that is, fo, : I3 — Ij. Furthermore, by the same method as (4,
Lemma 4] it follows that conditions (2) and (3) of Theorem 1 hold. Thus by Lemma 1,
condition (2) of the definition of a Tully semigroup follows. Furthermore, similarly as
[4, Lemma 5] it follows that the multiplication in § can be described in terms of the
mappings fq,p according to the rules of a Tully semigroup.

Conversely, let S = (X; I, fa,s) be a Tully semigroup. It can be seen easily that
for z,y € S we have z J y if and only if =,y € I3, for some a € X, that is, the
J -classes of S are precisely the sets I,a € X. Let z € I, C S and I = J(z). We
have to show that I is a retract ideal. Let y be an arbitrary element of S, say y € I5.

Naturally, we define yfr = yfg,ap- Then yfr € I for each y € S since I = |J I3.
v<a

Also, fr|I =id;. So it remains to show that fr is a homomorphism. Let y,z € S, say
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y€Ig,z€ I, andlet § = §(y,z). Then

(v2)fr = ((yfa,6)(2f~,6)1f1
= ((vf8,6)(2fx,6) f5,a5
= (yf8,as)(2f~,a6)
= (yfﬁ.aﬂfaﬂ,aﬁ)(zfv,a‘vfa'v.uG)
= (yf1)fap,as(2f1)fay,as
= (yfr)(zfr1).

The last identity is a consequence of §(yfg,a8,2fy,ay) = ad which is an easy conse-
quence of the rules of multiplication in a Tully semigroup. Thus S = (X;Ia, fa,g) is a
generalised retract semigroup which completes the proof.

3. THE GENERAL CASE

For ordinary retract semigroups S the connection between § and its semisimple
part S? is particularly uncomplicated: S is an inflation of S2. For generalised retract
semigroups S this connection is not given in such a simple way as the following example
demonstrates.

EXAMPLE. Let I be a 0-simple semigroup for which I* is not closed under multipli-
cation, say I = B,, the combinatorial Brandt semigroup of five elements. For each
n € N let I,, denote an isomorphic copy of I such that I, NI, =0 if m #n. We as-
sume that the elements of I,, are realised as the elements of I which are indexed by n:
In={zn|z€I}. Frn>meNlet f, ,:I; — I} bedefined by zpfn,m = zm . Let
X =NU {0} and I§ = {0}, that is, I is the 0-simple semigroup of two elements. Of
course we define frn0 =0 for all n € N. Then § = (X;In, fa,m) is a Tully semigroup.
The multiplication in S is given by

(zy)min (n,m) if zy € I
TalYm =
0 if zy=0in I.

Now let T = SU{z} where z ¢ S and z € I* such that z2 = 0. Define a multiplication
on T by ZYn = Zu¥Yn,YnZ = YnZn and 22 =22 =20 = 0z = 0 for all n € N. Then
T #T?=S. Also, T is a generalised retract semigroup but it is not an inflation of S.

This example shows that the condition “S = §2” in Lemma 3 cannot be omitted.
Adjoining a second element z' # z to § which acts in the same way as z we get a
generalised retract semigroup T = S U {z,2'} for which J(z) N J(z') = S which is
not a principal ideal. Also, this example gives a suggestion as to how to describe the
structure of generalised retract semigroups which are not globally idempotent. Theidea
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is to consider a semigroup whose elements are suitable subsets Z = {zfap |3 < a} C S
of a Tully semigroup S rather than the elements z € § themselves. First we need an
auxiliary definition.
DEFINITION: Let S be a semigroupand K C S; then the equivalence 8 is defined
by
zégy< zz=zyand zz =yzforall z€ K.

DEFINITION: Let S = (X;Ia, fa,s) be a Tully semigroup. A subset F C S is a
fibre if
(1) F#0;
(2) if z,y € FNI for some a € X then z §5 y;
(83) fze FNI; then zfag € F for all < a.

By F(S) = F(X;Ia, fa,8) We denote the set of all fibres of S.

The reason for condition (2) is that in general the retract homomorphisms fy()
and thus the partial homomorphisms f, g need not be unique. This only is true if §
is weakly reductive, that is, if az = bz and za = zb for all z € S imply a = b. In this
case condition (2) becomes the more natural form: |[FNI;| <1 forall a € X.

PROPOSITION 1. Let S =(X;Ia,fap) be 2 Tully semigroup. If a multiplica-
tion on F(S) is defined as the usual complex product of subsets of S then F(S) is a
semigroup in which S can be embedded in a natural way.

PROOF: F(S) is not empty and the multiplication is associative. We thus have
to show that the product FG € F(S) for F,G € F(S). Let 2 € FGNI;; then
z = uv for some u € FNIv € GﬂIE for some a,8 > v. Let § < v; then
2fys = [(Wfaq)(vfa4)fvé = (vfas)(vfss) € FG so that FG satisfies condition
(3). Let uv,zy € FG N I for some u,z € Fyv,y € G; if v € I3,v € I5 then
uwv = (ufay)(vfa,y) and vfay € F,vfgy € G. Therefore the elements u,z,v,y may
be replaced by their respective images in I under the appropriate functions f, ..
Hence we may assume that u,z,v,y € I]. By condition (2) we have u §s z and
v §s y. Thus uv = zv = zy which implies that |[FGNI;|{ <1 for all v € X. For the
product of two fibres in fact a stronger condition than (2) holds. Let z € S,z € I
and Z = {¢fap | B < a}; then Z € F(S) and by the rules of multiplication in a Tully
semigroup we have zj = Zj. Therefore, S= § = {z | z € S} C F(S5). 1|

REMARK. Defining a relation < by 4 € v ifand only if ¥ = vf, g for suitable a,8 € X,
each fibre F € F(S) becomes an ordered set. The fibre F € F(S) is of the form F =z
for some z € S if and only if F possesses a greatest element (with respect to <).

DEFINITION: For u € F(S) let suppu = {y € X [uNI; # 0}. Then suppu is an
ideal in X for each u € F(S5).
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We now are ready to formulate

THEOREM 3. Let S = (X;Ia,fag) be a Tully semigroup and let T C F(S) be
a semigroup of fibres of S subject to the following conditions:
(1) S={zlzeS}CT;
(2) *€SforalteT;
(3) supptnsuppu has a greatest element forall t #u € T.
Let U be an inflation of T. Then U is a generalised retract semigroup. Conversely,
every generalised retract semigroup can be so constructed.
PRrROOF: Direct part. Let T be a semigroup subject to the conditions (1)~(3) and
let U be an inflation thereof with inflation function ¢ : U — T'. Let u € U be a fixed
element and let f, : U — J(u) denote a mapping defined by

{u fveU\S and up =v¢

vy for some vy € vé N I where v = max (suppvé N suppug) else.

vf, =

Conditions (2) and (3) imply that U? C §. From this we obtain that J(u) = {u} U

U I_.; In particular f, : U — J(u). Suppose that u € U\ S; then uf, =
YEsupp ug
uv. If € J(u),Z # u then z € _I—:, for some v € suppu¢. Now z is the unique

element in ZN I and ¥ = maxsuppZ = max(supp Z Nsuppug¢). In particular, zf, =
Z. If u =z € S,z € T} then for each € J(z) we have Z € IT; for some B <
7. In particular, z is the unique element in ZN I and f = max(suppZ NsuppZ).
Therefore, in this case we also have f,|J(u) = idj(u). It remains to show that f,
is a homomorphism. Let v,t € U; then vt = (vg)(t¢) = vy, where v = max{é €
X | vsts € If,vs € vp NI, ts € t¢ NI;}. Furthermore, (vt)fu = (v4ty)fy,s where
§ = max (suppu¢ N suppv,iy) = max(suppug N (y]) where (7] = {a € X | a < 7}.
Now consider the product (vf,)(tf.) and suppose first that v f, = v/, v}, € voNI,a =
max (suppv¢ N suppug) and tf, = ?‘;, ty € t¢ N Ig, B = max(suppid Nsuppug). Now
EE = v t, where v, = v, fa,,t, = t5fp, and
e = max{v € X | (”;fa.V)(t;afﬂ,V) €I;,v < a,f}
=max{v € X |v,t, € I[,v, evdNI},t, €etdnI;,

v < max (supp v N suppud),v < max(suppté Nsuppud)}
=max{v € X |vt, € IJ,v, €vpNI,t, €t¢ NI} v € suppud}
=max({v € X |v.t, € IJ,v, €v$ NI, t, €t NI} Nsuppud)

max ((y] N suppu¢) = 4.

The elements v, fy s and v, fa s, respectively ¢, f, s and t5fs,s are not necessarily equal
but are contained in the fibre v, respectively t¢, and hence are §5-equivalent. In par-
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ticular, (vyty)fy,s = (vyfy,6)(trfv,6) = (”Lfa,ﬁ)(t'pfﬁﬁ) and thus (vt)fu = (vfu)(tfu).
Similarly but more easily it can be seen that the latter is also true if vf, = u or/and
tfu =u.

Converse. Let U be a generalised retract semigroup. By Lemma 2 and Theorem
2, U? = S is a Tully semigroup (X;I,, fag). For a € X let K(a) = ﬂlsJ Ig. Let

ueU\S,vy€X and
Fy(u)={y € K(y) | 2u = zy and uz = yz for all z € K(7)},

that is, F,(u) is the set of all elements of J(z) (for some z € I}) whose action on J(z)
is the same as that of u. Let F(u) = |J Fy(u); then F(u) € F(S). Condition (1)
v€X

holds since U is a generalised retract semigroup and thus F,(u) # 0 for each v € X.
Let z,y € F(u) N I;; then z € Fu(u),y € Fp(u) for certain a,f > v. We have
uz = zz,zu = 2z for all 2 € K(a) and uz = yz,zu = 2y for all z € K(B). Since
K(v) € K(a)NK(B) it follows that zz = uz = yz and 2z = zu = zy for all z € K(v).
By the rules of multiplication in a Tully semigroup it follows that zz = yz,22 = 2y
for all z € S so that z és y. Further,let z € F(u),z € I; then z € Fo(u) for some
a > B. If ¥ <P then again by the multiplication in § = (X;I4, fa,8) it follows that
zfay € Fy(u) and thus zfg, € F(u). Now consider the mapping ¢ : U — F(S)
defined by

ud = F(u) fuelU\S,
up=%={ufap|Bf <a} ifuely,CS.

First we show that ¢ is a homomorphism. Let u,v € U\ §; then uv = (uf)(vf) € §
where f denotes a retraction of U on J(uv). In particular, uf,vf,uv = (uf)(vf) € I}
and J(uv) = K(vy) for some y € X. Nowlet z € ud,y € vé,z € I,y € I},§ = §(z,y).
There exists z € I such that zyz € I{. By definition of ¢, zs = us for all elements
s of a principal ideal of S which contains K(§) so that zyz = uyz since yz € K(§).
Similarly we obtain yz = vz so that zyz = uyz = uvz. In particular, § < v. Since
uf € F,(u),vf € Fy(v) it follows that uv = (uf)(vf) € F(u)F(v) = (u¢)(v¢). Now
(up)(ve) is a fibre for which |(ud)(vé)N If] < 1 for each § € X and which has
the greatest element uv = (uf)(vf) (with respect to the order relation defined in the
Remark after Proposition 1.) Therefore, (u¢)(vd) = [(uf)(vf)]¢ = (uv)p. fu € §
or/and v € S then the same can be proved similarly. Hence ¢ is a homomorphism.
Now consider the relation § = éy. Let {u; | 1 € U/} be a system of representatives
of the §-classes of U such that u; € S if u;6NS £0. Foru e U\ S let uyp = u;
if udu;, foru€ Slet up =u. Let T = Uyg; then T is a subsemigroup of F(S)
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such that T? = § and in particular 12 € S for all t € T. We have to show that
P : u + uip is an inflation function and that ¢|U+ is injective. The first follows
immediately by definition: uyt = uy and uv = (uyp)v = (up)(vy) for all u,v € U,
and U is a subsemigroup of U. Let u,v € U such that u¢ = v¢ and 2 € U; then
udzd = vdz¢ and zdud = 2¢v¢é. Since ¢ is a homomorphism we obtain (uz)¢ = (vz)é
and (2u)¢ = (zv)¢ and thus, since ¢|S is injective, uz = vz,zu = zv for arbitrary
z € U. Therefore, if u,v € Uy then either u = v or u,v € §. In the latter case
also u = v since ¢ is injective on S. It remains to show that suppu¢ Nsuppve is a
principal ideal in X if u # v € Uy. For convenience we shall identify the elements u
and u¢ in the following (in particular, suppu then stands for supp F(u) or suppi).
Let u # v € Up. If u,v € S then clearly suppu Nsuppv is a principal ideal since
both ideals are principal ideals. Now let u,» ¢ §. The principal ideal in U which
is generated by u is given by J(u) = {u}U | I;. Let f: U — J(u) denote

YEsuppu
a retraction. We consider the element vf € J(u). First assume that vf # u; then

vf € I} for some 7y € suppu. We have (vf)z = vz and 2(vf) = zv for all z € K(y)
since K(y) € J(u). In particular vf € F,(v) so that ¥ € suppu N suppv. Let
B € suppuNsuppv and z € F(v)ﬂIE. Then there exists z € I§ so that zz =vz € I3.
Since B € suppu we have z € J(u) and thus 2z = vz = (vf)z € I§ so that B <7
since vf € I}. Therefore, suppu N suppv possesses the greatest element v and hence
it is a principal ideal. Now consider the case vf = u. Then vz = uz and zv = zu for
all z € J(u). Let v € suppu and z € F,(u). Then, since K(y) C J(u), 2z =uz =vz
and 2z = zu = 2zv for all z € K(y) and thus z € F,(v). In particular, F(u) C F(v).

Now consider the same procedure for J(v) = {v}U | Iy. If uf # v for a retraction
YEsupp v
f : U — J(v) then in the same way as above we obtain that suppu N suppv has a

greatest element and thus it is a principal ideal. If uf = v then by the same procedure
as above we have F(v) C F(u) and thus F(u) = F(v). So u¢ = v¢ and thus, similarly
as above, uz = vz,2u = zv for all z € U, that is, u §y v. Since u,v € Up \ § we
get u = v. For the case when u € Uy \ S and v € S,v € I} we consider a retraction
f:U — J(v) and the element uf € Ig for some B < a. By the same reason as above

B is the greatest element of suppu Nsuppv. 0

REMARK. A similar example as above shows that T2 = § in general is not sufficient
in order that suppu Nsuppv has a greatest element for all u #v € T.

COROLLARY 1. Let S be a generalised retract semigroup. If S? = (X; I, fa,8)
is a semilattice of simple semigroups, that is, if each I is closed under multiplication
then S is an inflation of S2.

PROOF: Let z € S; the action of z on S? is given by the fibre F(z). Also,

z? = z € I} for some @ € X. Then z = zoz, for some z, € F(z) N IX and
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a = max{f | zgzg € I5,zp € F(z)NIg}. Since each Ij is closed under multiplication,
a = maxsupp F(z). Then the mapping

zo for some z, € F(z) NI}, a = maxsupp F(z) ifz € S\ S?,
z+—
z if z € §2.

is an inflation function. 1]
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