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Abstract. Let M be a compact smooth manifold without boundary. Based on results
by Good and Meddaugh [Invent. Math. 220 (2020), 715-736], we prove that a strong
distributional chaos is C®-generic in the space of continuous self-maps (respectively,
homeomorphisms) of M. The results contain answers to questions by Li, Li and Tu
[Chaos 26 (2016), 093103] and Moothathu [Topology Appl. 158 (2011), 2232-2239] in
the zero-dimensional case. A related counter-example on the chain components under
shadowing is also given.
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1. Introduction
Throughout, let X denote a compact metric space endowed with a metric d. We denote
by C(X) (respectively, H(X)) the set of continuous self-maps (respectively, homeomorph-
isms) of X. Let do: C(X) x C(X) — [0, co) be the metric defined by

deo(f, 8) = sup d(f(x), g(x))

xeX

for f, g € C(X). A metric c?co: H(X) x H(X) — [0, co) is given by

deo(f, g) = max{dco(f, &), dco(f 1 g7}

for f, g € H(X). With respect to these metrics, C(X) and H(X) are complete metric
spaces.

A subset S of X is called a Mycielski set if it is a countable union of Cantor sets. Define
Cpc1,(X) to be the set of f € C(X) such that there is a Mycielski subset S of X, which is
distributionally n-§,-scrambled for all n > 2 for some §, > 0. Let

Hpci, (X) = H(X) N Cpci, (X).
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We say that a subset F' of a complete metric space Z is residual if it contains a countable
intersection of open and dense subsets of Z. The aim of this paper is to prove the following
theorem.

THEOREM 1.1. Given any compact smooth manifold M without boundary, Cpci, (M) is a
residual subset of C(M), and if dim M > 1, then Hpc1,(M) is also a residual subset of
H(M).

‘We recall the definition of distributional n-chaos [22, 37].

Definition 1.1. For f € C(X), an n-tuple (x1,x3,...,x,) € X", n > 2, is said to be
distributionally n-§-scrambled for § > 0 if

. 1 k k
lim sup — {o§k5m—1: max  d(f*(x), f (x,-))<eH=1

m—oo M 1<i<j<n

for all € > 0, and

1

lim sup — {0 <ksm—1: min d(ffGo). ff*op) > 5}) — 1.
m—>o0 M I<i<j<n ’

Let Dlel(X, f) denote the set of distributionally n-6-scrambled n-tuples and let

DCI1,(X, f) = Us-0 DCl,‘i(X, f). A subset § of X is said to be distributionally

n-scrambled (respectively, n-6-scrambled) if

(x1,x2,...,x,) € DC1,(X, f) (respectively, Dlel(X, )

for any distinct x1, x2, ..., x, € S. We say that f exhibits the distributional n-chaos of
type 1 (DC1,) if there is an uncountable distributionally n-scrambled subset of X.

For any map f* € C(X), let hyop( f) denote the topological entropy of f (see, for example,
[38] for its definition). Then, for every compact topological manifold M, possibly with
boundary, Yano showed that generic f € C(M) (respectively, f € H(M), if dim M > 1)
satisfies hp(f) = 00 [40]. Since the positive topological entropy is a characteristic feature
of chaos, generic dynamics on M is, roughly speaking, chaotic. Another definition of
chaos is the so-called Li—Yorke chaos derived from [23]; and in [6], any map f € C(X) is
proved to be Li—Yorke chaotic whenever A, (f) > 0 (see [6, Corollary 2.4]), so Li—Yorke
chaos is topologically generic on manifolds. From a statistical viewpoint, the notion of
distributional chaos was introduced by Schweizer and Smital in [35] as three variants
of Li—Yorke chaos for interval maps. They are numbered in order of decreasing strength
(DCB,, B € {1, 2, 3}), therefore DC1;, is the strongest by definition, and DC2, (also called
mean Li-Yorke chaos) is still stronger than Li—Yorke chaos. Then it is natural to ask if
DC1,,,n > 2, is generic or not. Note that DC1,, n > 2, does not necessarily imply DC1,,41
[22, 37].

For an interval map f € C([0, 1]), all DCB,, B €{l,2,3}, are equivalent to
hiop(f) > 0[35] (see also [34]). Since there is a Li—Yorke chaotic map f € C([0, 1]) with
hwop(f) = 0, DC2; is strictly stronger than Li—Yorke chaos in general [36, 39] (see also
[34]). In general, improving the result of [6], Downarowicz showed that any map f € C(X)
with hop(f) > 0 exhibits DC2; [8] (see also [13]). On the other hand, Pikuta constructed a
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subshift (X, f) such that h¢p(f) > 0 and DC12(X, f) = @ [31]. Since DC12(X, f) # ¢
implies the existence of a distal pair for f (see [29, Corollary 15]), any proximal map
f € C(X) with hp(f) > 0, given in, for example, [12, 19, 30], does not exhibit DC1,.
By [4, Theorem 2], we also know that a minimal map f € C(X) with a regularly recurrent
point satisfies DC1,(X, f) = ¥, so every Toeplitz subshift with arbitrary topological
entropy does not exhibit DC1, (see also [7] and [15, Remark 2.2]). Thus, some additional
assumptions besides hop(f) > 0 are needed to ensure DC1,, n > 2, for a general map
f eCX).

Shadowing is a natural candidate for such an assumption. In [21], Li, Li and Tu proved
that for any transitive map f € C(X) with the shadowing property, f € Cpci, (X) if one
of the following properties holds: (1) f is non-periodic and has a periodic point; or (2) f
is non-trivial weakly mixing. Here, we have hip(f) > 0 in both cases. This result is
extended in [15] by using a relation defined by Richeson and Wiseman [33] (see also
[14]). Note that it was previously known that shadowing with (chain) mixing implies the
specification and so DC1,, except for the degenerate case (see [20, 25, 28]). In [11], for
every compact topological manifold M with dim M > 1, Guihéneuf and Lefeuvre proved
that generic f € H, (M) satisfies the shadowing property, where H, (M) is the set of
f € H(M) preserving a non-atomic Borel probability measure ;. on M with the full
support and (9 M) = 0. Since such f € H, (M) is also (chain) mixing, DC1,, n > 2, is
generic for the conservative homeomorphisms. As for H(M), the situation is very different
because, in particular, generic f € H(M) has no isolated chain component, at least for
any smooth closed M [2]. Nevertheless, it is still useful to focus on the chain components.
Since shadowing is shown to be generic in C(M) and H(M) [24, 32], any consequence of
shadowing is a generic property in C(M) and H(M). When we consider the result of Li,
Li and Tu, one of the obvious difficulties in proving DC1,,, n > 2, for generic f € C(M)
(or f € H(M),if dim M > 1) is that even if f has shadowing, its restriction f|¢ to a chain
component C for f does not necessarily have the shadowing property. Another difficulty
arises from the additional assumption such as (1) or (2) above. The main results of this
paper resolve these difficulties and establish the genericity of DC1,,, n > 2. Note that for
generic f € C(M) (respectively, f € H(M)), the chain recurrent set CR( f) is known to
be zero-dimensional, or equivalently, totally disconnected [2, 18].

In outline, the proof of Theorem 1.1 goes as follows. In [10], Good and Meddaugh
found and investigated a fundamental relationship between subshifts of finite type (SFTs)
and shadowing. The following two lemmas are from [10].

LEMMA 1.1. Let m = (71,’,”‘1: (Xn+1> fu+1) = (Xn, fa))n>1 be an inverse sequence of
equivariant maps and let (X, f) = lim; (X,, fn)- If fu: Xn — X has the shadowing
property for eachn > 1, and r satisfies the Mittag-Leffler condition (MLC), then f has the
shadowing property.

LEMMA 1.2. Let f: X — X be a continuous map with the shadowing property. If
dim X = O, then there is an inverse sequence of equivariant maps

=@ (Xt fur1) = Xy fu)nz1
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such that the following properties hold:

(1) 7 satisfies the MLC;

2) (X, fu) isan SFT for eachn > 1;

3) (X, f) is topologically conjugate to limy (X, f»).

Note that these results concern the so-called Mittag-Leffler condition of an inverse
sequence of equivariant maps. Most of this paper is devoted to a study of the MLC focusing
on the structure of chain components. By using the above lemmas and a method in [15]
with Mycielski’s theorem, we prove the following lemma. Here, D( f) is the partition of X
with respect to the equivalence relation ~  defined by Richeson and Wiseman (see §2.2
for details).

LEMMA 1.3. Let f: X — X be a transitive continuous map with the shadowing property
such that hp(f) > 0. If there are a compact metric space Y such that dimY =0, a
transitive continuous map g: Y — Y with the shadowing property, and a factor map

m: (Y, 8) = (X, f),

then there exists a sequence of positive numbers (8,)n>2 such that every D € D(f)
contains a dense Mpycielski subset S which consists of transitive points for [ and is
distributionally n-8,-scrambled for all n > 2.

A question in [21] asks whether or not, for any continuous map f: X — X, the
shadowing property, transitivity, and positive topological entropy imply DC1,, n > 2.
Lemma 1.3 gives a partial answer to this question. As a direct consequence, we obtain
the following corollary, which answers the question in the zero-dimensional case.

COROLLARY 1.1. Let f: X — X be a transitive continuous map with the shadowing
property. If dim X = 0 and hop(f) > 0, then there exists a sequence of positive numbers
(8n)n>2 such that every D € D(f) contains a dense Mycielski subset S which consists of
transitive points for f and is distributionally n-6,-scrambled for all n > 2.

Then, by dropping the transitivity assumption through Lemma 4.1, we obtain the
following theorem. Here, C(f) is the set of chain components for f (see §2.2 for the
definition).

THEOREM 1.2. Given any continuous map f: X — X with the shadowing property, if
dim X = O and hop(f) > O, then there exist C € C(f) and a sequence of positive numbers
(8n)n>2 such that every D € D(f|c) contains a dense Mycielski subset S which consists
of transitive points for f|c and is distributionally n-5,-scrambled for all n > 2.

Let
o Cq(X)={f € C(X): f has the shadowing property},
o C,o(X)={feCX): dimCR(f) =0},
o Cu=0(X) ={f € C(X): hiop(f) > O},
and let Hy (X) = H(X) NCy (X) for o € {sh, c1®, A > 0}. Note that for any

f € Csn(X) NCepo(X) N Chx0(X),
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the restriction f|cr(f): CR(f) — CR(f) has the following properties:

e the shadowing property;

e dim CR(f) =0;

4 htop(fICR(f)) = htop(f) > 0.

By applying Theorem 1.2 to f|cgr(y), we obtain f € Cpci, (X); therefore,

Csh(X) N Ceo(X) N Chs0(X) C Cpci, (X)
and so
Hsn(X) N H0(X) N Hp»0(X) C Hpel, (X).

Let M be a compact smooth manifold without boundary. Then Theorem 1.1 follows from
the previous claims and the following results in the literature:
e shadowing
—  Csh(M) is a residual subset of C(M) [24],
—  Hgw(M) is a residual subset of H(M) [32];
e chain recurrence
C.0(M) is a residual subset of C(M) [2, 18],
H.0(M) is a residual subset of H(M) [2];
e topological entropy
—  Ci>0(M) is a residual subset of C(M) [40],
— ifdim M > 1, then Hj,-o(M) is a residual subset of H(M) [40].

The proof also gives an insight into how the distributionally scrambled sets exist in the
chain recurrent set. As shown in the proof of Lemma 4.1 in §4, any chain component with
positive topological entropy is approximated by one also with the shadowing property. The
latter component is partitioned into the equivalence classes of the relation by Richeson
and Wiseman. Then Corollary 1.1 implies that all equivalence classes densely contain
distributionally scrambled Mycielski sets within them. It deepens the understanding about
the chaotic aspect of C°-generic dynamics on manifolds.

We remark that for generic f € H(M) with dim M > 1, the set of x € CR(f) which is
contained in some C € C(f), such that (C, f|c) has a non-trivial subshift of finite type as
a factor, is dense in CR(f) [2]; therefore,

|_|{C e C(f): hop(flc) > 0

is a dense subset of CR(f). We also recall from [2] that for generic f € H(M) with
dim M > 1, the set of x € CR(f) which lies in some C € C(f) such that C is initial
or terminal, implying, if dim CR(f) =0, that C is a periodic orbit or (C, f|c) is
topologically conjugate to an odometer, is a residual subset of CR(f). Thus, for such
f € H(M) with shadowing, the distributionally scrambled Mycielski sets should be
contained in intermediate chain components, and the distributional chaos occurs in a dense
but meager subset of CR(f).

Lastly, Theorem 1.2 also provides a method to prove the genericity of DC1,, n > 2,
for continuous self-maps or homeomorphisms of various underlying spaces which are
not necessarily manifolds. We can find many results on the genericity of shadowing,
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zero-dimensionality of the chain recurrent set, and positive topological entropy in the
context of topological dynamics (see, for example, [9, 17, 18]). Here, let us mention only
the case where X is the Cantor set. In this case, it is shown that H(X) has a residual
conjugacy class [1, 16]. Then generic f € H(X) has the shadowing property but satisfies
hwop(f) = 0 and has no Li—Yorke pair [5, 9]; therefore, the generic homeomorphisms of X
are not chaotic.

This paper consists of six sections. The basic notation, definitions, and facts are briefly
collected in §2. In §3 we prove some preparatory lemmas. In §4 we prove Lemma 4.1 to
reduce Theorem 1.2 to Lemma 1.3. In §5 we prove Lemma 1.3. In §6, as a bi-product of the
proof of Lemma 4.1, we answer a question by Moothathu [26] in the zero-dimensional case,
and give a related counter-example showing that the chain components with the shadowing
property can be relatively few.

2. Preliminaries
In this section we collect some basic definitions, notations, facts, and prove some lemmas
which will be used in what follows.

2.1. Chains, cycles, pseudo-orbits and the shadowing property.  Given a continuous map
f: X — X, afinite sequence (xi)fzo of points in X, where k > 0 is a positive integer, is
called a §-chain of f if d(f(x;), xj+1) <& forevery 0 <i <k — 1. A é-chain (xi)fzo of
f is said to be a §-cycle of f if xo = xi. Let & = (x;);>0 be a sequence of points in X. For
8 > 0, & is called a §-pseudo-orbit of f if d(f(x;), xj+1) <8 foralli > 0. Fore > 0, &
is said to be e-shadowed by x € X if d(fi(x), x;) < € for all i > (0. We say that f has the
shadowing property if, for any € > 0, there is § > 0 such that every §-pseudo-orbit of f is
e-shadowed by some point of X.

2.2. Chain components and a relation.

2.2.1. Chain recurrence and chain transitivity. Given a continuous map f: X — X, a
point x € X is called a chain recurrent point for f if, for any § > 0, there is a §-cycle
(xi)f.‘:O of f with xo = x; = x. We denote by CR(f) the set of chain recurrent points for
f- It is a closed f-invariant subset of X, and the restriction f|cr(y): CR(f) — CR(f)
satisfies CR(f|cr(r)) = CR(f). It is known that if f has the shadowing property, then so
does flcr(y) [26]. We call f chain recurrent if X = CR(f). Forany x, y € X and § > 0,
the notation x — y 5 y means that there is a §-chain ()c,')i.‘=0 of f with xg = x and x; = y.
Then f is said to be chain transitive if x — ¢ 5 y for any x, y € X and § > 0. We say that
f is transitive if, for any two non-empty open subsets U, Vof X, there is n > 0 such that
f"(U) NV #£@.If f is transitive, then f is chain transitive, and the converse holds when f
has the shadowing property.

2.2.2. Chain components. For any continuous map f: X — X, CR(f) admits a
decomposition with respect to a relation <> ¢ in CR(f )2 = CR( f) x CR(f) defined as
follows: for any x, y € CR(f), x <>y y if and only if x — s s y and y — f s x for every
8 > 0. Note that <> is a closed (f x f)-invariant equivalence relation in CR(f )2.
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An equivalence class C of < ¢ is called a chain component for f. We denote by C(f)
the set of chain components for f. Then the following properties hold.

(1) CR(f) = |_|Cec(f) C, here |_| denotes the disjoint union.

(2) Every C € C(f) is aclosed f-invariant subset of CR(f).

(3) flc: C — C is chain transitive for all C € C(f).

Note that f is chain transitive if and only if f is chain recurrent and satisfies C(f) = {X}.

2.2.3. A relation. Let f: X — X be a chain transitive map. For § > 0 and a §-cycle

y = (x,')if:0 of f, k is called the length of y. Let m = m(f, §) > 0 be the greatest common

divisor of all the lengths of §-cycles of f. We define a relation ~ ¢ 5 in X? as follows: for

any x,y € X, x ~ys y if and only if there is a §-chain (xi)fzo of f with xo = x, xx = y,

and m|k. Then the following properties hold.

(1) ~ysis anopen and closed (f x f)-invariant equivalence relation in X 2,

(2) Foranyx e Xandn >0,x ~ys5 f™(x).

(3) There exists N > 0 such that, for any x, y € X withx ~¢5 y andn > N, there is a
8-chain (xi)f.‘zo of f with xo = x, x; = y and k = mn.

Following [33], define a relation ~ ¢ in X 2 as follows: for any x,y € X, x ~ yif and
onlyif x ~¢ s y forevery 6 > 0. Thisis aclosed (f x f)-invariant equivalence relation in
X?. We denote by D(f) the set of equivalence classes of ~ r- This gives a closed partition
of X. A pair (x, y) € X? is said to be chain proximal if, for any § > 0, there is a pair
((x)¥_g» (v)%_y) of 8-chains of f such that (xo, yo) = (x, y) and x¢ = y. As claimed in
[33, Remark 8], for any (x, y) € X2, (x, y) is chain proximal if and only if x ~Fy.

2.3. Inverse limit.

2.3.1. Inverse limit spaces. Given an inverse sequence of continuous maps

T = (7Tn P Xp41 —> Xn)nzh

where (X,,),>1 is a sequence of compact metric spaces, define n): X,, — X, by

" =1an ifm=n,

n JTn+107Tn+20~--07Tm

o ifm > n,

n m—1

forallm > n > 1. Note that rr,l, =mo rr,ln forany! > m > n > 1. The inverse limit space
X =lim; X, is defined by
X = {x = (Xp)n>1 € 1—[ X, JT:;LJ'_I()C;/H_]) = x,, forall n > 1},
n>1

which is a compact metric space.
For any n > 1, note that 7, (X,,,) D n,’l"“(XmH) for every m > n, and let

Xy =) 7 (Xm)-

m>n
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By compactness, we easily see that, forany n > 1 andx € X,,, x € X, if and only if there
is a sequence

(xm)mZn € 1_[ Xm

m>n

with 7" (xp11) = Xim for every m > n. For each n > 1, n"+1(Xn+1) = X,,, that is,
,’,"H (7Tn+1)|X : Xn+l — X is surjective. Let

~ Antl. O 5
T = (nrrlH_ P Xp1 —> Xn)nzl

and X = limy )A(,,. Since any x = (x,),>1 € X satisfies x, € }A(n for every n > 1, we see
that the inclusion i : X — X is a homeomorphism.

2.3.2. The Mittag-Leffler condition. Given w = (rr”+1. Xn+1 = Xn)n>1, an inverse
sequence of continuous maps, 7 is said to satisfy the Mittag-Leffler Condition if, for any
n > 1,thereis N > n such thatrrN(XN) =)' (X;) forallm > N. We say that 7 satisfies
MLC(1) if

7 (Xpg1) = 772 (X pg2)

forany n > 1.

LEMMA 2.1. Let m = (71,2‘“: Xn+1 = Xn)n>1 be an inverse sequence of continuous
maps. Then the following properties are equivalent.

(1) 7 satisfies MLC(1).

(2) Foranyn>landm >n+1, 7"+ (X,41) = 7" (X).

(3) Foreveryn > 1, X, = 2" (X, 11).

Proof. (1) = (2): We use an induction on m. Form =n + 1, JT,’}“(X,,H) =7, (Xp) is
trivially true. Assume 71”“ (Xn+1) = 7" (X,,) for some m > n + 1. Then we have

7" X pg1) = 7" @ (X)) = 77 @ (X)) = 71 (X)) = 70 (X 1),

completing the induction.
2)= (1):Putm =n+2in(2).
(2) = (3): Property (2) implies
Xy=mi(X)0 [ 7 Xm) = X Vgt (Xp1) = 70 (K1)
m>n+1

for every n > 1.
(3)= (2: Since 7 (Xp11) DAPE(Xpg2) Do+ D Xuw Xy =70 (Xug1)
implies ' (X)) = X, = 7T,7+1(Xn+1) for any m > n + 1, completing the proof. L]

Remark 2.1. Property (2) in the above lemma implies that 7 satisfies the MLC.

LEMMA 2.2. Let m = (JT:;J'_II Xnt1 = Xy)n>1 be an inverse sequence of continuous

maps. If 7 satisfies the MLC, then there is a sequence 1 < n(1) < n(2) < - - - such that,
letting ' = (n:((]j.;rl): Xu(j+1) = Xn(j))j=1, ' satisfies MLC(1).
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Proof. Put n(0) = 1. Inductively, define a sequence 1 =n(0) <n(l) <n2) <---

as follows: given j > 0 and n(j), take n(j + 1) > n(j) such that n:((;.)-H)(X,,(j_H)) =

n(j+1)

n,’f(].)(Xm) for every m >n(j+1). Then, for each j >1, (i) (X)) =
n:((j)+ P (Xn(j1+2) since n(j +2) > n(j + 1), implying that 7’ satisfies MLC(1). O

2.3.3. Egquivariance, factor and the topological conjugacy. Given two continuous maps
f:X—> Xand g: Y - Y, where X and Y are compact metric spaces, a continuous
map 7: X — Y is said to be equivariant if g ow = m o f, and such 7 is also denoted
by 7: (X, f) = (Y, g). An equivariant map 7 : (X, f) — (¥, g) is called a factor map
(respectively, topological conjugacy) if it is surjective (respectively, a homeomorphism).
Two systems (X, f) and (Y, g) are said to be fopologically conjugate if there is a
topological conjugacy h: (X, f) — (¥, g).

2.3.4. Inverse limit systems. For an inverse sequence of equivariant maps

=@ (Xt fur) = Xy fa)nz1

the inverse limit system (X, f) = lim; (X,, f,) is well defined by X = lim,; X,,, and

FG) = (fuGn)n=1 forall x = (x)y=1 € X. )
For every n > 1, note that X, is a closed f,-invariant subset of X,, and let f, =
(f)lg,: Xn — Xy Foralln > 1, At = (7T,',1+1)|f( ot Xnpr = X, gives a factor map

ﬁ:+1: ()?n+]a fn+]) i ()A(na fn)
Let
T = (7%:,'+1: ()%n+1’ fn+1) - ()2", fn))nzl

and ()A( , f ) = limy ()A(,,, fn). Then the inclusion i: X — X is a topological conjugacy
i (X, f) = (X, f).

LEMMA 2.3. Let m = (JT,’,"H: (Xn+15 fa+1) = (Xn, fn))n=1 be an inverse sequence of
equivariant maps and let (X, f) = lim; (Xy,, fu). If fu: X» — X, is chain recurrent
(respectively, chain transitive) for each n > 1, then f: X — X is chain recurrent
(respectively, chain transitive).

Proof. Letn > 1. Then, for any m > n, since f,,: X,, — X, is chain recurrent (respect-
ively, chain transitive), and )" : (X, fin) = (X, f) is an equivariant map,

(fn)|n,’l"(Xm): W,T(Xm) - ﬂyrln(xm)
is chain recurrent (respectively, chain transitive). Because X n= ﬂmz" T (Xom),
Jo: Xn —> Xu
is chain recurrent (respectively, chain transitive). Since

=G Kt far1) = Ky f)dns
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is a sequence of factor maps, we see that f : X — X is chain recurrent (respectively, chain
transitive). Thus, f: X — X is chain recurrent (respectively, chain transitive), because
(X, f) and (X, f) are topologically conjugate, completing the proof. [

For an inverse sequence of equivariant maps
— n—+1. X X
T = (Trn S (Xnt1s fatr1) = (Xn, fn))nzl

and asequence 1 <n(l) <n2) <--- 210D

T n(j+1) = Xn(j) is an equivariant map
for each j > 1. Letting

i+1
n' = (ﬂ:((;) ) (XnG+1)» [u(i+1) = Xu()s fa(h) j=1

and (Y, g) = limy/(X,(j), fu(j))> we have a topological conjugacy h: (X, f) — (¥, g)
given by h(x) = (x,(j))j>1 for all x = (x,)y>1 € X. By this and Lemma 2.2, we obtain
the following lemma.

LEMMA 24. Let m = (n,'l’“: (Xn+15 fa+1) = (Xn, fn))n=1 be an inverse sequence of

equivariant maps. If w satisfies the MLC, then there is a sequence 1 < n(l) <n(2) <---
. j+1 .

such that, letting ' = (n:l’((]].) ), XnG+1)» Ju(j+1) = Ku(ys fa))j=1 7' satisfies

MLC(1), and limy (X,, fu) is topologically conjugate to limy (X, (jy, fu(j))-

2.4. Subshifts.

2.4.1. Subshifts of finite type. Let S be a finite set with the discrete topology. The shift
map o : SN — SN is defined by o (x) = (x,11)n=1 forall x = (x,),>1 € SV. Note that o
is continuous with respect to the product topology of SN. The product space SV (and also
(SN, 0)) is called the (one-sided) full-shift over S. A closed o -invariant subset X of SN (and
also the subsystem (X, o|x) of (SN, 0)) is called a subshift. A subshift X of SN (and also
(X, olx) of (SN, 0)) is called a subshift of finite type if there are N > 0 and F C SN+1
such that, forany x = (x,)n>1 € SN, x € X ifand only if (x;, xj41, ..., xi+n) € F forall
i > 1. The shift map o : SN — SV is positively expansive and has the shadowing property.
We know that a subshift X of SY is of finite type if and only if o|x: X — X has the
shadowing property [3].

2.4.2. Some properties of SFTs. Let (X, o|x) be an SFT (of some full-shift over ) and
put f = o|x. Then f has the following properties.

(1) CR(f) = Per(f), where Per( f) denotes the set of periodic points for f.

(2) Forany x € X, there is y € CR(f) such that lim,,— d(f"(x), f"(y)) = 0.

In fact, these two properties are consequences of the positive expansiveness and the
shadowing property of f: X — X. Since the restriction f|cr(r): CR(f) — CR(f) is
surjective and positively expansive, it is c-expansive. Also, it has the shadowing property.
Applying [3, Theorem 3.4.4] to f|cr(s), we obtain the following property.
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(3) There is a finite set C of clopen f-invariant subsets of CR(f) such that

CR(H) = | ]| c,
CeC
and f|c: C — C is transitive for every C € C.
An element of C is called a basic set. We easily see that C = C(f), that is, the basic
sets coincide with the chain components for f. For every C € C, f|c has the shadowing
property, so C (or (C, f]|c)) is a transitive SFT.
Consider the case where f is transitive (or (X, f) is a transitive SFT). Then we have X =
CR(f) and C = C(f) = {X}. Again by [3, Theorem 3.4.4], X admits a decomposition

m—1

x=1|] o,
i=0
where m > 0 is a positive integer, such that f i(D), 0<i<m-—1, are clopen
f™-invariant subsets of X, and

" icpy: f1(D) = f1(D)

is mixing for every 0 < i < m — 1. Here, a continuous map g: ¥ — Y is said to be mixing
if, for any two non-empty open subsets U, V of Y, there is N > Osuch that g"(U) NV # ¢
for all n > N. In this case, we easily see that D(f) = {f(D): 0 <i <m — 1}.

3. Preparatory lemmas

In this section we prove some preparatory lemmas needed for the proofs of the main results.
The first two lemmas give an expression of the chain recurrent set (respectively, chain
components) for the inverse limit system.

LEMMA 3.1. Let m = (JT,’ZH: (Xn+1, fa+1) = (Xn, fu))n=1 be an inverse sequence of
equivariant maps and let (X, f) = lim; (X,, f,). Then

CR(f) ={x= (xn)nzl € X: x, € CR(fp), foralln > 1}.

Proof. Let R denote the right-hand side of the equation. CR(f) C R is clearly true. Let
us prove R C CR(f). Note that 71,2’+1(CR(f,,+1)) C CR(fy) for every n > 1. Let ¥, =
CR(fn), gn = (f)ly,: Yn — Yy, and 72 = x|y, : Yy — ¥, foreach n > 1.
Consider the inverse sequence of equivariant maps

T = (ﬁy’,H_l: (Yn+1a gn+l) — (Y, gn))nzl

and let (Y, g) = lim; (Y, g,). Since g, is chain recurrent for all n > 1, by Lemma 2.3,
g is chain recurrent. On the other hand, R is a closed f-invariant subset of X and satisfies
Y = R. The inclusion i: Y — R gives a topological conjugacy i: (¥, g) — (R, f|r),
and so f|gr: R — R is chain recurrent, which clearly implies R C CR(f); therefore, the
lemma has been proved. O

Let m = (n,’[“: (Xn+1, fa+1) = (Xn, fu))n=1 be an inverse sequence of equivariant
maps and let (X, f) = lim; (X,,, f,). Note that for any n > 1 and Cp,+-1 € C(f,+1), there
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is C,, € C(fy) such that 7"+1(C,41) C Cy. Let

Cr = {c* = (Cunz1 € [ | C(f): 21 (Cugt) € Co, foralln > 1}.

n>1

Also, for any Cy = (Cp)pn>1 € Cr, let
[Cil={x = Gn)n>1 € X: x4 € Cp, foralln > 1}.

The next lemma gives an expression of C(f).

LEMMA 3.2. It holds that C(f) = {[C«]: Cx € Cy}, where C(f) is the set of chain
components for f.

Proof. Forany Cy = (Cp)n>1 € Cr, [Cx] is aclosed f-invariant subset of X. We prove that
flic.1: [C«] = [Cy] is chain transitive. For eachn > 1, let g, = fl|c,: C, — C, and let

n+1

~ 1 .
nr’lH— = (an )|Cn+1 :Coy1 = Co.

Consider the inverse sequence of equivariant maps

7= @ (Cutts gnt1) = (Cos €0))nz1

and let (Y, g) = lim; (C,, g,). Since g, is chain transitive for all » > 1, by Lemma 2.3,
g is chain transitive. On the other hand, we have Y = [C.]. The inclusion i: ¥ — [Cy]
gives a topological conjugacy i: (Y, g) — ([C«l, fl[c,]), which implies that f][c,; is
chain transitive.

Given any C, = (Cy)n>1 € Cr, from what is shown above, there is C € C(f) such that
[Cs] C C. Fix x = (x4)n>1 € [Cx]. Then, for every y = (y4)n>1 € C, we easily see that
{xn, yu} € C,, for all n > 1; therefore, y € [C,]. This implies C C [C] and so [C] = C,
proving

{[Cs]: Cx € Cr} C C(S).
To prove
C(f) CHIC]: Cyx € Crl,

forany C € C(f),fixx = (xp)n>1 € C,and take C,, € C(f,) withx, € C, foreachn > 1.
Then Cyx = (Cy)pn>1 € Cr and x € [Cy] C C. Similarly to the argument above, we obtain
C = [C], completing the proof. O

The next lemma gives an expression for D( f), which was introduced in §2.2, for the
inverse limit system under MLC(1). Given

=@ Xt far1) = Ky f)ns1,

an inverse sequence of equivariant maps, let (X, f) = lim, (X}, f,) and suppose that
fn: X, — X, is chain transitive for all n» > 1. Then, by Lemma 2.3, f: X — X is chain
transitive. Note that, for any n > 1 and D41 € D(f,+1), there is D, € D( f,) such that
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"™ (D,11) C D,. Let

D, = {D* = (Dp)p=1 € ]_[ D(f): 7" (Dyy1) € Dy, foralln > 1}.

n>1

Also, for any Dy = (Dp)n>1 € Dx, let

[Di]l ={x = (xp)n>1 € X: x, € Dy, foralln > 1}.
LEMMA 3.3. If 7 satisfies MLC(1), then D(f) = {[D«]: D« € Dy}.

Proof. Let Dy = (Dy)p>1 € Dy andletx = (x,)n>1, Yy = (Yn)n>1 € [D+]. We prove that
(x,y) € X? is chain proximal for f. Fix any N > 0 and § > 0. Since {xy+1, yn+1} C
Dny1 € D(fN+1)s (XN+1, YN+1) € XIZ\,Jrl is chain proximal for fy 41, implying that there
is a pair

@) @) \k
((XN—H)z —0» On1)i=0)

. 0 0 k k
of 8-chains of fyy1 such that (xl(vi_l, yz(v-)H) = (XN+1, YN+1) and xl(vi_l = yl(vi_l Let

D, w®) = (x, y) € X? and note that
0
(Z(O) r(lO)) — N+l(x( )

N+1) nN+l(y(0) ))

s ) = @ o), TV o) = (o) Nt

forevery 1 <n < N.Foreach0 < i <k, since

Iy e D N T OV DY € T T Xve) = X

by MLC(1) (see Lemma 2.1), there are (z(i>, w(’)) €X%20<i<k—1,andz® = w® ¢

X such that
GO wd) = @V e D TN OV )
and also
k k
5 =w = e = m O

for every 1 <n < N. Let d,, n > 1, be the metric on X,. For any 0 <i <k — 1 and
1 <n < N, we have
dn(f @), 20T) = du(fu ), 20HD)
) 1
= dy(fu T @ ) N ()
) 1
= dy () (P G ), N )

with dy1(fys1 () x4 tY) < 6, and similarly,

dn (f D), wi D) = dy Y (fy1 G ) 7w T O
with dy1(fy+1 (y,(éll), y%ii)) < §8. Therefore, for every € > 0, if N is large enough, and

then § is sufficiently small,

(D)o, wD)E_)
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is a pair of e-chains of f with 9, w®) = (x, y) and z® = w®, proving that (x, y) €
X2 is chain proximal for f.

Given any Dy = (Dy)p>1 € Dy, from what is shown above, we have [D,] C D for
some D € D(f). The rest of the proof is identical to that of Lemma 3.2. O]

The final lemma gives a sufficient condition for an inverse sequence of subsystems to
continue satisfying condition MLC(1).

LEMMA 34. Let m = (n,’l’“: (Xn+1> fa+1) = (Xn, fo))n>1 be an inverse sequence of
equivariant maps with MLC(1). Let (X, f) = lim, (X,, f,) and suppose that a sequence
of closed fy,-invariant subsets Y, of X, n > 1, has the following properties:

() 7" (Yuy1) C Y, foreveryn > 1;

(2) anyx = (xp)n>1 € X satisfies x, € Yy, foralln > 1.

For each n > 1, let g, = (f)ly,: Yn — Yy and let 7' = (xD)]y, ., Yug1 — Y
Then the inverse sequence of equivariant maps

T = (7’:[,’11—'—1: (Yn—H, gn+1) - (Yna gn))nzl

satisfies MLC(1).

Proof. For any n > 1 and g € X,.41, since 7" (q) € 7"+ (X,41) = X, by MLC(1)
of w (see Lemma 2.1), we have x, =n,’l'+1(q) for some x = (x;);>1 € X. Since
7 t(g) = xy = 7T (xp42), by property (2), we obtain 7 t!(g) € ) (Yor2),
implying 7" *1(X,,+1) C 7*2(Y,42). Then

7 V1) € 7 (X 1) € 72 (Vag2) € 7P (Vg),

therefore 71"+ (Y, 11) = 7*2(¥,42). Since n > 1 is arbitrary, 7 satisfies MLC(1). [

4. Reduction of Theorem 1.2 to Lemma 1.3
The aim of this section is to prove the following lemma to reduce Theorem 1.2 to
Lemma 1.3.

LEMMA 4.1. Let f: X — X be a continuous map with the shadowing property. If
dim X = 0 and hwp(f) > O, then there is C € C(f) such that f|c: C — C has the
shadowing property and satisfies hop(f|c) > 0.

A lemma is needed for the proof. It states that, for an inverse sequence of SFTs, we can
consider the inverse sequence of chain recurrent sets without losing MLC(1).

LEMMA 4.2. Let m = (71,’,1"’1: (Xn+1> fa+1) = (Xn, fn))n>1 be an inverse sequence of
equivariant maps with MLC(1). Let (X, f) = limy, (X, fu) and suppose that (X, fn)
is an SFT for each n > 1. Let Y, = CR(fy), & = (f)ly,: Yu — Yu, and 7! =
(”r7+1)|Yn+1 2 Y1 — Yy, for every n > 1. Then the inverse sequence of equivariant maps
77[;!14-1

7= : (Yns1, 8ng1) = Yy, gn))nzl

satisfies MLC(1).
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Proof. Letn > 1. Since Y, 41 = Per(fy+1) and 7! (Per(f,41)) C Per(fy),

7 (Y1) = 7 Per(fug1)) C i T (Per(frt1)) © i (Y1) N Per(f).

By MLC(1) of 7, n/"™*'(Y,41) C 71 (X,11) = 72 (X42); therefore, for any p €
7 (Y,41) N Per(f,), there is ¢ € X,,12 such that p = /2(g). Then there is r € ¥,42
such that

Jim d2 (ff2@). f () =0,
implying
im, ) Sy G200 = lim d (™. G0
= lim_dy G} 2 (f @), m P  (0)
=0,

where dy,, dy+2 are the metrics on X, X,42. Note that 7"*2(r) € 7*2(¥,42). From

p € Per(f,) and the f;-invariance of n,’f”(YHz), it follows that p € n,’,’+2(Y,,+2) =
7" 2(Y,42). Since p € 71 (Y,41) N Per(f,) is arbitrary, we obtain

7 (V1) NPer(fy) © 72 (Vo)

and so

T (Yg1) €t (YVug) NPer(f) € 2 (Yag2) = 7 P2 (Yapo).

Thus, 7! (Y,11) = 7+2(¥,,42), proving the lemma. O

We now prove Lemma 4.1. The proof is based on Lemma 1.2 and by carefully choosing
an inverse sequence of chain components with MLC(1).

Proof of Lemma 4.1. By Lemmas 1.2 and 2.4, we may assume (X, f) = lim; (X, fu),
where (X, fn), n > 1, are SFTs, and

=@yt Xagts for1) = Xy )z
is an inverse sequence of equivariant maps with MLC(1). Let Y, = CR(f,), g, =
(f)ly,: Yo = Yo, and 7+ = (2 Yy, .t Yuy1 — ¥, forevery n > 1. Then (Yy, gn),
n > 1, are chain recurrent SFTs, and by Lemma 4.2,
T = (Ny’,H_l: (Yn+1’ gn+l) — (Y, gn))nzl
satisfies MLC(1). Letting (Y, g) = lim3 (Y,, g,) and
R =1{x=(xp)n>1 € X: x, € CR(f), foralln > 1},

we have R = CR(f) by Lemma 3.1, and as in the proof of Lemma 3.1, the inclusion
i: Y — CR(f) is a topological conjugacy i: (Y, g) — (CR(f), flcr(s))- By this, again
without loss of generality, we may assume that f and f,;, n > 1, are chain recurrent.

Since hp(f) > 0, there is Che C(f) such that Ay, (f|c+) > 0. A proof of this fact is
as follows. By the variational principle, there is an ergodic f-invariant Borel probability
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measure (4 on X such that the measure-theoretical entropy £, (f) is positive. Since
Slsupp(e) - supp(ie) — supp(u), the restriction of f to the support of (, is transitive, there
is CT € C(f) such that supp(u1) C CT. By the variational principle again, we obtain

htop(f|c*) = htop(f|supp(u)) > hu(f|supp(;4)) = hu(f) > 0.

Then, by Lemma 3.2, there is Cy = (Cy)n>1 € Cr such that CT =[C.l Letting ' =
[1:1 n,',’“(CnH), a closed F-invariant subset of [],-; X, where F =[], fu is the
product map, since CT c T, we have

0< htop(f|CT) = htop(F|C*) = htop(F|F)
= hmp( ]"[(fn)|,,,;+1(cn+l)> = ()l e, )
n=1 n>1

implying htOP((f")|n,:‘“(cn+1)) > 0 for somen > 1.
Note that C(fy), m > 1, are finite sets, and for any m > 1 and D € C(fn),
(fm)lp: D — D is transitive (see §2.4). Let us prove the following claim.

CLAIM. There is C, = (Cp)m=n € [1,y5n C(fm) with the following properties:
1) C,=Cy
@) At (Cugr) C (L))

n
3) nn’?H(Cr’nJr]) C C}, for everym > n;

@) e, ) =amTAC), L) forallm = n.
Proof of the claim.
Step 1. Let C), = Cy,. Take D11 € C(fn+1) such that
i (Cogr) C 1p N (D) C C, (P1)
and rr;‘“ (Dy+1) is maximal among
(n  EneD)t Engt € CCfar1), 1 (Cuge) € T H(Enir) € C)
with respect to the inclusion relation.

Step 2. Note that (f,)| A (D) is transitive, and take a transitive point pj €
(D, 1), that is, 7" (Dpy1) = w(p1, fu), the o-limit set. Since

p1 €7 (Dyy1) € 1 (Xpg1) = 77 (X2)s

we have p| = n,f*z(ql) for some g € X, 5. Take C,’1Jrl € C(fny+1) with nr:‘ilz(ql) €
C;H_l. Then choose Dy +2 € C(f,+2) such that

7 gr) € 1 (Dpyn) € Cpy g (P2)
and ngif(DnJrz) is maximal among
(0 (Eng2): Ensa € C(fas2) Tl (q1) € w7 (Engn) € Cpyy)

with respect to the inclusion relation. By (P2), we have

p1 € T (Dygo) € 1 HHClL ),
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implying
A (Dyg1) € 72 (Dug) € 1ptHCh L)
since 71 (Dpy1) = w(p1, f), and 7"*2(D,12) is f,-invariant. By (P1) and p; €

Pt (Dy 1), we see that 7 (Cyy 1) C 7™ (Dyy1) and py € C N t(C) L )); there-
fore,

7 (Con) €y T (D) € 7y 2 (Dag2) € 1y H(C ) € G
By the maximality of n,’l'"’l (Dy+1) in Step 1, we obtain
T (Dyy1) = mp 2 (Duya) = 1 H(Chy ). QD

Step 3. Note that (fn11)|, 2, is transitive, and take a transitive point py €

+2)
,,+1(Dn+2) that is, 7T,,+1(Dn+2) = w(p2, fa+1). Since

P2 € M (Duta) C w0t (Xni2) = w57 (Xng3),

n+3 n+3

we have p) = 7 (g2) for some ¢» € X, 3. Take C;/1+2 € C(fut2) with 7 [5(q2) €

n+1
c, +»- Then choose D3 € C(fn+3) such that
T (q2) € w3 (Dpss) € C (P3)

and nn o (Dn+3) is maximal among

(05 (Eny3): Enys € C(fur3). 1153 (q2) € w05 (Eny3) € Cp o)

with respect to the inclusion relation. By (P3), we have

2
p2 € M (Dug3) C Tl i (Ch ),

implying

T (Dpg2) C 7l H (Dugs) € 7l H(CL0)
since JT,',’LZ(D,,H) = w(p2, fu+1), and 77,’,1:13(Dn+3) is fyi1-invariant. By (P2) and
D2 € JT;‘LZ(DHZ), we see that n,’:jrrlz(ql) € 7Tn+] 2(Dy42) and p; € Cr N n,'l’ilz(C’H)
therefore,

2 2
Tt () € ol L(Dn42) C T L (Dyy3) C T 1 (Crin) © Cryy

By the maximality of n;’i'lz(D,,H) in Step 2, we obtain
A0 (Dyya) = 70 (Dpya) = w7 (Cl). (Q2)

Assertions (Q1) and (Q2) yield n”H(CnH) = n"+2(C’+2)
Step 4. Note that (fu4+2)l, 13D, 43) is transitive, and take a transitive point p3 €

,,+2(Dn+3) that is, nn+2(Dn+3) —w(ps fn+2). Since

3 3 4
p3 € 77,71_2 (Dn+3) C 77,71_2 (Xp43) = 77:_7__2 (Xn+4),
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we have p3 = ”n+2 %(g3) for some g3 € Xpt4. Take C, .3 € C(fu+3) with n’;’i;(cn) €

C, +3- Then choose Dy+4 € C(fy+4) such that

73 (g3) € w5 (Dpsa) C C g (P4)

and nr’:j_? (Dy+4) is maximal among

(0 (Enga): Enga € C(fura), 153 (g3) € 705 (Enga) € C) 3

with respect to the inclusion relation. By (P4), we have

4 3
p3 € 77,2!_7__2 (Dn+4) - 77,2!_7__2 (C;l+3)’

implying
03 (Duy3) C 7053 (Dpsa) C 15 (Clis)
since ﬂ,?i;(Dn%) = w(p3, fuy2), and ﬂ:i;(DnH) is fuio-invariant. By (P3) and
p3 € T (Dyy3), we see that 715 (q2) € /15 (Dua) and p3 € C , N 3(CL L5
therefore,
n+3 n+3
Tait> (q2) € T ) (Dn+3) C Tt }(Dy4a) C T3 (Chi3) C Cpio
By the maximality of JT;ZI; (Dy+3) in Step 3, we obtain
s J(Dny3) = o 3 (Dyya) = s 3 (Chi). (Q3)
Assertions (Q2) and (Q3) yield 7' T3(Cl,_,) = w7 (CL 5.

Continuing inductively, we obtain a sequence C,, = (C),)u>n € Hmzn C(fm)- Then
properties (1) and (2) are ensured in Steps | and 2. For any k > 0, n:i,]:+l(C’+k+l) C
Cp o and i HENCl L, ) = A EA(Cl ) are established in Steps k +2 and
k + 3, respectively. Thus, C,, satisfies the required properties, and so the claim has been

proved. O
We continue the proof of Lemma 4.1. Define C] = (C}’)jzl € [1;51 C(fj) by

C" — C; ifl<j<n,
/ Ci ifn<j.

By properties (1) and (3) in the claim, we see that C; € C,. By Lemma 3.2, letting C =
[C/], we obtain C € C(f). Let
i+1
"_ ((JT}Jr )|c}/+13 ( }/+1, (fj+1)|c}’+l) - (C}/, (fj)|c}’))jz]
and

m—+1

n' = ((m, (Cosrs Uil ) = (Chp (fdlcy )mzn-

Then (C, f|c) (respectively, hmn//(C}/, (f) |c/ir)) is topologically conjugate to

)|C;,n+]

im(C7, (fplcn)
7 J

https://doi.org/10.1017/etds.2021.127 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.127

On CO-genericity of distributional chaos 633

(respectively, lim;/(C},, ( fm)'Q’n))’ so (C, flc) is topologically conjugate to
lim(Cl, (fley,).
b

Let (Y, g) = lim,/(C},, (fm)lc;,)- By property (4) in the claim, 7’ satisfies MLC(1).
Since (fm)lc;, has the shadowing property for each m > 1, due to Lemma 1.1, g has the
shadowing property. Let us prove /p(g) > 0. Again by MLC(1) of 7/, we have ¢ =
apt1(C) ) (see Lemma 2.1). Then a map ¢: ¥ — mp T (C) ), defined by ¢(y) = y,
forall y = (Ym)m>n € Y, gives a factor map

¢: (Y, 8) > (T (Ch), Ulgier )

Property (2) in the claim ensures that JT,’}H(CHH) is a closed f,-invariant subset of

mtl (C;, ), therefore,

hop(8) 2 hiop(f)l i) 2 hop(Uf) e, 1)) > 0
Thus, f|c has the shadowing property and satisfies hp(flc) > 0, completing the proof

of the lemma. O]

5. Proof of Lemma 1.3
In this section we prove Lemma 1.3. Let

=@ (Xt fur1) = Xy fa))nz1

be an inverse sequence of equivariant maps with MLC(1) and suppose that (X, f,,) is a
transitive SFT for each n > 1. For every n > 1, note that D( f;,) is a finite set, and let m,, =
|D(f,)|. Then my, |my,4q foralln > 1, and forany n > 1 and E € D(f,), (fi")|g: E —
E is mixing. The proof of the first lemma is similar to that of Lemma 4.1.
LEMMA 5.1. There is Dy = (Dy)n>1 € Dx such that

7 = (0 DID,s1 : Dust = Dl

satisfies MLC(1).

Proof. We argue as in the proof of Lemma 4.1.

Step 1. Fix Dy € D(f1) with nlz(Fz) C D for some Fp € D(f>). Take E> € D(f>) such
that

i (Ey) C Dy (P1)
and nlz(Ez) is maximal among
(i (F): F2 € D(f2), n{(F2) C Dy}
with respect to the inclusion relation.

Step 2. Note that (flmz) |7712(E2) is mixing, so (flm3) |7r12(E2) is transitive, and take a transitive

point p; € w7 (E»), thatis, 73(E2) = w(p1, f™), the w-limit set. Since

p1 € mi(E2) C 1(X2) = 17 (X3),
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we have p; = nf’(ql) for some ¢q; € X3. Take D; € D(f>) with rr23(q1) € D;. Then
choose E3 € D(f3) such that

3 (q1) € 73 (E3) C Dy (P2)

and 7123 (E3) is maximal among
{73 (F3): F3 € D(f3), 73 (q1) € m3(F3) C Dy}

with respect to the inclusion relation. By (P2), we have

p1 € T (E3) C m{(Dy),
implying

2 3 2

i (Ez) C i (E3) C i (D2)

since Jle(Ez) = w(pi, 1’"3), and 7r13(E3) is flr"3—invariant. By (P1) and p; € Jle(Ez), we
see that p; € D1 N 7112(D2); therefore,

ni(Ey) C mi(E3) C ni(Da) C Dy.
By the maximality of nlz(Ez) in Step 1, we obtain
ni(Ey) = 7 (E3) = ni (D). Q1)

ms3 . L my . I ..
Step 3. Note that (f, )|n23 (E,) 18 MiXing, so (f, )|ﬂ23( E4) 1S transitive, and take a transitive

point p; € 75 (E3), that is, 773 (E3) = w(p2, f,'*). Since
p2 € m3(E3) C 13 (X3) = 13 (X4),

we have pr = nf(qz) for some g2 € X4. Take D3 € D(f3) with ng‘(qz) € D3. Then
choose E4 € D(f4) such that

73(q2) € m3(Es) C D3 (P3)

and n;‘ (E4) is maximal among
{73 (Fa): Fy € D(fa), 73 (q2) € 75 (F3) C D3)

with respect to the inclusion relation. By (P3), we have

p2 € 73 (Es) C 73 (D3),
implying

3 4 3

5 (E3) C Ty (E4) C TS (D3)

since 773 (E3) = w(pa, f,'*), and 73 (E4) is f,"*-invariant. By (P2) and p> € 3 (E3), we
see that 7123 (q1) € JT;’(Eg) and pp € Do N 7123 (D3); therefore,

73 (q1) € 73 (E3) C 73 (E4) C 3 (D3) C Da.
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By the maximality of ng (E3) in Step 2, we obtain
3 (E3) = 75 (E4) = 73 (D3). Q)
Assertions (Q1) and (Q2) yield 77 (D,) = 7 (D3).
Step 4. Note that (f3'*) x4 (e is mixing, so (f3 ") H(Ey) is transitive, and take a transitive
point p3 € 7§ (Ey), that is, 7§ (E4) = w(p3, f3 ). Since
p3 € 13 (Eq) C 73 (X4) = 73 (Xs),

we have p3 = 7135 (g3) for some g3 € Xs5. Take D4 € D(fs1) with nf (g3) € D4. Then
choose Es € D(f5) such that

73 (q3) € 73 (Es) C Dy (P4)

and rrf (E5) is maximal among
{73 (F5): F5 € D(f5), 77 (g3) € 73 (F5) C Da)

with respect to the inclusion relation. By (P4), we have

p3 € w3 (Es) C w3(Da),
implying

4 5 4

T3 (Eq) C T3 (E5) C T3 (Dg)

since JT;(E4) =w(p3, f3"), and 7r35(E5) is f;"*-invariant. By (P3) and p3 € n?(E“), we
see that 7T§t (q2) € ng‘(E4) and p3 € D3 N ng‘(D4); therefore,

m3(q2) € 75 (E4) C 73 (Es) C m3(Dy) C Ds.
By the maximality of né‘ (Ey) in Step 3, we obtain
3 (Es) = 73 (Es) = 3 (Dy). (Q3)
Assertions (Q2) and (Q3) yield 75 (D3) = 7y (Da).
Continuing inductively, we obtain a sequence Dy = (Dy)n>1 € anl D(f,). For any

n> 1,7 (Dyy1) C Dy and 71 (Dyy1) = 7 T2(Dy42) are established in Steps 7 + 1
and n + 2, respectively. Thus, D, € Dy, and

~ 1 .
T = ((ﬂ;?+ )|D,,+1 . Dn+1 - Dn)nzl

satisfies MLC(1), completing the proof. O

The next lemma relates the previous lemma to a method developed in [15]. Let
T = (71,’1”rl : (Xn+15 fa+1) = (Xn, fn))n>1 be an inverse sequence of equivariant maps
with MLC(1) and let (X, f) = lim; (X,,, f). Suppose that (X,,, f,), n > 1, are transitive
SFTs, and for Dy = (Dyp)p>1 € Dy,

- 1 .
T = ((771111-"— )|Dn+1 Dpy — Dn)nzl
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satisfies MLC(1). By Lemma 3.3, letting D = [D,], we have D € D(f).Letd, d,,n > 1,
be the metrics on X, X,,.

LEMMA 5.2. For any € > 0, there is 6 > 0 such that every §-pseudo-orbit (x(i)),-zo of f
with x© e D is e-shadowed by some x € D.

Proof. Fix any N > 0 and €’ > 0. Note that fiy11: Xy11 — Xy has the shadowing
property, and D(fn+1) is a clopen partition of X N+1 therefore, there is 3/ > 0 such that,
for any Eny1 € Dyy1, every 8'-pseudo-orbit (yNH)po of fy+1 with yNJrl € Enyp is
€’-shadowed by some yy11 € Eny1.

If § >0 is small enough, then, for every §-pseudo-orbit & = (x));>0 of f with
x@ e D, gy = (), )iz0 is a &'-pseudo-orbit of fiy41 with x\y, € Dy-1, which is
¢’-shadowed by some x| € Dyy1. Since

oy ey T (Dy1) = Dy
by MLC(1) of & (see Lemma 2.1), there is x = (x,),>1 € D = [D4] such that x, =
n,llv+1(xN+1) foreach 1 <n < N. Then, foranyi > 0and 1 <n < N, we have
dn (f' s x3) = do (f Gon)s 1)
= dy (£ N ), mV T L))

= dy (T (flr G T T L )

with dN+1(f]’;,+1(xN+1), x,(\l;)Jrl) < €'. Therefore, for every € > 0, if N is large enough,
and then €' is sufficiently small, we have d(f%(x), x)) <€ for all i > 0, that is, £ is
e-shadowed by x € D. Since & is arbitrary, the lemma has been proved. O

For the proof of Lemma 1.3, we need a sequence of lemmas. Let f: X — X be a chain
transitive continuous map. For €, § > 0, we denote by D?(f) the set of D € D(f) for
which every §-pseudo-orbit (x;);>0 of f with xg € D is e-shadowed by some x € D. We
set

Da(f) = D).

€e>06>0

LEMMA 5.3. Let f: X — X be a chain transitive continuous map and let €, § > 0. For
any D € D(f), if D € D(f), then f(D) € D(f).

Proof. Let D € De"s(f). For any é-pseudo-orbit £ = (x;);>0 of f with xg € f(D), take
y € D with f(y) = xo and consider

(y, X0, X1, X2, . . .),

a §-pseudo-orbit of f, which is e-shadowed by x € D. Then § is e-shadowed by f(x) €
f(D). Since £ is arbitrary, we obtain f (D) € DA(L), proving the lemma. O

LEMMA 54. Let f: X — X be a chain transitive continuous map and let €,y > 0. If
D (f) N DY (f) # B, then D(f) = D (f) holds for every 0 < § < y.
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Proof. Fix Dy € Dgh(f) N DY (f), x € Dy, and a sequence 0 < €] > €3 > --- — 0.
Since Dy € Dgh(f), there is a sequence 0 < §; > 83 > - - - — Osuchthat Dy € DS ( f)
for every n > 1. Given any D € D(f) and any §-pseudo-orbit & = (x;);>0 of f with
xo € D, since f is chain transitive, for every n > 1, there is a §,-chain (xi("))f”:o of f with
x(()") = x and x,g:) = x¢. Then, for each n > 1, because Dg € DEwdn (f) and x(()n) =x€

Dy, we have x, € Do with d(fi(x,), x™) < €, forall 0 < i < k,. Since

d(f* (xa), x0) = d(f* (), x) < €,

n>1,lim,_ o €, =0,and § < y, there exists N > 0 such that foralln > N,

£ = (ff (xn), x1, %2, .. )

is a y-pseudo-orbit of f with fku(x,) € R (Dy). For any n > N, because Dy € DV (f),
by Lemma 5.3, we have f*n(Dg) € DY (f), so &, is e-shadowed by some y, € f*(Dy).
Taking a sequence N < nj <ny < --- such that lim;_, o y,; =y for some y € X, we
easily see that & is e-shadowed by y. Note that, for each n > N, {f* (x,), y»} C f* (Do)
and so f* (x,) ~ ¢ y,. Because ~  is closed in X2, by

Lim (£ (), yn)) = (00, ),
j—o0

we obtain xg ~7 y and thus y € D. In other words, & is e-shadowed by y € D. Since &
and then D € D(f) are arbitrary, we conclude that D(f) = DED ). ]

As a consequence of Lemma 5.4, we obtain the following corollary.

COROLLARY 5.1. For any chain transitive continuous map f: X — X, if D (f) # 0,
then D(f) = Den(f).

The next lemma is needed for the proof of Lemma 5.6.

LEMMA 5.5. Let f: X — X be a chain transitive continuous map and let D € D(f). If,
foranyx € D and € > 0, there is §(x, €) > 0 such that every 5(x, €)-pseudo-orbit (x;);>0
of fwith xo = x is e-shadowed by some y € D, then D € Dg,(f).

Proof. Fix € > 0 and, for any x € D, take é(x, €/2) > 0 as in the assumption. Then, for
eachx € D, thereis 0 < §(x) < €/2 such that, for every 6 (x)-pseudo-orbit § = (x;);>0 of
f with d(x, xg) < §(x),

g = (x,x1,x2,x3,...)

is a 8(x, €/2)-pseudo-orbit of f, € /2-shadowed by some y € D. This clearly implies that &
is e-shadowed by y € D. Take a finite subset /' C D such that

D c | Bsw()

xeF

where Bgj(,)(x) denotes the §(x)-ball. Let § = min{d(x): x € F}. It follows that every
8-pseudo-orbit (x;);>o of f with xg € D is a §(x)-pseudo-orbit of f with xo € Bs(y)(x)
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for some x € F, and so e-shadowed by some y € D. Since € > 0 is arbitrary, we obtain
D € Dy (f), proving the lemma. O]

LEMMA 5.6. Let f: X — X be a chain transitive continuous map with the shadowing
property. Let Y be a compact metric space and let g: Y — Y be a chain transitive
continuous map. If there is a factor map w: (Y, g) — (X, f), and if Dgh(g) # U, then
Dan(f) # 9.

Proof. Fix D € D(f). By Lemma 5.5, it suffices to show that, for any x € D and € > 0,
there exists § > 0 such that every §-pseudo-orbit (x;);>o of f with xo = x is e-shadowed
by some g € D, because this implies D € Dg,(f).

Let dy denote the metric on Y. For any € > 0, Lemma 5.4 with Dg,(g) # @ implies
D(g) = D¥ (g) for some §' > 0. For any y > 0,take 0 < €” < ¢/2 such that d(x, y) <
€” implies

7'M CByr T @) =z eV dy(z () < v}
for all y € X. Since f has the shadowing property, there is § > O such that every
3-pseudo-orbit & = (x;);>0 of f with xg = x is €”-shadowed by some y € X. Take z €
771 (y) and note that d(x, y) = d(xo, y) < €. By the choice of €”, we obtain w € 7~ (x)
such that dy (z, w) < y. If y is sufficiently small, then
E = (niz0 = w, (), £2(2), £ (2), .. )

is a 8'-pseudo-orbit of g. By D(g) = D' (g), & is €’-shadowed by some p € ¥ with
w ~, p. Here, w ~, p implies 7w (w) ~ ¢ m(p), so, putting g = w(p), we have x ~¢ g,
that is, ¢ € D. Note that

d(q, x0) = d(g. x) = d(z(p), 7(w)) = d(x(p), 7(30)),
and
d(f (@), xi) <d(f' (@), f1) +d(f (). xi)
=d(f' (x(p)), f (@) +d(f (). xi)
=d(w(g'(p)), 1(g' @) +d(f (). x))
=d((g' (p). () +d(f (), x))
<d(@(g' (p). () +€"
<d(m(g' (p), m(i) +€/2

for each i > 1. Since &’ is €’-shadowed by p, we have dy (g’ (p), yi) < €’,i > 0, soif € is
sufficiently small, then d(fi(q), xi) < e foralli > 0, that is, & is e-shadowed by g € D.
Since £ is arbitrary, this shows the existence of §, and thus the lemma has been proved. [

For any chain transitive continuous map f: X — X, we denote by T'(f) the set of
transitive points for f:

I(fi=fxeX: X=ow, f)}

where w (-, f) denotes the w-limit set.
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LEMMA 5.7. Let f: X — X be a chain transitive continuous map. For any D € D(f), if
D € Dy, (f), then D N T (f) is a dense G s-subset of D.

Proof. Let {U,: n > 1} be a countable basis for the topology of X. Then
pnTH =) [D nJ f—k(Un)},
n=1j=0 k=j

a G-subset of D. For any n > 1, take p,, € U, and €,, > 0 such that

Bén(Pn) ={yeX:d(pny) <€} CU,.

Letn>1and j > 0. Forany x € D and 0 < € < ¢, since D € Dg,(f), we have D €
D4 (f) for some § > 0. Then the chain transitivity of f gives a §-chain (x,-)i.‘:O of f with
X0 =X, Xy = pn,and also k > j. By x € D and D € D°(f), we obtain d(f'(y), x;) <
€ for all 0 <i <k for some y € D. Note that d(y, x) = d(y, x9) <€, d(fk(y), DPn) =
d(f*(y), xx) < € < €y, and so f*(y) € Uy, implying

yepnlJ rwy.

k>j

Since x € D and 0 < € < ¢, are arbitrary, this shows that

bl W
k>j
is dense in D. Since n > 1 and j > 0 are arbitrary, we conclude that D N T'(f) is a dense

G s-subset of D, completing the proof. O

To prove Lemma 1.3, we use the method in [15]. The next lemma is a modification of
[15, Lemma 2.6].

LEMMA 5.8. Let f: X — X be a chain transitive continuous map and let D € D(f). If
D € Dy, (f), then, forany y, z € D and € > 0, there is w € D such that d(z, w) < € and
lim sup,_, o, d(f5(y), f¥w)) <e.

Proof. Given any € > 0, take 8 > 0 so small that D € D (f). For this 8, choose N > 0
as in property (3) of ~ ¢ s (see §2.2.3). Note that y, z € D implies y ~¢ zandsoy ~ 5 z.

Since y ~.s F™N(y), we have z ~Fs f™N (y). Then the choice of N gives a §-chain
a = (y) of f with yo = z and yun = f"V(y). Let

B =", Ny, )

and £ = aff = (x;);>0. Then & is a §-pseudo-orbit of f with xg = z € D, so is e-shadowed
by some w € D. Note that d(z, w) = d(xg, w) < €. Also, we have

d(f' (), frw) =dx;, fl(w) <e

for every i > mN, so lim sup;_, o, d(f*(y), f*(w)) < e. This completes the proof. [
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Let f: X — X be a continuous map. For n > 2 and r > 0, we say that an n-tuple
(x1, X2, ...,xy) € X" is r-distal if

inf  min  d(f*), i) =

k>0 1<i<j<n

Then the following lemma is a consequence of [15, Lemmas 2.4 and 2.5].

LEMMA 5.9. Suppose that a continuous map f: X — X is chain transitive and has
the shadowing property. If hyp(f) > O, then, for any n > 2, there is r, >0 such
that, for every D € D(f), there is an ry-distal n-tuple (x1,x2,...,x,) € X" with
{x1,x2,...,x,} CD.

We recall a simplified version of Mycielski’s theorem [27, Theorem 1]. A topological
space is said to be perfect if it has no isolated point.

LEMMA 5.10. Let X be a perfect complete metric space. If R, is a residual subset of
X" for each n > 2, then there is a Mycielski set S which is dense in X and satisfies
(x1, X2, ..., Xp) € R, for any n > 2 and distinct x1, X2, . . . , X, € S.

Finally, we complete the proof of Lemma 1.3.

Proof of Lemma 1.3. Due to Lemmas 1.2 and 2.4, (Y, g) is topologically conjugate to
(Z, h) =lim; (X, f;) where (X, f;), j = 1, are SFTs, and

7=l X fien) = X f) =1

is an inverse sequence of equivariant maps with MLC(1). Since g is transitive and so is A,
we have Z € C(h), so by Lemma 3.2, Z = [C,] for some Cy = (C})j>1 € Cy. Then any
7= (xj)j>1 € Z satisfies x; € C; for all j > 1, and (Z, h) is topologically conjugate to
limz/(Cj, (fj)lc;), where

7' = (@ D, Chn (FiaDlesn) = (€ (e =1

Note that (Cj, (fj)lc;), j =1, are transitive SFTs, and by Lemma 3.4, 7’ satisfies
MLC(1); therefore, without loss of generality, we may assume that f; is transitive for
every j > 1. Then, by Lemma 5.1, there is Dy = (Dj) j>1 € Dy such that

j+1
J
satisfies MLC(1). Letting E = [D,] € D(h), by Lemma 5.2, we see that E € Dy, (h),
which implies Dy (h) # @ and so Dg(g) # ¥. From Lemma 5.6 and Corollary 5.1,
it follows that D(f) = D (f). For any D € D(f), since D € D, (f), D satisfies the
conclusions of Lemmas 5.7 and 5.8. Note that the conclusion of Lemma 5.9 is also
satisfied. Similarly to the proof of [15, Theorem 1.1], it can be shown that there exists
a sequence of positive numbers (§,),>2 for which

7T =75 by, Djy1 = Dj)j=1

D" N[T(f)" NDCI% (X, f)]
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is a residual subset of D" for all D € D(f) and n > 2. By Lemma 5.10, we conclude
that every D € D(f) contains a dense Mycielski subset S which is included in 7 (f) and
distributionally n-8,-scrambled for all n > 2, completing the proof. O

6. A remark on the chain components under shadowing
Given any continuous map f: X — X, C(f) can be seen as a quotient space of CR(f)
with respect to the closed (f x f)-invariant equivalence relation <> ¢ in CR(f )2. Then
C(f) = CR(f)/ < is a compact metric space.

In the case of dim X = 0, if f has the shadowing property, then by Lemmas 1.2 and
2.4, (X, f) is topologically conjugate to lim, (X, f,), where (X, fu), n > 1, are SFTs,
and

7= @ Xug1s far1) = Kns F)dnz1

is an inverse sequence of equivariant maps with MLC(1). Without loss of generality, we
consider the case where (X, f) = lim; (X,, f,). For any C € C(f), by Lemma 3.2, we
have C = [C] for some Cx = (Cy)u>1 € Cr. As in the proof of Lemma 4.1, it can be
shown that for each N > 0, there is C}, = (C},)m>n € [[,;> 5 C(fin) with the following

properties:
(1) Cly=Cn;
) nn"11+l(C;n+l) C C), forevery m > N;

G3)  amtiC), ) =amtHC), ) forallm = N.
Define C} = (C;)n>1 € [],= C(fa) by

., |cn ifl<n<N,
C! =
" |c ifN <

Properties (1) and (2) ensure C, € C,. By Lemma 3.2, letting C” = [C}/], we obtain
C" € C(f), and by property (3), similarly to the proof of Lemma 4.1, it can be seen that
flcr: C”" — C” has the shadowing property. Note that for any neighborhood U of C in
CR(f), by property (1) above, if N is sufficiently large, then C” C U. Thus, letting

Csh(f) ={C € C(f): flc has the shadowing property},

we conclude that Cgn (f) is dense in C( f). In other words, we obtain the following theorem.

THEOREM 6.1. Let f: X — X be a continuous map with the shadowing property. If
dim X =0, then C(f) = Csn(f).

This theorem gives a positive answer to a question by Moothathu [26] in the
zero-dimensional case. Note that, for any C € Cqh(f), by the shadowing property of
flc,wehave C = M(f|c), where M (f|c) denotes the set of minimal points for f|c (see
[26] for details).

As a complement to Theorem 6.1, we give an example of a continuous map f: X — X
with the following properties:

(1) X is a Cantor space;
(2)  f has the shadowing property;
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(3) C(f) is a Cantor space;
(4) Csn(f) is a countable set and so is a meager subset of C(f).

Example 6.1. For any closed interval I = [a, b] and ¢ € (0, 1/2), let [ = {a, b}, I'” =
[a,a + c(b —a)], and Iél) =[b—c(b—a),b]. Let (cj)j>1 be a sequence of positive

numbers with 1/2 > ¢; > ¢ > - - - . Forany s = (s;) j>1 € {0, 1}N, let
i) = ()16 ),
jz0

where I (s, j) is defined by I(s,0) =[0, 1], and I(s, j+ 1) = I(s, j)g:’:’l') for every
Jj >0.Let

C={is):se{0, Ny 0, 1]

and note that i : {0, l}N — C is a homeomorphism, so C is a Cantor space. For any j > 1,

let
L= |J uesn
se{0,1}N
and note that f1 C fz C---.Also,let A = fl, Ajy = Aj_H \f-,j > 1, and
A=|]a,cc.
jzl

Let o : {0, 1}N — {0, 1} be the shift map. For each k > 1, define
Y =1{x = (xi)i>1 e{O,l}N: foralli > 1, forall je {i +1,...,i +k},
xi=1= Xj = 0},

which is a mixing SFT, so oy, : Xy — X has the shadowing property. Note that 3| D
¥y D - -+ and consider

Yoo = ﬂ T = {0, 10°} U {0"10%°: m > 1}.
k>1

Then it is easily seen that o5 : oo — 2o does not have the shadowing property.
Let f)k =i(Zg), k>1,and EAJOO = i(Xx); here, i: {0, 1}N — C is the homeomorphism
defined above. Let

X =[(C\ A) x Bl u|_ 1Ak x 41,
k>1

which is a perfect compact subset of C x C and so is a Cantor space.
Let6 =ioooi™':C— Cand

f=@0dec x0)|x: X > X.

To ensure the shadowing property of f, we define a sequence of positive numbers (c;) j>1
with 1/2 > ¢; > ¢ > - - - as follows. Fix a sequence of positive numbers (€ )x>1 with
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limg_, o0 €x = 0. Denote by w: X — C the projection onto the first coordinate. Let

k
B, = I_l Aj,
j=1

k > 1. Foreach k > 1, since 7! (By) is a finite disjoint union of SFTs,

Fla-rgy: 7 (B = m7 (B

has the shadowing property, implying the existence of &, > 0 such that every
8,’{—pseud0—0rbit (xi)i=0 Of fl-1(p,) is €k/2-shadowed by some x € 71 (By). Fix any
c1 € (0, 1/2) and assume that cg, kK > 1, is given. For any 8; € (0, €x/2), if cx4+1 € (0, ck)
is small enough, then X is contained in the d;-neighborhood of 7~ Y(By). Then, for every
dr-pseudo-orbit (y;)i>o of f, we have

d(xi, ;) = inf{d (yi, z): zi € 7 (Br)} < 8k
for all i > 0 for some x; € 7~ 1(Bg). Since

d(f(xi), xiv1) <d(f (), fi) +d(f i), yir) +dQit1, Xit1)

for every i > 0, if 8 is small enough, then (x;);>0 is a 8,’{—pseud0—0rbit of flr-1(8,)
€ /2-shadowed by some x € 7~ 1(By). This implies

d(f'(x), yi) <d(f' ), xi) +dxi, i) < /2 + e /2 = €

for all i > 0, that is, (¥;)i>0 is €x-shadowed by x. By defining (c;) ;> in this way, we
conclude that f has the shadowing property.
Note that X = CR(f) and

Cn(f) = {7 w): u € A},

which is a countable set. It remains to show that C(f) is a Cantor space. Let 7o, ;1 X —
C(f) be the quotient map. For any x, y € X, we easily see that x <> y if and only if
m(x) = w(y). This implies that there is a continuous map h: C(f) — C withm =ho
oy, which is bijective and so is a homeomorphism. Thus, C(f) is a Cantor space.
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