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Weak solutions of complex Hessian equations on
compact Hermitian manifolds

Stawomir Kolodziej and Ngoc Cuong Nguyen

ABSTRACT

We prove the existence of weak solutions of complex m-Hessian equations on compact
Hermitian manifolds for the non-negative right-hand side belonging to L?, p > n/m (n is
the dimension of the manifold). For smooth, positive data the equation has recently been
solved by Székelyhidi and Zhang. We also give a stability result for such solutions.

1. Introduction

Yau [Yau78] confirmed the Calabi conjecture solving the complex Monge-Ampere equation on
compact Kéahler manifolds. This fundamental result has been extended in several directions.
One can consider weak solutions for a possibly degenerate non-smooth right-hand side (see
[Ko198]). Then one can generalize the equation, and here the Hessian equations are a natural
choice. The solutions were obtained by Dinew and the first author [DK12b, DK14]. One can
also drop the Kahler condition and consider just Hermitian manifolds. The Monge-Ampere
equation on compact Hermitian manifolds was solved by Tosatti and Weinkove [TW10] for
smooth non-degenerate data and by the authors [KN15a] for the non-negative right-hand side
in LP, p > 1. Very recently Székelyhidi [Szé15] and Zhang [Zhal5] showed the counterpart of
Calabi—Yau theorem for Hessian equations on compact Hermitian manifolds.

As in the real case, geometrically meaningful Hessian equations appear in some ‘twisted’
non-standard form. Thus, for the K&hler manifolds the Fu-Yau equation [FY08] related to a
Strominger system for dimension higher than two becomes the Hessian (two) equation with
an extra linear term involving the gradient of the solution. It has recently been studied by
Phong et al. [PPZ15]. Another form of the Hessian equation is shown to be equivalent to the
quaternionic Monge—Ampere equation on HKT manifolds in the paper of Alesker and Verbitsky
[AV10]. Some related equations are solved by Székelyhidi, Tosatti and Weinkove in their work
on the Gauduchon conjecture [STW15].

The main result of this paper extends the Székelyhidi-Zhang [Szé15, Zhalb] theorem as
follows.

THEOREM. Let (X,w) be a compact n-dimensional Hermitian manifold and let m be an integer,
1<m<mn Let 0 < f € LP(X,w"), p > n/m, and fX fw™ > 0. There exist a continuous
(w, m)-subharmonic function u and a constant ¢ > 0 satisfying

(w4 ddu)™ ANw"™™ = cfw™.
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We also obtain a stability theorem (Proposition 3.16), which for the Monge—Ampere equation
was proven in [KN15b]. To obtain those results we need to adapt the methods of pluripotential
theory to Hessian equations and the Hermitian setting. One of the key points, which required a
different proof was the counterpart of the Chern-Levine-Nirenberg (CLN) inequality. Another
stumbling block is the lack of a natural method of monotone approximation of an (w,m)-
subharmonic function by smooth functions from this class. For plurisubharmonic functions (that
is, the case m = n) this is possible (see, for example, [BK07, DP04]). On Kéahler manifolds Lu
and Nguyen [LN15] employed the method of Berman [Berl3] and Eyssidieux et al. [EGZ15]
to construct smooth approximants of an (w,m)-subharmonic function. However this method
requires the existence theorem for Hessian type equations, so it is far more complicated than
the ones starting from convolutions with a smoothing kernel. In the final section we carry out a
similar construction to the one in [LN15] on Hermitian manifolds.

2. Estimates in C"

In this section we wish to develop tools, which correspond to results in pluripotential theory,
to study the Hessian equations with respect to a Hermitian form. Some of those analogues,
notably the CLN inequalities, do not carry over trivially and they require a careful examination
of the properties of positive cones associated with elementary symmetric functions. The difficulty
is to control the negative values of a vector belonging to such a cone. First we prove pointwise
estimates for the cone in R™, and then we express them in the language of differential forms which
live in the cone associated with a Hermitian metric w in C”. Next, we use these results to prove
basic ‘pluripotential’ estimates for (w,m)-subharmonic functions such as the CLN inequality,
the Bedford—Taylor convergence theorem, the weak comparison principle and the like. We refer
to [Garb9, Ivo83, LT94, WanT77| for the properties of elementary symmetric functions which are
used here.

2.1 Properties of elementary positive cones
Let 1 < m < n be two integers. We denote by

Cp={A=(\1,..., ) €R": 51 (A) >0,...,5,()\) >0}
the symmetric positive cone associated with polynomials
St = D A
1<) << <n
We use the conventions

So(N)
Sk(A)

L,
0, fork>mnork<DO.

For any fixed t-tuple {i1,...,i;} C {1,...,n}, we write

Sk;iu‘zmit ()\) = Skhilz...:)\it:o.

S0 Skiiyig-i; is the kth-order elementary symmetric function of (n — t) variables {1,...,n}\
{i1,...,4¢}. A property that we frequently use in the sequel is

Sm(A) < Spu(N+ ), for every A\, u €Ty, (2.1)
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(see [Garb9]). Furthermore, a characterization of the cone I'y, (see, for example, [Ivo83, Lemma 8])
tells that if A € '), then

kv (A) > 0 (2.2)
for all {i1,...,4} C{1,...,n}, k+t < m. In particular, if A € T';,, then at least m of the numbers
A1, ..., Ay are positive. Hence, throughout this paper we shall write the entries of A € I';, in the
decreasing order

M2 2 A 20 >02 N2\, (2.3)

(with p > m by the remark above). It is clear that
Sk(A) = Sk + XiSk—1:i(N). (2.4)
Therefore we have the expansion
Sk—1(A) = Sk—1.1 + M Sk—2.1
= Sp—1.1 + M Sk—2.12 + M1 A2Sk—3.12
= Sk—1;1 T AtSk—212 + -+ A A2 S0 (e—1) T AL Ako1 (2.5)
It follows from (2.2) that for A € T'y,,,
Sm—1(A) = A1+ A1 (2.6)
A more general statement is also true.
LEMMA 2.1. Let 1 <k <m—1 and {i1,...,ix} C {1,...,n}. Then, for every A € T,
IXiy - Nig | < CeSk(A),

where C,, ;. depends only on n, k.

Proof. Since k < m —1 and A € Iy, C T'g41, the expansion formula (2.5) gives that
Sp = A1e Mg

Therefore, if {i1,...,ix} € {1,...,p}, that is, A;, > 0 for all t = 1,...,k, then we are done by
the arrangement (2.3). Otherwise, without loss of generality, we may assume that

)‘il2'”2)‘is>0>)‘is+1'”>)‘ik‘

For brevity we write
A= Ny Ny
Consequently,
JA] = (Xip - Ai) i -+ A |

< (Mg A g 72,

By (2.2) we have that the sum of any n — k of entries \; is positive and hence
Nip| < (0 =) Ap1
Note that p > m > k + 1. It follows from the lower bound for S}, that
A< (0= R)" 7 Niy - Ao, (Ap)*

<(n—k)FXA -0
< (n—k)PSp(N).
Thus, the lemma is proven. O
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We also get an upper bound for Sy, in terms of Sy, —1.; as follows. There exists 6 = §(n, m) > 0
such that for any j < m,

)\jSmfl;j()\) > OSm()\) if Ae | (2.7)

Indeed, by
Sm = Smij + AjSm—1.j,

we see that (2.7) is automatically true if S,,.;; < 0. Otherwise, Sy,.;(A) > 0, and we can estimate
as follows:

where the second inequality uses (2.2) and (2.5). Inequality (2.7) thus follows.
If m = n, then the following result is just a simple consequence of the Cauchy—Schwarz
inequality.

LEMMA 2.2. Let a = (a1,...,an) € R" and A € I'y,. Then

Sm()\) . (; ’aiPSm—l;i()\)) > 9; ‘W’Q,

where 6 = 6(n, m) > 0 is the constant in (2.7).

Proof. If m = 1, then the statement is obvious. So we may assume that m > 2. Therefore, from
(2.3) and (2.6), we have that

Sl = >\17 Smfl,n = Smfl;nfl Z 2 Smfl;l > 0.

Moreover, by (2.7),

Hence, for m > 2,
Sm < < Sm < A S

0<

Sm—l;n S0 Sm—l;l = 0 0 ’
and therefore
n5’1 < n ) n 1 n )
— |ai Sml;i) > < >< lai|“Sm—1:i |-
5. (& 25\

The lemma now follows by an application of the Cauchy—Schwarz inequality to the right-hand
side of the above inequality. O

2.2 The positive cones associated with a Hermitian metric
Let w be a Hermitian metric on C™ and let €2 be a bounded open set in C". Given a smooth
Hermitian (1, 1)-form v in 2, we say that 7 is (w, m)-positive if at any point z € 2 it satisfies

YA R (2) >0 for every k=1,...,m.

Equivalently, in the normal coordinates with respect to w at z, diagonalizing v = /=1, \idz; A
dz;, we have

A:()\l,...,An)eFm.
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This correspondence allows the estimates from § 2.1 to be expressed in the language of differential

forms. The first one can be found in [Blo05]. We denote the set of all (w,m)-positive smooth

Hermitian (1, 1)-forms by I'y, (w, ), or I';;,(w) when the domain €2 is clear from the context.
Inequality (2.1) is equivalent to

(YT AW Z AT AT for every v,n € Ty (w). (2.8)
Lemma 2.1 gives a statement which is important for our applications.

LEMMA 2.3. Let v € I'yy(w) and T be a smooth (n — k,n — k)-form with 1 < k < m — 1. Then
WF AT /W™ < Cop oy A A W™ F W,
where C,, 1. 7| is a uniform constant depending only on n,k and the sup norm of coefficients

of T.

Proof. Fix a point P € ). Choose a local coordinate system at P such that

w=Y V=ldzjndz and = \v—1dzAdz;.

j=1 j=1
In those coordinates we write
T = Z Tixdzy NdZg.
|J|=|K|=n—k
In what follows, the computation is performed at P. We first have
AR = k! > 1] ri.dzr A dzr.
\I|=k,IC{1,...n} is€]

The non-zero contribution in v¥ A T' give only triplets of multi-indices I,.J, K C {1,...,n} such
that

IuJ=ITUK ={1,...,n},
and |I| = k. For such sets I, J, K, we have

n!

E(\/—l)(nfk)Q’}/k/\dZ]/\diK/wn = H i -

is€L|I|=k
By Lemma 2.1,

IT Ml < CunSe(d)
is€l|I|=k

= Cn,k (Z) ’}/k A\ w”*k/w”,

where the constant C), ;, depends only on n, k. Taking into account the coefficients Tyx, we get
that each term in
VAT /w"
is bounded from above by
,ch A wn—k /wn’
modulo a uniform constant Cy, j, 7| = Cnk SUp i [| Tk ||co, Where Cp, p may differ from the one
above. Thus, the lemma follows. O
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We need to generalize the last result to the case of the wedge product of k& smooth
Hermitian (1, 1)-forms in T',,(w) in place of v*. To do this, fix k¥ < m — 2 and consider vectors

r = (z1,...,7) € [0,1]¥ € R¥. The R-vector space of polynomials in x of degree at most
k + 1 is denoted here by Py, 1(R¥). Its dimension is equal to d = (Zk,j 1). We use multi-indices
a=(ai,...,o) € NF with the length |a| := a1 + - - - oy, and ordered in some fixed fashion. The

vector space Py 1(R¥) has the standard monomial basis
{a =2t al* ol <k +1} = {e1,...,ea},

where d = (Qk]jl). Choose a set X = {X71,..., Xy}, with X; € [0, 1]*, such that the Vandermonde
matrix

V= {ei(Xj)}m:l,d
is non-singular.
Now, for z € [0,1]¥ and y = (70, ..., 7%),7;j € ['m(w), consider the polynomial

P(.f, y) = ('YO —+ 171 + o :I:k,yk)k-’rl A T/(,L)n

=: Z b (y)z,

|| <k+1
where T is a smooth (n —k — 1,n — k — 1)-form and

ba(y)—m% ANy~ A Ay ANT/wW".
Put 7 :=vy+x171 + - - - + 2. By Lemma 2.3, we get that for every x € [0, 1]’9’
|P($7y)| < CTk+1 AN Wn_k_l/wn < C(’yO + .- + 'Yk)k+1 A wn—k—l/wn'

In particular, the |P(Xj,y)|, for X = {X1,..., X} fixed above, are uniformly bounded by the
right-hand side of the last inequality. The coefficients b, (y) are computed by applying the inverse
of V' to the column vector consisting of entries P(X,y). Since V' is a fixed matrix we obtain the
desired bound and the following statement.

COROLLARY 2.4. Fix k < m — 2. Let T be a smooth (n — k — 1,n — k — 1)-form. For ~y,...,
Yk € I'm(w) we have

o A+ Ak AT/w™ < Crppnyry (Vo + -+ + )T AW fw™,

where C, 1. |7 is a uniform constant depending only on n,k and the sup norm of coefficients
of T.

We end this subsection with the consequence of Lemma 2.2. This will be used later in the
proof of the stability of solutions to the Hessian equations.

LEMMA 2.5. Let ¢ be a smooth function and v € I';;,(w). Then
V=10 AOY AL A W™y AW L V=109 A oY A w1

m n—m n n
YA w w w

where 6 = 6(n, m) > 0.

Proof. This is an application of Lemma 2.2 in the normal coordinates with respect to w, where
a = (Y1,...,1y,) with ¢; :== 0 /dz; and X is the vector of eigenvalues of v in those coordinates.
OdJ
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2.3 (w, m)-subharmonic functions
Let ©Q be a bounded open set in C". Assume that w is a Hermitian metric on C". Fix an
integer 1 < m < n. In this subsection we will define the notion of (w,m)-subharmonicity for
non-smooth functions which is adapted from Blocki [Blo05] and Dinew and Kotodziej [DK12b,
DK14]. We refer to papers by Lu [Lul3|, Lu and Nguyen [LN15] and Dinew and Lu [DL15] for
more properties of this class of functions when w is a Kahler metric. Then we will prove several
results which correspond to basic pluripotential theory theorems from [BT76, BT82].

A C?%(Q) real-valued function u is called (w,m)-subharmonic if the associated form w, :=
w 4 dd°u belongs to I'y,(w). This means that

WEAWF >0 forevery k=1,...,m.

DEFINITION 2.6. An upper semicontinuous function u : @ — [—o0,4+o00[ is called (w,m)-

subharmonic if u € L{. () and for any collection of 1, ..., Ym—1 € I'(w),

(W dduU)y Ay A+ A1 AW 20,

with the inequality understood in the sense of currents.

We denote by SH,,(2,w) the set of all (w, m)-subharmonic functions in Q. We often write
SH,,,(w) if the domain is clear from the context.

Remark 2.7. By results of Garding [Gar59], if u € C?(Q2), then u is (w, m)-subharmonic according
to Definition 2.6 if and only if w, € I';,(w). In particular, we have that for v1,...,7 € T (w),
kE<m,

m

YA AR AW

is a strictly positive (n —m + k,n —m + k)-form.

By [Mic82, §4, Equation (4.8)], given 71, ..., ¥m—1 € I'n(w), we can find a Hermitian metric
@ such that

n

"= A A Ymet A"

m

Thus, according to Definition 2.6, checking the (w,m)-subharmonicity of a given function u
can be reduced to verifying that u is (©, 1)-subharmonic for a collection of Hermitian metrics @.
Therefore, some properties of (w, 1)-subharmonic functions are preserved by (w, m)-subharmonic
functions. Below we list several of them and refer to [DK14, Lul3] for more (if the Ké&hler
condition does not play a role).

PROPOSITION 2.8. Let €) be a bounded open set in C™.
(a) Ifu,v € SHy,(w), then max{u,v} € SHy,(w).

(b) Let {uq}aecr € SHy(w) be a family locally uniformly bounded from above, and u :=
sup,, U- Then, the upper semicontinuous regularization u* is (w, m)-subharmonic.

It follows from Remark 2.7 (see also [Blo05]) that for any collection of C2%(Q) (w,m)-
subharmonic functions uq,...,u; with 1 <k < m,

Wy Ao Ay, Aw"™™™ (2.9)

is a positive form. The above properties of (w, m)-subharmonic functions are the same as in the
Kahler case. However, there are differences too. If we replace the exponent n — m by a smaller
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one, then the positivity of the differential form (2.9) is no longer true in general. This makes
computations involving integration by parts more tricky.
Let ui, ..., up € SHy(w) N C2(Q). If we write

wWg, A Ny A A w s

J1
where j; < j < jg, the hat symbol indicates that the term does not appear in the wedge product.
Then we have

p
Awuy A+ Awyy, AW =D dw Awyy Av s Ay A Awy, Aw™™™
J=1

+(n—m)dw A wyy, A Awy, A" (2.10)
and
dd(wuy A= Awy, AW"™™)

= ) ddw Awyy A Ny A Awy, Aw™T™

1<j<p

+ Y dwAdW AW A Ay A Ay A Ay, A"
i#5;1<0,5<p

+2(n—m) Z alw/\alccu/\wul/\---/\(Duj/\---/\cuup/\cu"*m*1

1<y<p
+ (n —m)ddw A wy, A+ Awy, Aw"TT!
+(m=m)(n—m—1)dw ANdwAwy A Awy, A w2, (2.11)

In those formulas forms of three types appear:
Wuy A e AWy A wyy, A whme
Way A Awy, Aw™ ™

Wy Ao Ay, A w2,

As wy,; is not a positive (1, 1)-form, these forms are not necessarily positive (the exponent of w is
less than n—m). Therefore, in the estimates that follow, we cannot directly apply the bounds for
dd‘w or dw Adw in terms of w? or w? as in the case of the Monge-Ampere equation. Fortunately,
the results from previous subsections make the important estimates go through if p < m —1 (see
Corollary 2.4).

We are ready to prove the CLN inequality which guarantees the compactness of a sequence
of Hessian measures provided that (w, m)-subharmonic potentials are uniformly bounded.

PROPOSITION 2.9 (CLN inequality). Let K CC U CC Q, where K is compact and U is open.
Let uy,...,ux € SHy,(w)NC?(Q), 1 < k < m. Then, there exists a constant Cr 7, > 0 such that

k k
/ Wy A+ Awyy, AW < Ok (1 +y HujHL‘X’(U)> :
X« :
7j=1

Proof. Observe that, by (2.8),
k
Wy Ao A wy, A WR < KR <w + ddcul—i_k_‘_uk> AWk

Set u := (u1 + - - -+ ug)/k. Thus we are reduced to estimating [, wk AWk where w, € Ty (w).
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Our proof is by induction on k. For k = 1, let x be a cut-off function such that y =1 on K
and supp x CC U. Then

/ wy Aw™ < /qu/\w”_1 = /Xw”+/xddcqu"_1.
K

It is clear that [ xw" < Ck vw, and by integration by parts we have

/Xdalcu/\w"_1 = /uddc(xw"_l) < Cruwlull e @)

Thus, the CLN inequality holds for £ = 1. Suppose now that
[ e A < CpalU+ el
K
We need to infer the inequality

/ Wk AW < O (L + Il oo o))"
K

Indeed, as

/ Wk AWk < /qu]j AWk
K

= /waj_l AR /xddcu A wlqj_l AwE

using the induction hypothesis, it is enough to estimate the second term on the right-hand side.
Integration by parts gives

/decu Awkb=t A=k = /uddc(wﬁ_1 A xw™ ).

An elementary computation yields
dd (Wt A xw™ ™) = (K = 1) (k — 2)wF 2 A dw A dw A xw™*
+ (k — D)wF ™2 Addw A xw™F
— (k= Dk 2 Adw A d(xw™ k)
+ (k= Dwh 2 Adw A d°(xw™ %)
+ Wk A dde (xw™F).

u

Since k < m, applying Lemma 2.3 for v = w,,, we get that
Judd®(w ™ A xw™ )| < Crpwllull Loy (@i AW 4 Wl T2 AWM 4l A WIS,

This implies that | [ xdd“u A wk=1 A w"=*] is bounded by

Crctrallillimey [ (5 A9 p R 4 o),
supp x

Combined with the induction hypothesis, this finishes the proof. a

For general 1 < m < n and Hermitian metrics w, it is not known yet that any (w,m)-
subharmonic function is approximable by a decreasing sequence of smooth (w,m)-subharmonic
functions. Therefore we need the following definition.
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DEFINITION 2.10 (Smoothly approximable functions). Let u be an (w, m)-subharmonic function
in 2. We say that u belongs to A, (w) if at each point z € €2 there exist a ball B(z,r) CC Q and
smooth (w, m)-subharmonic functions w; in B(z,r) decreasing to u as j goes to oco.

We shall now develop ‘pluripotential theory’ for (w, m)-subharmonic functions in the class

A (w).

PROPOSITION 2.11 (Wedge product). Fix a ball B(z,7) CC Q. Let ui,...,up € SHp(w) N

C(B(z0,7)), 1 < k < m. Assume that there exists a sequence of smooth (w,m)-subharmonic
functions u7j, . .., ufc decreasing to uy,...,ux in B(zo, ), respectively. Then the sequence

(w+ ddcu{) AN (w+ ddcui) Aw™™
converges weakly to a unique positive current, in B(zg,r), as j goes to +oo.

Proof. Thanks to Corollary 2.4 and the CLN inequality (Proposition 2.9), the proof is a standard
modification of the Bedford and Taylor convergence theorem [BT76, BT82]. For notational
simplicity we only give it in the case k =m, u; = -+ = up, = v and “1 =...=u,=u = uj.
The general case follows by the same method. Set B := B(zg,7). Since u is continuous on B, it
follows that u; — u uniformly on that set. Hence, ||u;|| is uniformly bounded, where we denote
here and below

[ lloo :=sup]|-|.
B

For any compact set K C B we have
[t nerm < O+ gl
K

by the CLN inequality (Proposition 2.9). Therefore, the sequence
wyr AW g 2,

is weakly compact in B. This implies that there exists a weak limit pu upon passing to a
subsequence.

It remains to check that every weak limit is equal to y. Suppose that {v;}52; and {w;}32,
are two decreasing sequences of smooth (w,m)-subharmonic functions converging to u. Since
the statement is local we may assume that all functions are equal near the boundary of B
(see [BT82, Kol05]). We need to show that for any test function y € C°(B),

’/ Xwg';/\w"_m—/xwu"}j /\wn_m’ — 0
B B

as j — +oo. Since u is continuous on B, it follows that both {v;} and {w;} converge uniformly
to u on that set. Hence, ||vj]|oo, ||wj]|oc are uniformly bounded. By integration by parts we have

Aj = /BdeC(Uj —w) AT = /B(Uj — wj)dd®(xT}),

where T} = Z;n:_ol wy; A wq’]}j_l_s A w"™ ™. From Corollary 2.4 and the above proof of the CLN
inequality we get that

A5 < o — w;lc / ldde (T,
supp x
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where the last integral is controlled by
CL A+ [[ojllo0)™ (1 + [Jwjloo)™ .
Therefore, we can conclude that lim;_, ;o A; = 0, and thus the result follows. O

COROLLARY 2.12. Let uq,...,u; € Ayn(w)NC(R), 1 <k < m. Then the wedge product

Wy Ao Ay, Aw™™™

is a well-defined positive current of bidegree (n —m + k,n — m + k). In particular, for u €
A (w) N C(Q), the current
wit AWM

is the complex Hessian operator of u, which is a positive Radon measure in ).

2.4 The comparison principle and maximality
Let © be a bounded open set in C". Given w a Hermitian metric there exists a constant B, > 0,
which we fix, satisfying, in €2,

— B,w? < 2ndd‘w < wa2, —Byw? < 4n’dw A dw < Byw?®. (2.12)

Thanks to Lemma 2.3 and Corollary 2.4, the proof of [KN15a, Theorem 0.2] can be adapted
to Hessian operators and as a consequence we get the following domination principle.

PROPOSITION 2.13. Let u,v € Ap(w) N C() be such that u > v on 9. Assume that (w +
ddu)™ A W™ < (w + ddv)™ Aw™ ™. Then u > v on ).

Proof. See [KN15a, Corollary 3.4]. We remark here that if u, v belong to C?(2), then the corollary
can be proven simply by using the ellipticity of the Hessian operator [CNS85, Lemma B]. O

The above proposition shows that if u € A, (w) N C(Q) and w]* A wW"™™ = 0, then it is
maximal in A,,(w) N C(£2). We shall see that a stronger result is true. First, we recall a couple
of facts from classical potential theory. For a general fixed Hermitian metric v in C™ and a Borel

set £ C Q) we define

Cy(E) = sup{/ dd°w A" : w is y-subharmonic in ©, 0 < w < 1}.
E

PROPOSITION 2.14. Every ~y-subharmonic function w is quasi-continuous with respect to the
capacity C., that is, for any € > 0, there exists an open set U C (2 such that C,(U) < € and u
restricted to Q\U is continuous.

LEMMA 2.15. Every ~-subharmonic in a neighbourhood of the closure of ) is the limit of a
decreasing sequence of smooth ~y-subharmonic functions, in 2.

Next, we strengthen the domination principle. It is usually applied locally, so we formulate
it for 2 being a ball.

THEOREM 2.16 (Maximality). Let Q denote a ball and let v € SH,,(w) N L*>°(Q). Let u € Ay, (w)N

C(§2) be the uniform limit of {u;}52; C SHy,(w) N C*(§2). Suppose that G := {u < v} CC Q. If
wi* Aw™™™ =0 on G, then G is empty.

To prove the theorem, we need the following result.
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LEMMA 2.17. Fix 0 < ¢ < 1 and the constant B,, in (2.12). Let v € SH,,(w) N L*>(£2), with

denoting a ball. Assume that {u;}32, C SHy,(w) NC*(2) converges uniformly to u as j — oo in
Q. Denote S(g) := infqu — (1 — e)v] and U(e,t) := {u < (1 — &)v + S(g) + t} for t > 0. Suppose
that Ul(e, tg) CC Q for some tg > 0. Then, for 0 < t < min{e3/16B,, 1o},

Ct
5/ WA WM <1 + m) / wit Aw
Ule,t) € U(e,t)

where C' is a uniform constant depending only on n,m, B,,.

Proof. By Corollary 2.12, it is enough to show that

Ct
s/ W= A T (1 + m) / wt Aw™T™,
Us(et) € Ui(et)

J

where Uj(e,t) is the sublevel set corresponding to u; and v defined as above. In other words,

we only need to prove the lemma under the assumption that u is smooth and strictly (w,m)-

subharmonic, that is, w, € I'y,(w) (achieved by considering the sequence (1 —1/7)u;, j > 1).
Moreover, since ew;”_l A wn—mFL W(1—e) N wm=b A w™™™ it suffices to prove that

t
/ W(l—e) A w;”_l AWM (1 + C;ﬂ) / wyt AW (2.13)
Ule,t) € Ulet)

Since w1 Aw™™™ > 0, applying [Mic82, Equation (4.8)], we can write
A= T A ™ (2.14)
for some Hermitian metric v. By the definition of an (w, m)-subharmonic function,
wy AL > 0.

Solving the linear elliptic equation, we can write w A Y"1 = dd°w A 4"~ ! for some smooth

~-subharmonic function w in 2. Therefore, if we set ¥ := v + w, then ¥ is a y-subharmonic
function. With this property in hand, we can use the proof of [BT76, Proposition 3.1] and the
quasi-continuity of © (or equivalently, that of v), from Proposition 2.14 to get that

/ dd°(1 —e)v Ay 1 < / ddu Ny —i—/ [(1—¢e)v+ S. +t —ulddy™" .
U(e,t) Ule,t) Ule,t)

This implies that

/ W(—eyw A AL / wy AYV t/ |ddey™ 1|, (2.15)
Ule,t) Ule,t) Ule,t)

where ||dd°y™~1|| is the total variation of dd°y"~!. Furthermore, we can use Lemma 2.3 to bound
|dd°y™~ 1| from above by

R:=C(wm P AWML 4 ym=2 g ynmmF2 4 ym=3 A ynmmES)

where C' depends only on X, w, n,m. Therefore, the inequality (2.13) will follow if we have
C
/ R< — / wyt Aw"T™
Ule,t) € Ule,t)
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for every 0 < t < min{e3/16B,,,ty}. Writing aj := fU(E " wk AWk for 0 < k < m, we need to
show that

Ca
ap < -

em
As in [KN15a, Theorem 2.3] we shall verify that for 0 < ¢ < § := min{e®/16B,,, o},
eay < apy1 + 0By(ak + ap—1 + ar—2),
where we understand that ar = 0 if & < 0. Indeed, since u is smooth and strictly (w,m)-

subharmonic, inequality (2.15) applied for 7,?_1 = WP AWTTFL > 0,0 <k <m —2 (see (2.14)),

gives that
[ waaen [ wonngae [ i,
Ule,t) Ule,t) Ule,t)

By (2.11), (2.12) and Lemma 2.3 we have

/ Hddcygflﬂ < Bu(ag + ag—1 + ax—2).
et

)

Moreover, since v is a bounded (w, m)-subharmonic function, we also have

8/ w A ’Y?il < / W(1—e)w VAN ’yzil.
Ulet) Ulest)

Combining the last three inequalities, we get that for 0 < t < 4,

ear < agy1 + 0By (ag + ag—1 + ag—2).
Thus the proof of the lemma follows. O
Proof of Theorem 2.16. Suppose that {u < v} is not empty. Then for £ > 0 small enough, we

have {u < (1 —e)v+info[w — (1 —e)v] +t} C {u < v} for any 0 < t < to, where tp > 0 depends
on u,v,e. Applying Lemma 2.17, we have for 0 < t < min{e™3/16B,,,t0},

6/ whn AL o wt AT =0,
Ule,t) U(e,t)

where C is independent of ¢. Therefore, w1 A w? ™*! = 0 in U(e,t) for 0 < t < t1, where
t; == min{e™*3/16B,,,to}. Thus we can iterate this argument to get that w2 A w"~™+2 =
-+ =w"=01n Ul(e,t;). This is impossible and the proof of the theorem follows. O

Remark 2.18. The statement of Theorem 2.16 holds true if we replace by a compact Hermitian
manifold, with the same proof modulo obvious modifications.

We end this subsection by proving a volume—capacity inequality which corresponds to the one
in [DK14]. This inequality was the key ingredient in studying local integrability of m-subharmonic

functions.

DEFINITION 2.19 (Capacity). For any Borel set E C €,

capy, o (E) = sup{/ (WHddv)" A" v e Ap(w)NC(Q), 0 < v < 1}.
E
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LEMMA 2.20 (Local volume-capacity inequality). Let 1 <7 < n/(n—m). There exists a constant
C = C(7) such that for any Borel set E C €2,

VW(E) < C[Capm,w(E)]Ta
where V,(E) := [ w".

The exponent here is optimal because if we take w = dd®|z|?, then the explicit formula for
cap,,(B(0,7)) in @ = B(0,1), with 0 < r < 1, provides an example.

Proof. From [DK14, Proposition 2.1] we know that V,,(E) < C|[cap,,(E)]” with
cap,,(F) = sup{/ (ddw)" A" M rw e A, NC(Q),0 < w < 1},
E

which is the capacity related to m — w-subharmonic functions in €2 and the class A,, consists
of all m — w-subharmonic functions which are locally approximable by a decreasing sequence of
smooth m — w-subharmonic functions in 2.

Note that the argument in [DK14] remains valid for non-Kéhler w since the mixed form
type inequality used there still holds by stability estimates for the Monge-Ampere equation.
Therefore, the proof will follow if we can show that cap,,(F) is less than cap,, ,,(£). Since w is
globally defined there exists a constant C' > 0 such that

1
C

where p = |22 — A < 0. We can choose C such that |[p/C| < 1/2. Take 0 < w < 1/2 a continuous
m — w-subharmonic in A,,. Then it is easy to see that

/ (dd“w)™ A" < / <w + dd° (w — p)) AWM L cap,, o (E).
E E ¢ |

Hence, cap,,(E) < 2"cap,, ,(E). O

dd®p < w < Cddp,

3. Hessian equations on compact Hermitian manifolds

In this section we study Hessian equations on a compact n-dimensional Hermitian manifold
(X,w). To do this we need first to transfer the local results from the previous section to
the manifold setting. Then we apply them to prove results on the existence and stability of
solutions of Hessian equations. Finally, we prove that every (w,m)-subharmonic function can
be approximated by a decreasing sequence of smooth (w,m)-subharmonic function on X. This
allows us to replace assumptions on A,,(w) by just SH,,(w) in statements. In what follows our
notation is as in [KN15a, KN15b], we write L'(w™) for L'(X,w"), ||-|lp := || |l1e(xwn) and
I floo = supx | - |

3.1 Pluripotential estimates for (w, m)-subharmonic functions
Fix an integer 1 < m < n. By means of partition of unity we carry over the local construction
from §2 onto the compact Hermitian manifold X.

DEFINITION 3.1. An upper semicontinuous function u : X — [—o0,+oo[ is called (w,m)-
subharmonic in X if u € L'(w") and u € SH,, (U, w) for each coordinate patch U CC X.
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We denote by SH,,(X,w) or SH,,(w) the set of all (w,m)-subharmonic functions in X.
Similarly, we say that u € A, (w) if v € SHy,(w) and there exists a decreasing sequence of
smooth (w,m)-subharmonic functions on X which converges to u (globally). So, if u € A, (w),
then for any coordinate patch U CC X we have u € A,,(U,w). Thus the properties of A, (U, w)
(Proposition 2.8, Hessian measures, the Bedford—Taylor convergence theorem, etc.) are also valid
for Ay, (w).

Below we state several results which are analogues of those from [DK12a]. We omit the proofs
which are similar and require only local properties.

PROPOSITION 3.2 (CLN inequalities). Let ¢1,...,¢m € Apn(w)NC(X) and 0 < ¢1,...,¢m < 1.
Then there exists a uniform constant C > 0 such that

/ Wy Ao Awey,, ANw" ™™ < C.
X

The following lemma is classical (see, for example, Héormander’s book [Hor94)).

LEMMA 3.3. Let ¢ € SH,,(w) with supy ¢ = 0. There exists a uniform constant C = C(X,w) >0

such that
/ |plw™ < C.
X

Consequently, the family {¢ € SH,,(w) : supyx ¢ = 0} is compact in SH,,(w) with respect to
LY(w™)-topology, that is, for any sequence ¢; € SHy,(w) with supy ¢; = 0, j > 1, there exists a
subsequence {yj, } such that ¢;, converges to ¢ € SHy,(w) as jr — +oo in L' (w™).

Proof. The first part is from [TW13, §2, p. 8], where the proof used only the fact that ¢ is a
smooth (w, 1)-subharmnic function, that is,

ndd®p AW jw™ > —n,
coupled with the existence of the Green function for the Gauduchon metric in the conformal class
of w. Since every (w, 1)-subharmonic function is approximated by a decreasing sequence of smooth
(w, 1)-subharmonic functions, we get the statement for general (w, m)- subharmonic functions.
The second part follows from Proposition 2.8 and requires only properties of (w, 1)-subharmonic

functions. O

The estimates of the decay of volume of sublevel sets follow directly from Lemma 3.3. We
use the notation
Vo(E) = / w'.
E

COROLLARY 3.4. Let ¢ € SH,,,(w) with supy ¢ = 0. Then, for any t > 0,
Vo{e < —t}) < C/t,

where C > 0 is a uniform constant.

Following [BT82] and [Kot03] we define the capacity related to the Hessian equations.
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DEFINITION 3.5 (Capacity). For a Borel set £ C X,
cap,, ,(F) = sup {/ wy' AW p € Ap(w)NC(X), 0< p < 1} )
E

Then, as in the local case, we have the estimate with the sharp exponent.

PROPOSITION 3.6. Fix 1 <7 < n/(n—m). There exists a uniform constant C' = C (7, X,w) >0
such that for any Borel set E C X,

VW(E) < C[Capm,w(E)]T'

Proof. The basic idea is from [DK14]. Surprisingly, it is enough to use the estimates for the
Monge—Ampere equation to obtain a sharp bound related to capacity defined in terms of more
general Hessian equations. One could infer the statement from the local counterpart, but due
to the difficulties with approximation by smooth (w,m)-subharmonic functions that approach
would be more technical than a direct proof (like [Lul3] in the Kéahler case). This requires the
estimates in the Hermitian setting [KN15a)].

Without loss of generality we assume that V,,(E) > 0. Denote by 1p the characteristic
function of E. By [KN15a, Theorem 0.1] we can find a continuous w-plurisubharmonic function
u on X with supy u = 0 and a constant b > 0 solving

w, =b1lpw".
Set p = m7/n(t — 1) > 1. We will need the lower bound for LP-norm of b1g.
Fact. There exists a uniform constant ¢y > 0 depending on X, w, p such that
1615, = co.

Indeed, suppose that this were not true; then there would be a sequence of Borel sets {E; }]O‘;l
such that
1> (|61, \ 0 asj— +oo.

By [KN15a, KN15b] we know that for 0 < ¢ < tmin (tmin > 0 depending only on X, w)
t"h(t) < Cllbj 1g;[l1 < Clbj 1g;lp O,

where the function A(t) is the inverse function of k() defined in [KN15a, Theorem 5.3]. This

leads to a contradiction for a fixed ¢t = tyin-
Thus, by a priori estimates for Monge-Ampere equations [KN15a, Corollary 5.6] we have

lulloo < CllbL||}/™ = OOV Vi (E)]M/P". (3.1)

We observe that by the proof of [Ngul6, Proposition 1.5] for —1 < w < 0,

[anz [ o= Clulu,
X X

where C' = C(X,w). Hence, there exists 0 < § = §(X,w) < 1 such that if ||u||cc < 0 then
Jx wil = Vio(X)/2, that is,b > V,,(X)/2V,,(E). We now consider two cases.
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Case 1. If ||u|loc > 9, then, by (3.1)
[ulloo + 1 < (C + C/8) b [V ()P, (3.2)
The mixed form type inequality [Ngul6, Lemma 1.9] gives w)' A w™™ ™ > b™/"1g. Hence, by

definition of capacity we have

1
cap,, ,(F) > ( / (w4 ddu)™ AW
E

L fulfoo)™

1
> bm/nlen
(1 + [Julloc)™ /E

bV, (E)
Z G V()
[V (B)] — /e
= c 7
where we used (3.2) for the last inequality and C = (C' + C/9)™. Therefore, we have
Vio(E) < Cleapy, , (B)]' /e,

Plugging the value of p = m7/n(7 — 1) gives the desired inequality.
Case 2. If ||u|loo < < 1, then b > V,,(X)/2V,(E). Again, by definition we have

cap, (E) = / wy Aw"T™
E

> / bm/nlen
E

This implies that V,,(E) < C [capmM(E)]"/ (n=m) Thus we complete the proof. O

Let us recall that, by the definition, the constant B > 0 satisfies, on X,
—Bw? < 2ndd‘w < Bw?, —Buw?® < 4n®dw A d°w < Bw®. (3.3)

For general Hermitian metric w the Hessian measures do not preserve the volume of manifolds,
so the classical comparison principle [BT82, Kol05] is no longer true (see [DK12a]). However, a
weaker form will be enough for several applications as it is proven in [KN15a, KN15b]. We state
below the analogue for Hessian operators.

THEOREM 3.7 (Weak comparison principle). Let ¢,9 € A, (w) N C(X). Fix 0 < e < 1 and use
the notation S(¢) :=infx[p— (1 —¢€)¢] and U(e, s) := {p < (1 —&)yp+ S(g) + s} for s > 0. Then,
for 0 < s < e3/16B,

/ Wi AWM K (1 + CS> / W AW
Ules) b e ) Jues © ’

where C' > 0 is a uniform constant depending only on n,m,w.
Proof. This follows from the argument in [KN15a, Theorem 0.2] with the aid of Corollary 2.4. O

Thanks to the weak comparison principle we can estimate the rate of the decay of capacity
of sublevel sets not far from the minimum point.
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LEMMA 3.8. Fix 0 <& < 2 and ep := £ min{e™,3/16B}. Consider ¢, € A, (w) N C(X) with

¢ <0 and —1 < < 0. With U(e, s) defined as in the previous theorem, for any 0 < s,t < e,
we have

t"cap,, ,(Ul(e,s)) < C’/ Wi AW, (3.4)
' Ul(e,s+t)

where C' > 0 depends only on X, w.

Proof. See the arguments in [KN15a, Lemma 5.4, Remark 5.5] by using the above weak
comparison principle (Theorem 3.7). O

The preparations above were needed for the proof of a priori estimates for solutions to
Hessian equations with the right-hand side in LP, p > n/m. We follow the method from [Ko198,
Kol03] with small variations.

LEMMA 3.9. We retain the assumptions and notation of Lemma 3.8. Assume, furthermore, that
wy AW = fw”
for f € LP(w™), p > n/m. Fix 0 < a < (p—n/m)/p(n —m). Then there exists a constant
Cy, = C(a,w) such that for any 0 < s,t < ep,
V(U (e, )™ < Callf Iy ™ Ve U e, s + )] HHm/mT,
where 7 = (1 +ma)p/(p — 1) < n/(n —m).
Proof. Tt is elementary that

— 1
O<a<?® n/m@ P <T:(+ma)p< L (3.5)
p(n—m) p-—1 p—1 n—m

By the volume—capacity inequality (Proposition 3.6) and Lemma 3.8 we have
VLU (e, )Y < Co ™ cap,, (U (e, 8)) < Co - C / fu.
’ U(e,s+t)
The Holder inequality implies that
VL (U (e, )Y < Call Fllp Vo (U (e, s+ )77/,
Taking the mth root of both sides and plugging in the value of 7, we get the desired inequality. O

Thanks to this lemma we get a uniform estimate for the solution of Hessian equations with
LP?, p > n/m, control of the right-hand side.

THEOREM 3.10. Fix 0 <& < 3 and ep := $ min{e™,&3/16B}. Let ¢, ¢ € Ap(w) N C(X) satisfy
—1 < ¢ <0 and ¢ < 0. Assume that

Wy Aw"TM = fw™
with f € LP(w™), p > n/m. Put
Ues) = {o < (1 =ep +inflp — (1 )] + 5,

and fix 0 < o < (p — n/m)/p(n —m). Then there exists a constant C, = C(«,w) such that for
0<s<epg,
s SAC| flIy/ ™ Vo (U (e, )7,

where T = (1 +ma)p/(p — 1).
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Proof. First, for 0 < a < (p —n/m)/p(n —m), we define
a(s) = VU, )™, C = CallfIly™

It follows from Lemma 3.9 that for any 0 < s,t < ep,

ta(s) < Cla(s + t)]*me, (3.6)
The function a(z) satisfies
lim a(r) =a(s) and lier a(z) =:a(st) > a(s). (3.7)

To finish the proof, we shall show that for any 0 < s < ep,

1+ma
2T Cla(s)™

S gma_q

The argument is similar to the proof of [KN15a, Theorem 5.3], but simpler here, so we include

the proof for the sake of completeness.
Fix sp := s € (0,ep). Let us define by induction the sequence s;,7 > 1 as follows:

si:=sup{0 < = < sj—1 : a(si—1) = 2a(x)}. (3.8)
Since a(0) = 0 and a(x) > 0 for = > 0, it follows from the first equality in (3.7) that
Sop>81 >0 >8 (0 asi— 4oo.

(If a(0%) > 0, then sy = sy41 =--+- =0 for some 1 < N < +0c0.) By (3.7) and definition (3.8)
we get
2a(s;) < a(si—1) < 2a(s;).

(2

Hence, by (3.6),
sic1 —si = lim (s;-1 —x) < Cla(s;—1)]"™™*/a(s}").

CC—)S,?

It follows that

S;—1 — S5 < QC[a(Si_l)]ma g 20(1/2ma)[a(8i_2)]ma
<20(1/2™)'Ha(so)] ™.
Thus,
P Z(Si—l - Si) < 21+maC Z(l/zma)i[a(s[))]ma
=1 =1
21+ma0 e
= m[a(s)] ‘
This completes the proof. O
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From the statement of Theorem 3.10, we can derive the uniform estimate by taking
e = 1/2 and ¢ = 0 and combining it with the estimate of the decay of volume of sublevel
sets (Corollary 3.4). Thus we get that if w' Aw"™™ = fw" with 0 < f € LP(w"), p > n/m, and
© is normalized by supy ¢ = —1, then for any 0 < s < ¢,

1/m
Call 1
= |—1an(’0— 3’ p—1)a/p(1+ma)’

where 0 < a < (p —n/m)/p(n —m) is fixed. This leads to
lelloo < ClIfIly/ ™ POHme/ =D (3.9)

where C' = C(a, p,w, X). Note that here we have used the fact that there exists a uniform lower
bound for || f||,, similar to the one in [KN15a, KN15b], though the present case is simpler. Indeed,
it follows from Theorem 3.10 that for s = ep/2,

l/m €B
> s o

This gives an explicit bound.

3.2 Existence of weak solutions and stability
The existence of weak solutions to the Monge—Ampere equations on compact Hermitian manifolds
has recently been obtained in [KN15a] where the technique is quite different from that of [Kol05].
We will adapt those techniques to the Hessian equation.

Let us start with a quantitative version of [KN15a, Corollary 5.10] (see also [DK14, Theorem
3.1] for a similar result in the Kéhler case).

THEOREM 3.11. Let u,v € Ay, (w) N C(X) be such that supxu = 0 and v < 0. Suppose that
w Aw" ™™ = fw", where f € LP(w™),p > n/m. Fix 0 < a < (p —n/m)/p(n —m). Then

1
sup(v — u) < Cll(v = u)4 |1,
X
where the constant a = 1/p* +m(m +2) 4+ (m +2)/«, and C' depends only on «a, p,w, || f|, and
[0]]co-
Proof. By the uniform estimate (3.9), ||u|ls is controlled by | f||,. After a rescaling we may

assume that ||u||ec, [|V|lcc < 1. We wish to estimate —S := supy (v—u) > 0 in terms of ||(v—u) 4|1
as in the Kéhler case [Kol03]. Suppose that

(v —w)qllr < e (3.10)
for 0 < e < 3/4 and a > 0 (to be determined later). Let
h(s) := (s/4Cal| Il ™)

be the inverse function of 4C,|| f||;,/ "% in Theorem 3.10. Consider sublevel sets U(e,t) = {u <
(1 —e)v+ Sc +t}, where S = infx[u — (1 — €)v]. It is clear that

S—e<S5:. <8
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Therefore, U(e,2t) C{u <v+S+ec+2t}. Then (v—u)y > |S|—e—2t>0for 0 <t <ep and
0 < e < [S]|/2 on the latter set (if |S| < 2¢ then we are done).
By Lemma 3.8 and the Hélder inequality, we have

C C (v—u)l/p
cap,, ,(U(e, 1)) < / fw < — fw™
O S G Jan T S 0 5 (51— — 2y

Clifly
(IS — e — 20) v

o = w )"
Moreover, by Theorem 3.10,

() < [V (U(e, )Y < C cap,y,, (Ule, b)),
where 7 = (1 + ma)p* and C' also depends on . Combining these inequalities, we obtain

(81 - = = 207" < TR0 - ) 17"

Therefore, using (3.10),

C
|S] < +2t+(th;{Hp> (v—u)t|1

Clllhe
<se (G )

Recall that eg = (1/3) min{e™, 3/16B}. So, taking t = e5/2 > ¢™*2, we have
1/a (m+2)/a
h(t) - ( t 1/m> Z ce 1/ma
ACall fllp £l
If we choose a = 1/p* + m(m +2) + (m + 2)/«, then
( a/gm (m+2)+ m+2)/a)p*

Hence |S| < Ce with C = C(«, p,w, || f]|p). Thus,

1 *
sup(v =) < Cll(v = w)+ """
This is the stability estimate we wished to show. O

Applying the above theorem twice, we get the symmetric (with respect to u and v) form of
this result.

COROLLARY 3.12. Fix @ > 0 and a > 0 as in Theorem 3.11. Suppose that u,v € A,,(w)NC(X),
normalized sup y u = supy v = 0, satisfy
Wi AWV = " WP AT = g

where 0 < f,g € LP(w"™), p > n/m. Then

1
lu —v]|oo < Cllu —vfl}/ ™",

where C = C(e, p, || fllp; [|9]lp, X, @) > 0.
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On compact non-Kéhler manifolds we can only expect to solve the Hessian equation up to
a multiplicative constant on the right-hand side. We need to know that those constants stay
bounded as long as the given functions on the right-hand side are bounded in LP.

LEMMA 3.13. Suppose that u € SH,,(w) N C*°(X) satisfies
w Aw" T = cefw”,
where f € LP(w™), p > n/m, and [y fw™ > 0. Then
Cmin < € < 1/Cmin

for a uniform constant cwmin = C (|| f|lp, [|F*/™||1, X, w) > 0.

Proof. This is a consequence of mixed form type inequality and the a priori estimate in
Theorem 3.10. The proof is similar to that for the Monge—Ampeére equation [KN15a, Lemma 5.9].
O

Thanks to the work of Székelyhidi [Szé15] and Zhang [Zhal5], the Hessian equation has
a smooth solution when the right-hand side is smooth and positive. Using the approximation
procedure as in [KN15a] and the stability (Corollary 3.12), we get the following existence result.
Note that the solution is obtained as a uniform limit of a sequence of smooth functions, therefore
it automatically belongs to A, (w).

THEOREM 3.14 (Existence). Let 0 < f € LP(w"), p > n/m, satisfy [, fw™ > 0. There exist
u € Ay (w)NC(X) and a constant ¢ > 0 satisfying

(w4 ddu)™ ANW"™"™ = cfw™.

Remark 3.15. As in [Ngul6], it follows from the weak comparison principle (Theorem 3.7) that
the constant ¢ > 0 is uniquely defined by f.

By adapting the method in [KN15b] we get the following stability statement for the Hessian
equation on compact Hermitian manifolds.

PROPOSITION 3.16. Suppose that u,v € SH,,(w) N C*°(X), supy u = supy v = 0, satisfy

m /\ wnfm — fw’n,7 wm /\wnfm — gwn’

wu v

where f,g € LP(w™), p > n/m. Assume that
f=2c>0
for some constant cy. Fix 0 < a < 1/(m +1). Then
lv = vlloo < CIIf = glly

where the constant C' depends on cg, a,p, || f||p, ||g|lp, w, X.
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Proof. The proof follows the one in [KN15b, Theorem 3.1}, with the difference that we need here
the smoothness assumption on u, v in order to use the mixed form type inequality [Gar59]. This
inequality is likely to be true in the general setting (see [Kol05, Ngul6]), but at the moment we
do not have it. In §2 we have provided estimates for elementary symmetric functions which are
needed to make the arguments in [KN15b] go through. We only point out where those arguments
should be modified.

Note that now both f and u are smooth. Use the notation
m—1
p:=u—v and T = Z Wl A wm=1=k A e,
k=0

By Corollary 2.4 we still have, for a continuous function w > 0 on X and a Borel set £ C X,
that

] / wddCT] < Cllwll oy (1 + lullso)™ (1 + [lolloc)™

So the inequality [KN15b, Equation (3.16)] is valid. Next, the inequality corresponding to the
one in the proof of [KN15b, Lemma 3.6] has the form

Wy Aw™ 1 . V=10p AN Op Awm=1 A wn—m S wi* AwhTm ‘ 0v/—10¢ A Op A w1
w™ w™ ~ w™ w™

9

where w,, € I';;,. This is exactly the content of Lemma 2.5 applied for v = w,, and . There is an
extra constant # > 0 here, but it causes no harm as it only depends on n, m. O

3.3 Approximation property for (w, m)-subharmonic functions

We will show the approximation property for (w,m)-subharmonic functions on X for every
1 <m < n. The case m = 1 is classical. The case m = n, that is to say, for quasi-plurisubharmonic
functions, is a result due to Demailly (see [BKO7] for a simple proof). When w is Ké&hler the
approximation property for (w,m)-subharmonic functions has recently been proven by Lu and
Nguyen [LN15]. They use the viscosity solutions and ideas from [Ber13, EGZ15]. By a similar
approach, but without reference to viscosity solutions, we generalize the approximation theorem
in [LN15] to the case of general Hermitian metric w.

The following theorem is essentially contained in the work of Székelyhidi [Szé15].

THEOREM 3.17. Let H be a smooth function on X. Then, there exists a unique u € SH,,(w) N
C°(X) solving the Hessian equation

(w + ddu)™ A W™ = eutHn,

Proof. The uniform estimate follows from the maximum principle. We claim that there exists a
constant C' = C'(H,w) such that
[ulloo < C.

Indeed, suppose that u attains a maximum at € X. Then dd“u(z) < 0. Hence, at x,
eu(m)+H(z) — (w + ddcu)m A wn—m/wn < wn/wn - 1.

This implies that eS"Px % < e~ x H Gimilarly, eMx v > e=supx
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LEMMA 3.18 (Hou-Ma~-Wu Laplacian estimate). We have

sup [00u| < C’(l + sup |Vu|2),
X X

where the constant C' depends on ||u||ec,w, H.

Proof. We follow the proof in [Szé15] which generalized the Hou-Ma-Wu result [HMW10] to
Hermitian manifolds. We only need to adjust our notation to that in [Szé15]. Write

w= \/—712%-,; dz; N\ dzy.
Let (wi*) be the inverse matrix of (w;z) and consider
AY = WP (wip + uip) =: wWPg;p.
Then the equation is equivalent to
F(A)=u+H,

where
F(A) = log S (A([A7])),

with 5, denoting the elementary symmetric polynomial of degree m. Without loss of generality
we may assume that zg is the origin 0 and the coordinates z are chosen as in [Szé15, §4].

From now on we use the notation and the computations in [Szé15, § 4] with & = x = w. Since
|lul]|co < C, where C is a uniform constant and w is a positive form, it follows that u = 0 is the
subsolution in the sense used in [Szé15]. When the right-hand side is independent of u the proof
is given in [Sz€é15]. A small modification is required for the present case. As the equation is now

F(A)=u+H,
the computations will change accordingly at each step. We need to use differentiation at 0 to get
up + Hy = Fkkgklépv
wig + Hig = FPgpqng,si + F P guan
Since F = . F* > 7 and wu,1 is controlled by A; > 1, the second equation above is enough to
get inequality (81) in [Szé15]:
FYX i = —FP gpangosi — 2F*Re(gyn Th) — Com F.
Again, if we replace h,, there by w, + Hp, then inequality (95) in [Szé15] holds true:
F*uup > —CoKF — et FMA} — C K.
The rest of the proof is unchanged. So we get the lemma. O

Thus, we have proven the Hou—-Ma—Wu type second-order estimate which enables us to use
the blow-up argument, due to Dinew and Kotodziej [DK12b], to get the gradient estimate (see also
its variations due to Tosatti and Weinkove [TW13] and to Székelyhidi [Szé15]). Consequently,
we also get a priori estimates for |90u|. Then, C%® estimates follow from the Evans—Krylov
theorem (see, for example, [TWWY15]). By bootstrapping arguments we get C* estimates for
the equation.

Finally, the existence follows by the standard continuity method through the family

log(wy, ANwW"™™/w") = uy +tH

for ¢t € [0, 1]. The uniqueness is a simple consequence of the maximum principle. O
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We also need the existence and uniqueness of weak solutions of the Hessian type equation.
We refer to [Ngul6] for more details about weak solutions to this equation in the case m = n.

THEOREM 3.19. Let 0 < f € LP(w™), p > n/m, be such that [, fw™ > 0. Assume that {f;};>1
are smooth and positive functions on X converging in LP(w") to f as j — +oo. Assume that
u; € SH,,(w) N C*®(X) solves

wy, AW =€ fiw". (3.11)

Then u; converges uniformly to u € Ay, (w) NC(X) as j — 400, which is the unique solution in
Ap(w)NC(X) of

wy A" = e fw". (3.12)

Proof. Set M; := supx u;. Using the argument in [Ngul6, Claim 2.6] we get that the M; are
uniformly bounded. Set #; := u; — M;. Equation (3.11) reads

m A wn—m _ 6uj+Mjfjwn.

Wy,

Then {i;};>1 is relatively compact in L!'(w") (Lemma 3.3). Passing to a subsequence, still
writing ;, we obtain a Cauchy sequence in L'(w™). By Corollary 3.12 it follows that {i;};>
is a Cauchy sequence in C(X). Therefore, it converges uniformly to a solution 4 € A, (w) of
wit AWM = M f, where M = lim; M. Rewriting u = @ + M, we get that u; converges
uniformly to u which satisfies w;]' A w"™" = e" fw".

By the weak comparison principle (Theorem 3.7) the equation (3.12) has at most one solution
in A, (w)NC(X) (see, for example, [Ngul6, Lemma 2.3]). Thanks to this, we conclude that the
sequence u; converges uniformly to the unique solution u because every convergent subsequence
in L!(w") does. O

We are ready to prove the main result of this subsection.

LEMMA 3.20 (Approximation property). For any uw € SH,,(X,w) there exists a decreasing
sequence of smooth (w, m)-subharmonic functions on X converging to u pointwise. In particular,
SH,, (X, w) = Ap (X, w).

Proof. The general scheme is borrowed from Berman [Ber13] and Eyssidieux et al. [EGZ15] (used
also in [LN15]). However, to make the argument work we have to employ results which allow us
to extend the proof from the Kéahler context to the Hermitian context.

Take u an (w,m)-subharmonic function. As max{u, —j} € SHy,(w) for any j > 1, without
loss of generality we may assume that u is bounded. Suppose that u < h € C°°(X), where the
function i may not belong to SH,, (w). Consider the largest (w, m)-subharmonic function i which
is smaller than or equal to h. The function h can be obtained by taking the upper semicontinuous
regularization of

sup{v € SH,,,(w) N L*°(X) : v < h}.

Then it is clear that A is a (w,m)-subharmonic and u < h < h. We will show that h can be
approximated by a decreasing sequence of smooth (w,m)-subharmonic functions, h e A (w).
Once this is done, we also obtain u € A,,(w) by letting A \, u and choosing an appropriate
sequence of approximants of h N\ U

Since h € C*(X), we can write w;" Aw"™™ = Fw", with F' being a smooth function on X.
We take the non-negative part F, = max{F,0}, and then a smooth approximation of it to obtain

2245

https://doi.org/10.1112/50010437X16007417 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16007417

S. Kot.oDZIEJ AND N.-C. NGUYEN

a non-negative and smooth function F' > F,. Using the existence of a smooth (w,m)-solution to
the complex Hessian type equation (Theorem 3.17), we get for 0 < e < 1,

W A W™ = (1/2)(@e—h) [F' + e]w™,

We

where w. € SH,,,(w) N C*>(X).

It is easy to see, by the maximum principle, that w. < h and w. is decreasing in €. That
means W, * as e \, 0 and is bounded from above by h. Taking limits on both sides as F' — F,
uniformly, by Theorem 3.19 we get (for any fixed ¢) that W, — w. € A, (w) N C(X) uniformly
and w, is also increasing as € N\ 0. Moreover, at the limit we have

Wey AWM = e/ we=h) (F 4 ),

Since w. < h, the right-hand side is uniformly bounded in L°(X). The monotone sequence of
continuous (w,m)-subharmonic functions {we}e>o is bounded by h, therefore it is Cauchy in
LY(X). Letting € \, 0, it follows from Corollary 3.12 that w. / w € Ay, (w) N C(X) uniformly
and w satisfies

whyy A" < l{w:h}F* w™.

We now claim that w = h. Indeed, as w. < iL, it follows that w < h. It remains to show that
w > hon {w < h}. Take v € SH,, (w) N L®(X) and v < h. First, we observe that w™ Aw"™ ™ = (
on {w < v} C {w < h}. If {w < v} were non-empty then by the maximality of w on this set
would we would get a contradiction (see Theorem 2.16, Remark 2.18). O
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