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Abstract We consider the radially symmetric positive solutions to quasilinear problem
—Au—ulu? 4+ Au= flu), in RV,

having prescribed mass fRN |u|2 = a2, where a >0 is a constant, A appears as a Lagrange multiplier.
We focus on the pure L?-supercritical case and combination case of L?-subcritical and L?-supercritical
nonlinearities

4
fw) = 7u|T2u + [ulP~2u, T >0, where 2 < ¢<2+ N and p>p,

where p := 4+ % is the L2-critical exponent. Our work extends and develops some recent results in the
literature.
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1. Introduction and main results

In this paper,! we study the following quasilinear Schrédinger equation:
—Au—uAu? + M= f(u), inRY, (1.1)

which is often referred as modified nonlinear Schrédinger equation. This kind of equations
arise when ones are looking for standing waves ¢ (¢, x) = e~**u(z) for the time-dependent

1 Supported by the NSFC (12171014, ZR2020MA005, ZR2021MA096).
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quasilinear Schrédinger equation:

{i&sw + A% + w0 ([WYA(Y) + f([W*)d =0, in RT xRY, (1.2)

¥(0,2) = to(x), inRY,

where k € R is a constant, p and f are real functions. We would like to mention that
quasilinear equation in form of (1.2) appears in many respects of mathematical physics.
Moreover, (1.2) has been derived as models of several phenomena corresponding to the
existence of various types of nonlinear term p. In particular, the case p(s) = s is used for
the superfluid film equation in plasma physics by Kurihura [21].

The semilinear case k=0 has been widely studied in the past decades with general
nonlinearity. Wei and Wu [42] studied normalized solutions for Schrodinger equations
with critical Sobolev exponent and mixed nonlinearities, they proved the existence and
non-existence of ground states and precisely asymptotic behaviours of ground states and
mountain-pass type solutions as parameters go to their boundary, their studies answered
some open questions proposed by Soave [37]. We also refer the reader to [3, 5, 7, 8, 32, 39,
40, 46] and references therein for more valuable results. Compared to the semilinear case,
the quasilinear case (k =1) becomes much more challenging due to the existence of the
non-convex term uAu?. One of the main difficulties of (1.1) is that the energy functional
is non-differentiable in W12(RY) when N > 2, see [30]. In the past two decades, there
are some ideas and approaches were developed to overcome this difficulty, such as the
minimization methods [30] where the non-differentiability of the energy functional does
not come into play, the methods of a Nehari manifold argument, see [15, 26, 33], the
methods of changing variables [13, 25] which reduced the quasilinear equation to a semi-
linear one and used an Orlicz space framework, and a perturbation method in a series
of papers [27-29] which recovered the differentiability by considering a perturbed func-
tional on a smaller function space. Recently, Dong and Mao in [31] applied perturbation
method and Moser’s iteration technique to study a class of general quasilinear elliptic
equations which admits infinitely many negative energy solutions by establishing a new
convergence theorem and a weighted space to recover the compactness.

When looking for the solution to (1.1), a possible choice is to consider A € R fixed in
which case it is called fixed frequency problem, and find solutions as critical points of the
energy functional:

) =5 [ (P APy + [ v = [ ) (13)

on the space,

H= {u € WHA(RY) . / lu|?|Vul* < —i—oo}7
RN
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where F(u) = [ f(t)dt. It is not difficult to check that u is a weak solution to (1.1) if
and only if for any ¢ € C5°(RY),

E to) — FE
E\(u)p = lim A(u+tp) A (1)
t—0T t

=0.

In this case, the existence and multiplicity of solutions to (1.1) have been intensively
studied during the past decades, see [13, 15, 25-30, 33] and their references therein. We
also refer to [1, 4, 16, 34] for the uniqueness of ground states to (1.1).

Alternatively, one can search for solutions to (1.1) having a prescribed mass:

2*a2. .
[l = (14)

In this case ones aim at finding a real number A € R and u € WH2(RY) solving (1.1)
and (1.4). Indeed, A € R appears as a Lagrange multiplier. This approach seems to be
particularly meaningful from the physical point of view, and often offers a good insight
into the dynamical properties of the stationary solutions to (1.2). In this case, solutions
to (1.1) and (1.4) are critical points of the energy functional:

1
I(u) = B /RN |Vul? + /]RN u|?|Vul? — /RN F(u), (1.5)

on the smooth manifold:
S(a) := {u eH: / lu|? = aZ},
RN

that is, a normalized solution to (1.1) is a u € §(a) such that there exists a A € R
satisfying:

St 5 13 o
/RNVu Vo + /RN(ucp|Vu| + |u|*Vu - V) + Rpr RNf(u)w 0,

for every ¢ € C5°(RY). Meanwhile, using this approach, a critical exponent appears, the
L?-critical exponent p = 4 + %, which is derived by using a Gagliardo—Nirenberg-type
inequality:

C(p,N) MR )
/ |u|p<(p’2</ u|2) (4 / |u|2|w2) . e
RN E RN RN

Q1"

The above inequality is related to a sharp Gagliardo-Nirenberg inequality [2]:

4N —p(

N-2 N(p—2
g C(p,N) 2(N+2) : 5 2(5\1;-5-2; .
/N\u|§§ﬁ /N|u| /N|Vu| C Vuefl, (17)
R R R

Q"
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where 2 < p < 2. 2%,

p(N +2)
4—N(p—2) N(p—2)~’

[AN — (N — 2)p] 2N+ [2N(p — 2)]2NF2)

C(p,N) =

Ev:={ue LIYR"Y): Vue L*(RV)},

with the norm ||u||gq := |Vu|o+|u|q and @, is the unique positive solution to the following
equation [35].

—Au+1= ugfl, in RV,

L?-critical exponent p is the threshold exponent for many dynamical properties. From
the variational point of view, p decides that I(u) is bounded or unbounded from below
on S(a).

If f(u) = |u[P72u, for the L2-subcritical case 2 < p < p, to avoid the non-
differentiability of [;n |u|?|Vu|?, Colin et al. [14] studied the minimization problem

m(a) = inf I(u) > —oo, (1.8)
u€S(a)

and proved the existence and some properties such as orbital stability or instability of
the normalized solutions to (1.1). Inspired by [14], Jeanjean et al. [20] also considered
the minimization problem (1.8) and extended some results of Colin et al. [14]. After that,
Zeng et al. [45] studied the existence and asymptotic behaviour of the minimizers to:

1
inf Iu—|—f/ quQ),

where V() is an infinite potential well. For the L?-critical case p = p, we refer to [23, 44].
In [44], Ye et al. proved that the minimization problem (1.8) has no minimizer for all
a >0 and they also proved that there exists a a, > 0 such that for ¢ > a, and N < 3,
(1.1) has at least one radially symmetric positive normalized solution. Based on [44], Li
and Zou [23] obtained a radially symmetric positive normalized solution to (1.1) with

2
N >4 and a. < a < (NN224 ) a4, in the sense that they extended some results of
TN

[44]. For the L2-supercritical case p > p, to our best knowledge, there are few results on
this direction, only [23]. In [23], by using some ingenious methods, Li and Zou obtained
many interesting and important results which also enlightened our work. Firstly, by the
perturbation method, Li and Zou proved the existence and multiplicity of normalized
solutions to (1.1) by applying the index theory. It seems that no literatures involve the
case of general nonlinearities, when it is non-homogeneous and L?-supercritical. It is also
blank even for the existence. Thus, it is natural to consider the work which involves the
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existence and some properties of the normalized solutions to (1.1) with L?-supercritical
general nonlinearities. And one of our goals is to make some progresses in these respects.

If f(u) = 7|u|?"%u + |u[P~?u, where 7> 0, 2 < ¢ < 2+ + and p > p, one can see that
the (1.1) has more general nonlinearities and the interplay between L?-subcritical and
L2-supercritical nonlinearities strongly affects the geometry of the energy functional and
the existence and properties of normalized solutions. So it is more difficult to study (1.1)
than the pure homogeneous nonlinearities |u[P~2u. For the semilinear elliptic equations
with combined nonlinearities:

—Au = M+ plu|? 20+ |[ulP 2, (1.9)

where p € R, 2 < ¢ < 2+ % and 2+ % < p < 2*. Soave [36, 37] studied the existence and
some properties of the ground state normalized solutions to (1.9) in a smaller function
space Pt and P, where the Pohozaev manifold:

P=PtuP’upP .

This strategy was used also by other authors in order to study other type of Schrodinger
equation and, according to my knowledge, a pioneering article with this tool was [41]
in which G. Tarantello studied a class of non-homogeneous elliptic equations involving
critical Sobolev exponent. But for the quasilinear Schrodinger equations with combined
nonlinearities, to be our best knowledge, there is no work which involves this respect.
Motivated by [36, 37, 41], it is natural to consider whether we can prove the existence
and some properties of the ground state normalized solutions to (1.1) with combined
nonlinearities. Hence, the other goal of this paper is devoted to giving the proof in this
respect.
Our main results read as follows.

Theorem 1.1. Assume that (F1) and (F2) holds:
(F1) f € C(R,R), f£0, f(t) =o(t) as t — 0 and there exist a, f € R satisfying:

p<a<f<oo,
such that
aF(t) < f(t)t < BF(t), where N =1, 2.

(F2) The function defined by ﬁ'(t) = Lf(t)t — F(t) is of class C' and

1
2

F'(t)t > aF(t), YteR,

where « is given by (F'1).
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Then for any a> 0, there exists a radially symmetric positive normalized ground state
solution u € WH2(RN) N L2 (RYN) to (1.1) in the sense that:

I(u) = inf {I(v) 1w e 8(a), I, (v) = 0,0 # o} .

Theorem 1.2. If f(u) = 7|u|72u+|ulP~2u, 7 > 0 and assume that one of the following
conditions holds:

(HI) N=1,2,2<q<2+ + and p > p.

(H2) N=3,2<q<2+ + and p <p < 2*.

Let us also assume that

(7-CL(1Jyz1)¢1)W’)_2 (a(lf’Yp)P) -

2mavg Pyp—2 1.10
- P(2 — g7 a(pyp — 2) (1.10)
QCJZQ,p(p'Yp —7q) QC;IV,q(p’Yp —q%) ’
where v, = %};2), p>2, 2" = % s the Sobolev critical exponent. If p < p < 2%,

then Cy ,, is the best constant in the Gagliardo—Nirenberg inequality [43]. If p = 2%, then
Cn,p is the optimal constant in the Sobolev inequality [38]. Then the following holds:

(i) I(w)|5(a) has a critical point & € WH2(RN) N L>*(RY) at level m(a,7) < 0 which
is an interior minimizer of I(u) on the set:

Ap:={ue S(a): |Vul2 < k},

for a suitable k>0 small enough. Moreover, u is a ground state normalized solution to
(1.1).

(ii) I(u)|5(a) has a second critical point of mountain-pass type © € W12(RYN) N
L>®(RY) at level o(a,7) > 0.

(iii) Both U and uw are radially symmetric positive functions.

Remark 1.1. It’s well known that quasilinear Schrédinger equation (1.1) is in con-
trast with semilinear Schrodinger equation [3, 7, 8, 32, 36, 37, 39-41, 46]. (1.1) becomes
much more complicated due to the existence of the term uAwu? which implies that the
corresponding energy functional I(u) in case of N > 2 is non-differentiable in Sobolev
space H, in addition, the existence of the L2-supercritical nonlinearities means the associ-
ated energy functional of (1.1) is unbounded from below on S(a) which prevents us using
similar minimax variational argument to that used to semilinear Schrodinger equation.
On the other hand, different from [23] which studied the quasilinear equations in form
of (1.1) with pure L2-supercritical homogeneous nonlinearity |u[P~2u, we here consider
the combination case of L?-subcritical and L?-supercritical nonlinearities which forces
us to find an ingenious function space which is smaller than the Pohozaev manifold on
which we analyse the geometry of the energy functional and prove the multiplicity and
properties of normalized solutions. Our work extends and develops some recent results
in the literature.

Our proof is based on variational methods. Due to the existence of uAwu? and
L?-supercritical nonlinearities, the associated energy functional of (1.1) is non-smooth
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and unbounded from below on S (a). To get over this problem, we adopt perturba-
tion methods and need to find appropriate condition and Pohozaev manifold which is
a smaller function space and a natural constraint in S(a) in which one may find some
critical points of the energy functional. But for the combination of L?-subcritical and
L?-supercritical nonlinearities, note that the interplay strongly affects the geometry of
the energy functional, hence we need to not only find a certain subset of R? to which
parameters pair (p, ¢) belongs but also build an ingenious function space which is smaller
than the Pohozaev manifold (see (2.1) for more details) in order to prove the multiplic-
ity and properties of normalized solutions. And we also need a additional condition, see
(1.10). It’s worth noting that the dimensions in Theorems 1.1 and 1.2 are limited due to
an important lemma which is used to control the Lagrange multipliers, see Lemma 2.2
for more details.

The remainder of this paper is organized as follows. In §2 we give the perturbation
setting and collect some important preliminaries. Section 3 is devoted to give the proof
of the compactness of P.S. sequences for I,|g(q). In § 4 we will consider the critical points
of I,)|s(a) in Theorem 1.1. Section 5 is devoted to study the critical points of I,,|g(,) in
Theorem 1.2. Finally, in § 6 we give the proofs of Theorems 1.1 and 1.2.

Regarding the notation, in this paper, the notation | - |, denotes the LP-norm. The
symbols — and — denote weak convergence and strong convergence respectively. Capital
latter C' and K stand for positive constants which may depend on some parameters, whose
precise value can change from line to line.

2. Preliminaries

2.1. Perturbation setting

Let I(u) be defined by (1.5). It is not difficult to show that the I(u) is of class C'! in
WH2(RN) if and only if N =1 due to the existence of the term [¢n |u|?|Vu[?. In order to
deal with the dimensions N > 2, we need to overcome the non-differentiability at first.
And here a perturbation method is used to solve this difficulty. Then for N > 2 and any
w € (0,1], we introduce a perturbation problem:

) = [ 19l + 100,

where 6 satisfies:

and,
2<6<3 if N=2.

We consider the corresponding space X' := WH¢(RY) N WL2(RN). Then X is a reflexive
Banach space. We get from Lemma A.1 [23] that I, € C'(X). To find some critical points
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of 1,,|5(a), where

S(a)ZZ{ueX;/RNm?:az}’

we can recall the L?-norm preserved transform [18]:
N ;
u € S(a) — s*xu(x) =e2°u(e’x) € S(a).
And, we will study the fiber maps:

U, (s) :=I,(s*u)

2s
= Hee<1+w>8/ |Vu\0+e—/ \Vu|2+e(2+N)S/ Jul*| Vul?
0 rN 2 RN RN

N
—eiNS/ F(e2%u).
RN

Define
d
Qulw) = lsol (s )
—(1 (% 2 9 N / 2 2
(o [ vl [ vuP @+ [ v

-5 [ = 2r )

=1 ’ 242 N/ 2|V 271\/'/ F
(o [ 9ul+ [ V@) [ e =N [P

Then, Q, € C1(X), see Lemma A.1 in [23] for more details. We also define the Pohozaev
manifold:

Qu(a) :={ue S(a): Qulu) =0},

then we observed that critical points of I,,(u)|s(4) allow to project a function on Q,(a).
In this direction, we will study the decomposition of Q,(a) into the disjoint union:

Qu(a) = @ (a) U Qu(a) U Q;(a),
where
Qs (a) = {ue Qua): WZ<0)>0},
Q% (a) == {u € Qu(a) : ¥ (0) =0}, (2.1)
Q, (a) := {u € Qu(a) : ¥};(0) < 0}.
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Proposition 2.1. Let u € S(a). Then s € R is a critical point of ¥,,(s) if and only if
sxu € Qula).

Proof. For u € S(a) and s € R, we get:

), (s) =(1+ 7o e’ +70)° / [Vul” + e / Vuf2 + (2 -+ N)e@Hs / [ul?|Vuf?
RN RNV RNV
N —Ns ﬂs ﬂs
- 5e /]RN [f(e 2%u)u — 2F(e2 u)]
=(1+ ’YQ)M/ V(s *u)® + / |V(s*u)®+(2+ N)/ |5 % ul?|V (s % u)|?
RN RN RN

_N [f(sxu)(s*xu) —2F(s*u)] = Qu(s *u).

2 RN

Therefore, s € R is a critical point of ¥, (s) if and only if s x u € Q,(a).
In particular, u € Q,(a) if and only if 0 is a critical point of ¥,(s). By Lemma 3.5 in
[6], the map (s,u) € R x X +— s*u € X is continuous. O

2.2. An essential lemma

The following lemma is used to control the values of the corresponding Lagrange
multipliers in this paper.

Lemma 2.2. For any 0 < p < 1, assume that u#0 is a critical of I,,|s(a), it follows
that there exists a A € R, such that

I, (u) + Au = 0.

Suppose that one of the following conditions holds:
(a) f(u) satisfies (F1) and (F2), a> 0.
(b) f(u) = 7u|"?u + |u|P~2u, T > 0 satisfies (H1) and (H2), a>0.
Then A > 0.

Proof. For the case (a), by applying Q,(u) =0 and (1.1), we get

2(1+ ) /
2 — _ 1 0
Aa” =p <N > . [Vul

N e T Y )
(a
(b

So if condition
For the case

) holds, in the sense that N < 2, then we have A > 0.
), combining @, (u) = 0 with (1.1), we have:

My =10 =) [Vl
]RN

+(1- vp)/ |Vul> + (2+ N — 471,)/ lu|?|Vul? + T(vp — 'yq)/ |u|?
RN RN RN
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_ N(Q*p) ul®
—u(t+ =2 [ v

2N — (N -2 4N — (N -2
RNV p RN

2p
_ q
+rlp =) [l
So if condition (b) holds, we immediately get A > 0. O

3. The compactness of P.S. sequence of I,|s(q)

Lemma 3.1. Let 0 < p <1, N > 2, assume that one of the following conditions holds
(a) f(u) satisfies (F1) and (F2).
(b) f(u) = 7u|T?u+ |u|P~2u, T > 0 satisfies (H1) and (H2).
Let {un} C Sy(a) be a P.S. sequence for I,|s(q) at level c#0, and assume in addition
that Q. (un) — 0 as n — co. Then up to a subsequence

Up =, in X and I (u) + Ayuy, = 0.
Moreover, if A, # 0, we have that:
Up — Uy in X,
Proof. The proof is divided into three steps.
Step 1. {u,} is bounded in X.

We consider the case that f(u) satisfies (F1) and (F2) at first. Since Q,(uy,) — 0, it
shows that:

1 W12 nl? 294N 2 2
o [ 9wl + [ 9 @4V [P

N

2 Jan [f (un)up — 2F (uy)] = o(1)  asn — oo.

We deduce from (F1) that (o — 2)F(u) < f(uw)u —2F(u) < (8 — 2)F(u), then @#(un) >
o(1), where

2] . 0 2 2 2
Qulan) = e [ 9wl [ Vo) [ PV P [P,

Thus, for {u,} C S-(a) with Q,(u,) — 0, there holds:

) = Tu() = ——Qufun)

—0-0 —2
el L T el I O
Bary, RN 207a  JrN
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W—2-N
# D2 R PVl + o).
QYo RN

Since aryq — 0 — 079 > 0, v —2 > 0, aya —2 — N > 0 and [, (un) = ¢ < 400, then
there exists a constant C'; > 0 such that:

supmax{u/ |Vun|9,/ |Vun|2,/ |un2|Vun2} < Ch < o0,
n>1 RN RN RN

this implies {u,} is bounded in X..
If f(u) =7|u|?%u+ |u[P~?u, 7 > 0 satisfies (H1) and (H2), then by Q,(u,) — 0 and
the Gagliardo—Nirenberg inequality, we have:

T(tn) =T (1) — p,lypcmn)

—60-0 -2
:uu/ Wu”pﬁL/ V2
RN RN

Opyp 2pyp
_9_N _
+ PYp / \un|2|Vun|2 _ T(p’Yp Q'Yq) / |un|q + 0(1)
PYp RNV qpp RNV
—-0-0 -2
> P Wu/ IV |f + 202 / V2
Opvp RN 2pvp  JrN

—-2-N -
4 Pp=2=N / 21 ? = T2 0, 00001900, 21 1 o(0),
p’}/p RN qp’Yp ’

Since I, (un) — ¢ < 400 as n — 0o, then there exists a constant C > 0 such that:

_9 _
o= 2ig,, 5 - T D) g o000y, [0 < 0
Pp app

Since g7, < 2, then there exists C5 > 0 such that for every n > 1, we have |Vu,|s < Cs.
Recalling that I,(u,) — ¢ < 400 as n — oo, we deduce that there exists a constant
C4 > 0 such that:

supmax{u/ |Vun|9,/ |Vun|2,/ |un2|Vun2} < Oy < 400,
n>1 RN RNV RNV

it shows that {u,} is bounded in X..

Step 2. {\,} is bounded.

Since N > 2, the embedding &, — L"(RY) is compact for r € (2,2*). We deduce
from the boundedness of the P.S. sequence {u,} that, up to a subsequence, there exists
a u, € X, such that:

un, — u, in X and in L*(RY),

un, —u, in L"(RY), Vr € (2,2%),
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Up —> Uy &.€. Ol RY.
Combining interpolation with the inequality (1.6), we have that:
U, —u, in L7(RY), Vr € (2,2-2%).

Thus, if f(u) satisfies (a) or (b), we have:

/]RN I (up)uy — /]RN flup)u, and intpn F(u,) — " F(uy).

We claim that u, # 0. Suppose that u, = 0, then as n — oo:

At [ 9wl + [ 9l @4 N) [P
N
= Quu)+ 5 [ Ln)un = 2F(w)] 0,

which implies that I,,(u,) — 0, in contradiction with I, (u,) — ¢ # 0. So u, # 0. By
Lemma 3 in [9], it follows from I,L|g.(a)(un) — 0 that there exists a sequence \,, € R such
that:
! : *
I, (un) + Apun =0 in X (3.1)

Hence A, = —a%]l:(un)[un] + 0,(1) is bounded in R, and up to a subsequence, there
exists a A, € R, such that A, — A,.

Step 3. Conclusion.

By weak convergence, (3.1) shows that:

I (uy) + Ay =0 in X7 (3.2)

Then, testing (3.2) with - Vu and u, we get Q,(u,) = 0. That is,

Qu(un) + % /]RN [f (un)un — 2F (uy)] = Qu(uy) + g /]RN [f (up)upy — 2F ()]

Then, combining the weak lower semi-continuous property, see Lemma 4.3 in [12], we

have:
p [ 1wl [
RN RN
/ |Vun|2—>/ |Vuu\2,
RN RN

G N
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Hence we get,
I (un) [un] = I, (w) [u]. (3.3)

Combining with (3.1)-(3.3), there must be A, |u,|3 — Au|u,l3. So A, # 0 shows that
Up — Uy in A
In order to deal with the dimension N =1, we need a variant of Lemma 3.1. g

Lemma 3.2. Let 0 < p < 1, N > 1, assume that one of the following conditions
holds:

(a) f(u) satisfies (F1) and (F2).

(b) f(u) = 7lu|T%u + |u|P~2u, T > 0 satisfies (H1) and (H2).

Let {un} C Sp(a) be a P.S. sequence for I,,|s) at level c#0, and suppose in addition
that:

(1) Qu(un) — 0 as n — oco.

(ii) There exists {v,} C Sy(a), with v, radially decreasing, such that ||v, — up] — 0
asn — oo.

Then up to a subsequence

Uy =, in X and I () + Ayuy, = 0.
Moreover, if A, # 0, we have that
Up — Uy in X,

Proof. Similar to the proof of the Lemma 3.1, it is not difficult to modify the proof
developed in dimensions N > 2. For the case of N =1, X, does not embed compactly
in L"(RY). By Proposition 1.7.1 in [10], we see that the compactness holds for bounded
sequence of radially decreasing functions. Here we omit the details. O
4. The critical points of perturbed functional for Theorem 1.1

4.1. Properties of Q,(a)

Lemma 4.1. Let 0 < p <1 and for any critical point of Iu|Qu(a)’ if Qg(a) = (), then
there exists A € R such that:

I(u)+Au=0 in X"

Proof. Let 0 < g < 1 and u is a critical point of IMQMQ), then by the Lagrange
multipliers rule there exist A, v € R such that:

dl,(u) + Au+vdQ,(u) =0 in X™. (4.1)

We only need to prove that v =0, to this end we get the Pohozaev identity:

d
@/,(0) = =65 om0 = 0.
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where ¢, (u) := I,,(u) + $Alu|3 + vQ,(u) is the corresponding energy functional to (4.1).
Since

1 1
Du(s) = du(sxu) =L (s*u)+ 5/\IUI§ +vQu(s*u)=V,(s) + §>\IUI§ +v0,(s),
then we have

P, (s) := igb#(s xu) =W, (s) + v (s).

ds
Hence
0=,(0) = (14 v)¥,(0) + ¥/ (0) = Q,(u) + v¥}(0).
Since QY (a) = 0, then W/ (0) # 0, so v=0. O

Lemma 4.2. Under the assumption (F1),

Dla):=  inf / a2 Vaul2 > 0,
0<p<l,ueQu(a) JRN

1s independent of .

Proof. For any u € Q,(a), we have:

(o [ 19ul+ [ 90PN [PV =5 [ 2R )] = o

then

4 N) [ WPVl <5 [ (- 2P

We get from (F1) that f(u)u — 2F(u) < (8 — 2)F(u) and [on F(u) <
F(1) [on (Jul* + |ul?). By the inequality (1.6), there holds

e+ [ tupvep <SEE2E) [+ 1)

2
N(B—2) AN—a(N-2) %
<————ZF(1)Ki(a,N)a ©{+2) (/ |u|2|Vu2>
- 2 RN
N(B—2)
N(B —2 AN—-B(N=2) 2(N+2)
A rmae e w ([ eeae) T
RN
Since ]2\’((15;;) > 12\[((13;;)) > 1, we have D(a) > 0. O

https://doi.org/10.1017/5001309152400004X Published online by Cambridge University Press


https://doi.org/10.1017/S001309152400004X

Quasilinear Schrodinger equations 363

Lemma 4.3. Let 0 < p < 1 and for any v € Q,(a), if f(u) satisfies (F1) and (F2),
then W/(0) < 0 and Q. (a) is a natural constraint of I,,|s(a)-

Proof.
Wi (5) = 0(1 4 ) e’ +70)° / [Vul® +2¢* / |Vul®
RN RN
+(2+N)26(2+N)S/ |u|?|Vul|?
RN
~ N2 ~
+N2€7NS/ F(e%su)f—efgs/ F'(egsu)u.
RN 2 rN
Thus

v (0) :9(1+’Yg)2,u/ |vu|9+2/ |Vu|2+(2+N)2/ |u|?|Vu|?
RN ]RN ]RN

+N2/RN ﬁ(u)—]\:/ﬂw F'(u)u.

Then by the assumption (£2) and @, (u) =0,
Ur(0) <6(1+ ’YQ)Q/L/ |Vul|? + 2/ |Vul> + (2 + N)Q/ [ul?|Vu|?
RN RN RN

2 = N? =
+N /RNF(u)— TQ/RNF(U)
—(1 4 0)a(0 + B — a7a) / Vul’ + (2 — ava) / Vuf?
RN RN

+(2+N)(2+N—oz’ya)/ |u|? | Vul?.
RN

Since ay, > 0 + 079, ayo > 2 and ay, > 24+ N when a > 4 + %, then
\IIZ(O) < (24 N)(24+ N — av,)D(a) < 0.

Hence by Lemma 4.1 we have that Q,(a) is a natural constraint of I,,|g(q)- O

Lemma 4.4. For any 0 < u <1 and any u € X\ {0}, if f(u) satisfies (F1) and (F2).
Then the following statements hold.
1) There exists a unique s,(u) € R such that s,(u) xu € Q,(a), and

I,(sp(u) * u) = max I, (s * u).

s>0

2) I,(s * u) is strictly increasing in s € (—o0,s,(u)), is strictly decreasing in s €

(SN(U),—FOO),
. _ + . _
SLHPOOI“(S*U)_O , SEEI}OOIM(S*U)_ oo and I,(su(u)*u)>0.
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3) s, (u) <0 if and only if Q,(u) < 0.
4) The map u € X \ {0} — s,(u) € R is of class C*.

Proof. For any 0 < p < 1 and any u € S(a), |s *xul2 = a and |V(s * u)|2 = €*|Vuls.
We deduce from (F1) that for all t € R,

ts
SYF(t) < F(ts) < s°F(t) if s > 1.

IN

{sﬁF(t) < F(ts) < s®F(t) if s <1,
<s

So for s <0, we get:

W,u(s) =, (s * u)

2s

= H€9(1+79)s/ |Vu|‘9+e—/ |Vu|2+e(2+N)3/ [ul?|Vul?
0 RN 2 RN RN

—e*NS/ F(egsu)
RN

2s

ﬁ€9(1+79)s/ |Vul|? + e—/ |Vu|? + 6(2+N)3/ |u|?| Vul|?
% RN 2 RN RN
—Ns ﬂsa
—e ce? F(u)
RN
2s

= ﬁ€9(1+79)s/ |Vu|‘9+e—/ |Vu|2+e(2+N)s/ |u|?|Vul|?
0 RN 2 RN RN

_ pX VS F .
e /]RN (u)

Since ayy > 0 + 09, aye > 2 and ayq > 2+ N when a > 4 + %, then ¥, (s) — 0% as
§ = —o0. For s > 1, we get:

Y

U, (s) =1,(s*u)

< ﬁeeﬂﬂe)s/ |w|9+i/ |Vu|2+e(2+N)S/ [uf?|Vul?
0 RN 2 JrN RN

_ pX VS A .
e /]RN (u)

In view of ay, > 046079, aye > 2 and ay, > 2+ N when a > 4+ %, then ¥, (s) = —o0
as s — +oo. Therefore, there exists s; € R such that:

I,(s1 *u) =maxI,(s*u) > 0.

>0
Hence W), (s1) = 0 and by the Proposition 2.1, we get s1 *u € Q,(a). Assume that there

exists s € R such that sy *u € Q,(a). Without loss of generality, suppose that s1 < sg,
by Lemma 4.3, we have that s; and sy are strict local maximum of ¥,(s). Then there
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exists s3 € (s1, s2) such that:

v = min U,(s).
u(s3) i u(s)

It follows that s3 is a local minimum of W, (s). So we get W} (s3) = 0 and sz *u € Q,(a)

with W ., (0) = I]/(s3 * u) = W} (s3) = 0, which is in contradiction with Lemma 4.3.
By I,,(s,(u)*u) = max I,,(s*u) > 0 and the uniqueness of s, (u), we have that ¥/ (s) >
s>

0in s € (—o0,s,(u)) and ¥} (s) < 0in s € (s,(u), +00). This implies that I,(s * u) is
strictly increasing in s € (—o0,s,(u)) and is strictly decreasing in s € (s,(u),4+00). So
if s, (u) < 0 then Qu(u) = ¥;,(0) < 0. On the other hand, Q,(u) = ¥},(0) < 0, then
0 € (su(u), +00), so s,(u) <O.

Now we prove that the map u € X\{0} — s, (u) € Ris of class C'. Let G, (s) := ¥/ (s).
Then G (s.(u)) = V), (s,) = 0. Moreover, by Lemma 4.3 we have:

G (s (1)) = W5, ()) = Wi 1., (0) < 0.

T T sy (u)xu

Then, the Implicit Function Theorem [11] implies that the map u € X'\ {0} — s,(u) € R
is of class C. O

4.2. Ground state critical point of I,|g(a)

In this subsection we study a minimization problem:

my(a) == uei@nj(a) I,(u).

If m,(a) is achieved, we obtain a minimizer which is a ground state critical point of
L] $(a)-

Lemma 4.5. For any 0 < pu < 1, if f(u) satisfies (F1), we get:
Ve —2—N

my(a) 2 Doa) 1= 0=

D(a) > 0.
Proof. Since Q,(u) =0, then,

(1+0)1 / Vul’ + / Vul + @2+ N) / 2V
RN RN RN

N

5 | f(wu=2F(w)]=0.

We deduce from (F1) that («—2)F(u) < f(u)u—2F(u) < (f—2)F(u), then Q#(u) >0,
where

@M(u) = (1 -i-’y‘g),u,/RN |Vu|9 + /RN ‘Vu|2 + (2 + N) /RN |u|2‘Vu|2 — Qg ‘/RN F(u)
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Thus for any v € Q,,(a), there is:
1) > I,(u) ~ ——Gulu)
u J(u) — —Qu(u
plt) = 4, p—
aYye — 0 — 07 Yo — 2 aye —2-N
= e TR [l e v+ vl
QYo RN 2070
Since ay, — 0 — 079 > 0, aya —2 >0 and ay, —2 — N > 0, then
—2—-N —2—N
L(u) > 0%7/ Va2 > 22 =2 =Ny s 0.
o RN QY
Therefore
my(a) > Do(a) =

Lemma 4.6. There exists a p>0 which is small and is independent of p such that
forany 0 < p <1, if f(u) satisfies (F1), then for any v € B,,(p,a), we get:

0< sup I,(u) <Do(a) and I,(u), Qu(u) >0
u€ By (p,a)

Bupa) = {uwes@:n [ wul s [ wap s [ Piwal <o)

Proof. We get from the definition of I,,(u) that:

where

1
sup I, (u) <max{ }p<D0(a),
u€Bu(p,a) 6’2

where p >0 is small and is not dependent of p. For any v € 0B,,(r,a) with 0 < r < p, by
the inequality (1.6), we have,

1
inf  I,(u) Zﬁ/ |Vu|0+f/ |Vu|2+/ u|?|Vul?
u€dBy,(r,a) 0 RN 2 RN RN
N(a—2)

AN —a(N-2) I(N¥2)

- rmEa Ve S ([ e )
RN

N(8—2)

AN—B(N—2) 2(NT2
CF)Ka(B,N)a (V) (/ |u2|w|2)( )
RN

1
zﬁ/ |Vu|0+*/ |Vu|2+C’/ |u|?| Vuf?
6 rN 2 rN RN

>Cy(a,0,a,5,N)r > 0.
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In the same way we also get:

inf > 0 N
weolif L Qulw) = Cala6.0,8.N)r >0,

we finish the proof.

To find a P.S. sequence, we study the augmented functional IN# which follows the
strategy firstly introduced in [18]

I,(s,u) :==I,(s *u)

2s
:Hee(“”@)s/ |Vu|9+e—/ |Vu|2+e(2+N)s/ |u|?|Vu|?
0 RN 2 JrN RN

—Ns %SU
—e /RN F(e ), (4.2)

and look at the restriction 1:;|R><S(a). We have that I; is of class C! and also a P.S.
sequence for I,|rx s, (a) is a P.S. sequence for I,,|rxs(a) because I,,(u) is invariant under
rotations. O

Lemma 4.7. For u € S(a) and s € R, the map,
T,S5(a) = TsS(a), @ s*op,

is a linear isomorphism with inverse 1 — (—s) * 1, where T,,S(a) denotes the tangent
space to S(a) in u.

Proof. For any u € S(a) and s € R, by Lemma 3.6 in [6], we can prove the map

T.S(a) = TseuS(a), @ s*p,

is a linear isomorphism with inverse ¢ — (—s) % ¢, here we omit it.

Denoting by I the closed sublevel set {u € S(a) : I,(u) < c}, we introduce the
minimax class:

= {y(r) = (o, §) € C([0,1],R x S,(a)); 7(0) € (0, Bu(p,a)), v(1) € (0, 1)},
with the minimax level:

ou(a) == 'Hel{“ (s,u)%?()[(o,u)[“(s w).

Lemma 4.8. For any 0 < p <1, my(a) = ou(a).

Proof. For any 0 < p < 1 and any u € S,(a). Since I,(s * u) — 0", then there
exists sp << —1, such that so * u € B,(p,a), I,(so *u) > 0 and Q,(so *x u) > 0.
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By Lemma 4.4 there exists s; >> 1 such that I,(s1 * u) < 0. We deduce from the
continuity of s € R+ s*u € S,(a) that:

Yui X €[0,1] = (0, (1 = x)spu(u) + xs1) * u) € R x 5, (a), (4.3)

is a path in I'. Hence the minimax value o,(a) is a real number.
We claim that Vy € T, there exists x, € (0, 1) such that a(x,)*8(x~) € Qu(a). Indeed,
since 7(0) = (a(0), 3(0)) € (0, By (p, a)), we have:

1u(a(0) % 5(0)) = 1,((0)) > 0 and  Qp(a(0) * 5(0)) = Q.(5(0)) > 0.

Also since I,(8(1)) = f#(a(l),ﬁ(l)) = Tu@(l)) < 0, we deduce from Proposition 2.1
and Lemma 4.4 that s,(8(1)) < 0, which implies that @,(8(1)) < 0. Moreover, the map
Q. (a(x) * B(x)) is continuous in I'. It follows that for any v € T', there exists x, € (0,1)
such that Q,(a(xy) * B(xy)) =0, in the sense that a(ry) * B(7y) € Qu(a).

For any v € T, we get from a(x,) * B(xy) € Qu(a) that:

I,>1, =1 2 s
e Iy 2 L(v06)) = Tu(@0x) % B0:)) = Qpu@nsr (@)

which deduces that o, (a) > o i)nfs ( )]w On the other hand, if u € Q,,(a) NS, (a), then
nla NSr(a

7y defined in (4.3) is a path in I" with:

I,(u) =1,00,u) = max I, >o,(a),

Yu([0,1])
which gives inf I, > o,(a), thus o,(a) = inf I,,. In order to prove the
g Qu(@)nSr(a) = u( ) u( ) Qp(a)NSr(a) I p
equality m,(a) = inf I,,, we only need to prove that:

Qu(a)NSr(a)

m,(a) > inf I1,.
wla) 2 Qu(a)nSr(a) "

By the symmetric decreasing rearrangement [22], we see that the above inequality can
be achieved easily. O

Existence of the ground state for ,[s(,).

When N =1, we take u =0 and the process is similar to the case of N > 2, so we focus
on the case N > 2. Firstly, for any 0 < ¢ < 1, Lemma 4.4, Lemma 4.5 and Lemma 4.8
imply that:

my(a) =o,(a) = inf  I,>0> sup I, = sup I,.
Qu(a)NSr(a) (Qu(@)UId)NSy(a) ((0.4())U(0,19)N S (a)

By using the terminology in Section 5 [17], we get that {v(]0,1]) : v € I'} is a homotopic
stable family with extended closed boundary (0, By (p,a)) U (0, I)), where ([0,1]) is the
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compact subset of R x S,.(a). We also deduce that the superlevel set {I, > o,(a)} is

a dual set, in the sense that {fu > o,(a)} satisfies the assumptions (F'1) and (F’2) in
Theorem 5.2 [17]. Hence we can take any minimizing sequence {7y, = (an,Sn)} C T for
o, (a), with the property that a,, = 0 and 3, > 0 a.e. on RY for every y € [0, 1], there
exists a P.S. sequence {(s,,w,)} C R x S,.(a) for TH|RX5T(G) at level o, (a), that is:

051, (Sn,wp) = 0 and aufu(sn,wn) —0 asn— oo, (4.4)
with the additional property that:
|sn] + distx (wn, Br([0,1])) = 0 as n — cc. (4.5)
By (4.2) and (4.4), we have Q. (s, * wy,) — 0 and
||3u:f#(sn,wn)||(TwnST,(a))* —0 asn— oo,
Since {s;} is bounded due to (4.5), this implies that:
Al (spxwy)[spxp] = o(1)]|¢|| = o(1)[|sn*¢| asn — oo, for every ¢ € Ty, Sr(a). (4.6)

Let then u,, := s, * w,. By Lemma 4.7 equation (4.6) establishes that {u,} C S,(a)
is a P.S. sequence for I,|gs, (), at level o,(a) > 0 with @, (u,) — 0. Thus it is also a
P.S. sequence for I,[g(q) at level o, (a) > 0 with Q,(u,) — 0 because the problem is
invariant under rotations. We deduce from Lemma 3.1 that up to a subsequence such
that u, — u, in X, where u, € S(a) is a radially symmetric and real function. From
(4.5) we have that u, > 0 a.e. on RY, finally the strong maximum principle shows that
uy, > 0.

5. The critical points of perturbed functional for Theorem 1.1
5.1. Properties of Q,,(a)

Lemma 5.1. Let 0 < u <1, under the assumption of (1.10), then Q) (a) = 0.

Proof. Suppose that there exists u € Q) (a), then we get Q,,(u) = 0 and W//(u) = 0,

(1+79)u/ |Vu|9+/ \Vu|2+(2+N)/ 2| Vul?
RN RNV RNV
o [ = [t =0,

9(1+’Yg)2u/ |vu|"+2/ |vu|2+(2+N)2/ lul?|Vul|?
RNV RNV RNV

_ 2 q _ n2 P —.
T, /RN [ul? = p, /RN |ul

(5.1)

(5.2)
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Combining (5.1) with (5.2), we have:
(190~ 6= 00 [Vl + (= 2) [Vl
RN RN

+ 2+ N)(py —2 - N)/ |ul*|Vul? = 74(p — 474) / ul? =0,
RN RNV
Since py, > 0 + 09, DYp > 2, pYp > 2+ N and py, > gy, when p > 4+ %, then we get:

(0 — 2)|Vul3 < 7747 — a7 luld-

We deduce from the Gagliardo—Nirenberg inequality that:

™Y(PYp — 4Vq)

[Vul3 < |ulg

p'yp - 2 a (5 3)
™Y4(PYp — 474) - '
< DT DY [Vul el 0
Pp
In the same way we get,
Vul? < 7%(’2”_” qvq”q)cji’v,pwugwaum)p_ (5.4)
q

From (5.3) and (5.4) we conclude that:

1 1

_ pp (I1—p)p _ o 1

<O§/’ p’Ypp;p qﬂyq) n CL— P¥p—2 < (C]q\/' q’}/q LAl ng) o (Ta(li’yq)q) mam )
’ —q7Yq ’ PYp —

that is

2—q’yq PYp
2—qvq PYp — 2
CR 1 (PYp — 47q) O Yo — av)

< <m<1w>q>m_2 (auﬂp)p)%m . (5.5)

It is easy to check that this is in contradiction with (1.10), this implies that
Qg (a) = 0. O

Lemma 5.2. Let 0 < p < 1, under the assumption of (1.10), then Q,(a) is a C*-
submanifold of codimension 1 in S(a).
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Proof. Q,(a) is a subset of X and defined by G(u) =0 and Q,(u) = 0, where

_ 2 2
Gl =a* = [ .

clearly G € C'(X). Then we only need to check that
d(Qu,G) : X — R? is surjective.

If dQ, and dG(u) are linearly dependent, in the sense that there exists v € R such that:

21// ue :9(1+m9)u/ |vu\9*2vuv¢+2/ VuVe + (2 + N)2

RN RN BN
/ ([uf*VuVe +ugVul*) _Tq%/ |UI”_QU¢—mp/ [ulP~?ug,
RN RN RN

for any ¢ € X. Testing the above equality with ¢ = x - Vu and ¢ = u, we get:
0=0(1 +79)2M/ |Vl + 2/ |Vaul? + (2 + N)Q/ |u|?|Vu|?
RNV RNV RNV

2 q 2 P
— T u — u
qvq/RN\ | mp/RNI |,

it shows that u € Q) (a), which is contradicts with QY (a) = 0, hence
d(Q,,G) : X — R? is surjective,

which finish the proof.
For any 0 < ¢ < 1 and any u € S(a), we have,

1 1
= Bw=j [ vap =T [ - [
2 JgN q JRN P JrN
o o (5.6)
|Vu|2 _ ﬂa(lf“/q)ﬂvug%z _ ﬂa(l—«yp)”vugw_

Hence it is natural to study the function h : Rt — R:

q p
h(t) := th _ ma(l—’yq)qtq’m _ %a(l—m)ptmp,

2 q

to understand the geometry of the functional I,,|g(,). Since 7> 0 and gy, < 2 < py,, we
see that A(0T) = 0~ and h(+00) = —oo. Under the assumption (1.10), we deduce from
Lemma 5.1 [36] that the function % has two extreme points, one is a local strict minimum
at negative level, the other one is a global strict maximum at positive level. Moreover,
there exist 0 < Ry < R, both depending on a and 7, such that h(Ry) =0 = h(R;) and
h(t) > 0 if and only if t € (Ry, R1). O
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Lemma 5.3. For any 0 < pu <1 and any u € S(a), under the assumption of (1.10),
the function ¥, has exactly two critical points s,(u) < t,(u) € R and two zeros c,(u) <
du(u) € R, with s, (u) < cu(u) < t,(u) < d,(uw). Moreover:

1) sp(u)xu € Qf (a), tu(u)xu € Q; (a), and sxu € Q,(a) if and only if s = s, (u) or
s =t,(u).

2) |V(s*u)|2 < Ry for any s < ¢, (u), and

I,(sp(u) *u) =min{l,(s*u) : s € R and |V(s*u)|]s < Ro} <O0.

3) We get
I,(t,(u) xu) = max{l,(s*u):s € R} >0,

and U, is strictly decreasing and concave on (t,(u), +00). In particular, t,,(u) < 0 if and

only if Qu(u) < 0.
4) The maps u € S(a) — s,(u) € R and u € S(a) — t,(u) € R are of class C*.

Proof. Let 0 < ¢ <1 and u € S(a). By Proposition 2.1 we know that s *xu € Q,(a)
if and only if \I’L(S) = 0. Thus we prove that ¥, has at least two critical points at first.
Recalling (4.6), we get:

,i(s) = Lu(s #w) > B(s % u) > h(|V(s * u)|2) = h(e*|Vul2).

Hence the C? function ¥, is positive on (Ing2—,Inet— ). Combining ¥, (—o0c) = 0~
1 \Vu|2 |Vu\ Iz

with ¥, (+00) = —o0, we have that V¥, has at least two critical points. One is a local

\Vul ) with ¥, (s,(u)) < 0. And the other one is a

global maximum point t,(u) with ¢,(u) > s,(u) and ¥, (t,(uw)) > 0. Let us check that
there are no other critical points of \Ilu(s) Indeed the equality W} (s) = 0 shows that:

minimum point s, (u) on ( 00, In0—

0 =Qu(s % u) = W, (s)

:(1+79)M60(1+79)s/ |VU|0+625/ |VU|2+(2+N)6(2+N)S/ |u|2|vu|2
RNV RNV RN

= rer [ qult = e [ ap
RN RN

—ed48 <(1+’Y€)M€(9+979W‘1)5/ IVul? 4 e2-97)s / |VU|2)
RN

+ ed7a® ((2+N)e(2+N )3 / |ul? |Vu|2—7'yq/ |u|q—'ype(p7p_q7‘1)s/ |u|p>.
RN

Since g4 < 076, 74 < 2 and gy, < PYp When2<q<2+% and4—|—% < p < 2%
then 0 = @, (s * u) = 0 if only and if

w0 [ Jelt = £ulo) (.1
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where

fuls) =14 et 00002 [ gt s [ g
RN RNV

+(2+N)€(2+N—q7q)8/ |u|2|vu|2_%e(pvp—q7q)8/ |ulP.
RN RN

But f,(s) has a unique maximum point, thus equation (5.7) has at most two solutions.

Hence we know that ¥, has exactly two critical points s, (u) and ¢,(u). We deduce
from Proposition 2.1 that s, (u) *u, t,(u) *u € Q,(a). Meanwhile, s xu € Q,(a) implies
s € {su(u),tu(u)}. We also get that \Ilz,su(u)*u(m = Ui(su(u)) > 0 by using the property
of minimality. Since QY (a) = 0, then s, (u)*u € Qf (a). In the same way t,,(u)+u € Q, (a).

Recalling the behaviour at infinity and the monotonicity of ¥,,, we have that ¥, has
exactly two zeros ¢, (u) < d,(u) with s,(u) < ¢,(u) < t,(u) < d,(u). Since ¥, is a C?
function, then there are at least two inflection points. In the same way as before, it is not
difficult to see that ¥, has exactly two inflection points. In particular, ¥, is concave on
[tu(u), +00), so t,(u) < 0if and only if Q,(u) = ¥},(0) < 0.

We can apply the implicit function theorem on the C' function ®,(s,u) := ¥/ (s) to
show that u € S(a) — s,(u) € R and u € S(a) — t,(u) € R are of class C'. Indeed,

D, (su(u),u) =0, OP,(s,(u),u) =) (s,(u)) >0 and Qg(a) = (.

Then, it is not possible to pass with continuity from @} (a) to Q;, (a). Hence u € S(a)
s, (u) is of class C'. In the same way u € S(a) — t,(u) is of class C*. O

5.2. Ground state critical point of I,,|s(a)

For any k > 0, we define the set:

Ap:={ue S(a): |Vula <k} and my(a,7):= eigf I,(u),

then we have the following corollary.

Corollary 5.4. For any 0 < p <1, we see that Ql‘f(a) is contained in ARO, and

sup I,(u) <0< inf  I,(u).
ueQy (a) ueQy (a)

Lemma 5.5. For any 0 < pu < 1, we have that:

my(a,7)= inf I,(u)= inf I,(u).
/( 7) uEQp,(a)l() ueQ,f(a) u()

And, there exists a small £ >0 such that my(a,7) < __inf I,(u).
ueARO\ARO_§

https://doi.org/10.1017/5001309152400004X Published online by Cambridge University Press


https://doi.org/10.1017/S001309152400004X

374 A. Mao and S. Lu
Proof. For any 0 <y <1 and u € Ag,, we have:

I,(u) > E(u) > h(|Vul) > min h(t) > —oo,
te[0,Rg]

then my,(a,7) > —oco. On the other hand, we get |V(s*u)|s < Ry for s << —1. It shows
that I,,(s*u) < 0. Hence my(a,7) < 0.
By Corollary 5.4 we have Q¥ (a) C Ag,, then,

my(a,7) < inf I, (u).
uEQj;(a)

By Lemma 5.3 we know that if u € Ag, then s, (u) *u € Qf (a) C Ag,, and
I,(sp(u) *u) =min{I,(s*u) : s € R and [V(s xu)|s < Ro} < I,(u),
which shows that

inf  I,(u) <my(a,T).

uGQI(a)
We can prove inf [, (u) = inf [,(u) by using I,(u) > 0 on Q,(a), see
ueQpu(a) ueQf (a)

Corollary 5.4.
Finally, there exists p >0 such that h(t) > M if t € [Ry — p, Rol, due to the
continuity of h. Therefore, for any u € S(a) with Ry < |[Vulas < Ry, we get

L) > BE(u) > h(|Vuly) > (&7

>my(a,T).

Existence of a local minimizer. When N =1, we take ;=0 and the process is similar
to the case of N > 2, so we focus on the case N > 2. For any 0 < p < 1, we study a
minimizing sequence {v,} for I,,|4 Ry It is natural to suppose that v, € S,(a) is radially
decreasing for every n. Indeed for every n, if this is not true, we can replace v, with |v,|*,
where |v,,|* is the Schwarz rearrangement of |v,|. Hence |v,|* is a new function in Ag.
Moreover, I,,(|v,|*) < I,(v,). For every n we also have s,,(v,) *v, € Q,f (a). We combine
Lemma 5.3 with Corollary 5.4, then |V (s, (vy) * v,)|2 < Ro and,

I, (su(vn) *vy) =min{l,(s*vy,) : s € Rand |V(s*vp)|2 < Ro} < I, (vp).

So we get a new minimizing sequence {w,, = s, (vy,) * v, } with the property that w,, €
Sp(a) N Q:[ (a) is radially decreasing for any n. By Lemma 5.5 we get for every n,

|an\2 < RO — E

Hence the Ekeland’s variational principle implies the existence of a new minimiz-
ing sequence u, C Ag, for m,(a,7) in a standard way. Meanwhile, {un} has the
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additional property:
[tn, — wn|| = 0 asn — oo, (5.8)

which is also a P.S. sequence for I,[g(q). Since {w,} is bounded, then Q,(u,) — 0. By
Lemma 3.2, up to a subsequence u,, such that:

Up —> Uyl in X,

where w1 is an interior local minimizer for I,,| ARy By the maximum principle, u,

is a positive function. To prove that u,; is a ground state for I,|g(q), we only use the
fact that any critical point of I,|g(,) lies in Q,(a), and my(a, T) = inf I,(u), see
ue

Qu(a)
Lemma 5.5.
5.3. The second critical point of I,|g(a)
Lemma 5.6. For any 0 < u <1, assume that I,(u) < my(a,7), then t,(u) <O0.

Proof. Recalling the function ¥, (s) and Lemma 5.3, we get:

sp(u) <cp(u) <tu(u) < du(u),

so if d,,(u) <0, then t,(u) < 0. And we can assume that d,(u) > 0. We claim that 0 ¢
(cp(u),d,(u)). Indeed if 0 € (¢, (u),d,(u)), then I,(u) = ¥,(0) > 0, which contradicts
with the fact I,,(u) < my(a,7) < 0. Hence ¢, (u) > 0. We get from Lemma 5.3-(2) that:

my(a,7) > I,(u) = V,(0) > inf U,(s)

se(foo,c'u(u)]
>inf{l,(s*u):s € Rand |[V(s*u)ls < Ro} = I,(s,(u) *u) > my(a,T),

which is also a contradiction. O

Lemma 5.7. For any 0 < p <1, we have 6,(a,7) := inf I,(u) > 0.
ueQ (a)

Proof. Recalling the properties of the function h, we can assume that t,,,; is the strict
maximum point of the function h with A(t;a.) > 0.

For any 0 < u < 1 and u € Q, (a), there exists w,,(u) € R, such that |V(w,(u))*u)|z =
tmaz- Furthermore, by Lemma 5.3 and the fact u € Q (a), then 0 is the unique strict
maximum of the function ¥,,. Thus,

Tu(u) = W, (0) > Wy (wu(u)) = Lu(wu(u) ¥ u) > E(wy(u) x u) > h(|V (w,(u)) * u)l2)

Since u € Q,, (a) is arbitrary, then we conclude that inf [,(u) > maxh(t) >0. O
u€Q,, (a) teR
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Existence of a second critical point of mountain pass type for [,

When N =1, we take =0 and the process is similar to the case of N > 2, so we focus
on the case N > 2. _

In the same way in §4, we consider the augmented functional I,,:

I:L(s,u) =1,(s*u)

2s
= He“lﬂeﬁ/ \Vu|9+e—/ \Vu|2—|—e(2+N)s/ Jul*| Vul?
0 RN 2 JRrN RN

1
—feqw/ |u|q—fepw5/ JulP. (5.9)
q RN p RN

Denoting by Ij; the closed sublevel set {u € S(a) : I,(u) < c}, we introduce the
minimax class:

T = {3(7) = (a, B) € C([0,1],R x S,(a)) : 7(0) € (0,Q}), (1) € (0, ;"3
with associated minimax level:

oula,7) = %Ielfr(s,u)IIelj()TOJ])I”(S’u)'

For any 0 < 4 < 1 and u € S,.(a). By Lemma 5.3 there exists s; >> 1 such that:
Yo i X €[0,1] — (0,((1 = x)su(u) + xs1) *u) € R x S,(a), (5.10)

is a path in I'. Hence the minimax value o,(a, ) is a real number.
We claim that Vy € T, there exists x, € (0,1) such that a(x,) * B(x,) € Q,(a).
Indeed, since ¥(0) = («(0), 5(0)) € (0, Q;f (a)), we have:

ta(0)8(0) = ta(0) > $p(0) = 0.

Since 1,,(8(1)) = T#(ﬁ(l)) = f#(y(l)) < 2my(a, T), we deduce from Proposition 2.1 and
Lemma 5.3 that:

tas) = ts) <0,
and the map t,(y)«p(y) is continuous in I'. It is not difficult to show that for any v € T,

there exists x € (0, 1) such that t,(y,)«p(x,) = 0, in the sense that a(r,)*B(7y) € Q, (a).
For any v € I, we get from a(x) * B(x,) € @, (a) that:

max I, > L,(v(xy)) = L(a(xy) * B(x,)) > inf I,
~([0,1]) Qy; (a)NSr(a)
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which shows that o,(a,7) > inf I,,. On the other hand, if u € @} (a) N Sy(a),
9}, (a)nSr(a)
then 7, defined in (5.10) is a path in " with:

IM(U) = IM(Oau) = ’Yir(l[%’}i])ju Z O'N(CL,T),

which gives inf I, > ou(a,7). Thus o,(a,7) = inf I,
Q,, (a)NSr(a) 9y (a)NSr(a)
And Corollary 5.4 and Lemma 5.7 imply that:

ou(a,7)= inf I,>0> sup
Q; (a)NSr(a) Q5 (L™ s, (a)
I, = sup I,.
(0,25 (@)u©, 1" 7)) A5, (a)

By using the terminology in Section 5 [17], we get that {~([0,1]) : v € I'} is a homotopic
stable family with extended closed boundary (0, Q; (a)) U (0,I7), where ~([0,1]) is the
compact subset of R x S,.(a). We also deduce that the superlevel set {Tu > ou(a, 1)} is
a dual set, that is, {fu > o,(a,7)} satisfies the assumptions (F’1) and (F’2) in Theorem
5.2 [17]. Hence, we can take any minimizing sequence {v, = (an,8,)} C T for o,(a,7)
with the additional properties that a,, = 0 and 3, > 0 a.e. on R¥ for every x € [0,1],
there exists a P.S. sequence {(sn,w,)} C R x S,.(a) for TuleSr(a) at level o, (a, 7), in the
sense that:

051, (sn,wp) = 0 and aufu(sn,wn) —0 asn— oo, (5.11)
with the property that
|sn| + distx (wn, Br([0,1])) = 0 as n — occ. (5.12)
By (5.9) and (5.11), we get Q, (s, * wy,) — 0 and,
||8ufu(sn,wn)||(Twnsr(a))* —0 asn— oo,
Since {s,} is bounded, due to (5.12), this is equivalent to:

Al (sn *wn)[sn * ] = o(1)||¢|| = o(1)||s, * | asn — oo, for every ¢ € Ty, Sr(a).
(5.13)
Let then u, := s, * w,. By Lemma 4.7 equation (5.13) establishes that {u,} C Sy(a)
is a P.S. sequence for I,|g, (q) at level o,(a,7) > 0 with Q,(u,) — 0. Thus, it is also a
P.S. sequence for I,[g(q) at level o, (a,7) > 0 with Q,(u,) — 0, because the problem is
invariant under rotations. We deduce from Lemma 3.1 that, up to a subsequence such
that u, — @, in X, where 7@, € S(a) is a radially symmetric and real function. From
(32) we have that @, > 0 a.e. on R¥, and the strong maximum principle implies that
uy, > 0.
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6. Convergence issues as u — 01

In this section we will give the proof of the convergence for the sequences of critical points
of I,,|s(q) achieved in §4 and §5 as p — 07.

Lemma 6.1. Let N > 2. Suppose that one of the following conditions holds

(a) f(u) satisfies (F1) and (F2).

(b) f(u) = 7lu|T%u + |u|P~2u, T > 0 satisfies (H1) and (H2).

Assume that pu, — 0%, I), (un) + Nup Uy, = 0 with Ay, >0 and 1, (uy,) — ¢ # 0 for
Upyy, € Sp(an) with 0 < an < a. Then up to a sequence, there exists a u € W22(RN) N

rad

L®(RN) with u#0 such that u,,, — u in WH2(RY) and there exists a A\ € R such that:
IL(U) +du=0, Iu)=c and 0< |ul<a.

Moreover,
(1) if uy, >0 for any n € N, then u >0,
(2) if X#£0, then |ul3 = li_>m -
n (o)

Proof. The proof is motivated by [19, 24]. Since any critical point of I,|g(,) is
contained in Q,,(a), then I}, (un) + Au,upu, = 0 implies that:

Qun (up,) =0 for each n € NT.

By the Step 1 of Lemma 3.1, we get

supmax{un/ |Vuun|9,/ |Vu“n|2,/ |uun|2|Vu,m2} < 400, (6.1)
n>1 RN RN RN

and thus u,, is bounded in W12(RY). We claim that liminf a,, > 0. Indeed, if a,, — 0,
n—roo
then,

/]RN f(ultn)ultn — 07 /]RN F(u#n) — 03

and we deduce from @, (u,,) = 0 that I, (u,,) — 0 which contradicts with ¢#0.

Hence \, = —5T ;.(tn)[uy] is bounded in R. Then up to a subsequence, there exists a
an
A € R such that \,,, — X in R. And, there also exists a u € WH2(RY) with u # 0 such
that:
Uy, —u  in WHEHRY),

Uy, —u in L"(RY), Vr € (2,2-2%),

N
Uy, — U a.e.on R,
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So, the condition w,,, > 0 for any n € N* implies that u > 0. Moreover, we have that:

Uy Vit — uVu in (L2, (RY)Y  and  Vu,, — Vu ae. on RY,

see Lemma A.2 [23] for more details. Here we give the proof in three steps.

Step 1. There exists a constant C' >0 such that ||u,, || < C and |Julj < C.

The proof of the case N =2 is similar to N > 3, then we only prove the case N > 3.
Let T>2, r>0 and

T, Uy, 2T,
Up = ull«n’ |uﬁ«n| S T’
=T, uy, <-T.

Assume ¢ = uy, [v,,|*", then ¢ € X. Since
I/’m (un) + Apuptiy, =0 and Ay, >0,
then we have:
Ly £ = [ 19070 Vot [ Vo
+ 2/ (u#n¢|vuun|2 + |u#n|2vu#n : V¢) + Ain / Upi, @
RN RN
22/ |u,un|2vultn Vo
rN

ZZ/RN (I 21V P00 7 4 [t 1227 00 720010y 00 Vit - V)

1 2 4 2
=3 [ el 2 [ Vi
2

1 r\ |2 C TQ* 2%
> L9 ) P> o (el )

Now, for the case of (a), f(u) satisfies (F1) and (F2), then

L Fmdo = [ Fatalon < [ 3Pl

< BF(1 U, avn2r+/ wy [P lonl? ) .
<) ([l lon 4 [ il

On the other hand, by the interpolation inequality, we have:

([ tnlelonl2) 4 ([Pl
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0¥

375:‘1 4.2% 2 223+4
2.2% | < 2\ 55% T d ’
< </RN Uy, | > </]RN (\Un|r|u;m\ )22* a+4>

4 2-2* —B+4
IS

por\ 27 o
+ (/]RN |u#n‘ ) (/]RN (|’Un| |u#n‘ )2.2 B+4>

2:2% —q+4

) 4.9* 3.0%
<c / ([on "t [2) 270
]RN

2:2% p44
) 3.2* DR
+ (/ (lal" ) 22 5*‘*)
rN
We get from these inequalities that:
2 . 2:2% —a44
#\ 3 4.2 2:2%
([l )™ sct22 ([ (onllu 7))
RN RN (6.2)
2:2% —p44 ’
4.2* 2.2%
etrear ([, (i)
RN
Let
* * 2*
ro:(ro+2)s=2-2" (ro+2)t<2-2° and d=— >1,
S
where s = % and ¢t = %. Taking r = g in (6.2) and also letting T" — +o00,
we have:
% %
[tun [ 24rg)sa < (C(2470)) 770 [upy [ (24mg)s + (C(2470)) 770 w24
Set 2+ 71,41 = (24 r;)d for i € N. Then
[tyin | (241 )saitl < [T€@+re) % (Jtpn | 24rg)s + [tn | @4r0)e) 63)
k=0 :

<Cx (|uﬂn|(2+7"0)s + |uﬂn|(2+'f’0)t) )
where C is a positive constant. Let i — oo, then there exists a constant C' >0 such

that ||, |l < C and ||ulle < C.
For the case of (b), f(u) = 7|u|9"%u + |u[P~2u, 7 > 0 satisfies (H1) and (H2), then

Lo fado =7 [ o+ [Pl
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On the other hand, by the interpolation inequality, we have,

T W [9on]?" +/ wy |Plon|?"
L L twnlton + [t
ot 2.2* 2'2;}3”
9.0% ) 22" 2\ 395 =73 :
<r (/]RN U, | ) . (|vn|r|u#n| )22* q+2

2:2% —p+4

p—4
o\ 2:2F 4.2% 2.2%
(Lt ) ([ Gonl sy 25550

2:2% —g42 2:2% —p+4

) 3-2* 2.2% ) 142* 2.2%
<C / (o], [*) 22— aF2 + / (lvn]" ey |?) 225 —PF4
RN RN

From these inequalities, we have:

2 2:2% g2

*

r2°) 2 , 22" N\ 22
(/RN ‘uin|vn| ’ ) <C(r +2)? (/RN (|Un| |uun‘2) 53 q+2>

22% _pd (6.4)
4.2% 2:2¥
#0042 ([ (onluun2) 72555 )
RN
Let
* 2%
ro:(ro+2)s=2-2% and d=— >1,
s
where s = 2_21'7% and t = % Then (rg + 2)t < 2-2*. Assume that r = rg in
(6.4), and also taking 7' — 400, we get,
g g 3
|uun|(2+r0)sd < (C(2+10)) %170 [uy, ‘(2+T0)s +(C(2+70)) #1770 [uy, |(2+r0)t'
Set 2+ 7,41 = (24 r;)d for i € N. Then
: oy }
|Uun|(2+r0)sdi+1 < H(C<2 +rg)) 2tk (|u/m(2+r0)s + |uMn(2+r0)t)
k=0 (6.5)

1
< (Cx <|'Uzp,n|(2+7“0)s + |u#n|(22+ro)t> ’

where C, is a positive constant. Let i — co, we get that there exists a constant C' > 0
such that [|uy, |l < C and |Juljs < C. O

Step 2. We prove that I}, (u) + Au = 0.
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We take ¢ = ye~"mn with 1 € C§°(RY), ¢ > 0, then

0= (I}, (ttn) + A1) 9]
:Mn/N |Vu;m‘072vwm (Viﬁ@iu”" - weiulm vuun)
R

—I—/ Yy, (Ve "#n —pe”“mnVu,, )
RN
* 2/N (u#nweian |Vu#n|2 + ‘u#n|2vu#n (que*uun - weiuun vu#n))
R
A “Upn _ —Upun
S [ e = [l ve
<t [ TP T4 [ (142, T T
RNV RN
- /]RN (1+ 2uin = 2uy,, ) e [V, 2+ Ay, /RN Uy pe”

— “Upn
[, Fae
Since p1, — 0% and ||uy, || < C, then (6.1) shows that:
fin / IV, |° 2V, Vipe™n — 0.
RN

By the weak convergence of u,,,, the Lebesgue’s dominated convergence theorem and the
Holder inequality, we see that:

/RN (1+2u,)) Vg, Vipe i — /RN (14 2u?) VuVipe ™,

A u e Uhn — )\ ue
Hn RN #nw ]RN "/) 9

and

L fmyien = [ aype.

RN

Furthermore, we deduce from the Fatou’s lemma that:

hminf/ (1+ 2w, —2uy,) ve “n|Vu,, | > / (1+ 2u? — 2u) e | Vul?.
RN RN

n—oo
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From these convergence, we get:
0 g/ Vu (Ve ™ — e "Vu) + 2/ [ul*Vu (Ve ™ — e "Vu)
RN RN

(6.6)
+ 2/]RN upe ™| Vul? + )\/RN upe” " — N flu)pe ™.

For any ¢ € C§°(RY) with ¢ > 0. We take a sequence {1,,} with the property that
¥y, € C§°(RY) is nonnegative for every n € N such that:

n — e in WE2(RY), ¢, = @e*  ae. on RY,
¥ ¥

and {t,,} is bounded in L>*(RY). Then we deduce from (6.6) that:

o< [ Vaver2 [ (WPVaVeruplVaP) <3 [ we- [ fwe.  6)
RN RN RN RN

In the same way as before, take ¢ = 1pe¥#n  we have a different inequality. Also, since
p =t — ¢~ for any ¢ € C°(RY), then I (u) + Au = 0.

Step 3. Conclusion.

We deduce form I, (u) + Au = 0 that Q(u) := Qo(u) = 0. It shows that:

Qulty) + 5 [t = 2P ()] Q) + 5 [ | [F(wu—2F ()],

Then by the weak lower semicontinuity, there holds:

V|’ =0, v 2—>/ Vaul, / °\v 2—>/ *|Vul?,
i [Vl 50 [ Vo[9[ PV o [ v
(6.8)

which implies that I(u) = lim I,(u, ) = c. Furthermore, we get from (6.8) that

1, () [un] = T, () [y (6.9)

Thus, we combine (6.8) with (6.9), there must be A, |u,,|3 — Au|ul3. So the condition
A, # 0 shows that |ul3 = lim a,,.
n—oo

Now, we give the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1 For the case of N > 2: we define,

d*(a) := lim my(a) € (0,+00).
;A~>0+

From §4 we can obtain p, — 07, I], (un) + Auptp, = 0, L, (up,) — d*(a) # 0 for

HKn

Up, € Sr(a,) with 0 < a, < a and u,, > 0. Then, we deduce from Lemma 2.2 that
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Aun > 0. Now by Lemma 6.1 there exists Ao € R and v € W12 (RN) 0 L®(RY) with the
properties that v # 0 and v > 0 such that:

I'(v)+Xv=0, I(w)=d"(a) and 0<|v]z<a.

Hence by Lemma 2.2 there holds Ag > 0. Since A,,, — Ag, we have X, # 0 for n large.
Then a, = a for n large and |v|; = a. It follows that v is a non-trivial non-negative
normalized solution to (1.1). To study the ground state normalized solution, we define:

d(a) := inf {I(v) cv € 8(a), 150, (v) = 0,0 # o} .

Then d(a) < I(v) = d*(a). Moreover, we conclude that d(a) > 0, see Lemma 4.2 for
details. We choose a sequence v, € :S:(a)7 I|§(a) (vp) = 0, v, # 0 and v, > 0, such
that I(v,) — d(a). By Lemma 6.1, up to a subsequence, there exists A € R and u €
Wh2(RN) N L®°(RY) with the properties that u#0 and u > 0 such that:

rad
I'(u) + =0, I(u)=d(a).

We again use the Lemma 2.2 that A # 0, hence |u]s = a. It follows that u is a minimizer
of d(a). Finally, u is classical and strictly positive since u € L>°(R"Y), see Lemma 2.6 in
[28]. O

Proof of Theorem 1.2 i). For the case of N > 2: we define,

di(a) = lim my(a,7) € (—00,0).
u—0t

From §5.2 we can obtain p, — 0%, I, (un) + Ay, = 0, Ly, (ug,) — di(a) # 0 for
Upy, € Sr(an) with 0 < a,, < a and u,,, > 0. Then, we deduce from Lemma 2.2 that
Aun > 0. Now by Lemma 6.1 there exists A\g € R and v € W:&Z(RN) N L (RY) with the

properties that v #0 and v > 0 such that:
I'(v)+ v =0, I(v)=d(a) and 0< |v|;<a.

Hence by Lemma 2.2 there holds Ag > 0. Since A,,, = Ag, we have X\, # 0 for n large.
Then a, = a for n large and |v|; = a. It follows that v is a non-trivial non-negative
normalized solution to (K). To study the ground state normalized solution, we define:

d,(a) := inf {I(U) cv € 5(a), Iz, (v) = 0,0 # o} .

Then d,(a) < I(v) = di(a). Furthermore, we have that d,(a) < 0, see Lemma 5.5. We
take a sequence v, € S(a), I|§(a)(vn) =0, v, # 0 and v, > 0 such that I(v,) — d,(a).

By Lemma 6.1, up to a subsequence, there exists A € R and u € W:&Z(RN) N L= (RY)
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with the properties that & # 0 and u > 0 such that:
I'(u)+ M a=0, I(a)=d.(a).

We again use the Lemma 2.2 that A#0, hence |u|z = a. It shows that @ is a mini-
mizer of d,(a). Finally, by Lemma 2.6 in [29], u is classical and strictly positive since
u € L2°(RY). O

Proof of Theorem 1.2 ii). For the case of N > 2: we define,

di(a) ;== lim o,(a,7) € (0,+00).
u—0t

From §5.3 we obtain p, — 0, I, (un) + Auptp, = 0, I, (uy,) — di(a) # 0 for
Uy, € Sr(an), with 0 < a, < a and u,, > 0. Then we deduce from the Lemma 2.2 that
Aun > 0. Now by Lemma 6.1 there exists Ao € R and w € W:&Z(RN) N L>°(RY) with the
properties that @ # 0 and v > 0 such that:

I'(m)+Nu=0, I(m)=d:(a) and 0< |ulz<a.

By Lemma 2.2 there holds A9 > 0. Since A,,, — Ao, we get that A,,, # 0 for n large. Then
an, = a for n large and [tz = a. It follows that @ is a non-trivial non-negative normalized
solution of mountain-pass type to (1.1). By using the strong maximum principle, we get
 is positive. Since @ € L>(RY), then @ is classical, see Lemma 2.6 in [28]. O
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